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Preface

The purpose of this monograph is to present a unified approach to a certain
class of semimartingale inequalities, which have their roots at some classical prob-
lems in harmonic analysis. Preliminary results in this direction were obtained by
Burkholder in 60s and 70s during his work on martingale transforms and geom-
etry of UMD Banach spaces. The rapid development in the field occurred after
the appearance of a large paper of Burkholder in 1984, in which he described a
powerful method to handle martingale inequalities and used it to obtain a number
of interesting results. Since then, the method has been extended considerably in
many directions and successfully implemented in the study of related problems in
various areas of mathematics.

The literature on the subject is very large. One of the objectives of this
exposition is to put most of the existing results together, explain in detail the
underlying concepts and point out some connections and similarities. This book
contains also a number of new results as well as some open problems, which, we
hope, will stimulate the reader’s further interest in this field. The recent appli-
cations of the above results in the theory of quasiregular mappings (with deep
implications in geometric function theory), Fourier multipliers as well as their
connections to rank-one convexity and quasiconvexity indicate the need of further
developing this area.

Acknowledgment

I would like to express my gratitude to Professor Stanisl̷aw Kwapień for many
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Chapter 1

Introduction

Inequalities for semimartingales appear in both measure-based and noncommuta-
tive probability theory, where they play a distinguished role, and have numerous
applications in many areas of mathematics. Before we introduce the necessary
probabilistic background, let us start with a related classical problem which inter-
ested many mathematicians during the first part of the 20th century. The question
is: how does the size of a periodic function control the size of its conjugate? To be
more specific, let 𝑓 be a trigonometric polynomial of the form

𝑓(𝜃) =
𝑎0

2
+

𝑁∑
𝑘=1

(
𝑎𝑘 cos(𝑘𝜃) + 𝑏𝑘 sin(𝑘𝜃)

)
, 𝜃 ∈ [0, 2𝜋),

with real coefficients 𝑎0, 𝑎1, 𝑎2, . . ., 𝑎𝑁 , 𝑏1, 𝑏2, . . ., 𝑏𝑁 . The polynomial conjugate
to 𝑓 is defined by

𝑔(𝜃) =
𝑁∑

𝑘=1

(
𝑎𝑘 sin(𝑘𝜃)− 𝑏𝑘 cos(𝑘𝜃)

)
, 𝜃 ∈ [0, 2𝜋).

The problem can be stated as follows. For a given 1 ≤ 𝑝 ≤ ∞, is there a universal
constant 𝐶𝑝 (that is, not depending on the coefficients or the number 𝑁) such
that

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝 ? (1.1)

Here ∣∣𝑓 ∣∣𝑝 denotes the 𝐿𝑝-norm of 𝑓 , which is given by
[∫ 2𝜋

0
∣𝑓(𝜃)∣𝑝 𝑑𝜃

2𝜋

]1/𝑝
when

𝑝 is finite, and equals the essential supremum of 𝑓 over [0, 2𝜋) when 𝑝 =∞. This
question is very easy when 𝑝 = 2: the orthogonality of the trigonometric system
implies that the inequality holds with the constant 𝐶2 = 1. Furthermore, this
value is easily seen to be optimal. What about the other values of 𝑝? As shown
by M. Riesz in [179] and [180], when 1 < 𝑝 < ∞, the estimate does hold with
some absolute 𝐶𝑝 < ∞; for 𝑝 = 1 or 𝑝 =∞, the inequality does not hold with any
finite constant. The best value of 𝐶𝑝 was determined by Pichorides [171] and Cole

     DOI 10.1007/978-3-0348-0370-0_1, © Springer Basel 2012 
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2 Chapter 1. Introduction

(unpublished; see Gamelin [79]): 𝐶𝑝 = cot(𝜋/(2𝑝∗)) is the optimal choice, where
𝑝∗ = max{𝑝, 𝑝/(𝑝− 1)}.

One may consider a non-periodic version of the problem above. To formulate
the statement, we need to introduce the Hilbert transform on the real line. For
1 ≤ 𝑝 < ∞, let 𝑓 ∈ 𝐿𝑝(ℝ) and put

𝐻𝑓(𝑥) = lim
𝜀→0

1

𝜋

∫
∣𝑦∣≥𝜀

𝑓(𝑥− 𝑦)

𝑦
d𝑦.

This limit can be shown to exist almost everywhere. The transform 𝐻 is the non-
periodic analogue of the harmonic conjugate operator and satisfies the following
𝐿𝑝 bound: if 1 < 𝑝 < ∞, then

∣∣𝐻𝑓 ∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝,
where 𝐶𝑝 is the same constant as in (1.1): see [180] and [205].

Riesz’s inequality has been extended in many directions. A significant con-
tribution is due to Calderón and Zygmund [41], [42], who obtained the following
result concerning singular integral operators. They showed that for a large class
of kernels 𝐾 : ℝ𝑛 ∖ {0} → ℂ, the limit

𝑇𝑓(𝑥) = lim
𝜀→0

∫
∣𝑦∣≥𝜀

𝑓(𝑥− 𝑦)𝐾(𝑦)d𝑦

exists almost everywhere if 𝑓 ∈ 𝐿𝑝(ℝ𝑛) for some 1 ≤ 𝑝 < ∞ and
∣∣𝑇𝑓 ∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝

when 1 < 𝑝 < ∞. Here the constant 𝐶𝑝 may be different from the one in (1.1),
but it depends only on 𝐾 and 𝑝.

We may ask analogous questions in the martingale setting. First let us in-
troduce the necessary notation: suppose that (Ω,ℱ ,ℙ) is a probability space,
filtered by (ℱ𝑛)𝑛≥0, a non-decreasing family of sub-𝜎-fields of ℱ . Assume that
𝑓 = (𝑓𝑛)𝑛≥0, 𝑔 = (𝑔𝑛)𝑛≥0 are adapted discrete-time martingales taking values
in ℝ. Then 𝑑𝑓 = (𝑑𝑓𝑛)𝑛≥0, 𝑑𝑔 = (𝑑𝑔𝑛)𝑛≥0, the difference sequences of 𝑓 and 𝑔,
respectively, are defined by 𝑑𝑓0 = 𝑓0 and 𝑑𝑓𝑛 = 𝑓𝑛 − 𝑓𝑛−1 for 𝑛 ≥ 1, and similarly
for 𝑑𝑔. In other words, we have the equalities

𝑓𝑛 =

𝑛∑
𝑘=0

𝑑𝑓𝑘 and 𝑔𝑛 =

𝑛∑
𝑘=0

𝑑𝑔𝑘, 𝑛 = 0, 1, 2, . . . .

Let us now formulate the corresponding version of Riesz’s inequality. The role of a
conjugate function in the probabilistic setting is played by a ±1-transform, given
as follows. Let 𝜀 = (𝜀𝑘)𝑘≥0 be a deterministic sequence of signs: 𝜀𝑘 ∈ {−1, 1} for
each 𝑘. If 𝑓 is a given martingale, we define the transform of 𝑓 by 𝜀 as

𝑔𝑛 =

𝑛∑
𝑘=0

𝜀𝑘𝑑𝑓𝑘, 𝑛 = 0, 1, 2, . . . .
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Of course, such a sequence is again a martingale. A fundamental result of Burk-
holder [17] asserts that for any 𝑓 , 𝜀 and 𝑔 as above we have

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝, 1 < 𝑝 < ∞, (1.2)

for some finite 𝐶𝑝 depending only on 𝑝. Here and below, ∣∣𝑓 ∣∣𝑝 denotes the 𝑝th mo-
ment of 𝑓 , given by sup𝑛(𝔼∣𝑓𝑛∣𝑝)1/𝑝 when 0 < 𝑝 < ∞ and ∣∣𝑓 ∣∣∞ = sup𝑛essup∣𝑓𝑛∣.
This result is a starting point for many extensions and refinements and the purpose
of this monograph is to present a systematic and unified approach to this type of
problems. Let us first say a few words about the proof of (1.2). The initial approach
of Burkholder used a related weak-type estimate and some standard interpolation
and duality arguments. Then Burkholder refined his proof and invented a method
which can be used to study general estimates for a much wider class of processes.
Roughly speaking, the technique reduces the problem of proving a given inequal-
ity to the existence of a certain special function or, in other words, to finding the
solution to a corresponding boundary value problem. This is described in detail
in Chapter 2 below, and will be illustrated on many examples in Chapter 3. The
method can also be used in the case when the dominating process 𝑓 is a sub-
or supermartingale and, after some modifications, allows also to establish general
inequalities for maximal and square functions. Another very important feature of
the approach is that it enables us to derive the optimal constants: this, except for
the elegance, provides some additional insight into the structure of the extremal
processes and often leads to some further implications.

Coming back to the martingale setting described above, we shall be particu-
larly interested in the following estimates.

(i) moment inequalities (or strong type (𝑝, 𝑝) inequalities): see (1.2),

(ii) weak-type (𝑝, 𝑝) inequalities:

∣∣𝑔∣∣𝑝,∞ ≤ 𝑐𝑝,𝑝∣∣𝑓 ∣∣𝑝, 1 ≤ 𝑝 < ∞,

where ∣∣𝑔∣∣𝑝,∞ = sup𝜆>0 𝜆
(
ℙ(sup𝑛 ∣𝑔𝑛∣ ≥ 𝜆)

)1/𝑝
denotes the weak 𝑝th norm

of 𝑔,

(iii) logarithmic estimates:

∣∣𝑔∣∣1 ≤ 𝐾 sup
𝑛

𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣+ 𝐿(𝐾),

(iv) tail and Φ-inequalities:

ℙ(sup
𝑛
∣𝑔𝑛∣ ≥ 𝜆) ≤ 𝑃 (𝜆), sup

𝑛
𝔼Φ(∣𝑔𝑛∣) ≤ 𝐶Φ,

under the assumption that ∣∣𝑓 ∣∣∞ ≤ 1.
We shall study these and other related problems in the more general setting in

which the transforming sequence 𝜀 is predictable and takes values in [−1, 1]. Here
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by predictability we mean that each term 𝜀𝑛 is measurable with respect to ℱ(𝑛−1)∨0

(in particular, it may be random): this does not affect the martingale property of
the sequence 𝑔. This assumption will be further relaxed to the case when 𝑔 is a
martingale differentially subordinate to 𝑓 , which amounts to saying that for any
𝑛 ≥ 0 we have ∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ almost surely. We will succeed in determining the
optimal constants in most of the aforementioned estimates.

The next challenging problem is to study the above statements in the vector
case, when the processes 𝑓 , 𝑔 take values from a certain separable Banach space
ℬ. It turns out that when we deal with a Hilbert space, the passage from the real
case is typically quite easy and does not require much additional effort. However,
the extension of a given inequality to a non-Hilbert space setting is a much more
difficult problem and the question about the optimal constants becomes hopeless in
general. These and related martingale results are dealt with in Chapter 3. Sections
3.1–3.10 concern Hilbert-space-valued processes, while the next two treat the more
general case in which the martingales take values in a separable Banach space ℬ.
The final section of that chapter is devoted to some applications of these results
to the Haar system on [0, 1).

Chapter 4 contains analogous results in the case when the dominating process
𝑓 is a sub- or a supermartingale. The notion of differential subordination, which
is a very convenient condition in the martingale setting, becomes too weak and
needs to be strengthened. We do this by imposing an extra conditional subordi-
nation and assume that the terms ∣𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)∣ are controlled by ∣𝔼(𝑑𝑓𝑛∣ℱ𝑛−1)∣,
𝑛 = 1, 2, . . .. This domination, called strong differential subordination, has a very
natural counterpart in the theory of Itô processes and stochastic integrals, and is
sufficient for our purposes.

In Chapter 5 we show how to extend the above inequalities to continuous-
time processes and stochastic integrals. In fact, some of the estimates studied
there can be regarded as a motivation to the results of Chapter 3 and Chapter 4.
Consider the following example. Let 𝑋 = (𝑋𝑡)𝑡≥0 be a continuous-time real-valued
martingale and let 𝐻 = (𝐻𝑡)𝑡≥0 be a predictable process taking values in [−1, 1].
As usual, we assume that the trajectories of both these processes are sufficiently
regular, that is, are right-continuous and have limits from the left. Suppose that
𝑌 is the Itô integral of 𝐻 with respect to 𝑋 : that is, we have

𝑌𝑡 = 𝐻0𝑋0 +

∫ 𝑡

0+

𝐻𝑠d𝑋𝑠

for 𝑡 ≥ 0. Then the pair (𝑋,𝑌 ) is precisely the continuous analogue of a martin-
gale and its transform by a predictable process bounded in absolute value by 1.
We may ask questions, similar to (i)–(iv) above, concerning the comparison of the
sizes of𝑋 and 𝑌 . As we shall see, some approximation theorems allow one to carry
over the inequalities from the discrete-time setting to that above, without chang-
ing the constants. In fact, we shall prove much more. The notions of differential
subordination and strong differential subordination can be successfully generalized
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to the continuous-time case, and we shall present an appropriate modification of
Burkholder’s method, which can be applied to study the corresponding estimates
in this wider setting. In one of the final sections, we apply the results to obtain
some interesting estimates for harmonic functions on Euclidean domains, which
can be regarded as extensions of Riesz’s inequality.

In Chapter 6 we continue the line of research started in Chapter 5. Namely,
we investigate there continuous-time processes under (strong) differential subor-
dination, but this time we impose the additional orthogonality assumption. The
martingales of this type turn out to be particularly closely related to periodic
functions and their conjugates, mentioned at the beginning. The final section of
that chapter is devoted to the description of the connections between these two
settings.

Chapter 7 deals with another important class of estimates: the maximal ones.
To be more specific, one can ask questions similar to (i)–(iv) above in the case
when 𝑓 (or 𝑔, or both) is replaced by the corresponding maximal function ∣𝑓 ∣∗ =
sup𝑛≥0 ∣𝑓𝑛∣ or one-sided maximal function 𝑓∗ = sup𝑛≥0 𝑓𝑛. For example, we shall
present the proof the classical Doob’s maximal inequality

∣∣𝑓∗∣∣𝑝 ≤ 𝑝

𝑝− 1 ∣∣𝑓 ∣∣𝑝, 1 < 𝑝 ≤ ∞,

where 𝑓 is a nonnegative submartingale, as well as a number of related weak-type
and logarithmic estimates. See Section 7.2.

Maximal inequalities involving two processes arise naturally in many situa-
tions and are of particular interest when the corresponding non-maximal versions
are not valid. For instance, there is no universal 𝐶1 < ∞ such that ∣∣𝑔∣∣1 ≤ 𝐶1∣∣𝑓 ∣∣1
for all real-valued martingales 𝑓 and their ±1-transforms 𝑔; on the other hand,
Burkholder [35] showed that for such 𝑓 and 𝑔 we have

∣∣𝑔∣∣1 ≤ 2.536 . . . ∣∣ ∣𝑓 ∣∗∣∣1,
and the bound is sharp. For other related results, see Sections 7.3–7.8.

Problems of this type can be successfully investigated using appropriate mod-
ification of Burkholder’s method, which was developed in [35]. However, it should
be stressed here that the corresponding boundary value problems become tricky
due to the increase of the dimension. That is, the special functions we search
for depend on three or four variables (each of the terms ∣𝑓 ∣∗, ∣𝑔∣∗ . . . involves an
additional parameter). Furthermore, in contrast with the non-maximal setting,
the passage to the Hilbert-space-valued setting does require extra effort and the
inequalities for Banach-space-valued semimartingales become even more difficult.
The next interesting feature is that, unlike in the non-maximal case, the addi-
tional assumption on the continuity of paths does affect the optimal constants
and Burkholder’s method needs further refinement. See Sections 7.9–7.12.

Chapter 8 is the final part of the exposition and is devoted to the study of
square function inequalities. Recall that if 𝑓 = (𝑓𝑛)𝑛≥0 is an adapted sequence,
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then its square function is given by

𝑆(𝑓) =

( ∞∑
𝑘=0

∣𝑑𝑓𝑘∣2
)1/2

.

Again, we may ask about sharp moment, weak type and other related estimates
between 𝑓 and 𝑆(𝑓). In addition, we can consider maximal inequalities which
involve a martingale, its square and maximal function. There are also continuous-
time analogues of such estimates (the role of the square function is played by
the square bracket or the quadratic covariance process), but they can be easily
reduced to the discrete-time bounds by means of standard approximation. The
problems of such type are classical and have numerous extensions in various ar-
eas of mathematics: see bibliographical notes at the end of Chapter 8. It turns
out that many interesting estimates can be immediately deduced from related re-
sults concerning Hilbert-space-valued differentially subordinated martingales (see
Chapter 2 below), but this approach does not always allow to keep track of the
optimal constants. To derive the sharp estimates, one may apply an appropriate
modification of Burkholder’s method, invented in [38]. However, the correspond-
ing boundary value problems are difficult in general and this technique has been
successfully implemented only in a few of cases: see Sections 8.2, 8.3 and 8.4.

The situation becomes a bit easier when we restrict ourselves to conditionally
symmetric martingales. Recall that 𝑓 is conditionally symmetric when for each
𝑛 ≥ 1, the conditional distributions of 𝑑𝑓𝑛 and −𝑑𝑓𝑛 given ℱ𝑛−1 coincide. For
example, consider the so-called dyadic martingales : take the probability space to
be ([0, 1],ℬ(0, 1), ∣ ⋅ ∣) and put 𝑓𝑛 =

∑𝑛
𝑘=0 𝑎𝑘ℎ𝑘, where ℎ = (ℎ𝑘)𝑘≥0 is the Haar

system and 𝑎1, 𝑎2, . . . are coefficients, which may be real or vector valued. Then
the corresponding boundary value problem can often (but not always) be dealt
with by solving the heat equation on a part of the domain of the special function.
See Sections 8.2, 8.3, 8.5 and 8.6.

The final part of Chapter 8 concerns the conditional square function. It is
another classical object in the martingale theory, given by

𝑠(𝑓) =

( ∞∑
𝑘=0

𝔼(∣𝑑𝑓𝑘∣2∣ℱ(𝑘−1)∨0)

)1/2

.

We shall show how to modify Burkholder’s method so that it yields estimates
involving 𝑓 and 𝑠(𝑓). The approach can be further extended to imply related esti-
mates for sums of nonnegative random variables and their predictable projections:
see Wang [199] and the author [134], but we shall not include this here.

A few words about the organization of the monograph. Typically, each sec-
tion starts with the statement of a number of theorems, which contain results on
semimartingale inequalities. In most cases, the proof of a given theorem is divided
into three separate parts. In the first step we make use of Burkholder’s method and
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establish the inequality contained in the statement. The next part deals with the
optimality of the constants appearing in this estimate. In the final part we present
some intuitive arguments which lead to the discovery of the special function, used
in the first step. Wherever possible, we have tried to present new proofs and new
reasoning which, as we hope, throws some additional light on the structure of the
problems. We also did our best to keep the exposition as self-contained as possi-
ble, and omit argumentation or its part only when a similar reasoning has been
presented earlier. Each chapter concludes with a section containing historical and
bibliographical notes concerning the results studied in the preceding sections as
well as some material for further reading.



Chapter 2

Burkholder’s Method

We start by introducing the main tool which will be used in the study of semi-
martingale inequalities. For the sake of clarity, in this chapter we focus on the
description of the method only for discrete-time martingales. The necessary mod-
ifications, leading to inequalities for wider classes of processes, will be presented
in the further parts of the monograph.

2.1 Description of the technique

2.1.1 Inequalities for ±1-transforms

Burkholder’s method relates the validity of a certain given inequality for semi-
martingales to a corresponding boundary value problem, or, in other words, to
the existence of a special function, which has appropriate concave-type proper-
ties. To start, let us assume that (Ω,ℱ ,ℙ) is a probability space, which is filtered
by (ℱ𝑛)𝑛≥0, a non-decreasing family of sub-𝜎-fields of ℱ . Consider adapted sim-
ple martingales 𝑓 = (𝑓𝑛)𝑛≥0, 𝑔 = (𝑔𝑛)𝑛≥0 taking values in ℝ, with the corre-
sponding difference sequences (𝑑𝑓𝑛)𝑛≥0, (𝑑𝑔𝑛)𝑛≥0, respectively. Here by simplic-
ity of 𝑓 we mean that for any nonnegative integer 𝑛 the random variable 𝑓𝑛
takes a finite number of values and there is a deterministic integer 𝑁 such that
𝑓𝑁 = 𝑓𝑁+1 = 𝑓𝑁+2 = ⋅ ⋅ ⋅ .

Let 𝐷 = ℝ × ℝ and let 𝑉 : 𝐷 → ℝ be a function, not necessarily Borel or
even measurable. Let 𝑥, 𝑦 ∈ ℝ be fixed and denote by𝑀(𝑥, 𝑦) the class of all pairs
(𝑓, 𝑔) of simple martingales 𝑓 and 𝑔 starting from 𝑥 and 𝑦, respectively, such that
𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛 for any 𝑛 ≥ 1. Here the filtration may vary as well as
the probability space, unless it is assumed to be non-atomic. Suppose that we are
interested in the numerical value of

𝑈0(𝑥, 𝑦) = sup
{
𝔼𝑉 (𝑓𝑛, 𝑔𝑛)

}
, (2.1)

where the supremum is taken over 𝑀(𝑥, 𝑦) and all nonnegative integers 𝑛. Of
course, there is no problem with measurability or integrability of 𝑉 (𝑓𝑛, 𝑔𝑛), since

     DOI 10.1007/978-3-0348-0370-0_2, © Springer Basel 2012 
A. Os kowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 9
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the sequences 𝑓 and 𝑔 are simple. Note that the definition of 𝑈0 can be rewritten
in the form

𝑈0(𝑥, 𝑦) = sup
(𝑓,𝑔)∈𝑀(𝑥,𝑦)

{
𝔼𝑉 (𝑓∞, 𝑔∞)

}
,

where 𝑓∞ and 𝑔∞ stand for the pointwise limits of 𝑓 and 𝑔 (which exist due to the
simplicity of the sequences). This is straightforward: for any (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦)
and any nonnegative integer 𝑛, we have (𝑓𝑛, 𝑔𝑛) = (𝑓∞, 𝑔∞), where the pair
(𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) is just (𝑓, 𝑔) stopped at time 𝑛.

In most cases, we will try to provide some upper bounds for 𝑈0, either on
the whole domain 𝐷, or on its part. The key idea in the study of such a problem
is to introduce a class of special functions. The class consists of all 𝑈 : 𝐷 → ℝ

satisfying the following conditions 1∘ and 2∘:

1∘ (Majorization property) For all (𝑥, 𝑦) ∈ 𝐷,

𝑈(𝑥, 𝑦) ≥ 𝑉 (𝑥, 𝑦). (2.2)

2∘ (Concavity-type property) For all (𝑥, 𝑦) ∈ 𝐷, 𝜀 ∈ {−1, 1} and any 𝛼 ∈ (0, 1),
𝑡1, 𝑡2 ∈ ℝ such that 𝛼𝑡1 + (1− 𝛼)𝑡2 = 0, we have

𝛼𝑈(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1) + (1− 𝛼)𝑈(𝑥 + 𝑡2, 𝑦 + 𝜀𝑡2) ≤ 𝑈(𝑥, 𝑦). (2.3)

Using a straightforward induction argument, we can easily show that the
condition 2∘ is equivalent to the following: for all (𝑥, 𝑦) ∈ 𝐷, 𝜀 ∈ {−1, 1} and any
simple mean-zero variable 𝑑 we have

𝔼𝑈(𝑥+ 𝑑, 𝑦 + 𝜀𝑑) ≤ 𝑈(𝑥, 𝑦). (2.4)

To put it in yet another words, (2.3) amounts to saying that the function 𝑈 is
diagonally concave, that is, concave along the lines of slope ±1.

The interplay between the problem of bounding 𝑈0 from above and the
existence of a special function 𝑈 satisfying 1∘ and 2∘ is described in the two
statements below, Theorem 2.1 and Theorem 2.2.

Theorem 2.1. Suppose that 𝑈 satisfies 1∘ and 2∘. Then for any simple 𝑓 and 𝑔
such that 𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛 for 𝑛 ≥ 1 we have

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0), 𝑛 = 0, 1, 2, . . . . (2.5)

In particular, this implies

𝑈0(𝑥, 𝑦) ≤ 𝑈(𝑥, 𝑦) for all 𝑥, 𝑦 ∈ ℝ. (2.6)

Proof. The key argument is that the process (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥0 is an (ℱ𝑛)-super-
martingale. To see this, note first that all the variables are integrable, by the
simplicity of 𝑓 and 𝑔. Fix 𝑛 ≥ 1 and observe that

𝔼[𝑈(𝑓𝑛, 𝑔𝑛)∣ℱ𝑛−1] = 𝔼[𝑈(𝑓𝑛−1 + 𝑑𝑓𝑛, 𝑔𝑛−1 + 𝑑𝑔𝑛)∣ℱ𝑛−1].
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An application of (2.4) conditionally on ℱ𝑛−1, with 𝑥 = 𝑓𝑛−1, 𝑦 = 𝑔𝑛−1 and
𝑑 = 𝑑𝑓𝑛 yields the supermartingale property. Thus, by 1

∘,

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) (2.7)

and the proof is complete. □

Therefore, we have obtained that 𝑈0(𝑥, 𝑦) ≤ inf 𝑈(𝑥, 𝑦), where the infimum
is taken over all 𝑈 satisfying 1∘ and 2∘. The remarkable feature of the approach is
that the reverse inequality is also valid. To be more precise, we have the following
statement.

Theorem 2.2. If 𝑈0 is finite on 𝐷, then it is the least function satisfying 1∘ and 2∘.

Proof. The fact that 𝑈0 satisfies 1∘ is immediate: the deterministic constant pair
(𝑥, 𝑦) belongs to 𝑀(𝑥, 𝑦). To prove 2∘, we will use the so-called “splicing argu-
ment”. Take (𝑥, 𝑦) ∈ 𝐷, 𝜀 ∈ {−1, 1} and 𝛼, 𝑡1, 𝑡2 as in the statement of the condi-
tion. Pick pairs (𝑓 𝑗, 𝑔𝑗) from the class𝑀(𝑥+ 𝑡𝑗, 𝑦+𝜀𝑡𝑗), 𝑗 = 1, 2. We may assume
that these pairs are given on the Lebesgue probability space ([0, 1],ℬ([0, 1]), ∣ ⋅ ∣),
equipped with some filtration. By the simplicity, there is a deterministic integer 𝑇
such that these pairs terminate before time 𝑇 . Now we will “glue” these pairs into
one using the number 𝛼. To be precise, let (𝑓, 𝑔) be a pair on ([0, 1],ℬ([0, 1]), ∣ ⋅ ∣),
given by (𝑓0, 𝑔0) ≡ (𝑥, 𝑦) and

(𝑓𝑛, 𝑔𝑛)(𝜔) = (𝑓
1
𝑛−1, 𝑔

1
𝑛−1)(𝜔/𝛼), if 𝜔 ∈ [0, 𝛼) ,

and

(𝑓𝑛, 𝑔𝑛)(𝜔) = (𝑓
2
𝑛−1, 𝑔

2
𝑛−1)

(
𝜔 − 𝛼

1− 𝛼

)
, if 𝜔 ∈ [𝛼, 1) ,

when 𝑛 = 1, 2, . . . , 𝑇. Finally, we let 𝑑𝑓𝑛 = 𝑑𝑔𝑛 ≡ 0 for 𝑛 > 𝑇 . Then it is
straightforward to check that 𝑓 , 𝑔 are martingales with respect to the natural
filtration and (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). Therefore, by the very definition of 𝑈0,

𝑈0(𝑥, 𝑦) ≥ 𝔼𝑉 (𝑓𝑇 , 𝑔𝑇 )

=

∫ 𝛼

0

𝑉 (𝑓1
𝑇−1, 𝑔

1
𝑇−1)

(𝜔

𝛼

)
d𝜔 +

∫ 1

𝛼

𝑉 (𝑓2
𝑇−1, 𝑔

2
𝑇−1)

(
𝜔 − 𝛼

1− 𝛼

)
d𝜔

= 𝛼𝔼𝑉 (𝑓1
∞, 𝑔1∞) + (1− 𝛼)𝔼𝑉 (𝑓2

∞, 𝑔2∞).

Taking supremum over the pairs (𝑓1, 𝑔1) and (𝑓2, 𝑔2) gives

𝑈0(𝑥, 𝑦) ≥ 𝛼𝑈0(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1) + (1− 𝛼)𝑈0(𝑥+ 𝑡2, 𝑦 + 𝜀𝑡2),

which is 2∘. To see that 𝑈0 is the least special function, simply look at (2.6). □
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The above two facts give the following general method of proving inequali-
ties for ±1-transforms. Let 𝑉 : 𝐷 → ℝ be a given function and suppose we are
interested in showing that

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . , (2.8)

for all simple 𝑓 , 𝑔, such that 𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛 for all 𝑛 (in particular, also
for 𝑛 = 0).

Theorem 2.3. The inequality (2.8) is valid if and only if there exists 𝑈 : 𝐷 → ℝ

satisfying 1∘, 2∘ and the initial condition

3∘ 𝑈(𝑥, 𝑦) ≤ 0 for all 𝑥, 𝑦 such that 𝑦 = ±𝑥.

Proof. If there is a function 𝑈 satisfying 1∘, 2∘ and 3∘, then (2.8) follows immedi-
ately from (2.5), since 3∘ guarantees that the term 𝔼𝑈(𝑓0, 𝑔0) is nonpositive. To
get the reverse implication, we use Theorem 2.2: as we know from its proof, the
function 𝑈0 satisfies 1∘ and 2∘. It also enjoys 3∘, directly from the definition of
𝑈0 combined with the inequality (2.8). The only thing which needs to be checked
is the finiteness of 𝑈0, which is assumed in Theorem 2.2. Since 𝑈0 ≥ 𝑉 , we only
need to show that 𝑈0(𝑥, 𝑦) < ∞ for every (𝑥, 𝑦). The condition 3∘, which we have
already established, guarantees the inequality on the diagonals 𝑦 = ±𝑥. Suppose
that ∣𝑥∣ ∕= ∣𝑦∣ and let (𝑓, 𝑔) be any pair from 𝑀(𝑥, 𝑦). Consider another martin-
gale pair (𝑓 ′, 𝑔′), which starts from ((𝑥 + 𝑦)/2, (𝑥 + 𝑦)/2) and, in the first step,
moves to (𝑥, 𝑦) or to (𝑦, 𝑥). If it jumped to (𝑦, 𝑥), it stops; otherwise, we determine
(𝑓 ′, 𝑔′) by the assumption that the conditional distribution of (𝑓 ′

𝑛, 𝑔
′
𝑛)𝑛≥1 coincides

with the (unconditional) distribution of (𝑓𝑛, 𝑔𝑛)𝑛≥0. We easily check that 𝑔′ is a
±1-transform of 𝑓 ′, and hence, for any 𝑛 ≥ 1,

0 ≥ 𝔼𝑉 (𝑓 ′
𝑛, 𝑔′𝑛) =

1

2
𝑉 (𝑦, 𝑥) +

1

2
𝔼𝑉 (𝑓𝑛−1, 𝑔𝑛−1).

Consequently, taking supremum over 𝑓 , 𝑔 and 𝑛 gives 𝑈0(𝑥, 𝑦) ≤ −𝑉 (𝑦, 𝑥) and
we are done. □
Remark 2.1. Suppose that 𝑉 has the symmetry property

𝑉 (𝑥, 𝑦) = 𝑉 (−𝑥, 𝑦) = 𝑉 (𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℝ. (2.9)

Then we may replace 3∘ by the simpler condition

3∘′ 𝑈(0, 0) ≤ 0.
In other words, if there is 𝑈 which satisfies the conditions 1∘, 2∘ and 3∘’, then
there is 𝑈̄ which satisfies 1∘, 2∘ and 3∘. To prove this, fix 𝑈 as in the previ-
ous sentence. By (2.9), the functions (𝑥, 𝑦) �→ 𝑈(−𝑥, 𝑦), (𝑥, 𝑦) �→ 𝑈(𝑥,−𝑦) and
(𝑥, 𝑦) �→ 𝑈(−𝑥,−𝑦) also enjoy the properties 1∘, 2∘ and 3∘’, and hence so does 𝑈̄
given by

𝑈̄(𝑥, 𝑦) = min{𝑈(𝑥, 𝑦), 𝑈(−𝑥, 𝑦), 𝑈(𝑥,−𝑦), 𝑈(−𝑥,−𝑦)}, 𝑥, 𝑦 ∈ ℝ.
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But this function satisfies 3∘: indeed, by 2∘,

𝑈̄(𝑥,±𝑥) =
𝑈̄(𝑥, 𝑥) + 𝑈̄(−𝑥,−𝑥)

2
≤ 𝑈̄(0, 0) ≤ 0,

for any 𝑥 ∈ ℝ.

The approach described above concerns only real-valued processes. Further-
more, the condition of being a ±1-transform is quite restrictive. There arises the
natural question whether the methodology can be extended to a wider class of
martingales and we will shed some light on it.

2.1.2 Inequalities for general transforms of Banach-space-valued
martingales

Let us start with the following vector-valued version of Theorem 2.3. The proof is
the same as in the real case and is omitted. Let ℬ be a Banach space.
Theorem 2.4. Let 𝑉 : ℬ × ℬ → ℝ be a given function. The inequality

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0
holds for all 𝑛 and all pairs (𝑓, 𝑔) of simple ℬ-valued martingales such that 𝑔 is a
±1-transform of 𝑓 if and only if there exists 𝑈 : ℬ×ℬ → ℝ satisfying the following
three conditions.

1∘ 𝑈 ≥ 𝑉 on ℬ × ℬ.
2∘ For all 𝑥, 𝑦 ∈ ℬ, 𝜀 ∈ {−1, 1} and any 𝛼 ∈ (0, 1), 𝑡1, 𝑡2 ∈ ℬ such that

𝛼𝑡1 + (1− 𝛼)𝑡2 = 0, we have

𝛼𝑈(𝑥 + 𝑡1, 𝑦 + 𝜀𝑡1) + (1− 𝛼)𝑈(𝑥+ 𝑡2, 𝑦 + 𝜀𝑡2) ≤ 𝑈(𝑥, 𝑦).

3∘ 𝑈(𝑥,±𝑥) ≤ 0 for all 𝑥 ∈ ℬ.
In the previous situation, we had 𝑑𝑔𝑛 = 𝑣𝑛𝑑𝑓𝑛, 𝑛 = 0, 1, 2, . . ., where each 𝑣𝑛

was deterministic and took values in the set {−1, 1}. Now let us consider the more
general situation in which the sequence 𝑣 is simple, predictable and takes values in
[−1, 1]. Recall that predictability means that each 𝑣𝑛 is measurable with respect to
ℱ(𝑛−1)∨0 and, in particular, this allows random terms. The corresponding version
of Theorem 2.4 can be stated as follows. We omit the proof, it requires no new
ideas.

Theorem 2.5. Let 𝑉 : ℬ × ℬ → ℝ be a given function. The inequality

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0
holds for all 𝑛 and all 𝑓 , 𝑔 as above if and only if there exists 𝑈 : ℬ × ℬ → ℝ

satisfying the following three conditions.
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1∘ 𝑈 ≥ 𝑉 on ℬ × ℬ.
2∘ For all (𝑥, 𝑦) ∈ ℬ × ℬ, any deterministic 𝑎 ∈ [−1, 1] and any 𝛼 ∈ (0, 1),

𝑡1, 𝑡2 ∈ ℬ such that 𝛼𝑡1 + (1− 𝛼)𝑡2 = 0 we have

𝛼𝑈(𝑥+ 𝑡1, 𝑦 + 𝑎𝑡1) + (1− 𝛼)𝑈(𝑥+ 𝑡2, 𝑦 + 𝑎𝑡2) ≤ 𝑈(𝑥, 𝑦).

3∘ 𝑈(𝑥, 𝑦) ≤ 0 for all 𝑥, 𝑦 ∈ ℬ such that 𝑦 = 𝑎𝑥 for some 𝑎 ∈ [−1, 1].
Let us make here some important observations.

Remark 2.2. (i) Condition 2∘ of Theorem 2.5 extends to the following inequality:
for all 𝑥, 𝑦 ∈ ℬ, any deterministic 𝑎 ∈ [−1, 1] and any simple mean zero ℬ-valued
random variable 𝑑 we have

𝔼𝑈(𝑥+ 𝑑, 𝑦 + 𝑎𝑑) ≤ 𝑈(𝑥, 𝑦).

(ii) Condition 2∘ can be rephrased as follows: for any 𝑥, 𝑦, ℎ ∈ ℬ and 𝑎 ∈
[−1, 1], the function 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑎 : ℝ → ℝ given by 𝐺(𝑡) = 𝑈(𝑥 + 𝑡ℎ, 𝑦 + 𝑡𝑎ℎ) is
concave.

(iii) Arguing as in Remark 2.1, we can prove the following statement. If 𝑉
satisfies 𝑉 (𝑥, 𝑦) = 𝑉 (−𝑥, 𝑦) = 𝑉 (𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℬ, then we may replace the
above initial condition 3∘ by

3∘′ 𝑈(0, 0) ≤ 0.
It is worth mentioning here that ±1 transforms usually are the extremal se-

quences in the above class of transforms. To be more precise, we have the following
decomposition.

Theorem 2.6. Let 𝑔 be the transform of a ℬ-valued martingale 𝑓 by a real-valued
predictable sequence 𝑣 uniformly bounded in absolute value by 1. Then there exist
ℬ-valued martingales 𝐹 𝑗 = (𝐹 𝑗

𝑛)𝑛≥0 and Borel measurable functions 𝜙𝑗 : [−1, 1]→
{−1, 1} such that for 𝑗 ≥ 1 and 𝑛 ≥ 0,

𝑓𝑛 = 𝐹 𝑗
2𝑛+1, and 𝑔𝑛 =

∞∑
𝑗=1

2−𝑗𝜙𝑗(𝑣0)𝐺
𝑗
2𝑛+1,

where 𝐺𝑗 is the transform of 𝐹 𝑗 by 𝜀 = (𝜀𝑘)𝑘≥0 with 𝜀𝑘 = (−1)𝑘.
Proof. First we consider the special case when each 𝑣𝑛 takes values in the set
{−1, 1}. Let

𝐷2𝑛 =
1 + 𝑣0𝑣𝑛
2

𝑑𝑛,

𝐷2𝑛+1 =
1− 𝑣0𝑣𝑛
2

𝑑𝑛.
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Then 𝐷 = (𝐷𝑛)𝑛≥0 is a martingale difference sequence with respect to its natural
filtration. Indeed, for even indices,

𝔼(𝐷2𝑛∣𝜎(𝐷0, 𝐷1, . . . , 𝐷2𝑛−1)) = 𝔼

[
1 + 𝑣0𝑣𝑛
2

𝔼(𝑑𝑛∣ℱ𝑛−1)
∣∣∣𝜎(𝐷0, . . . , 𝐷2𝑛−1)

]
= 0.

Here (ℱ𝑛)𝑛≥0 stands for the original filtration. Furthermore, we have 𝐷2𝑛 = 0 or
𝐷2𝑛+1 = 0 for all 𝑛, so

𝔼(𝐷2𝑛+1∣𝜎(𝐷0, . . . , 𝐷2𝑛)) = 𝔼(𝐷2𝑛+11{𝐷2𝑛=0}∣𝜎(𝐷0, . . . , 𝐷2𝑛))

= 𝔼(𝐷2𝑛+11{𝐷2𝑛=0}∣𝜎(𝐷0, . . . , 𝐷2𝑛−1)) = 0.

Now, let 𝐹 be the martingale determined by 𝐷 and let 𝐺 be its transform by 𝜀.
By the definition of 𝐷 we have 𝑑𝑛 = 𝐷2𝑛+𝐷2𝑛+1 and 𝑣0𝑣𝑛𝑑𝑛 = 𝐷2𝑛−𝐷2𝑛+1, so
𝑓𝑛 = 𝐹2𝑛+1 and 𝑔𝑛 = 𝑣0𝐺2𝑛+1.

In the general case when the terms 𝑣𝑛 take values in [−1, 1], note that there
are Borel measurable functions 𝜙𝑗 : [−1, 1]→ {−1, 1} satisfying

𝑡 =

∞∑
𝑗=1

2−𝑗𝜙𝑗(𝑡), 𝑡 ∈ [−1, 1].

Now, for any 𝑗, consider the sequence 𝑣𝑗 = (𝜙𝑗(𝑣𝑛))𝑛≥0, which is predictable with
respect to the filtration (ℱ𝑛)𝑛≥0. By the previous special case there is a martingale
𝐹 𝑗 and its transform 𝐺𝑗 satisfying

𝑓𝑛 = 𝐹 𝑗
2𝑛+1,

𝑛∑
𝑘=0

𝜙𝑗(𝑣𝑘) = 𝜙𝑗(𝑣0)𝐺
𝑗
2𝑛+1.

It suffices to multiply both sides by 2−𝑗 and sum the obtained equalities to get
the claimed decomposition. □

2.1.3 Differential subordination

Now we shall introduce another very important class of martingale pairs. It is
much wider than that considered in the previous two subsections and allows many
interesting applications. Let ℬ be a given separable Banach space with the norm ∣⋅∣.
Definition 2.1. Suppose that 𝑓 , 𝑔 are martingales taking values in ℬ. Then 𝑔 is
differentially subordinate to 𝑓 , if for any 𝑛 = 0, 1, 2, . . .,

∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣

with probability 1.
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If 𝑔 is a transform of 𝑓 by a predictable sequence bounded in absolute value
by 1, then, obviously, 𝑔 is differentially subordinate to 𝑓 . Another very important
example is related to martingale square function. Suppose that 𝑓 takes values
in a given separable Banach space and let 𝑔 be ℓ2(ℬ)-valued process, defined by
𝑑𝑔𝑛 = (0, 0, . . . , 0, 𝑑𝑓𝑛, 0, . . .), 𝑛 = 0, 1, 2, . . . (where the difference 𝑑𝑓𝑛 appears
on the 𝑛th place). Let us treat 𝑓 as an ℓ2(ℬ)-valued process, via the embedding
𝑓𝑛 ∼ (𝑓𝑛, 0, 0, . . .). Then, obviously, 𝑔 is differentially subordinate to 𝑓 and 𝑓 is
differentially subordinate to 𝑔. However,

∣∣𝑔𝑛∣∣ℓ2(ℬ) =

(
𝑛∑

𝑘=0

∣𝑑𝑓𝑘∣2
)1/2

is the square function of 𝑓 . Thus, any inequality valid for differentially subordinate
martingales with values in ℓ2(ℬ) leads to a corresponding estimate for the square
function of a ℬ-valued martingale. This observation will be particularly efficient
when ℬ is a separable Hilbert space.

Let us formulate the version of Burkholder’s method when the underlying
domination is the differential subordination of martingales. Let 𝑉 : ℬ×ℬ → ℝ be
a given Borel function. Consider 𝑈 : ℬ × ℬ → ℝ such that

1∘ 𝑈(𝑥, 𝑦) ≥ 𝑉 (𝑥, 𝑦) for all 𝑥, 𝑦 ∈ ℬ,
2∘ there are Borel 𝐴, 𝐵 : ℬ × ℬ → ℬ∗ such that for any 𝑥, 𝑦 ∈ ℬ and any

ℎ, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ ∣ℎ∣, we have

𝑈(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈(𝑥, 𝑦) + ⟨𝐴(𝑥, 𝑦), ℎ⟩ + ⟨𝐵(𝑥, 𝑦), 𝑘⟩.

3∘ 𝑈(𝑥, 𝑦) ≤ 0 for all 𝑥, 𝑦 ∈ ℬ with ∣𝑦∣ ≤ ∣𝑥∣.
Theorem 2.7. Suppose that 𝑈 satisfies 1∘, 2∘ and 3∘. Let 𝑓 , 𝑔 be ℬ-valued mar-
tingales such that 𝑔 is differentially subordinate to 𝑓 and

𝔼∣𝑉 (𝑓𝑛, 𝑔𝑛)∣ < ∞, 𝔼∣𝑈(𝑓𝑛, 𝑔𝑛)∣ < ∞
𝔼
(∣𝐴(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑓𝑛+1∣+ ∣𝐵(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑔𝑛+1∣

)
< ∞,

(2.10)

for all 𝑛 = 0, 1, 2, . . .. Then

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0 (2.11)

for all 𝑛 = 0, 1, 2, . . ..

Proof. Note that this result goes beyond the scope of Burkholder’s method de-
scribed so far, since the processes 𝑓 , 𝑔 are no longer assumed to be simple. This is
why we have assumed the Borel measurability of 𝑈 , 𝑉 , 𝐴 and 𝐵; this is also why
we have imposed condition (2.10): it guarantees the integrability of the random
variables appearing below. However, the underlying idea is the same: we show that
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for 𝑓 , 𝑔 as above the process (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥0 is a supermartingale. To prove this,
we use 2∘ to obtain, for any 𝑛 ≥ 1,

𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1) + ⟨𝐴(𝑓𝑛−1, 𝑔𝑛−1), 𝑑𝑓𝑛⟩+ ⟨𝐵(𝑓𝑛−1, 𝑔𝑛−1), 𝑑𝑔𝑛⟩

with probability 1. By (2.10), both sides above are integrable. Taking the condi-
tional expectation with respect to ℱ𝑛−1 yields

𝔼(𝑈(𝑓𝑛, 𝑔𝑛)∣ℱ𝑛−1) ≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1)

and, consequently,

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) ≤ 0.

This completes the proof. □

Remark 2.3. (i) Condition 2∘ seems quite complicated. However, if 𝑈 is of class 𝐶1,
it is easy to see that the only choice for 𝐴 and 𝐵 is to take the partial derivatives
𝑈𝑥 and 𝑈𝑦, respectively. Then 2

∘ is equivalent to saying that

2∘′ for any 𝑥, 𝑦, ℎ, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ ∣ℎ∣, the function 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 : ℝ → ℝ,
given by

𝐺(𝑡) = 𝑈(𝑥+ 𝑡ℎ, 𝑦 + 𝑡𝑘),

is concave.

In a typical situation, 𝑈 is piecewise 𝐶1, and then 2∘′ still implies 2∘: one takes
𝐴(𝑥, 𝑦) = 𝑈𝑥(𝑥, 𝑦), 𝐵(𝑥, 𝑦) = 𝑈𝑦(𝑥, 𝑦) for (𝑥, 𝑦) at which 𝑈 is differentiable and,
for remaining points, one defines 𝐴 and 𝐵 as appropriate limits of 𝑈𝑥 and 𝑈𝑦.

(ii) Condition 2∘′ can be simplified further. Obviously, it is equivalent to

𝐺′′(𝑡) ≤ 0 (2.12)

at the points where 𝐺 is twice differentiable, and

𝐺′(𝑡−) ≤ 𝐺′(𝑡+) (2.13)

for the remaining 𝑡. However, the family (𝐺𝑥,𝑦,ℎ,𝑘)𝑥,𝑦,ℎ,𝑘 enjoys the following trans-
lation property:

𝐺𝑥,𝑦,ℎ,𝑘(𝑡+ 𝑠) = 𝐺𝑥+𝑡ℎ,𝑦+𝑡𝑘,ℎ,𝑘(𝑠) for all 𝑠, 𝑡.

Hence, it suffices to check (2.12) and (2.13) for 𝑡 = 0 only (but, of course, for all
appropriate 𝑥, 𝑦, ℎ and 𝑘).
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2.2 Further remarks

Now let us make some general observations, some of which will be frequently used
in the later parts of the monograph.

(i) The technique can be applied in the situation when the pair (𝑓, 𝑔) takes
values in a set 𝐷 different from ℬ×ℬ. For example, one can work in 𝐷 = ℝ+×ℝ

or 𝐷 = ℬ × [0, 1], and so on. This does not require any substantial changes in the
methodology; one only needs to ensure that all the points (𝑥, 𝑦), (𝑥 + 𝑡𝑖, 𝑦 + 𝜀𝑡𝑖),
and so on, appearing in the statements of 1∘, 2∘ and 3∘, belong to the considered
domain 𝐷.

(ii) A remarkable feature of Burkholder’s method is its efficiency. Namely, if
we know a priori that a given estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . ,

or, more generally,

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝑐, 𝑛 = 0, 1, 2, . . . ,

is valid, then it can be established using the above approach. In particular, the
technique can be used to derive the optimal constants in the inequalities under
investigation.

(iii) Formula (2.1) can be used to narrow the class of functions in which
we search for the suitable majorant. Here is a typical example. Suppose we are
interested in showing the strong-type inequality

𝔼∣𝑔𝑛∣𝑝 ≤ 𝐶𝑝
𝔼∣𝑓𝑛∣𝑝, 𝑛 = 0, 1, 2, . . . ,

for all real martingales 𝑓 and their ±1-transforms 𝑔. This corresponds to the
choice 𝑉 (𝑥, 𝑦) = ∣𝑦∣𝑝−𝐶𝑝∣𝑥∣𝑝, 𝑥, 𝑦 ∈ ℝ. We have that 𝑉 is homogeneous of order
𝑝 and this property carries over to the function 𝑈0. It follows from the fact that
(𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) if and only if (𝜆𝑓, 𝜆𝑔) ∈ 𝑀(𝜆𝑥, 𝜆𝑦) for any 𝜆 > 0. Thus, we
may search for 𝑈 in the class of functions which are homogeneous of order 𝑝. This
reduces the dimension of the problem. Indeed, we need to find an appropriate
function 𝑢 of only one variable and then let 𝑈(𝑥, 𝑦) = ∣𝑦∣𝑝𝑢(∣𝑥∣/∣𝑦∣) for ∣𝑦∣ ∕= 0
and 𝑈(𝑥, 0) = 𝑐∣𝑥∣𝑝 for some 𝑐. As another example, suppose that 𝑉 satisfies the
symmetry condition 𝑉 (𝑥, 𝑦) = 𝑉 (𝑥,−𝑦) for all 𝑥, 𝑦. Then we may search for 𝑈 in
the class of functions which are symmetric with respect to the second variable.

(iv) A natural way of showing that the constant in a given inequality is the
best possible is to construct appropriate examples. However, this can be shown by
the use of the reverse implication of Burkholder’s method. That is, one assumes
the validity of an estimate with a given constant 𝐶 and then exploits the prop-
erties 1∘, 2∘ and 3∘ of the function 𝑈0 to obtain the lower bound for 𝐶. This
approach is often much simpler and less technical, and will be frequently used in
the considerations below.
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(v) Suppose that we want to establish the inequality 𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 =
0, 1, 2, . . . for some class of pairs (𝑓, 𝑔). As we have seen above, we have to find
a corresponding special function. Assume that we have been successful and found
an appropriate 𝑈 . Does it have to coincide with 𝑈0? In other words, is the special
function uniquely determined? In general the answer is no: typically there are many
functions satisfying 1∘, 2∘ and 3∘. In fact, as we shall see, it may happen that the
careful choice of one of them is a key to avoid many complicated calculations.
However, the formula defining 𝑈0 is usually a good point to start the search from:
see below.

(vi) One might expect that the constants in the martingale inequalities under
differential subordination are larger than those in the estimates for ±1-transforms:
indeed, the differential subordination is a much weaker condition. However, that is
not exactly the case, at least in the non-maximal setting. More precisely, we shall
see that in general the constants are the same even when we work with Hilbert-
space-valued processes; on the other hand, the constants do differ when we leave
the Hilbert-space setting.

This remark is related to the approach we use throughout. Namely, if we want
to establish a given inequality for Hilbert-space-valued processes, we first try to
solve the corresponding boundary value problem for ±1-transforms of real-valued
martingales. If we are successful, we interpret the absolute values appearing in the
formula for the special function as the corresponding norm in a Hilbert space and
try to verify the conditions 1∘, 2∘ and 3∘. A similar reasoning will be conducted
in the more general semimartingale setting.

(vii) Burkholder’s method is closely related to the theory of boundary value
problems. We shall illustrate this in the simplest setting in ℝ2, but it will be clear
how to get more complicated modifications. Suppose that 𝐷 ⊆ ℝ2 is a given set
which is diagonally convex: that is, any section of 𝐷 of slope ±1 is convex. Assume
in addition that 𝐷 is of the form 𝐵 ∪𝐶, where 𝐶 is a nonempty set (for example:
𝐷 = 𝐵 ∪ ∂𝐵 or 𝐷 = ∅ ∪𝐷). Let 𝛽 : 𝐶 → ℝ be a given function. The problem is:
assume that there is a finite diagonally concave function 𝑈 on 𝐷 such that 𝑈 ≥ 𝛽
on 𝐶; what is the least such function? There is also a dual problem for diagonally
convex majorants.

To deal with such a problem, let 𝑀(𝑥, 𝑦) denote the class of all simple mar-
tingales (𝑓, 𝑔) starting from (𝑥, 𝑦), taking values in 𝐷, satisfying 𝑑𝑓𝑛 ≡ 𝑑𝑔𝑛 or
𝑑𝑓𝑛 ≡ −𝑑𝑔𝑛 for all 𝑛 ≥ 1, and such that their pointwise limit (𝑓∞, 𝑔∞) has all its
values in 𝐶. Assume that 𝑀(𝑥, 𝑦) is nonempty for any (𝑥, 𝑦) ∈ 𝐷. Let

𝑈𝛽(𝑥, 𝑦) = sup{𝔼𝛽(𝑓∞, 𝑔∞) : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦)},
𝐿𝛽(𝑥, 𝑦) = inf{𝔼𝛽(𝑓∞, 𝑔∞) : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦)}.

An argument similar to that used in the proof of Theorems 2.1 and 2.2 leads to the
following result, which can be regarded as a probabilistic answer to the boundary
value problem above.
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Theorem 2.8. The function 𝑈𝛽 is the least diagonally concave function on 𝐷 which
majorizes 𝛽 on 𝐶, provided at least one such function exists. The function 𝐿𝛽 is
the greatest diagonally biconvex function on 𝐷 which minorizes 𝛽 on 𝐶, provided
at least one such function exists.

Though the boundary value problems described above are different from
those appearing in the classical boundary value theory, there are many similarities
and connections. For example, diagonal concavity corresponds to superharmonic-
ity. If (𝑓, 𝑔) belongs to the class 𝑀(𝑥, 𝑦) just defined above and 𝑈 is diagonally
concave, then (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥1 is a supermartingale. This is analogous to the clas-
sical result of Doob concerning the composition of superharmonic functions with
Brownian motion. For further connections to the classical boundary value theory,
see Chapter 6.

(viii) Burkholder’s method can be generalized to a much wider setting, in
which the differential subordination is replaced by an abstract domination. We
shall describe the extension for real-valued martingales. Suppose that ≪ is a re-
lation, given on the pairs (𝑑, 𝑒) of mean-zero simple random variables, depending
only on their common distribution, such that 0≪ 0. The relation admits its con-
ditional version ≪𝒢 for any sub-𝜎-field 𝒢 of ℱ . We will say that 𝑓 ≪-dominates
𝑔 or that 𝑔 is ≪-dominated by 𝑓 , if 𝑑𝑔𝑛 ≪ℱ𝑛−1 𝑑𝑓𝑛 for all 𝑛 = 1, 2, . . . (note that
𝑛 ∕= 0).

Let 𝐷 = ℝ × ℝ and let 𝑉 : 𝐷 → ℝ be a function, not necessarily Borel or
even measurable. Let 𝑥, 𝑦 ∈ ℝ be fixed and denote by𝑀(𝑥, 𝑦) the class of all pairs
(𝑓, 𝑔) of simple 𝑓 , 𝑔 starting from 𝑥, 𝑦, respectively, such that 𝑔 is ≪-dominated
by 𝑓 . We have that 𝑀(𝑥, 𝑦) is nonempty, as it contains the deterministic constant
pair (𝑥, 𝑦). Suppose that our goal is to establish the estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . , (2.14)

for all simple martingales 𝑓 , 𝑔 such that 𝑔 is ≪-dominated by 𝑓 and ∣𝑔0∣ ≤ ∣𝑓0∣
almost surely. The appropriate versions of 1∘, 2∘ and 3∘ can be stated as follows.

1∘ 𝑈 ≥ 𝑉 on 𝐷,

2∘ for all (𝑥, 𝑦) ∈ 𝐷 and any simple random variables 𝑑, 𝑒 such that 𝑒 ≪ 𝑑, we
have 𝔼𝑈(𝑥+ 𝑑, 𝑦 + 𝑒) ≤ 𝑈(𝑥, 𝑦),

3∘ 𝑈(𝑥, 𝑦) ≤ 0 for all (𝑥, 𝑦) such that ∣𝑦∣ ≤ ∣𝑥∣.
Then the argumentation from the previous section yields the following result.

Theorem 2.9. If there is 𝑈 satisfying 1∘, 2∘ and 3∘, then the inequality (2.14) is
valid. On the other hand, if (2.14) holds and the function

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛) : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦), 𝑛 = 0, 1, 2, . . .}
is finite, then it is the least function satisfying 1∘, 2∘ and 3∘.

Clearly, the differential subordination corresponds to the relation 𝑒 ≪ 𝑑 iff
∣𝑒∣ ≤ ∣𝑑∣ almost surely. There are also other interesting and natural examples
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of relations. In Chapter 3 we shall encounter the so-called weak domination of
martingales; see also the bibliographical notes at the end of that chapter.

2.3 Integration method

The final part of this short chapter is devoted to a simple, but a very powerful
enhancement of Burkholder’s method. This argument, if applicable, makes the
computations much easier to handle. Fix a function 𝑉 : ℝ2 → ℝ and suppose that
our goal is to establish the estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . , (2.15)

for all simple real-valued martingales 𝑓 , 𝑔 such that 𝑔 is a ±1-transform of 𝑓 . The
idea is to find first a “simple” function 𝑢 : ℝ2 → ℝ, which enjoys the corresponding
conditions 2∘ and 3∘. The next step is to take a kernel 𝑘 : [0,∞) → [0,∞) such
that ∫ ∞

0

𝑘(𝑡)
∣∣𝑢(𝑥/𝑡, 𝑦/𝑡)

∣∣d𝑡 < ∞ for all 𝑥, 𝑦 ∈ ℝ,

and to define 𝑈 : ℝ2 → ℝ by

𝑈(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡. (2.16)

Since 𝑓 , 𝑔 are simple and for any 𝑡 > 0, 𝑔/𝑡 is a ±1-transform of 𝑓/𝑡, we may use
2∘, 3∘ and Fubini’s theorem to obtain

𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) ≤ 0.
If the kernel 𝑘 and the function 𝑢 were chosen so that the majorization 𝑈 ≥ 𝑉
holds, then (2.15) follows.

This can be used also to study inequalities for martingales and their differen-
tial subordinates. To see this, assume that 𝑉 , 𝑢 and 𝑘 are as above (of course, here
2∘ and 3∘ are the versions corresponding to differential subordination). To repeat
the above reasoning, we need an argument which will justify the use of Fubini’s
theorem. So, assume that 𝑓 , 𝑔 satisfy the integrability property

𝔼

∫ ∞

0

𝑘(𝑡)
∣∣𝑢(𝑓𝑛/𝑡, 𝑔𝑛/𝑡)∣∣d𝑡 < ∞

for all 𝑛. Then, as before, if we chose 𝑢 and 𝑘 appropriately, we obtain the chain
of inequalities

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) ≤ 0, 𝑛 = 0, 1, 2, . . . .

The above argument can also be used in a different manner, as a convenient
tool to avoid complicated calculations. Consider a typical situation: we want to
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establish a given inequality of the form 𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . ., say, for
±1-transforms. Some arguments and observations lead to a candidate 𝑈 for the
special function and the next step is to verify the corresponding conditions 1∘, 2∘

and 3∘. Usually the proof of the concavity property is quite elaborate, especially
if we work in the Hilbert-space-valued setting. To avoid this problem, one may try
to find a representation (2.16) for some appropriate kernel 𝑘 and a function 𝑢 (for
which the verification of 2∘ is relatively simple). This will be illustrated by many
examples below.

2.4 Notes and comments

Section 2.1. The technique described above has its roots at Burkholder’s works
from early 80s, though some preliminary results in this direction can be found in
the papers [13] by Bollobás, [19] by Burkholder and [53] by Cox. The boundary
value problems (in the non-classical sense described above) appear for the first
time in [20] and [21] in the study of geometric properties of UMD Banach spaces;
see also later papers [23], [26] and [37] by Burkholder. The seminal paper [24]
contains the deep results concerning the method for real-valued martingales and
is in fact the first exposition in which the approach was used to derive optimal
constants in various estimates (see the end of Chapter 3 for details). For the re-
finement and simplification of the technique, the reader is referred to the survey
[32] by Burkholder. The generalization of the method to a general domination ≪
defined on the difference sequences (𝑑𝑓𝑛)𝑛≥0, (𝑑𝑔𝑛)𝑛≥0, as well as many examples
and applications, can be found in the monograph [112] by Kwapień and Woy-
czyński. Burkholder’s method and the notion of differential subordination have
been partially extended to the non-commutative setting: see [128].

We would like to mention here another technique, which is very closely re-
lated to Burkholder’s method. This is the so-called Bellman’s method, which also
rests on the construction of an appropriate special function. The technique has
been used very intensively mostly in analysis, in the study of Carleson embedding
theorems, BMO estimates, square function inequalities, bounds for maximal op-
erators, estimates for 𝐴𝑝 weights and many other related results. See, e.g., Dindoš
and Wall [68], Nazarov and Treil [119], Nazarov, Treil and Volberg [120], Peter-
michl and Wittwer [176], Slavin and Vasyunin [186], Vasyunin [193], Vasyunin and
Volberg [194], [195], Wittwer [201], [202], [203] and references therein.

Section 2.2. The material presented there is a combination of various remarks
and observations from the literature on the subject. In particular, see [24] and [32].

Section 2.3. The integration method was introduced by the author in his
Ph.D. thesis during the study of the estimates for weakly dominated martingales:
see [124]. Then it was successively investigated in subsequent papers (see [125],
[126], [137], [145] and [146]).



Chapter 3

Martingale Inequalities
in Discrete Time

This part of the monograph contains a study of inequalities for discrete-time mar-
tingales, both in the Hilbert-space and Banach-space-valued setting. It is worth
stressing here that the setting of Hilbert-space-valued differentially subordinate
martingales has been studied intensively and, essentially, the sharp versions of all
the crucial estimates arising in this context have been successfully proved. On
the other hand, much is to be done in the non-Hilbert case, in which no optimal
constants are known.

3.1 Weak type estimates, general case

3.1.1 Formulation of the results

We start from weak type inequalities for martingales and their differential subor-
dinates, taking values in a given separable Hilbert space ℋ. For the sake of the
reader’s convenience, we have decided to split the reasoning into two parts: first
we deal with the case in which the weak and the strong norms are of the same
order; then we present the results in the general setting.

Theorem 3.1. Assume that 𝑓 , 𝑔 are ℋ-valued martingales such that 𝑔 is differen-
tially subordinate to 𝑓 .

(i) If 0 < 𝑝 < 1, then the inequality

∣∣𝑔∣∣𝑝,∞ ≤ 𝑐𝑝,𝑝∣∣𝑓 ∣∣𝑝 (3.1)

does not hold in general with any finite 𝑐𝑝,𝑝, even if we assume that 𝑓 is real
valued and 𝑔 is its ±1-transform.
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(ii) If 1 ≤ 𝑝 ≤ 2, then (3.1) holds with

𝑐𝑝,𝑝 =

(
2

Γ(𝑝+ 1)

)1/𝑝

.

The constant is the best possible even if 𝑓 is assumed to be real valued and 𝑔
is its ±1-transform.

(iii) If 𝑝 > 2, then (3.1) holds with

𝑐𝑝,𝑝 =

(
𝑝𝑝−1

2

)1/𝑝

.

The constant is the best possible even if 𝑓 is assumed to be real valued and 𝑔
is its ±1-transform.

Next, we turn to the case of different orders. Let

𝑐𝑝,𝑞 =

⎧⎨
⎩

∞ if 𝑞 > 𝑝 or 0 < 𝑞 ≤ 𝑝 < 1,

1 if 0 ≤ 𝑞 ≤ 2 ≤ 𝑝 < ∞,(
2

Γ(𝑝+1)

)1/𝑝
if 0 < 𝑞 ≤ 𝑝, 1 ≤ 𝑝 < 2,

21/𝑝−2/𝑞𝑞(𝑝−1)/𝑝
(
𝑝−𝑞
𝑝−2

)(𝑝−1)(𝑝−𝑞)/(𝑝𝑞)

if 2 < 𝑞 ≤ 𝑝 < ∞.

Theorem 3.2. Assume that 𝑓 , 𝑔 are ℋ-valued martingales such that 𝑔 is differen-
tially subordinate to 𝑓 . Then for any 0 < 𝑝, 𝑞 < ∞ we have

∣∣𝑔∣∣𝑞,∞ ≤ 𝑐𝑝,𝑞∣∣𝑓 ∣∣𝑝 (3.2)

and the constant is the best possible. It is already the best possible if 𝑓 is assumed
to be real valued and 𝑔 is its ±1-transform.

3.1.2 Proof of Theorem 3.1, the underlying concept

The estimate (3.1) can be investigated using Burkholder’s method. First, by ho-
mogeneity, it reduces to the inequality

ℙ(∣𝑔∣∗ ≥ 1) ≤ 𝑐𝑝𝑝,𝑝∣∣𝑓 ∣∣𝑝𝑝. (3.3)

If 𝑝 ≥ 1, the bound above can be further simplified to the form

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝑐𝑝𝑝,𝑝𝔼∣𝑓𝑛∣𝑝, 𝑛 = 0, 1, 2, . . . , (3.4)

or 𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, where 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝑐𝑝𝑝,𝑝∣𝑥∣𝑝. To justify this, we make
use of the following stopping time argument. For a fixed 𝜀 ∈ (0, 1), introduce



3.1. Weak type estimates, general case 25

𝜏 = inf{𝑛 ≥ 0 : ∣𝑔𝑛∣ ≥ 1− 𝜀}. Clearly, we have that
ℙ(∣𝑔∣∗ ≥ 1) ≤ ℙ(∣𝑔𝑛∣ ≥ 1− 𝜀 for some 𝑛) = ℙ(∣𝑔𝜏∧𝑛∣ ≥ 1− 𝜀 for some 𝑛)

= ℙ

⎛
⎝∪

𝑛≥0

{∣𝑔𝜏∧𝑛∣ ≥ 1− 𝜀}
⎞
⎠ = lim

𝑛→∞ℙ(∣𝑔𝜏∧𝑛∣ ≥ 1− 𝜀),
(3.5)

since the events {∣𝑔𝜏∧𝑛∣ ≥ 1− 𝜀} are nondecreasing. It is evident that the martin-
gale (𝑔𝜏∧𝑛/(1− 𝜀))𝑛≥0 is differentially subordinate to 𝑓/(1− 𝜀), so applying (3.4)
to these sequences gives

ℙ(∣𝑔𝜏∧𝑛∣ ≥ 1− 𝜀) ≤ 𝑐𝑝𝑝,𝑝
(1− 𝜀)𝑝

𝔼∣𝑓𝑛∣𝑝 ≤
𝑐𝑝𝑝,𝑝
(1− 𝜀)𝑝

∣∣𝑓 ∣∣𝑝𝑝, 𝑛 = 0, 1, 2, . . . .

This yields (3.3), because of (3.5) and the fact that 𝜀 was arbitrary.

We consider the cases 0 < 𝑝 < 1, 𝑝 = 1, 1 < 𝑝 < 2 and 𝑝 > 2 separately. When
𝑝 = 2, the claim is trivial: it follows immediately from Chebyshev’s inequality and

∣∣𝑔𝑛∣∣22 = 𝔼

𝑛∑
𝑘=0

∣𝑑𝑔𝑘∣2 ≤ 𝔼

𝑛∑
𝑘=0

∣𝑑𝑓𝑘∣2 = ∣∣𝑓𝑛∣∣22, 𝑛 = 0, 1, 2, . . . ,

with equality attained for constant martingales 𝑓 = 𝑔 = (1, 1, 1, . . .).

3.1.3 Proof of Theorem 3.1, the case 0 < 𝒑 < 1

The inequality does not hold with any finite constant, even for ±1-transforms of
real martingales. This will be clear from the following example. Let 𝑀 , 𝑁 ≥ 2
be integers and set 𝛿 = 1/(2𝑁). Consider independent centered random variables
𝑋1, 𝑋2, . . . such that𝑋2𝑛 ∈ {−𝛿,𝑀−𝛿} and𝑋2𝑛−1 ∈ {𝛿,−𝑀}with probability 1,
𝑛 = 1, 2, . . .. Introduce the stopping time 𝜏 = inf{𝑛 : ∣𝑋𝑛∣ ∕= 𝛿}. Set 𝑓0 = 𝑔0 ≡ 0,

𝑑𝑓𝑛 = (−1)𝑛+1𝑑𝑔𝑛 = 𝑋𝑛1{𝜏≥𝑛}, 𝑛 = 1, 2, . . . , 𝑁,

and 𝑑𝑓𝑛 = 𝑑𝑔𝑛 ≡ 0 for 𝑛 > 2𝑁 . Then 𝑑𝑓 , 𝑑𝑔 are martingale difference sequences
and 𝑔 is a ±1 transform of 𝑓 . It follows from the construction that 𝑔∗ ≥ 1 almost
surely. Indeed, we have 𝑔𝑘 = 𝑘𝛿 for 𝑘 = 1, 2, . . . , 2𝑁 on {𝜏 > 2𝑁}; so in particular,
𝑔2𝑁 = 1 on this set. If 𝜏 ≤ 2𝑁 , then 𝑔𝜏 = 𝑔𝜏−1 + 𝑑𝑔𝜏 ≤ (𝜏 − 1)𝛿 − (𝑀 − 𝛿) ≤
1−𝑀 ≤ −1. Therefore, 𝑔 satisfies ∣∣𝑔∣∣𝑝,∞ ≥ 1. On the other hand, if 1 ≤ 𝑘 ≤ 2𝑁 ,
then ∣𝑓𝑘∣ ∈ {0, 𝛿} on {𝜏 > 𝑘} and ∣𝑓𝑘∣ =𝑀 on {𝜏 ≤ 𝑘}. Therefore,

𝔼∣𝑓𝑘∣𝑝 ≤ 𝛿𝑝 +𝑀𝑝
ℙ(𝜏 ≤ 𝑘) ≤ 𝛿𝑝 +𝑀𝑝

ℙ(𝜏 ≤ 2𝑁) = 𝛿𝑝 +𝑀𝑝

[
1−

(
𝑀 − 𝛿

𝑀 + 𝛿

)𝑁
]

.

The latter expression can be made arbitrarily small if 𝑀 and 𝑁 are taken suffi-
ciently large. To see this, fix 𝜀 > 0 and take 𝑀 such that 𝑀(1− exp(−1/𝑀)) ≤ 2
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and 𝑀𝑝−1 ≤ 𝜀. Then, take 𝑁 such that 𝛿𝑝 = (2𝑁)−𝑝 ≤ 𝜀 and

(
𝑀 − 𝛿

𝑀 + 𝛿

)𝑁

=

(
1− 2𝛿

𝑀 + 𝛿

)𝑁

≥ exp
(
− 1

𝑀 + 𝛿

)
− 𝜀

𝑀𝑝
.

For those 𝑀 and 𝑁 , we have

𝛿𝑝 +𝑀𝑝

[
1−

(
𝑀 − 𝛿

𝑀 + 𝛿

)𝑁
]
≤ 𝜀+𝑀𝑝−1 ⋅𝑀

[
1− exp

(
− 1

𝑀 + 𝛿

)]
+ 𝜀 ≤ 4𝜀.

Thus, for this choice of 𝑀 and 𝑁 , we have ∣∣𝑓 ∣∣𝑝 ≤ (4𝜀)1/𝑝 and therefore the
weak type estimate does not hold with any finite 𝑐𝑝,𝑝.

3.1.4 Proof of Theorem 3.1, the case 𝒑 = 1

The case 𝑝 = 1, as we will see below, plays a distinguished role. Therefore we have
decided to present it separately, though the situation for 𝑝 ∈ (1, 2] is quite similar.
Proof of (3.4) with 𝑐1,1 = 2. Let 𝑉 : ℋ×ℋ → ℝ be given by 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1}−
2∣𝑥∣ and introduce 𝑈1 : ℋ×ℋ → ℝ by

𝑈1(𝑥, 𝑦) =

{
∣𝑦∣2 − ∣𝑥∣2 if ∣𝑥∣+ ∣𝑦∣ < 1,
1− 2∣𝑥∣ if ∣𝑥∣+ ∣𝑦∣ ≥ 1. (3.6)

We will show that 𝑈1 satisfies the conditions 1
∘, 2∘ and 3∘. To show the ma-

jorization 𝑉 ≤ 𝑈1, observe that this is trivial if ∣𝑥∣ + ∣𝑦∣ ≥ 1; if ∣𝑥∣ + ∣𝑦∣ < 1,
then

𝑈1(𝑥, 𝑦) = ∣𝑦∣2 − ∣𝑥∣2 ≥ −∣𝑥∣2 ≥ −2∣𝑥∣ = 𝑉 (𝑥, 𝑦).

Now we turn to 2∘. We shall show that for any 𝑥, 𝑦, ℎ, 𝑘 ∈ ℋ satisfying ∣ℎ∣ ≥ ∣𝑘∣
we have

𝑈1(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈1(𝑥, 𝑦) +𝐴(𝑥, 𝑦) ⋅ ℎ+𝐵(𝑥, 𝑦) ⋅ 𝑘, (3.7)

where

𝐴(𝑥, 𝑦) =

{
−2𝑥 if ∣𝑥∣+ ∣𝑦∣ < 1,
−2𝑥′ if ∣𝑥∣+ ∣𝑦∣ ≥ 1,

𝐵(𝑥, 𝑦) =

{
2𝑦 if ∣𝑥∣+ ∣𝑦∣ < 1,
0 if ∣𝑥∣+ ∣𝑦∣ ≥ 1.

Here we have used the notation 𝑥′ = 𝑥/∣𝑥∣ for 𝑥 ∕= 0 and 𝑥′ = 0 for 𝑥 = 0. The
choice for 𝐴 and 𝐵 is almost unique, since 𝑈1 is piecewise 𝐶1: thus we are forced
to take 𝐴 = 𝑈1𝑥 and 𝐵 = 𝑈1𝑦 on {(𝑥, 𝑦) : ∣𝑥∣ + ∣𝑦∣ ∕= 1, ∣𝑥∣ ∕= 0}. To prove (3.7),
we start with the observation that 𝑈1(𝑥, 𝑦) ≤ 1 − 2∣𝑥∣ on ℋ ×ℋ. This is clear if
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∣𝑥∣ + ∣𝑦∣ ≥ 1, and in the remaining case we have ∣𝑦∣2 − ∣𝑥∣2 < (1 − ∣𝑥∣)2 − ∣𝑥∣2 =
1− 2∣𝑥∣. Therefore, if ∣𝑥∣+ ∣𝑦∣ ≥ 1, we can write

𝑈1(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 1− 2∣𝑥+ ℎ∣ ≤ 1− 2∣𝑥∣ − 2𝑥′ ⋅ ℎ,

which is (3.7). If ∣𝑥∣+ ∣𝑦∣ < 1 and ∣𝑥+ ℎ∣+ ∣𝑦 + 𝑘∣ ≤ 1, then
𝑈1(𝑥 + ℎ, 𝑦 + 𝑘) = 𝑈(𝑥, 𝑦) + 2𝑦 ⋅ 𝑘 − 2𝑥 ⋅ ℎ+ ∣𝑘∣2 − ∣ℎ∣2,

and (3.7) follows from the condition ∣ℎ∣ ≥ ∣𝑘∣. It remains to prove the estimate in
the case ∣𝑥∣+ ∣𝑦∣ < 1, ∣𝑥+ ℎ∣+ ∣𝑦 + 𝑘∣ > 1; then it reads

1− 2∣𝑥+ ℎ∣ ≥ ∣𝑦∣2 − 2(𝑦 ⋅ 𝑘)− ∣𝑥∣2 + 2(𝑥 ⋅ ℎ). (3.8)

If ∣𝑥+ ℎ∣ ≤ 1, then
(1− ∣𝑥+ ℎ∣)2 < ∣𝑦 + 𝑘∣2 ≤ ∣𝑦∣2 + 2(𝑦 ⋅ 𝑘) + ∣ℎ∣2,

which is (3.8). If ∣𝑥+ ℎ∣ > 1, then ∣ℎ∣ ≥ ∣𝑥+ ℎ∣ − ∣𝑥∣ > 1− ∣𝑥∣ ≥ ∣𝑦∣ and
(∣𝑥+ℎ∣−1)2 ≤ (∣𝑥∣+∣ℎ∣−1)2 ≤ (∣ℎ∣−∣𝑦∣)2 = ∣𝑦∣2−2∣𝑦∣∣ℎ∣+∣ℎ∣2 ≤ ∣𝑦∣2−2(𝑦⋅𝑘)+∣ℎ∣2

and (3.8) follows. Finally, the initial condition 3∘ is obvious; by the symmetry of
𝑉 it suffices to verify the inequality 𝑈1(0, 0) ≤ 0 (see Remark 2.1). Therefore, 𝑈1

has the desired properties and hence the weak type estimate holds. □

Sharpness. This is simple: put 𝑓0 = 𝑔0 ≡ 1/2 and let 𝑑𝑓1 = −𝑑𝑔1 be a centered
random variable taking the values −1/2 and 3/2. Finally, set 𝑑𝑓2 = 𝑑𝑓3 = ⋅ ⋅ ⋅ ≡ 0,
𝑑𝑔2 = 𝑑𝑔3 = ⋅ ⋅ ⋅ ≡ 0. Then we have ∣𝑔1∣ ≡ 1 and ∣∣𝑓 ∣∣1 = ∣∣𝑓2∣∣1 = 1/2, so both
sides of (3.1) are equal. □

Now we will explain how one obtains the formula (3.6) above.

On the search of the suitable majorant. There are two objects to be determined:
the a priori unknown optimal value of the constant 𝑐1,1 and the corresponding
special function. A typical first step is to study the given problem in the simplest
setting: let us assume that 𝑓 and 𝑔 are real valued and 𝑔 is a ±1 transform of
𝑓 . To gain some intuition about the sought-for special function, we start with 𝑈0

given by (2.1). That is, let

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 1)− 𝑐𝔼∣𝑓𝑛∣},
where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) (recall that𝑀(𝑥, 𝑦)
consists of ℝ2-valued simple martingales (𝑓, 𝑔) starting from (𝑥, 𝑦) such that 𝑑𝑔𝑘 ≡
𝑑𝑓𝑘 or 𝑑𝑔𝑘 ≡ −𝑑𝑓𝑘 for all 𝑘 = 1, 2, . . .). By Theorem 2.3, the function 𝑈0 satisfies
1∘, 2∘ and 3∘. Thus, we arrived at the following boundary value problem: find the
explicit formula for the least function enjoying these three conditions.

In the three steps below, we shall derive the explicit form of 𝑈0.
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Step 1. The case ∣𝑦∣ ≥ 1. Our first observation is that
𝑈0(𝑥, 𝑦) = 1− 𝑐∣𝑥∣ if ∣𝑦∣ ≥ 1. (3.9)

Indeed, if (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦), then ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 1 and 𝔼∣𝑓𝑛∣ ≥ ∣𝑥∣ for any 𝑛. This
gives the inequality in one direction; letting 𝑓 ≡ 𝑥 and 𝑔 ≡ 𝑦 (or using 1∘) yields
the reverse estimate.

Step 2. The case ∣𝑥∣+ ∣𝑦∣ ≥ 1. Next we show that
𝑈0(𝑥, 𝑦) = 1− 𝑐∣𝑥∣ if ∣𝑥∣+ ∣𝑦∣ ≥ 1. (3.10)

To prove this, it suffices to deal with the case ∣𝑥∣+ ∣𝑦∣ ≥ 1 > ∣𝑦∣. Furthermore, we
may assume 𝑥 > 0, 𝑦 ≥ 0, since 𝑈0(𝑥, 𝑦) = 𝑈0(−𝑥, 𝑦) = 𝑈0(𝑥,−𝑦) for all 𝑥, 𝑦:
see Section 2.2. Reasoning as in the previous step, we obtain 𝑈0(𝑥, 𝑦) ≤ 1 − 𝑐∣𝑥∣.
On the other hand, consider the following element of 𝑀(𝑥, 𝑦): let 𝑑𝑓1 = −𝑑𝑔1 be a
centered random variable taking values −𝑥 and 𝑦 + 1 only and set 𝑑𝑓𝑛 = 𝑑𝑔𝑛 ≡ 0
for 𝑛 ≥ 2. We have that 𝑓 ≥ 0, so 𝔼∣𝑓𝑛∣ = 𝑥 for all 𝑛, and, in addition, 𝑔1 takes
values in the set {−1, 𝑥+𝑦}. This implies the reverse inequality 𝑈0(𝑥, 𝑦) ≥ 1−𝑐∣𝑥∣
and yields (3.10).

Step 3. The case ∣𝑥∣+ ∣𝑦∣ < 1. It remains to find 𝑈0 on the set 𝐾 = {(𝑥, 𝑦) :
∣𝑥∣+ ∣𝑦∣ < 1}. For (𝑥, 𝑦) lying in 𝐾, take a centered random variable 𝑑 for which
∣𝑥 + 𝑑∣ + ∣𝑦 + 𝑑∣ = 1 with probability 1. It is easy to verify that almost surely, 𝑑
takes the values 𝑑− = (1 − 𝑥− 𝑦)/2 and 𝑑+ = (−1− 𝑥− 𝑦)/2, with probabilities
𝑝− = (1 + 𝑥+ 𝑦)/2 and 𝑝+ = (1− 𝑥− 𝑦)/2, respectively. Hence, by 2∘ and (3.10),
we obtain

𝑈0(𝑥, 𝑦) ≥ 𝑝−𝑈0 (𝑥+ 𝑑−, 𝑦 + 𝑑−) + 𝑝+𝑈0 (𝑥+ 𝑑+, 𝑦 + 𝑑+)

= 1− 𝑐

[∣∣∣∣𝑥+ 1− 𝑥− 𝑦

2

∣∣∣∣ ⋅ 1 + 𝑥+ 𝑦

2
+

∣∣∣∣𝑥+ −1− 𝑥− 𝑦

2

∣∣∣∣ ⋅ 1− 𝑥− 𝑦

2

]

= 1− 𝑐

2
(1 + ∣𝑥∣2 − ∣𝑦∣2).

Now apply the initial condition to get

𝑐 ≥ 2 (3.11)

and the inequality above takes form

𝑈0(𝑥, 𝑦) ≥ ∣𝑦∣2 − ∣𝑥∣2.
Now we conjecture that we have equality above. This leads to the function given
in (3.6), at least in the case ℋ = ℝ. Interpreting ∣ ⋅ ∣ as the norm in the Hilbert
space, we can treat the obtained function 𝑈1 as a function on ℋ×ℋ. □
Remark 3.1. Note that in the search above, we have presented an alternative
proof of the fact that the constant 2 is the best possible even for ±1-transforms
of real martingales: see (3.11). This type of approach has been already mentioned
in Remark (iv) in Section 2.2.
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Remark 3.2. When ℋ = ℝ, the function 𝑈1 is optimal in the sense that it coincides
with the corresponding 𝑈0; this can be quite easily extracted from the above
considerations. But when ℋ is at least two-dimensional, is this still the case? No.
Burkholder [26] showed that the optimal choice is given by

𝑈(𝑥, 𝑦) =

{
1− (1 + 2∣𝑥∣2 − 2∣𝑦∣2 + ∣𝑥+ 𝑦∣2∣𝑥− 𝑦∣2)1/2 if ∣𝑥+ 𝑦∣ ∨ ∣𝑥− 𝑦∣ < 1,
1− 2∣𝑥∣ if ∣𝑥+ 𝑦∣ ∨ ∣𝑥− 𝑦∣ ≥ 1.

A dual function to 𝑈1. Before we proceed, let us introduce the function
𝑈∞ : ℋ×ℋ → ℝ by

𝑈∞(𝑥, 𝑦) =

{
0 if ∣𝑥∣+ ∣𝑦∣ ≤ 1,
(∣𝑦∣ − 1)2 − ∣𝑥∣2 if ∣𝑥∣+ ∣𝑦∣ > 1. (3.12)

This function, as we shall see below, can be considered as a dual function to 𝑈1.
We shall prove the following fact.

Lemma 3.1. The function 𝑈∞ has the properties 2∘ and 3∘.

Proof. This can be done in the similar manner as before. We show that

𝑈∞(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈∞(𝑥, 𝑦) +𝐴(𝑥, 𝑦) ⋅ ℎ+𝐵(𝑥, 𝑦) ⋅ 𝑘, (3.13)

where

𝐴(𝑥, 𝑦) =

{
0 if ∣𝑥∣+ ∣𝑦∣ < 1,
−2𝑥 if ∣𝑥∣+ ∣𝑦∣ ≥ 1,

𝐵(𝑥, 𝑦) =

{
0 if ∣𝑥∣+ ∣𝑦∣ < 1,
2𝑦 − 2𝑦′ if ∣𝑥∣+ ∣𝑦∣ ≥ 1.

It can be easily verified that 𝑈∞(𝑥, 𝑦) ≥ (∣𝑦∣ − 1)2 − ∣𝑥∣2 on ℋ × ℋ. Hence, if
∣𝑥∣+ ∣𝑦∣ ≥ 1, then

𝑈∞(𝑥+ ℎ, 𝑦 + 𝑘) ≤ (∣𝑦 + 𝑘∣ − 1)2 − ∣𝑥+ ℎ∣2
= (∣𝑦∣ − 1)2 − ∣𝑥∣2 − 2[∣𝑦 + 𝑘∣ − ∣𝑦∣+ (𝑦 ⋅ 𝑘)− (𝑥 ⋅ ℎ)] + ∣𝑘∣2 − ∣ℎ∣2
≤ 𝑈∞(𝑥, 𝑦) +𝐴(𝑥, 𝑦) ⋅ ℎ+𝐵(𝑥, 𝑦) ⋅ 𝑘,

due to the condition ∣ℎ∣ ≥ ∣𝑘∣. If ∣𝑥∣+ ∣𝑦∣ < 1 and ∣𝑥+ℎ∣+ ∣𝑦+𝑘∣ ≤ 1, then (3.13) is
obvious; both sides are equal to 0. Finally, let ∣𝑥∣+ ∣𝑦∣ < 1 and ∣𝑥+ℎ∣+ ∣𝑦+𝑘∣ > 1.
We must show that (∣𝑦 + 𝑘∣ − 1)2 − ∣𝑥 + ℎ∣2 ≤ 0. If ∣𝑦 + 𝑘∣ ≤ 1, then this is
equivalent to ∣𝑥+ ℎ∣+ ∣𝑦+ 𝑘∣ > 1, the inequality we have assumed. If ∣𝑦+ 𝑘∣ > 1,
then ∣𝑘∣ ≥ ∣𝑦 + 𝑘∣ − ∣𝑦∣ > 1− ∣𝑦∣ > ∣𝑥∣ and

(∣𝑦 + 𝑘∣ − 1)2 ≤ (∣𝑦∣+ ∣𝑘∣ − 1)2 ≤ (∣𝑘∣ − ∣𝑥∣)2 ≤ (∣ℎ∣ − ∣𝑥∣)2 ≤ ∣𝑥+ ℎ∣2.
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Finally, to prove 3∘, we use (3.13) and obtain

𝑈∞(𝑥, 𝑦) ≤ 𝑈∞(0, 0) +𝐴(0, 0) ⋅ 𝑥+𝐵(0, 0) ⋅ 𝑦 = 0,

whenever ∣𝑦∣ ≤ ∣𝑥∣. This yields the claim. □

Let us prove here an auxiliary fact, to be needed later.

Lemma 3.2. For any 𝑥, 𝑦 ∈ ℋ we have

∣𝑈1(𝑥, 𝑦)∣ ≤ 𝑈1(0, 𝑦)− 𝑈1(𝑥, 0) (3.14)

and
∣𝑈∞(𝑥, 𝑦)∣ ≤ 1 + ∣𝑥∣2 + ∣𝑦∣2. (3.15)

Proof. We may assume that ℋ = ℝ. First we show (3.14). If ∣𝑥∣+ ∣𝑦∣ ≤ 1, then the
estimate is trivial: ∣∣𝑦∣2 − ∣𝑥∣2∣ ≤ ∣𝑦∣2 + ∣𝑥∣2. If ∣𝑥∣ ≥ 1, then the inequality holds
because ∣𝑈1(𝑥, 𝑦)∣ = 2∣𝑥∣ − 1 = −𝑈1(𝑥, 0). Finally, if 1 < ∣𝑥∣+ ∣𝑦∣ < 1 + ∣𝑦∣, then

𝑈1(0, 𝑦)−𝑈1(𝑥, 0) ≥ 𝑈1(0, 1−∣𝑥∣)−𝑈1(𝑥, 0) = 2∣𝑥∣2−2∣𝑥∣+1 ≥ ∣1−2∣𝑥∣∣ = 𝑈1(𝑥, 𝑦).

Now we turn to (3.15): it is clear if ∣𝑥∣+ ∣𝑦∣ ≤ 1, while for remaining 𝑥, 𝑦,

∣𝑈∞(𝑥, 𝑦)∣ ≤ (∣𝑦∣ − 1)2 + ∣𝑥∣2 ≤ 1 + ∣𝑥∣2 + ∣𝑦∣2

and we are done. □

3.1.5 Proof of Theorem 3.1, the case 1 < 𝒑 < 2

We shall prove a slightly more general result. Let Φ be an increasing convex
function on [0,∞) such that Φ is twice differentiable on (0,∞), Φ′ is strictly
concave, lim𝑡→∞ Φ′′(𝑡) = 0 and Φ(0) = Φ′(0+) = 0. This is satisfied by the
function Φ(𝑡) = 𝑡𝑝, 1 < 𝑝 < 2, but also, for example, by Φ(𝑡) = 𝑡 log(𝑡 + 1) and
Φ(𝑡) = 𝑡− log(𝑡+ 1).
Theorem 3.3. If 𝑓 , 𝑔 are ℋ-valued martingales and 𝑔 is differentially subordinate
to 𝑓 , then, for all 𝜆 > 0,

ℙ(𝑔∗ ≥ 𝜆) ≤ 𝐶Φ sup
𝑛

𝔼Φ(∣𝑓𝑛∣/𝜆), (3.16)

where

𝐶Φ = 2

(∫ ∞

0

Φ(𝑠)𝑒−𝑠d𝑠

)−1

. (3.17)

The constant is the best possible. It is the best possible even if 𝑓 is real valued and
𝑔 is assumed to be its ±1 transform.

Note that the choice Φ(𝑡) = 𝑡𝑝, 1 < 𝑝 < 2, yields the estimate (3.1).
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Proof of (3.16). It suffices to show the estimate for 𝜆 = 1. With no loss of gener-
ality, we may and do assume that

sup
𝑛

𝔼Φ(∣𝑓𝑛∣) < ∞, (3.18)

since otherwise there is nothing to prove. By the stopping time argument, we
reduce the inequality (3.16) to the bound 𝔼𝑉Φ(𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . ., where

𝑉Φ(𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝐶ΦΦ(∣𝑥∣).
Let us exploit the integration method with 𝑢 given by (3.6) and the kernel

𝑘(𝑡) =
𝐶Φ

2
𝑡2
[
Φ′′(𝑡− 1)− 𝑒𝑡−1

∫ ∞

𝑡−1

𝑒−𝑠Φ′′(𝑠)d𝑠
]
1{𝑡≥1}.

Note that 𝑘 ≥ 0, since Φ′′ is nonincreasing. Lengthy but straightforward compu-
tations show that 𝑈Φ : ℋ×ℋ → ℝ given by

𝑈Φ(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

admits the following explicit formula: if ∣𝑥∣ + ∣𝑦∣ ≤ 1, then 𝑈Φ(𝑥, 𝑦) = ∣𝑦∣2 − ∣𝑥∣2;
if ∣𝑥∣+ ∣𝑦∣ > 1, then

𝑈Φ(𝑥, 𝑦) = 1− ∣𝑦∣𝐶ΦΦ(∣𝑥∣ + ∣𝑦∣ − 1)− 𝐶Φ(1− ∣𝑦∣)𝑒∣𝑥∣+∣𝑦∣−1

∫ ∞

∣𝑥∣+∣𝑦∣−1

𝑒−𝑠Φ(𝑠)d𝑠.

Now, let us show the majorization 𝑈Φ ≥ 𝑉Φ. Note that it suffices to establish this
for ℋ = ℝ and 𝑥, 𝑦 ≥ 0, since 𝑈Φ and 𝑉Φ depend on 𝑥 and 𝑦 via their norms
∣𝑥∣ and ∣𝑦∣. For a fixed 𝑥, the function 𝑈Φ(𝑥, ⋅) is nondecreasing as a function of
𝑦 ∈ [0,∞). This follows directly from the definition of 𝑈Φ and the fact that 𝑢
also has this property. Consequently, it is enough to prove the majorization for
𝑦 ∈ {0, 1}. If 𝑦 = 1 this is trivial: we have 𝑈Φ(𝑥, 1) = 𝑉Φ(𝑥, 1) for all 𝑥. If 𝑦 = 0,
then for 𝑥 > 1,

d

d𝑥
(𝑈Φ(𝑥, 0)− 𝑉Φ(𝑥, 0)) = 𝐶Φ𝑒𝑥−1

[
𝑒1−𝑥Φ′(𝑥)−

∫ ∞

𝑥−1

𝑒−𝑠Φ′(𝑠)d𝑠
]

= 𝐶Φ𝑒𝑥−1

∫ ∞

𝑥−1

𝑒−𝑠
(
Φ′(𝑠+ 1)− Φ′(𝑠)− Φ′′(𝑠+ 1)

)
d𝑠,

which is nonnegative, by the mean value property. Therefore it remains to show
that 𝑈Φ(𝑥, 0) ≥ 𝑉Φ(𝑥, 0) for 𝑥 ∈ [0, 1]. This is equivalent to

𝐹 (𝑥) := 𝐶ΦΦ(𝑥)− 𝑥2 ≥ 0
and follows from the equality 𝐹 (0) = 𝐹 ′(0+) = 0, the strict concavity of 𝐹 ′ and
the fact that 𝐹 ′(1) = 𝑈Φ𝑥(1, 0) − 𝑉Φ𝑥(1, 0) ≥ 0. Consequently, the majorization
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holds. Therefore, all that is left is to check the integrability which allows the use
of Fubini’s theorem in the inequalities

𝔼𝑈Φ(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈Φ(𝑓0, 𝑔0) ≤ 0.
Precisely, we shall show that for any 𝑛 ≥ 0,

𝔼

∫ ∞

0

𝑘(𝑡)∣𝑢(𝑓𝑛/𝑡, 𝑔𝑛/𝑡)∣d𝑡 < ∞.

By (3.14), we may write∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑈Φ(0, 𝑦)− 𝑈Φ(𝑥, 0) ≤ 𝑈Φ(0, 𝑦)− 𝑉Φ(𝑥, 0).

Note that −𝔼𝑉Φ(𝑓𝑛, 0) < ∞, due to the assumption (3.18). It remains to prove
that 𝔼𝑈Φ(0, 𝑔𝑛) < ∞ for all 𝑛. If ∣𝑦∣ > 1, then

𝑈Φ(0, 𝑦) ≤ 1 + 𝐶Φ∣𝑦∣
[
𝑒∣𝑦∣−1

∫ ∞

∣𝑦∣−1

𝑒−𝑠Φ(𝑠)d𝑠− Φ(∣𝑦∣ − 1)
]

≤ 1 + ∣𝑦∣+ 𝐶Φ∣𝑦∣ [Φ(∣𝑦∣)− Φ(∣𝑦∣ − 1)] ,
where the latter passage is equivalent to the inequality 𝑈Φ(𝑦, 0) ≥ 𝑉Φ(𝑦, 0), which
we have already established. By the convexity of Φ, we have

∣𝑦∣[Φ(∣𝑦∣)−Φ(∣𝑦∣ − 1)] ≤ ∣𝑦∣
[
Φ(∣𝑦∣)− ∣𝑦∣ − 1

∣𝑦∣ Φ(∣𝑦∣ − 1)
]
≤ Φ(2∣𝑦∣ − 1) ≤ Φ(2∣𝑦∣).

Therefore, all we need is the inequality 𝔼Φ(2∣𝑔𝑛∣) < ∞. Since Φ′ is concave with
Φ′(0+) = 0, we have Φ′(𝑡) ≥ Φ′(2𝑡)/2 and integrating this from 0 to 𝑟 gives
Φ(2𝑟) ≤ 4Φ(𝑟) for any 𝑟 > 0. Consequently,

Φ(𝑟 + 𝑠) ≤ Φ(2𝑟) + Φ(2𝑠) ≤ 4Φ(𝑟) + 4Φ(𝑠) for 𝑟, 𝑠 ≥ 0. (3.19)

This gives the desired integrability, because, by the differential subordination and
the triangle inequality,

𝔼Φ(2∣𝑔𝑛∣) ≤ 𝔼Φ

(
2

𝑛∑
𝑘=0

∣𝑑𝑔𝑘∣
)

≤ 4𝔼Φ
(

𝑛∑
𝑘=0

∣𝑑𝑓𝑘∣
)
≤ 4𝔼Φ

(
2

𝑛∑
𝑘=0

∣𝑓𝑘∣
)
≤ 16𝔼Φ

(
𝑛∑

𝑘=0

∣𝑓𝑘∣
)

.

It suffices to use (3.19) several times and apply (3.18) at the end. □

Sharpness of (3.16). Fix 𝛿 ∈ (0, 1) and let (𝑓, 𝑔) be a Markov martingale that
satisfies the following conditions:

(i) (𝑓0, 𝑔0) ≡ (1/2, 1/2).
(ii) The state (1/2, 1/2) leads to (0, 1) or (1, 0).
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(iii) The state of the form (1 + 2𝑘𝛿, 0) (𝑘 = 0, 1, 2, . . .) leads to (2𝑘𝛿, 1) or (1 +
2𝑘𝛿 + 𝛿,−𝛿).

(iv) The state of the form (1+2𝑘𝛿+𝛿,−𝛿) (𝑘 = 0, 1, 2, . . .) leads to (2𝑘𝛿+2𝛿,−1)
or (1 + (2𝑘 + 2)𝛿, 0).

(v) The states lying on the lines 𝑦 = ±1 are absorbing.
We do not specify the probabilities in the steps (ii)–(iv), since they are uniquely
determined by the fact that (𝑓, 𝑔) is a martingale. It is easy to check that 𝑔 is a
±1-transform of 𝑓 . Moreover, we see that 𝑓 is nonnegative; we will need this later.
It can be readily verified that the pointwise limits 𝑓∞, 𝑔∞ exist, with ∣𝑔∞∣ = 1
almost surely and 𝑓∞ ∈ {0, 2𝛿, 4𝛿, . . .}. Moreover,

ℙ(𝑓∞ = 0) = ℙ

(
𝑑𝑓1 = −1

2

)
+ ℙ (𝑑𝑓2 = −1) = 1 + 2𝛿

2 + 2𝛿

and, for 𝑘 ≥ 1,
ℙ(𝑓∞ = 2𝑘𝛿) = ℙ(𝑑𝑓1 = 1/2, 𝑑𝑓2 = 𝛿, . . . , 𝑑𝑓2𝑘 = 𝛿, 𝑑𝑓2𝑘+1 = 𝛿 − 1)

+ ℙ(𝑑𝑓1 = 1/2, 𝑑𝑓2 = 𝛿, . . . , 𝑑𝑓2𝑘+1 = 𝛿, 𝑑𝑓2𝑘+2 = −1)

=
𝛿(1− 𝛿)𝑘−1

2(1 + 𝛿)𝑘
+

𝛿(1− 𝛿)𝑘

2(1 + 𝛿)𝑘+1
=

𝛿

(1 + 𝛿)2
⋅
(
1− 2𝛿

1 + 𝛿

)𝑘−1

.

Therefore, since Φ vanishes at 0,

𝔼Φ(∣𝑓∞∣) = 𝔼Φ(𝑓∞) =
𝛿

(1 + 𝛿)2

∞∑
𝑘=1

Φ(2𝑘𝛿)

(
1− 2𝛿

1 + 𝛿

)𝑘−1

.

Note that we have the elementary inequality

𝑒−2𝛿(1+𝛿) ≥ 1− 2𝛿

1 + 𝛿
≥ 𝑒−2𝛿,

valid for 𝛿 sufficiently close to 0. Thus, if we take 𝛿 small enough, we may make
𝔼Φ(∣𝑓∞∣) arbitrarily close to 1

2

∫∞
0
Φ(𝑡)𝑒−𝑡d𝑡 = 𝐶−1

Φ . This completes the proof.
□

Remark 3.3. In [24], Burkholder uses a slightly different function 𝑈Φ to prove
(3.16). Namely, he takes 𝑈Φ = 𝑉Φ on {(𝑥, 𝑦) : ∣𝑦∣ ≥ 1} and 𝑈Φ = 𝑈Φ on the
complement of this set. In fact, it is the least special function, provided ℋ = ℝ.

On the search of the suitable majorant. Let us show how to obtain Burkholder’s
function defined in the above remark. As before, our first step is to find the function
in the case ℋ = ℝ and when 𝑔 is assumed to be a ±1-transform of 𝑓 . Suppose that
the best constant in the inequality equals 𝑐. We write down the formula (2.1):

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 1)− 𝑐𝔼Φ(∣𝑓𝑛∣)},
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where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). To solve the cor-
responding boundary value problem, first observe that 𝑈0 satisfies the symmetry
condition

𝑈0(𝑥, 𝑦) = 𝑈0(−𝑥, 𝑦) = 𝑈0(𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℝ (3.20)

and hence it suffices to determine it in the first quadrant [0,∞)× [0,∞).
Step 1. The case ∣𝑦∣ ≥ 1. Note that for these 𝑦 we have

𝑈0(𝑥, 𝑦) = 1− 𝑐Φ(∣𝑥∣). (3.21)

Indeed, for all 𝑓, 𝑔 as above we may write ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 1 and 𝔼Φ(∣𝑓𝑛∣) ≥ Φ(∣𝑥∣),
where the latter follows from Jensen’s inequality. This gives the estimate in one
direction, and the choice of constant 𝑓 and 𝑔 yields the reverse.

Step 2. Key assumptions. Here we make some conjectures on the function on
the set {(𝑥, 𝑦) : ∣𝑦∣ < 1}. We leave the formal definition of 𝑈0 and base our search
on the two assumptions below; thus we may no longer use the notation 𝑈0 and
write 𝑈 instead.

The first condition concerns regularity of the special function.

(A1) 𝑈 is continuous on {(𝑥, 𝑦) : ∣𝑦∣ ≤ 1} and of class 𝐶1 in the interior of this
set.

Then the symmetry condition (3.20) implies

𝑈𝑥(0, 𝑦) = 𝑈𝑦(𝑥, 0) = 0 for 𝑥 ∈ ℝ and 𝑦 ∈ (−1, 1). (3.22)

Introduce the notation 𝐴(𝑡) = 𝑈(𝑡, 1) = 1 − 𝑐Φ(𝑡), 𝐵(𝑡) = 𝑈(𝑡, 0) and 𝐶(𝑡) =
𝑈(0, 𝑡). The next assumption is the key one. Sometimes we shall refer to this type
of conditions as to “structural assumptions”.

(A2) The function 𝑈 satisfies

𝑈(𝑥, 𝑦) = 𝑦𝐴(𝑥+ 𝑦 − 1) + (1− 𝑦)𝐵(𝑥+ 𝑦) if 𝑥+ 𝑦 ≥ 1 ≥ 𝑦 ≥ 0,
𝑈(𝑥, 𝑦) =

𝑦

𝑥+ 𝑦
𝐶(𝑥 + 𝑦) +

𝑥

𝑥+ 𝑦
𝐵(𝑥+ 𝑦) if 𝑥, 𝑦 ≥ 0, 𝑥+ 𝑦 < 1.

(3.23)

In other words, when restricted to [0,∞)×[0, 1], 𝑈 is linear along the line segments
of slope −1.

Step 3. The case ∣𝑦∣ < 1. Now we will show that the conditions (A1) and
(A2) lead to Burkholder’s function described in Remark 3.3. Note that we may
assume that 𝑈(0, 0) = 0: if this is not the case, replace 𝑈 by the larger function
𝑈 − 𝑈(0, 0). Using (3.22) and (3.23), we obtain the differential equations

𝐶′(𝑦) =
𝐶(𝑦)−𝐵(𝑦)

𝑦
for 𝑦 ∈ [0, 1), (3.24)
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𝐵′(𝑥) =
𝐵(𝑥)− 𝐶(𝑥)

𝑥
for 𝑥 ∈ [0, 1), (3.25)

and
𝐵′(𝑥) = 𝐵(𝑥) −𝐴(𝑥− 1) for 𝑥 ≥ 1. (3.26)

By (3.24) and (3.25) and the condition 𝐵(0) = 𝐶(0) = 𝑈(0, 0) = 0 we have that
𝐵(𝑥) = −𝐶(𝑥) on [0, 1]. Plugging this into (3.24) yields 𝐶(𝑦) = 𝑎𝑦2 for all 𝑦 ∈ [0, 1]
and some fixed 𝑎 ∈ ℝ. Since 𝐶(1) = 𝐴(0) = 1, we see that 𝑎 = 1 and we obtain
the formulas for 𝐵 and 𝐶 on [0, 1]. Now, by the second equality in (3.23), we get

𝑈(𝑥, 𝑦) = ∣𝑦∣2 − ∣𝑥∣2 if ∣𝑥∣+ ∣𝑦∣ ≤ 1.

Similarly, solving (3.26) (recall that 𝐴(𝑡) = 1− 𝑐Φ(𝑡)) gives

𝐵(𝑥) = 1− 𝑐𝑒𝑥
∫ ∞

𝑥

𝑒−𝑡Φ(𝑡− 1)d𝑡.

By the continuity of 𝐵 at 1, we see that 𝑐 must be equal to 𝐶Φ, given by (3.17).
Finally, by the first equation in (3.23), we get that if 1− ∣𝑥∣ < ∣𝑦∣ ≤ 1,

𝑈(𝑥, 𝑦) = 1− ∣𝑦∣𝐶ΦΦ(∣𝑥∣+ ∣𝑦∣ − 1)− 𝐶Φ(1− ∣𝑦∣)𝑒∣𝑥∣+∣𝑦∣−1

∫ ∞

∣𝑥∣+∣𝑦∣−1

𝑒−𝑠Φ(𝑠)d𝑠.

It remains to treat the absolute values in the formulas above as the norms in ℋ
to obtain the candidate for the function 𝑈 defined on ℋ×ℋ.

3.1.6 Proof of Theorem 3.1, the case 𝒑 ≥ 2

Here the situation is entirely different.

Proof of (3.4). Obviously, we may restrict ourselves to 𝑓 which are bounded in 𝐿𝑝.
Then ∣∣𝑑𝑓𝑛∣∣𝑝 < ∞ for any 𝑛 and hence, by differential subordination, ∣∣𝑑𝑔𝑛∣∣𝑝 < ∞
and ∣∣𝑔𝑛∣∣𝑝 < ∞ for all 𝑛. Let 𝑉𝑝(𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝑝𝑝−1∣𝑥∣𝑝/2. As in the previous
case, we shall use integration argument, but this time 𝑢 is the dual function, given
by (3.12). Set

𝑘(𝑡) =
𝑝𝑝(𝑝− 1)2−𝑝(𝑝− 2)

4
𝑡𝑝−11{0≤𝑡≤1−𝑝−1}.

A little calculation shows that

𝑈𝑝(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

is given by the following formula: if ∣𝑥∣+ ∣𝑦∣ ≤ 1− 𝑝−1, then

𝑈𝑝(𝑥, 𝑦) =
1

2

(
𝑝

𝑝− 1
)𝑝−1

(∣𝑦∣ − (𝑝− 1)∣𝑥∣)(∣𝑥∣ + ∣𝑦∣)𝑝−1,
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while for remaining (𝑥, 𝑦),

𝑈𝑝(𝑥, 𝑦) =
𝑝2

4

[
∣𝑦∣2 − ∣𝑥∣2 − 2(𝑝− 2)∣𝑦∣

𝑝
+
(𝑝− 1)2(𝑝− 2)

𝑝3

]
.

By (3.15), ∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑐(1 + ∣𝑥∣2 + ∣𝑦∣2),

for all 𝑥, 𝑦 and some positive constant 𝑐 depending only on 𝑝. Hence the use of
the integration argument is permitted: for any 𝑛, the random variables 𝑓𝑛 and 𝑔𝑛
belong to 𝐿𝑝, so Fubini’s theorem implies that 𝔼𝑈𝑝(𝑓𝑛, 𝑔𝑛) ≤ 0. Therefore, all we
need is the majorization property 𝑈𝑝 ≥ 𝑉𝑝 and, as before, it suffices to establish
it for ℋ = ℝ. Consider the function 𝐹 given by

𝐹 (𝑠) =
1

2

(
𝑝

𝑝− 1
)𝑝−1

(1− 𝑝𝑠) +
𝑝𝑝−1

2
𝑠𝑝, 𝑠 ∈ [0, 1].

This function is nonnegative: indeed, it is convex and satisfies

𝐹 ((𝑝− 1)−1) = 𝐹 ′((𝑝− 1)−1) = 0.

This gives the majorization for ∣𝑥∣+∣𝑦∣ ≤ 1−𝑝−1, since for these 𝑥, 𝑦 it is equivalent
to 𝐹 (∣𝑥∣/(∣𝑥∣ + ∣𝑦∣)) ≥ 0. The next step is to show that 𝑈𝑝(𝑥, 𝑦) ≥ 𝑉𝑝(𝑥, 𝑦) for
∣𝑦∣ ≥ 1. For fixed 𝑥, the function 𝑈𝑝(𝑥, ⋅) increases on [1,∞), so it suffices to
establish the bound for 𝑦 = 1. That is, we must prove that

(𝑝∣𝑥∣)𝑝 − 1 ≥ 𝑝

2
((𝑝∣𝑥∣)2 − 1), (3.27)

which is an immediate consequence of the mean value property of the convex
function 𝑡 �→ 𝑡𝑝/2. It remains to show the majorization for (𝑥, 𝑦) satisfying ∣𝑥∣ +
∣𝑦∣ ≥ 1− 𝑝−1 and ∣𝑦∣ < 1. The inequality can be rewritten in the form

𝑝2

4

[
∣𝑦∣2 − ∣𝑥∣2 − 2(𝑝− 2)∣𝑦∣

𝑝
+
(𝑝− 1)2(𝑝− 2)

𝑝3

]
≥ −𝑝𝑝−1∣𝑥∣𝑝

2

which is valid for all real 𝑥, 𝑦, not only for those satisfying the above restrictions.
Indeed, observe that as a function of ∣𝑦∣, the left-hand side attains its minimum
for ∣𝑦∣ = 1 − 2/𝑝 and for such 𝑦, we again arrive at (3.27). This completes the
proof. □

Remark 3.4. The original special function invented by Suh [189] was much more
complicated; on the other hand, her function is the least majorant leading to the
weak type estimate. We will present a detailed description of the steps which lead
to the discovery of this function, just after the proof of the optimality of 𝑐𝑝,𝑝.
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Sharpness. Consider the following example. Let 𝑁 be a fixed positive integer and
let 𝛿 > 0 be uniquely determined by the equation

𝛿(1 + 2𝛿)𝑁 = 1− 1
𝑝
. (3.28)

Let (𝑋𝑛)
2𝑁+1
𝑛=0 be a sequence of independent random variables, with the distribu-

tion given as follows. Let 𝑋0 ≡ 𝛿,

ℙ

(
𝑋2𝑛−1 =

𝑝− 2
𝑝− 1

)
= 1− ℙ (𝑋2𝑛−1 = 1 + 𝛿) =

(𝑝− 1)𝛿
1 + (𝑝− 1)𝛿 ,

ℙ

(
𝑋2𝑛 =

(𝑝− 2)(1 + 2𝛿)
(𝑝− 1)(1 + 𝛿)

)
= 1− ℙ

(
𝑋2𝑛 =

1 + 2𝛿

1 + 𝛿

)
=
(𝑝− 1)𝛿
1 + 2𝛿

,

for 𝑛 = 1, 2, . . . , 𝑁 , and, finally,

ℙ

(
𝑋2𝑁+1 =

𝑝(1 + 𝛿)

𝑝− 1
)
= 1− ℙ

(
𝑋2𝑁+1 =

𝑝− 2
𝑝− 1

)
=

1

2 + 𝑝𝛿
.

A straightforward verification gives that 𝔼𝑋𝑛 = 1 for 𝑛 = 1, 2, . . . , 2𝑁 + 1.
Introduce a stopping time 𝜏 = inf{𝑛 ≥ 1 : 𝑋𝑛 < 1} ∧ (2𝑁 + 1). Then by Doob’s
optional sampling theorem, the sequences 𝑓 , 𝑔 defined by

𝑔𝑛 = −𝛿 +𝑋0𝑋1 ⋅ ⋅ ⋅𝑋𝜏∧𝑛, 𝑑𝑓𝑛 = (−1)𝑛𝑑𝑔𝑛, 𝑛 = 0, 1, 2, . . .

are martingales and 𝑔 is a ±1-transform of 𝑓 . The paths of the martingale 𝑔 are
of two types:

a) 𝑔 increases for a number of steps, then it decreases and stops;

b) 𝑔 increases and reaches 1 at time 2𝑁 + 1.

We will show that when 𝛿 is sufficiently small (or, rather, when 𝑁 is sufficiently
large), then the ratio ℙ(𝑔2𝑁+1 ≥ 1)/𝔼∣𝑓2𝑁+1∣𝑝 can be made arbitrarily close to
𝑝𝑝−1/2. To this end, denote

𝑄 =
1 + 𝛿(3 − 𝑝)

(1 + (𝑝− 1)𝛿)(1 + 2𝛿) = 1−
2(𝑝− 1)𝛿(𝛿 + 1)

1 + (𝑝+ 1)𝛿 + 2(𝑝− 1)𝛿2 (3.29)

and observe that

ℙ(𝑔2𝑁+1 ≥ 1) = ℙ(𝑋1 > 1, 𝑋2 > 1, . . . , 𝑋2𝑁+1 > 1) =
𝑄𝑁

2 + 𝑝𝛿
. (3.30)

Now let us derive 𝔼∣𝑓2𝑁+1∣𝑝. Directly from the definition of 𝜏 and the variables
𝑋𝑘 we infer that

ℙ(𝜏 = 2𝑘 + 1) =
(𝑝− 1)𝑄𝑘𝛿

1 + (𝑝− 1)𝛿 , 𝑘 = 0, 1, . . . , 𝑁 − 1,

ℙ(𝜏 = 2𝑘) =
(𝑝− 1)𝑄𝑘𝛿

1 + 𝛿(3− 𝑝)
, 𝑘 = 1, 2, . . . , 𝑁.
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Furthermore, the distribution of ∣𝑓2𝑁+1∣ is given as follows:

∣𝑓2𝑁+1∣1{𝜏=2𝑘+1} =
𝛿(1 + 2𝛿)𝑘

𝑝− 1 1{𝜏=2𝑘+1}, 𝑘 = 0, 1, . . . , 𝑁 − 1,

∣𝑓2𝑁+1∣1{𝜏=2𝑘} =
𝛿(1 + 2𝛿)𝑘

𝑝− 1 1{𝜏=2𝑘}, 𝑘 = 1, 2, . . . , 𝑁,

ℙ(∣𝑓2𝑁+1∣ = 𝑝−1 + 𝛿, 𝜏 = 2𝑁 + 1) =
𝑄𝑁

2 + 𝑝𝛿
,

ℙ(∣𝑓2𝑁+1∣ = 𝑝−1, 𝜏 = 2𝑁 + 1) =
𝑄𝑁(1 + 𝑝𝛿)

2 + 𝑝𝛿
.

Thus,
𝔼∣𝑓2𝑁+1∣𝑝 = 𝑄𝑁(𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼 + 𝐼𝑉 ),

where

𝐼 =
(𝑝− 1)𝛿
1 + (𝑝− 1)𝛿

𝑁−1∑
𝑘=0

𝑄𝑘−𝑁

(
𝛿(1 + 2𝛿)𝑘

𝑝− 1
)𝑝

,

𝐼𝐼 =
(𝑝− 1)𝛿
1 + 𝛿(3− 𝑝)

𝑁∑
𝑘=1

𝑄𝑘−𝑁

(
𝛿(1 + 2𝛿)𝑘

𝑝− 1
)𝑝

,

𝐼𝐼𝐼 =
(𝑝−1 + 𝛿)𝑝

2 + 𝑝𝛿
,

𝐼𝑉 =
𝑝−𝑝(1 + 𝑝𝛿)

2 + 𝑝𝛿
.

Now we let 𝑁 →∞ (so 𝛿 → 0). We have that

𝐼 =
1

(𝑝− 1)𝑝−1
⋅ 𝛿

𝑄(1 + 2𝛿)𝑝 − 1 ⋅
𝛿𝑝
(
(𝑄(1 + 2𝛿)𝑝)𝑁 − 1)

𝑄𝑁
.

It follows from the second equality in (3.29) that 𝑄 = 1 − 2(𝑝− 1)𝛿 + 𝑂(𝛿2) and
hence 𝑄(1 + 2𝛿)𝑝 = 1 + 2𝛿 + 𝑂(𝛿2). Thus, letting 𝛿 → 0 in each of the three
fractions above, we get, by (3.28),

lim
𝛿→0

𝐼 =
1

(𝑝− 1)𝑝−1
⋅ 1
2
⋅ (1− 𝑝−1)𝑝 =

𝑝− 1
2𝑝𝑝

.

It is easy to see that the limit of 𝐼𝐼 is the same, while

lim
𝛿→0

𝐼𝐼𝐼 = lim
𝛿→0

𝐼𝑉 =
1

2𝑝𝑝
.

It suffices to combine this with (3.30) to get

lim
𝛿→0

ℙ(𝑔2𝑁+1 ≥ 1)
𝔼∣𝑓2𝑁+1∣𝑝 =

𝑝𝑝−1

2
,

which completes the proof. □
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On the search of the suitable majorant. Fix 𝑝 > 2, assume that ℋ = ℝ and suppose
that the weak type inequality holds with some constant 𝑐. Let

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 1)− 𝑐𝑝𝔼∣𝑓𝑛∣𝑝},

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). As pre-
viously, we will use the notation 𝑈 instead of 𝑈0, since the final formula for the
solution of the corresponding boundary value problem will be obtained after a
number of assumptions.

Step 1. The case ∣𝑦∣ ≥ 1. For such 𝑦, we repeat the argumentation from the
previous case and conclude that

𝑈(𝑥, 𝑦) = 1− 𝑐𝑝∣𝑥∣𝑝.

Step 2. A special curve. The following intuitive observation turns out to be
very important. Let 𝑥 be a large real number and let 𝑦 ∈ (−1, 1). Suppose we
are interested in determining 𝑈0(𝑥, 𝑦). To do this we need, loosely speaking, to
find such 𝑓 , 𝑔 and 𝑛, for which ℙ(∣𝑔𝑛∣ ≥ 1) is large and 𝔼∣𝑓𝑛∣𝑝 is relatively small.
However, the “gain” we can get from the first term is at most 1. This may not
be enough to compensate the “loss” coming from the growth of the 𝑝th moment
of 𝑓 (at least if ∣𝑥∣ is sufficiently large). This is a consequence of the fact that
the second derivative of 𝑥 �→ 𝑥𝑝 grows to infinity as 𝑥 → ∞: this is where the
condition 𝑝 > 2 plays a role. In other words, if 𝑦 ∈ (−1, 1) and ∣𝑥∣ is large, it is
natural to conjecture that the best pair (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) is the constant one: hence
𝑈0(𝑥, 𝑦) = −𝑐𝑝∣𝑥∣𝑝. This suggests introducing the following assumption:
(A1) There is an nondecreasing function 𝛾 : [𝑏,∞)→ [0, 1] of class 𝐶1 such that

if ∣𝑦∣ ≤ 𝛾(∣𝑥∣), then 𝑈(𝑥, 𝑦) = −𝑐𝑝∣𝑥∣𝑝.
Some experimentation leads to

(A2) We have 𝑏 = 0 and 𝛾(0) = 0.

See Figure 3.1 below.

Step 3. Further assumptions. Let 𝐴(𝑦) = 𝑈(0, 𝑦) for 𝑦 ∈ ℝ. We impose the
following regularity condition on 𝑈 .

(A3) The function 𝑈 is continuous on ℝ× [−1, 1] and of class 𝐶1 in the interior
of this set.

By Remark (iii) in Section 2.2, we may restrict ourselves to the functions satisfying

𝑈(𝑥, 𝑦) = 𝑈(−𝑥, 𝑦) = 𝑈(𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℝ. (3.31)

By (A3), this gives

𝑈𝑥(0, 𝑦) = 0 for 𝑦 ≥ 0. (3.32)

It remains to determine 𝑈 on the set 𝐽 = {(𝑥, 𝑦) : 𝑥 > 0, 𝛾(𝑥) < 𝑦 < 1}.
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𝐷0

𝐷1

𝐷2

𝐷3𝐷4

𝐷5

𝐼+

𝐼−

𝐼+(𝑧)

𝐼−(𝑧)

𝑧

𝜅
𝑦∗

1

Figure 3.1: Various parameters appearing during the search. The bold
curve is the graph of the function 𝛾.

The key structural assumption on 𝑈 is the following.

(A4) There is 𝑦∗ ∈ [0, 1] such that for (𝑥, 𝑦) ∈ 𝐽 ,

𝑈(𝑥, 𝑦) =
𝑥

𝑥+ 𝑡
𝑈(𝑥+ 𝑡, 𝑦− 𝑡) +

𝑡

𝑥+ 𝑡
𝐴(𝑥+ 𝑦) if 𝑥+ 𝑦 ≤ 𝑦∗, (3.33)

where 𝑡 = 𝑡(𝑥, 𝑦) is the unique positive number satisfying 𝑦− 𝑡 = 𝛾(𝑥+ 𝑡),
and

𝑈(𝑥, 𝑦) =
𝑥

𝑥+ 1− 𝑦
𝑈(𝑥+1−𝑦, 1)+

1− 𝑦

𝑥+ 1− 𝑦
𝐴(𝑦−𝑥) if −𝑥+𝑦 ≥ 𝑦∗.

(3.34)

Condition (A4) forces 𝑈 to be linear along line segments of slope −1 contained in
𝐷4 and line segments of slope 1 contained in 𝐷5 (the regions 𝐷4 and 𝐷5 are as in
Figure 3.1 and will be formally defined below).

Step 4. A lower bound for 𝑐. It turns out that the assumptions (A1)–(A4)
imply that 𝑐𝑝 ≥ 𝑝𝑝−1/2. To prove this, we start with the observation that by (A3)
and (A4) we have, for 𝑥 satisfying 𝑥+ 𝛾(𝑥) ≤ 𝑦∗ and 𝑡 ∈ [0, 𝑥],

𝑈(𝑥− 𝑡, 𝛾(𝑥) + 𝑡) = 𝑈(𝑥, 𝛾(𝑥)) + (−𝑈𝑥(𝑥, 𝛾(𝑥)) + 𝑈𝑦(𝑥, 𝛾(𝑥)))𝑡,
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so, by (A1) and (A2),

𝑈(𝑥− 𝑡, 𝛾(𝑥) + 𝑡) = −𝑐𝑝𝑥𝑝 + 𝑝𝑐𝑝𝑥𝑝−1𝑡. (3.35)

Take 𝑡 = 𝑥 and differentiate both sides. We get

𝑈𝑦(0, 𝛾(𝑥) + 𝑥)(𝛾′(𝑥) + 1) = 𝑝(𝑝− 1)𝑐𝑝𝑥𝑝−1.

On the other hand, differentiate in (3.35) over 𝑡, let 𝑡 = 𝑥 and use (3.32) to obtain

𝑈𝑦(0, 𝛾(𝑥) + 𝑥) = 𝑝𝑐𝑝𝑥𝑝−1.

The two equations above give 𝛾′(𝑥) = 𝑝− 2; thus, by (A2), 𝛾(𝑥) = (𝑝− 2)𝑥 for 𝑥
satisfying 𝑥+ 𝛾(𝑥) ≤ 𝑦∗.

By (3.33) and (3.34), the function 𝑈 is linear on the line segments 𝐼± of
slope ±1 such that (0, 𝑦∗) ∈ 𝐼± ⊂ 𝐽 . Combining this with the symmetry condition
𝑈(𝑥, 𝑦) = 𝑈(−𝑥, 𝑦), we get that the function

𝐹 (𝑡) := 𝑈

(
𝑦∗

𝑝− 1 − 𝑡,
(𝑝− 2)𝑦∗

𝑝− 1 + 𝑡

)

is linear on [0, 1− (𝑝− 2)𝑦∗/(𝑝− 1)]. Thus

𝑈(𝑦∗ − 1, 1) = 𝐹

(
1− (𝑝− 2)𝑦∗

𝑝− 1
)
= 𝐹 (0) + 𝐹 ′(0)

(
1− (𝑝− 2)𝑦

∗

𝑝− 1
)

,

which can be rewritten in the form

𝑐𝑝 =
[
(1− 𝑦∗)𝑝 − 𝑦𝑝∗(𝑝− 1)2−𝑝 + 𝑝𝑦𝑝−1

∗ (𝑝− 1)1−𝑝
]−1

.

It remains to note the right-hand side, as a function of 𝑦∗ ∈ [0, 1], attains its
minimum 𝑝𝑝−1/2 at 𝑦∗ = 1− 𝑝−1. This leads to

(A5) 𝑐𝑝 = 𝑝𝑝−1/2 and 𝑦∗ = 1− 𝑝−1.

Step 5. A final assumption. The next key observation is that the segments
𝐼+ and 𝐼−, introduced in the previous step (see also Figure 3.1), have the same
length. This suggests the final assumption (A6) below, for whose formulation we
need some notation. Introduce the curve

𝜅 =

{(
𝑥− 1− 𝛾(𝑥)

2
, 𝛾(𝑥) +

1− 𝛾(𝑥)

2

)
: 𝑥 ≥ 𝑝−1

}

(for a better understanding of 𝜅, see the geometric properties of 𝐼+(𝑧) and 𝐼−(𝑧)
below). Let 𝐷1 ⊂ 𝐽 be the closed set bounded by the lines 𝑦 = 1, −𝑥 + 𝑦 = 𝑦∗
and the curve 𝜅; let 𝐷2 ⊂ 𝐽 be the closed set bounded by the line 𝑥 + 𝑦 = 𝑦∗,
the curve 𝜅 and the graph of 𝛾 (see Figure 3.1). Note that 𝐷1 and 𝐷2 have the
following property. Take any 𝑧 ∈ 𝜅 and let 𝐼+(𝑧) ⊂ 𝐷1 (respectively, 𝐼

−(𝑧) ⊂ 𝐷2)
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denote the maximal line segment of slope 1 (respectively, −1), which has 𝑧 as one
of its endpoints. Then 𝐼+(𝑧) and 𝐼−(𝑧) have the same length; so, in a sense, 𝜅
divides the set

{(𝑥, 𝑦) : 𝑦∗ − 𝑥 ≤ 𝑦 ≤ 𝑦∗ + 𝑥, 𝛾(𝑥) ≤ 𝑦 ≤ 1}
into two halves. Our final assumption can be stated as follows.

(A6) We assume that
𝑈 is linear on each 𝐼+(𝑧), 𝑧 ∈ 𝜅 (3.36)

and
𝑈 is linear on each 𝐼−(𝑧), 𝑧 ∈ 𝜅. (3.37)

Step 6. A formula for 𝛾. So far, we have derived that

𝛾(𝑥) = (𝑝− 2)𝑥 for 𝑥 ∈ [0, 𝑝−1]

and we need to determine this function on the remaining part of the positive half-
line. By virtue of (A3) and (3.37), the equation (3.35) is valid for all 𝑥 ≥ 𝑝−1 and
𝑡 ∈ [0, (1 − 𝛾(𝑥))/2]. This enables us to find the expression of 𝑈𝑥(𝑧) + 𝑈𝑦(𝑧) for
any 𝑧 ∈ 𝜅: if 𝑧 = (𝑥− (1− 𝛾(𝑥))/2, 𝛾(𝑥) + (1− 𝛾(𝑥))/2), then

𝑈𝑥(𝑧) + 𝑈𝑦(𝑧) = −𝑝𝑐𝑝𝑥𝑝−1 +
𝑝(𝑝− 1)𝑐𝑝𝑥𝑝−2(1− 𝛾(𝑥))

1 + 𝛾′(𝑥)
.

On the other hand, by (A3) and (3.36), this must be equal to

𝑈(𝑥, 1)− 𝑈(𝑧)
1−𝛾(𝑥)

2

.

After some easy manipulations and plugging 𝑐𝑝 = 𝑝𝑝−1/2, this yields

𝛾′(𝑥) + 1 =
𝑝𝑝(𝑝− 1)
4

𝑥𝑝−2(1− 𝛾(𝑥))2.

Standard arguments (cf. [189]) give the existence of a unique 𝛾 : (𝑝−1,∞)→ [0, 1]
satisfying 𝛾(𝑝−1+) = 1 − 2/𝑝; then 𝛾(𝑝−1+) = 𝑝 − 2 and we obtain the desired
function 𝛾.

Step 7. The formula for 𝑈 . Now we can put all the things together: the
equations (3.33), (3.34), (3.36) and (3.37) yield the candidate 𝑈 , the one invented
by Suh. Let 𝐷0 = {(𝑥, 𝑦) : 𝑥 > 0, 𝑦 ≥ 1} and recall 𝐷1 and 𝐷2 introduced in Step
5. Moreover, let

𝐷3 = {(𝑥, 𝑦) : 𝑥 ≥ 0, 0 ≤ 𝑦 ≤ 𝛾(𝑥)},
𝐷4 = {(𝑥, 𝑦) : 𝑥 ≥ 0, 𝛾(𝑥) ≤ 𝑦 ≤ −𝑥+ 𝑦∗},
𝐷5 = {(𝑥, 𝑦) : ℝ+ × ℝ+ ∖ (𝐷0 ∪𝐷1 ∪𝐷2 ∪𝐷3 ∪𝐷4)
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(see Figure 3.1). One can check that the above considerations yield the following
formula for 𝑈 . Let 𝐺 be the inverse to the function 𝑥 �→ 𝑥+ 𝛾(𝑥). Then

𝑈(𝑥, 𝑦) =

⎧⎨
⎩

1− 𝑝𝑝−1

2 𝑥𝑝 on 𝐷0,

1− 2(1−𝑦)
1−𝛾(𝑥−𝑦+1)

− 1
2𝑝

𝑝−1(𝑥− 𝑦 + 1)𝑝−1
(
𝑥− (𝑝− 1)(1− 𝑦)

)
on 𝐷1,

𝑝𝑝−1

2 (𝐺(𝑥+ 𝑦))𝑝−1 ((𝑝− 1)𝐺(𝑥+ 𝑦)− 𝑝𝑥) on 𝐷2,

− 𝑝𝑝−1

2 𝑥𝑝 on 𝐷3,

1
2

(
𝑝

𝑝−1

)𝑝−1

(𝑥+ 𝑦)𝑝−1(𝑦 − (𝑝− 1)𝑥) on 𝐷4,

𝑝𝑝−1

2 (1 + 𝑥− 𝑦)𝑝−1
(

1−𝑦
𝑝−1 − 𝑥

)
− 𝑝2(1−𝑦)

2(𝑝−1) + 1 on 𝐷5.

(3.38)

The description of 𝑈 is completed by the condition (3.31). One can now check
that the function satisfies the conditions 1∘, 2∘ and 3∘. However, this requires a
large amount of work and patience; for details, see [189].

3.1.7 Proof of Theorem 3.2

First, let us exclude the trivial cases. For 𝑞 > 𝑝 the inequality (3.2) is obvious
and its sharpness can be proved, for example, by taking 𝑓 = 𝑔 = (𝜉, 𝜉, . . .), for
an appropriate random variable 𝜉. The case 0 < 𝑞 ≤ 𝑝 < 1 is also easy: (3.2) is
clear and to see that no finite constant will do, consider the example constructed
in the proof of Theorem 3.1 for 0 < 𝑝 < 1. Next, if 1 ≤ 𝑝 ≤ 2, then (3.2) and
the optimality of 𝑐𝑝,𝑞 follow directly from (3.1) and the example appearing in the
proof of the sharpness of this estimate. Finally, when 𝑞 ≤ 2 ≤ 𝑝, then

∣∣𝑔∣∣𝑞,∞ ≤ ∣∣𝑔∣∣2,∞ ≤ ∣∣𝑔∣∣2 ≤ ∣∣𝑓 ∣∣2 ≤ ∣∣𝑓 ∣∣𝑝,
and equality can be attained: take 𝑓 = 𝑔 ≡ 1.

Thus, we are left with the non-trivial case 2 < 𝑞 < 𝑝 (the choice 2 < 𝑞 = 𝑝 is
covered by Theorem 3.1). At the first sight, Burkholder’s approach is not applicable
here, since the inequality (3.2) does not seem to be of the form 𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝑐.
To overcome this difficulty, we prove a larger family of related estimates: for any
2 < 𝑝 < ∞ and any 𝛾 ∈ [0, 1− 2/𝑝],

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝑝𝑝−1(1− 𝛾)𝑝

2
𝔼∣𝑓𝑛∣𝑝 + 1

4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
, 𝑛 = 0, 1, 2, . . . , (3.39)

for all ℋ-valued martingales 𝑓 , 𝑔 such that 𝑔 is differentially subordinate to 𝑓 .
Having proved this, we will deduce (3.2) by picking the optimal value of 𝛾 and
exploiting the stopping time argument (which will allow us to replace 𝑔 by ∣𝑔∣∗).
Observe that (3.39) are of the form in which Burkholder’s method can be used:
introduce 𝑉𝑝,𝛾 : ℋ×ℋ → ℝ by

𝑉𝑝,𝛾(𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝑝𝑝−1(1− 𝛾)𝑝

2
∣𝑥∣𝑝.
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To define the corresponding special function, consider the auxiliary parameters

𝑎 = 𝑎𝑝,𝛾 =
𝛾

(1− 𝛾)(𝑝− 2) , 𝑏 = 𝑏𝑝,𝛾 = 1− 1

𝑝(1− 𝛾)
. (3.40)

It is easy to see that 𝑎 ≤ 𝑏. Next, define 𝑘 = 𝑘𝑝,𝛾 : [0,∞)→ [0,∞) by

𝑘(𝑟) =
1

4
𝑝𝑝(𝑝− 1)2−𝑝(𝑝− 2)(1− 𝛾)3(𝛾 + (1− 𝛾)𝑟)𝑝−3𝑟2 1[𝑎,𝑏](𝑟) (3.41)

and introduce 𝑅𝑝,𝛾 : ℋ×ℋ → ℝ by the formula

𝑅𝑝,𝛾(𝑥, 𝑦) =
1

4

𝛾𝑝−2(1 − 𝛾)2𝑝𝑝

(𝑝− 2)𝑝−2
(∣𝑦∣2 − ∣𝑥∣2) + 1

4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
.

The special function 𝑈𝑝,𝛾 corresponding to (3.39) is given by

𝑈𝑝,𝛾(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑟)𝑈∞(𝑥/𝑟, 𝑦/𝑟)d𝑟 +𝑅𝑝,𝛾(𝑥, 𝑦). (3.42)

We now turn to the proof of (3.39). Pick 𝑓 , 𝑔 as in the statement of this estimate.
Of course, we may assume that 𝑓𝑛 ∈ 𝐿𝑝, since otherwise there is nothing to prove.
Then 𝑓𝑛 ∈ 𝐿2 and, as we have already seen, ∣∣𝑔𝑛∣∣2 ≤ ∣∣𝑓𝑛∣∣2; consequently,

𝔼𝑅𝑝,𝛾(𝑓𝑛, 𝑔𝑛) ≤ 1
4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
.

Next, by virtue of (3.15), there is a constant 𝐶 depending only on 𝛾 and 𝑝 such
that ∫ ∞

0

𝑘(𝑟) ∣𝑈∞(𝑥/𝑟, 𝑦/𝑟)∣ d𝑟 ≤ 𝐶(1 + ∣𝑥∣2 + ∣𝑦∣2),

so the integration method is applicable. Combining it with the above upper bound
for 𝔼𝑅𝑝,𝛾(𝑓𝑛, 𝑔𝑛), we obtain

𝔼𝑈𝑝,𝛾(𝑓𝑛, 𝑔𝑛) ≤ 1
4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1

and hence to get (3.39), it suffices to show that 𝑈𝑝,𝛾 ≥ 𝑉𝑝,𝛾 . This majorization
is just a matter of tedious and lengthy, but rather straightforward computations
(see [160] for details).

To deduce (3.2), observe that the stopping time argument applied to (3.39)
gives

ℙ(∣𝑔∣∗ ≥ 1) ≤ 𝑝𝑝−1(1− 𝛾)𝑝

2
∣∣𝑓 ∣∣𝑝𝑝 +

1

4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
. (3.43)

Of course, we may assume that ∣∣𝑓 ∣∣𝑝 ∕= 0. If ∣∣𝑓 ∣∣𝑝 ≤ 1/2, put

𝛾 =
(
1 + (𝑝− 2)−1(2∣∣𝑓 ∣∣𝑝𝑝)−1/(𝑝−1)

)−1

.
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Then 𝛾 ≤ 1− 2/𝑝 and

1− 𝛾 =
(
1 + (𝑝− 2)(2∣∣𝑓 ∣∣𝑝𝑝)1/(𝑝−1)

)−1

.

Plugging this into (3.43) yields

ℙ(∣𝑔∣∗ ≥ 1) ≤ 𝑝𝑝−1∣∣𝑓 ∣∣𝑝𝑝
2
(
1 + (𝑝− 2)(2∣∣𝑓 ∣∣𝑝𝑝)1/(𝑝−1)

)𝑝−1

=
𝑝𝑝−1∣∣𝑓 ∣∣𝑝−𝑞

𝑝

2
(
1 + (𝑝− 2)(2∣∣𝑓 ∣∣𝑝𝑝)1/(𝑝−1)

)𝑝−1 ⋅ ∣∣𝑓 ∣∣𝑞𝑝.
(3.44)

To analyze the factor in front of ∣∣𝑓 ∣∣𝑞𝑝, we define the function 𝐺 : (0,∞)→ ℝ by

𝐺(𝑡) =
𝑝𝑝−1𝑡1−𝑞/𝑝

2
(
1 + (𝑝− 2)(2𝑡)1/(𝑝−1)

)𝑝−1 .

A straightforward analysis shows that the maximum of 𝐺 is equal to 𝑐𝑞𝑝,𝑞. Thus,

(ℙ(∣𝑔∣∗ ≥ 1))1/𝑞 ≤ 𝐺(∣∣𝑓 ∣∣𝑝𝑝)1/𝑞∣∣𝑓 ∣∣𝑝 ≤ 𝑐𝑝,𝑞∣∣𝑓 ∣∣𝑝. (3.45)

We have proved this under the assumption ∣∣𝑓 ∣∣𝑝 ≤ 1/2, but (3.45) is valid for all
𝑓 . Indeed, suppose that ∣∣𝑓 ∣∣𝑝 > 1/2 and use the weak type (2, 2) bound to get

ℙ(∣𝑔∣∗ ≥ 1) ≤ ∣∣𝑓 ∣∣22 ≤ ∣∣𝑓 ∣∣2𝑝 =
[
𝑐−𝑞
𝑝,𝑞∣∣𝑓 ∣∣2−𝑞

𝑝

]
⋅ 𝑐𝑞𝑝,𝑞∣∣𝑓 ∣∣𝑞𝑝.

However, the expression in the square brackets can be shown to be smaller than
1. Hence (3.45) holds, and it yields (3.2) by standard homogenization.

Sharpness. Let 2 < 𝑞 < 𝑝 be fixed. To prove the optimality of 𝑐𝑝,𝑞 one could
proceed as previously and construct appropriate examples. However, the calcula-
tions turn out to be quite involved; there is a simpler approach which rests on
the following modification of Theorem 2.2. For any (𝑥, 𝑦) ∈ ℝ2 and 𝑡 ∈ [0, 1], let
𝑀(𝑥, 𝑦, 𝑡) denote the class of all pairs (𝑓, 𝑔) of simple real-valued martingales with
(𝑓0, 𝑔0) ≡ (𝑥, 𝑦), satisfying 𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛 for each 𝑛 ≥ 1 and the
further assumption ℙ(∣𝑔∞∣ ≥ 1) ≥ 𝑡. Note that the class 𝑀(𝑥, 𝑦), introduced in
Chapter 2, coincides with 𝑀(𝑥, 𝑦, 0) in this new notation. Introduce the function
𝑈0 : ℝ× ℝ× [0, 1]→ ℝ by

𝑈0(𝑥, 𝑦, 𝑡) = inf
{
∣∣𝑓 ∣∣𝑝𝑝 : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦, 𝑡)

}
.

Of course, 𝑈0(𝑥, 𝑦, 𝑡) ≥ ∣𝑥∣𝑝. Note that this estimate can be reversed if ∣𝑦∣ ≥ 1 or
𝑡 = 0, since then the constant pair (𝑥, 𝑦) belongs to 𝑀(𝑥, 𝑦, 𝑡). Thus,

𝑈0(𝑥, 𝑦, 𝑡) = ∣𝑥∣𝑝 if ∣𝑦∣ ≥ 1 or 𝑡 = 0. (3.46)
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Furthermore, by the use of the “splicing argument”, we get that for any 𝑥, 𝑦 ∈ ℝ,
𝑣 ∈ ℝ and 𝜀 ∈ {−1, 1},

the function 𝐺(𝑡) = 𝑈0(𝑥+ 𝑡𝑣, 𝑦 + 𝑡𝜀𝑣, 𝑡) is convex on [0, 1]. (3.47)

Now recall the parameters 𝑎 and 𝑏 defined in (3.40). We will need the following
further properties of 𝑈0, listed in the two lemmas below.

Lemma 3.3.

(i) If 𝑡 ≤ 1/2, then

𝑈0(𝑎/2, 𝑎/2, 𝑡) ≤ 1
2
𝑈0(0, 𝑎, 2𝑡) +

1

2

(
𝛾

(1− 𝛾)(𝑝− 2)
)𝑝

. (3.48)

(ii) We have
𝑈0(0, 𝑏, 1/2) ≤ (𝑝(1− 𝛾))−𝑝. (3.49)

(iii) Assume that 𝛾 ∈ (0, 1− 2/𝑝), 𝛿 ∈ (0, (𝑝− 1)−1), 𝑦 > 0 and put

𝜆𝑝,𝛿 =
1− (𝑝− 1)𝛿
1 + (𝑝− 1)𝛿 .

Then for any 𝑡 ∈ [0, 𝜆𝑝,𝑞],

𝑈0(0, 𝑦, 𝑡) ≤ 𝜆𝑝,𝛿𝑈
0

(
0, 𝑦 + 2

(
𝑦 +

𝛾

1− 𝛾

)
𝛿, 𝑡𝜆−1

𝑝,𝛿

)
+(1−𝜆𝑝,𝛿)

[
𝛾 + (1 − 𝛾)𝑦

(𝑝− 1)(1− 𝛾)

]𝑝
.

Proof. The claim follows from (3.46) and (3.47). We have

𝑈0(𝑎/2, 𝑎/2, 𝑡)≤ 1
2
𝑈0(0, 𝑎, 2𝑡)+

1

2
𝑈0(𝑎, 0, 0)=

1

2
𝑈0(0, 𝑎, 2𝑡)+

1

2

(
𝛾

(1− 𝛾)(𝑝− 2)
)𝑝

and

𝑈0(0, 𝑏, 1/2) ≤ 1
2
𝑈0(𝑏− 1, 2𝑏− 1, 0) + 1

2
𝑈0(1− 𝑏, 1, 1) = (1 − 𝑏)𝑝 = (𝑝(1− 𝛾))−𝑝.

To check the third estimate, let 𝜅 = 𝑦 + 𝛾/(1− 𝛾) and note that

𝑈0(0, 𝑦, 𝑡) ≤ (𝑝− 1)𝛿
(𝑝− 1)𝛿 + 1𝑈

0

(
𝜅

𝑝− 1 , 𝑦 −
𝜅

𝑝− 1 , 0
)

+
1

(𝑝− 1)𝛿 + 1𝑈
0
(− 𝜅𝛿, 𝑦 + 𝜅𝛿, ((𝑝− 1)𝛿 + 1)𝑡)

=
(𝑝− 1)𝛿
(𝑝− 1)𝛿 + 1 ⋅

(
𝜅

𝑝− 1
)𝑝

+
1

(𝑝− 1)𝛿 + 1𝑈
0
(− 𝜅𝛿, 𝑦 + 𝜅𝛿, ((𝑝− 1)𝛿 + 1)𝑡).
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Similarly,

𝑈0
(− 𝜅𝛿, 𝑦 + 𝜅𝛿, ((𝑝− 1)𝛿 + 1)𝑡) ≤ (𝑝− 1)𝛿 ⋅ 𝑈0

(
− 𝜅

𝑝− 1 , 𝑦 −
𝜅

𝑝− 1 + 2𝜅𝛿, 0

)

+ (1− (𝑝− 1)𝛿) ⋅ 𝑈0
(
0, 𝑦 + 2𝜅𝛿, 𝑡𝜆−1

𝑝,𝛿

)
= (𝑝− 1)𝛿

(
𝜅

𝑝− 1
)𝑝

+ (1− (𝑝− 1)𝛿)𝑈0
(
0, 𝑦 + 2𝜅𝛿, 𝑡𝜆−1

𝑝,𝛿

)
.

Combining these two estimates gives the desired bound. □

Lemma 3.4. For any 𝛾 ∈ (0, 1− 2/𝑝) we have

𝑈0

(
𝑎/2, 𝑎/2,

1

4

(
𝑝𝛾

𝑝− 2
)𝑝−1

)
≤ 1
2

(
𝛾

(1 − 𝛾)(𝑝− 2)
)𝑝−1

. (3.50)

Proof. If we set 𝐹 (𝑠, 𝑡) = 𝑈0(0, 𝑠− 𝛾/(1− 𝛾), 𝑡), then the inequality from (iii) can
be rewritten in the more convenient form

𝐹 (𝑠, 𝑡) ≤ 𝜆𝑝,𝛿𝐹 (𝑠(1 + 2𝛿), 𝑡𝜆
−1
𝑝,𝛿) + (1− 𝜆𝑝,𝛿)

(
𝑠

𝑝− 1
)𝑝

,

where 𝑠 = 𝑦 + 𝛾/(1− 𝛾). Hence, by induction, we have

𝐹 (𝑠, 𝑡) ≤ 𝜆𝑛
𝑝,𝛿𝐹 (𝑠(1 + 2𝛿)

𝑛, 𝑡𝜆−𝑛
𝑝,𝛿 ) + (1− 𝜆𝑝,𝛿)

(
𝑠

𝑝− 1
)𝑝
[𝜆𝑝,𝛿(1 + 2𝛿)

𝑝]
𝑛 − 1

𝜆𝑝,𝛿(1 + 2𝛿)𝑝 − 1
(3.51)

for all 𝑠 > 𝛾/(1 − 𝛾), 𝛿 ∈ (0, (𝑝 − 1)−1), any positive integer 𝑛 and any 𝑡 ≤ 𝜆𝑛
𝑝,𝛿.

Fix a large integer 𝑛 and let 𝑠, 𝛿 and 𝑡 be given by

𝑠 = 𝑎+
𝛾

1− 𝛾
=

(𝑝− 1)𝛾
(𝑝− 2)(1− 𝛾)

, (1 + 2𝛿)𝑛 =
𝑏+ 𝛾/(1− 𝛾)

𝑎+ 𝛾/(1− 𝛾)
=

𝑝− 2
𝑝𝛾

and 𝑡 = 𝜆𝑛
𝑝,𝛿/2. Note that if 𝑛 is sufficiently large, then 𝛿 < (𝑝− 1)−1, so we may

insert these parameters into (3.51) and let 𝑛 go to ∞. We have

lim
𝑛→∞ 𝜆𝑛

𝑝,𝛿 = lim𝑛→∞

(
1− 2(𝑝− 1)𝛿
1 + (𝑝− 1)𝛿

)𝑛

=

(
𝑝𝛾

𝑝− 2
)𝑝−1

,

lim
𝑛→∞

1− 𝜆𝑝,𝛿

𝜆𝑝,𝛿(1 + 2𝛿)𝑝 − 1 = lim𝛿→0

2(𝑝− 1)𝛿
(1− (𝑝− 1)𝛿)(1 + 2𝛿)𝑝 − 1− (𝑝− 1)𝛿 = 𝑝− 1
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and, by (3.47), the function 𝑈0(0, 𝑎, ⋅) : (0, 1)→ ℝ is continuous. Therefore, in the
limit, (3.51) becomes

𝑈0

(
0, 𝑎,
1

2

(
𝑝𝛾

𝑝− 2
)𝑝−1

)

≤
(

𝑝𝛾

𝑝− 2
)𝑝−1

𝑈0

(
0, 𝑏,
1

2

)
+ (𝑝− 1)

(
𝛾

(1 − 𝛾)(𝑝− 2)
)𝑝(

𝑝− 2
𝑝𝛾

− 1
)

≤
(

𝛾

𝑝− 2
)𝑝−1

(1− 𝛾)−𝑝

(
1− 𝑝− 1

𝑝− 2𝛾
)

,

where to get the last inequality we used (3.49). Plugging this estimate into (3.48)
gives (3.50). □

Now we can easily show the sharpness of (3.2) and (3.39). Let us first deal
with (3.39). Fix 𝜀 > 0 and 𝛾 ∈ (0, 1− 2/𝑝). Then, by (3.50) and the definition of
𝑈0, there is a pair (𝑓, 𝑔) of simple martingales starting from (𝑎/2, 𝑎/2) such that
𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛 for all 𝑛 ≥ 1, and

∣∣𝑓 ∣∣𝑝𝑝 ≤
1

2

(
𝛾

(1 − 𝛾)(𝑝− 2)
)𝑝−1

+ 𝜀 and ℙ(∣𝑔∞∣ ≥ 1) ≥ 1
4

(
𝑝𝛾

𝑝− 2
)𝑝−1

.

Therefore, 𝑔 is a ±1-transform of 𝑓 and

ℙ(∣𝑔∞∣ ≥ 1)− 𝑝𝑝−1(1− 𝛾)𝑝

2
∣∣𝑓 ∣∣𝑝𝑝 ≥

1

4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
− 𝑝𝑝−1(1− 𝛾)𝑝

2
𝜀

and hence (3.43) is sharp, since 𝜀 was arbitrary. The case 𝛾 ∈ {0, 1− 2/𝑝} follows
easily by passing to the limit. Finally, to deal with (3.2), pick 𝛾 = 1 − 𝑞/𝑝 and
observe that

ℙ(∣𝑔∞∣ ≥ 1)
∣∣𝑓 ∣∣𝑞𝑝 ≥ 1

4

(
𝑝− 𝑞

𝑝− 2
)𝑝−1

⋅
[
1

2

(
𝑝− 𝑞

𝑞(𝑝− 2)
)𝑝−1

+ 𝜀

]−𝑞/𝑝

.

However, the right-hand side converges to 𝑐𝑞𝑝,𝑞 when 𝜀 → 0. This proves the opti-
mality of the constant 𝑐𝑝,𝑞 in the weak type (𝑝, 𝑞)-estimate. □

On the search of the suitable majorant, 2 < 𝑞 < 𝑝. Suppose that ℋ = ℝ and we
want to find the special function which leads to (3.2). The first observation, already
mentioned above, is that the estimate is not of appropriate form from our point
of view; by homogenization arguments, we are led to study estimates of the form

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝛼𝔼∣𝑓𝑛∣𝑝 + 𝛽. (3.52)

In view of the weak type inequalities (3.1), it suffices to consider 𝛼 ∈ (0, 𝑝𝑝−1/2),
and the question is: for any such 𝛼, what is the least possible value 𝛽(𝛼) of 𝛽 and
what is the special function which leads to the corresponding sharp estimate?
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Of course, we take 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝛼∣𝑥∣𝑝. It is natural to try to modify
Suh’s special function 𝑈 given by (3.38). A little thought and experimentation
suggest to consider the following scaling of this object. Let 𝛾 ∈ (0, 1− 2𝑝−1) be a
fixed parameter and, for any 𝑥 ∈ ℝ and 𝑦 ≥ 0, take

𝑢(𝑥, 𝑦) = 𝑈 (𝑥(1 − 𝛾), 𝑦(1− 𝛾) + 𝛾) .

Extend 𝑢 to the whole ℝ2 by setting 𝑢(𝑥, 𝑦) = 𝑢(𝑥,−𝑦) for 𝑥 ∈ ℝ, 𝑦 < 0. The
function should have the necessary concavity property, but, unfortunately, we have
lim𝑦↓0 𝑢𝑦(𝑥, 𝑦) > 0 when ∣𝑥∣ ≤ 𝛾/((1−𝛾)(𝑝−2)) (that is, when (𝑥(1−𝛾), 𝛾) ∈ 𝐷4,
where 𝐷4 is as in Figure 3.1). To overcome this problem, we modify 𝑢 on the
square

{(𝑥, 𝑦) ∈ ℝ
2 : ∣𝑥∣+ ∣𝑦∣ ≤ 𝛾/((1− 𝛾)(𝑝− 2))},

putting 𝑢(𝑥, 𝑦) = 𝜅1(∣𝑦∣2 − ∣𝑥∣2) + 𝜅2 there. The parameters 𝜅1, 𝜅2 depend only
on 𝑝 and 𝛾, and we determine them by requiring that 𝑢 is continuous: we obtain

𝜅1 =
𝑝𝑝𝛾𝑝−2(1 − 𝛾)2

4(𝑝− 2)𝑝−2
and 𝜅2 =

𝑝𝑝−1𝛾𝑝

4(𝑝− 2)𝑝−1
.

Quite miraculously, the modified 𝑢 has the required concavity property (one easily
verifies that the partial derivatives match appropriately at the boundary of the
square). What inequality does it yield? Looking at 𝑢(⋅, 1) and 𝑢(0, 0), we see that
𝑢 should correspond to (3.52) with

𝛼 =
𝑝𝑝−1(1− 𝛾)𝑝

2
and 𝛽 =

1

4

𝛾𝑝𝑝𝑝−1

(𝑝− 2)𝑝−1
,

i.e., we have obtained the candidate 𝑢𝑝,𝛾 for special function leading to (3.39).
Observe that in the proof above, we have used slightly different objects 𝑈𝑝,𝛾 . The
reason why we apply the integration method is clear: it enables us to avoid many
technicalities involved in the analysis of Suh’s function. How did we get the kernel
𝑘? First, observe that there is no nonnegative 𝑘 for which

𝑢𝑝,𝛾(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑟)𝑈∞(𝑥/𝑟, 𝑦/𝑟)d𝑟

on the whole ℝ2. A little experimentation leads to the slightly different equation

𝑢𝑝,𝛾(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑟)𝑈∞(𝑥/𝑟, 𝑦/𝑟)d𝑟 + 𝜅1(∣𝑦∣2 − ∣𝑥∣2) + 𝜅2, (3.53)

but still there is no 𝑘 for which the identity holds true on ℝ2. Fortunately, it suffices
to require the validity of this identity on an appropriate part of ℝ2: assuming (3.53)
on the set{

(𝑥, 𝑦) : ∣𝑥∣+ ∣𝑦∣ ≤ 𝑏, ∣𝑦∣+ 𝛾/(1− 𝛾) ≥ (𝑝− 2)∣𝑥∣} ∪ {(1− 𝑏, 1)},
implies that 𝑘 is given by (3.41).
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Finally, we would like to stress here that it can be shown that

𝑢𝑝,𝛾(𝑥, 𝑦) = sup

{
ℙ(∣𝑔𝑛∣ ≥ 1)− 𝑝𝑝−1(1− 𝛾)𝑝

2
𝔼∣𝑓𝑛∣𝑝 : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦)

}
;

in other words, the above 𝑢𝑝,𝛾 is the least special function leading to (3.39). □

3.2 Weak type estimates for nonnegative 𝒇

Now we will study the above weak type estimates under the assumption that the
dominating martingale is nonnegative. It can be easily seen from the considerations
in the general case (see the sharpness of (3.16)), that the optimal constants do
not change for 1 ≤ 𝑝 ≤ 2. It turns out that they do change for remaining 𝑝.

3.2.1 Formulation of the result

We will prove the following fact.

Theorem 3.4. Suppose 𝑓 is a nonnegative martingale and 𝑔 is an ℋ-valued mar-
tingale which is differentially subordinate to 𝑓 . Then, for 𝑝 ∈ (0,∞),

∣∣𝑔∣∣𝑝,∞ ≤ 𝑐+𝑝,𝑝∣∣𝑓 ∣∣𝑝, (3.54)

where

(𝑐+𝑝,𝑝)
𝑝 =

⎧⎨
⎩
2 if 𝑝 ∈ (0, 1),
2/Γ(𝑝+ 1) if 𝑝 ∈ [1, 2],

𝑝𝑝

2𝑝(𝑝−1) if 𝑝 > 2.

The constant is the best possible, even if ℋ = ℝ and 𝑔 is assumed to be a ±1-
transform of 𝑓 .

If 𝑝 ∈ (0, 1), then the inequality holds for any nonnegative supermartingale
𝑓 and any 𝑔 which is strongly differentially subordinate to 𝑓 . This will be shown
in the next chapter and we refer the reader there. Therefore it remains to show
the weak type inequality for 𝑝 > 2, which, as in the general case, turns out to be
quite a challenging problem.

3.2.2 Proof of Theorem 3.4 for 𝒑 > 2

Proof of (3.54). It suffices to show the estimate for 𝑓 ∈ 𝐿𝑝; then 𝑔𝑛 is also 𝑝-
integrable, 𝑛 = 0, 1, 2, . . .. By the stopping time argument and homogeneity, the
weak type inequality is equivalent to

𝔼𝑉 +
𝑝 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . , (3.55)
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where 𝑉 +
𝑝 : [0,∞)×ℋ → ℝ is given by 𝑉 +

𝑝 (𝑥, 𝑦) = 1{∣𝑦∣≥1}− (𝑐+𝑝,𝑝)𝑝𝑥𝑝. Recall the
function 𝑈∞ from Subsection 3.1.4 and let, for a fixed parameter 𝑠 ∈ (1,∞) and
𝑥 ≥ 0, 𝑦 ∈ ℋ,

𝑈∞,𝑠(𝑥, 𝑦) = 𝑈∞

(
𝑠− 1

𝑠

(
𝑥− 1

𝑠− 1 , 0, 0, . . .
)

,
𝑠− 1

𝑠
𝑦

)
(3.56)

=

{
0 if (𝑥, 𝑦) ∈ 𝐷𝑠,

( 𝑠−1
𝑠
)2(∣𝑦∣2 − 𝑥2)− 2(𝑠−1)

𝑠
∣𝑦∣+ 2(𝑠−1)

𝑠2
𝑥+ 𝑠2−1

𝑠2
if (𝑥, 𝑦) /∈ 𝐷𝑠,

where𝐷𝑠 = {(𝑥, 𝑦) ∈ [0,∞)×ℋ : ∣𝑥− 1
𝑠−1 ∣+∣𝑦∣ ≤ 𝑠

𝑠−1}. Now let 𝑈+
𝑝 : [0,∞)×ℋ →

ℝ be given by

𝑈+
𝑝 (𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑈∞,𝑝−1(𝑥/𝑡, 𝑦/𝑡)d𝑡,

where

𝑘(𝑡) =
𝑝𝑝(𝑝− 1)2
4(𝑝− 2)𝑝−1

𝑡𝑝−11[0,1−2/𝑝](𝑡).

To write the explicit formula for 𝑈+
𝑝 , consider the following subsets of [0,∞)×ℋ:

𝐷0 = (ℝ+ ×ℋ)∖ (𝐷0 ∪𝐷1),

𝐷1 =

{
(𝑥, 𝑦) : (𝑝− 1)𝑥 ≤ ∣𝑦∣ < 𝑥+ 1− 2

𝑝

}
,

𝐷2 =
{
(𝑥, 𝑦) : ∣𝑦∣ < min{1− 𝑥, (𝑝− 1)𝑥}} .

Then

𝑈+
𝑝 (𝑥, 𝑦) =

⎧⎨
⎩

𝑝2(∣𝑦∣2−𝑥2)
4 − 𝑝(𝑝−2)∣𝑦∣

2 + 𝑝(𝑝−2)𝑥
2(𝑝−1) +

(
𝑝−2
2

)2
on 𝐷0,

𝑝𝑝

2(𝑝−1)(𝑝−2)𝑝−2 𝑥(∣𝑦∣ − 𝑥)𝑝−1 on 𝐷1,

1
𝑝−1 (𝑥 + ∣𝑦∣)𝑝−1

[
(𝑝− 1)∣𝑦∣ − 𝑝2−2𝑝+2

2 𝑥
]

on 𝐷2.

We turn to the proof of (3.55). Clearly, 𝑈∞,𝑝−1 inherits property 2
∘: hence if a

martingale 𝑔 is ℋ-valued and differentially subordinate to a nonnegative martin-
gale 𝑓 , then for all 𝑛 ≥ 0,

𝔼𝑈∞,𝑝−1(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈∞,𝑝−1(𝑓0, 𝑔0).

Furthermore, it is easy to see that 𝑈∞,𝑝−1(𝑥, 𝑦) ≤ 0 for ∣𝑦∣ ≤ 𝑥, so the latter
expectation is nonpositive. Since ∣𝑈∞,𝑝−1(𝑥, 𝑦)∣ ≤ 𝑐(1+𝑥2+∣𝑦∣2) for some absolute
𝑐 and all 𝑥 ≥ 0, 𝑦 ∈ ℋ (see (3.15)), we have that∫ ∞

0

𝑘(𝑡)∣𝑈∞,𝑝−1(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑐(1 + 𝑥2 + ∣𝑦∣2)

and hence the use of Fubini’s theorem (and the integration argument) is permitted.
Consequently, to complete the proof it suffices to show the majorization 𝑈+

𝑝 ≥ 𝑉 +
𝑝 .
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With no loss of generality we may assume that ℋ = ℝ and, due to the symmetry
of 𝑈+

𝑝 and 𝑉 +
𝑝 with respect to the 𝑥-axis, we are allowed to consider 𝑦 ≥ 0 only.

We distinguish two cases.

The case 𝑥 ∈ [0, 2/𝑝]. Then it is easy to derive that the function 𝑈𝑝(𝑥, ⋅)
is decreasing on [0, (𝑝 − 2)𝑥/2] and increasing on [(𝑝 − 2)𝑥/2,∞). Therefore it is
enough to establish the majorization for 𝑦 = (𝑝 − 2)𝑥/2 and 𝑦 = 1; for the first
value of 𝑦 we have 𝑈+

𝑝 (𝑥, 𝑦) = 𝑉 +
𝑝 (𝑥, 𝑦), while for the second,

𝑉 +
𝑝 (𝑥, 1) = 1− 𝑐𝑝𝑝,𝑝𝑥

𝑝 ≤ 1− 𝑝2𝑥2

4
+

𝑝(𝑝− 2)𝑥
2(𝑝− 1) = 𝑈+

𝑝 (𝑥, 1).

Here in the second passage we have used the inequality

𝑢𝑝−1 − 1 ≥ (𝑝− 1)(𝑢− 1), with 𝑢 = 𝑝𝑥/2. (3.57)

The case 𝑥 ∈ (2/𝑝,∞). Then 𝑈𝑝(𝑥, ⋅) is decreasing on [0, 1 − 2/𝑝] and in-
creasing on [1 − 2/𝑝,∞), so it suffices to prove the majorization for 𝑦 = 1 − 2/𝑝
and 𝑦 = 1. The second possibility has been already checked above; furthermore,
𝑈+
𝑝 (𝑥, 1 − 2/𝑝) ≥ 𝑉 +

𝑝 (𝑥, 1− 2/𝑝) is again equivalent to (3.57).
This completes the proof. □

Sharpness of (3.54), 𝑝 > 2. This can be obtained by considering a slight modifi-
cation of the following example, similar to that studied in the general setting. Let
𝛿 > 0, 𝑥 ∈ (0, 1/𝑝) be numbers satisfying

𝑥

(
1 +
2𝛿

𝑝

)𝑁

=
1

𝑝
(3.58)

for certain integer 𝑁 = 𝑁(𝛿, 𝑥). It is clear that we may choose 𝛿 and 𝑥 to be
arbitrarily small. Consider a two-dimensional Markov martingale (𝑓, 𝑔), which is
uniquely determined by the following properties.

(i) 𝑓0 = 𝑥, 𝑔0 = (𝑝− 1)𝑥.
(ii) We have 𝑑𝑓𝑛 = (−1)𝑛+1𝑑𝑔𝑛 for 𝑛 = 1, 2, . . ..

(iii) If (𝑓𝑛, 𝑔𝑛) lies on the line 𝑦 = (𝑝 − 1)𝑥 and 𝑓𝑛 < 1/𝑝, then in the next step
it moves either to the line 𝑥 = 0, or to the line 𝑦 = (𝑝 − 1 + 𝛿)𝑥/(1 + 𝛿),
𝑛 = 0, 1, 2, . . ..

(iv) If (𝑓𝑛, 𝑔𝑛) lies on the line 𝑦 = (𝑝 − 1 + 𝛿)𝑥/(1 + 𝛿), then in the next step
it moves either to the line 𝑦 = (𝑝 − 1)𝑥, or to the line 𝑦 = (𝑝 − 2)𝑥/2,
𝑛 = 0, 1, 2, . . ..

(v) If (𝑓𝑛, 𝑔𝑛) = (1/𝑝, 1 − 1/𝑝) (which may happen only if 𝑛 = 2𝑁), then
(𝑓𝑛+1, 𝑔𝑛+1) equals either (0, 1), or (2/𝑝, 1− 2/𝑝).

(vi) The states on the line 𝑥 = 0 and 𝑦 = (𝑝− 2)𝑥/2 are absorbing.

For a detailed calculation, we refer the interested reader to [133]. □
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On the search of the suitable majorant. A reasoning similar to that presented
above in the general setting leads to the special function from [133]. We omit
the details. □

3.3 𝑳𝒑 estimates

We turn to the comparison of moments of differentially subordinate martingales.

3.3.1 Formulation of the result

Theorem 3.5. Assume that 𝑓 , 𝑔 are ℋ-valued martingales such that 𝑔 is differen-
tially subordinate to 𝑓 .

(i) If 0 < 𝑝 ≤ 1, then the inequality

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝,𝑝∣∣𝑓 ∣∣𝑝 (3.59)

does not hold in general with any finite 𝐶𝑝,𝑝, even if ℋ = ℝ and 𝑔 is assumed
to be a ±1-transform of 𝑓 .

(ii) If 1 < 𝑝 < ∞, then the inequality (3.59) holds with 𝐶𝑝,𝑝 = 𝑝∗ − 1, where
𝑝 = max{𝑝, 𝑝/(𝑝− 1)}. The constant is the best possible.

3.3.2 Proof of Theorem 3.5 for 0 < 𝒑 ≤ 1

Assume first that 𝑝 < 1. If the moment inequality were valid, then the weak
type estimate ∣∣𝑔∣∣𝑝,∞ ≤ 𝐶𝑝,𝑝∣∣𝑓 ∣∣𝑝 would hold and we have already proved in
Subsection 3.1.3 above that this is impossible.

It remains to show that the moment inequality fails to hold also for 𝑝 = 1.
Consider the sequence (𝑋𝑛)𝑛≥0 of independent mean 1 random variables, with
the distribution described as follows: 𝑋0 ≡ 1 and for 𝑛 ≥ 1, the variable 𝑋𝑛

takes values in the set {0, 1 + 1/𝑛}. Let 𝑓 , 𝑔 be two martingales defined by 𝑓𝑛 =
𝑋0𝑋1𝑋2 ⋅ ⋅ ⋅𝑋𝑛 and 𝑑𝑔𝑛 = (−1)𝑛𝑑𝑓𝑛, 𝑛 = 0, 1, 2, . . .. Since 𝑓 is nonnegative, we
have ∣∣𝑓 ∣∣1 = 𝔼𝑓0 = 1. Furthermore, as one easily checks, for any 𝑛 ≥ 1,

ℙ(∣𝑔∞∣ = 2𝑛) = ℙ(𝑔2𝑛−1 = 2𝑛) + ℙ(𝑔2𝑛 = −2𝑛)
= ℙ(𝑓2𝑛−2 = 2𝑛− 1, 𝑋2𝑛−1 = 0) + ℙ(𝑓2𝑛−1 = 2𝑛, 𝑋2𝑛 = 0)

=
1

2𝑛− 1 ⋅
1

2𝑛
+
1

2𝑛
⋅ 1

2𝑛+ 1
=

2

(2𝑛− 1)(2𝑛+ 1) .

This implies ∣∣𝑔∣∣1 =∞ and hence (3.59) does not hold with any finite constant.

3.3.3 Proof of Theorem 3.5 for 1 < 𝒑 ≤ 2

The inequality (3.59) is trivial for 𝑝 = 2, so in the proof below we assume that
𝑝 < 2.
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Proof of (3.59). With no loss of generality we may assume that ∣∣𝑓 ∣∣𝑝 < ∞. It
suffices to show that for any nonnegative integer 𝑛 we have

𝔼𝑉𝑝(𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . ,

where 𝑉𝑝(𝑥, 𝑦) = ∣𝑦∣𝑝−𝐶𝑝
𝑝,𝑝∣𝑥∣𝑝. The well-known Burkholder function correspond-

ing to this problem is

𝑈𝑝(𝑥, 𝑦) = 𝑝2−𝑝(∣𝑦∣ − (𝑝− 1)−1∣𝑥∣)(∣𝑥∣ + ∣𝑦∣)𝑝−1. (3.60)

We shall prove the majorization 𝑈𝑝 ≥ 𝑉𝑝. Observe that, by homogeneity, it suffices
to show it for ∣𝑥∣ + ∣𝑦∣ = 1. Then the substitution 𝑠 = ∣𝑥∣ ∈ [0, 1] transforms the
desired inequality into

𝑝2−𝑝

(
1− 𝑝

𝑝− 1𝑠
)
− (1− 𝑠)𝑝 +

𝑠𝑝

(𝑝− 1)𝑝 ≥ 0.

Denoting the left-hand side by 𝐹 (𝑠), we derive that 𝐹 ((𝑝−1)/𝑝) = 𝐹 ′((𝑝−1)/𝑝) =
0. Furthermore,

𝐹 ′′(𝑠) = −𝑝(𝑝− 1)(1 − 𝑠)𝑝−2 +
𝑝𝑠𝑝−2

(𝑝− 1)𝑝−1
,

hence there is 𝑠0 ∈ (0, 1) such that 𝐹 is concave on (0, 𝑠0) and convex on (𝑠0, 1].
Finally, we have

𝐹 ′′ ((𝑝− 1)/𝑝) = 𝑝4−𝑝(𝑝− 1)−1(2− 𝑝) > 0.

Combining these facts yields that 𝐹 ≥ 0 on [0, 1] and 1∘ is established. We next
turn to conditions 2∘ and 3∘. In his original approach, Burkholder verified the con-
cavity property directly. We will provide a different, simpler proof, which exploits
the integration method. Namely, one can verify that the following remarkable for-
mula is valid: for any 𝑥, 𝑦 ∈ ℋ,

𝑈𝑝(𝑥, 𝑦) =
𝑝3−𝑝(𝑝− 1)(2− 𝑝)

2

∫ ∞

0

𝑡𝑝−1𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡,

where 𝑢 is given by (3.6). Thus both 2∘ and 3∘ follow, which in turn yields (3.59),
if only we can justify the use of Fubini’s theorem. To do this, we apply (3.14) to
obtain∫ ∞

0

𝑡𝑝−1∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑈𝑝(0, 𝑦)− 𝑈𝑝(𝑥, 0) =
𝑝2−𝑝

𝑝− 1(∣𝑥∣
𝑝 + (𝑝− 1)∣𝑦∣𝑝)

and it suffices to use the fact that 𝑓𝑛, 𝑔𝑛 ∈ 𝐿𝑝 for any 𝑛 ≥ 0, by virtue of the
differential subordination. This completes the proof. □
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Sharpness. For almost all the estimates studied so far, we have proved the opti-
mality of the constants by providing appropriate examples. As already announced
(see Remark (iv) in Section 2.2), there is a different method, based on Theorem
2.2. For the sake of convenience, we present both approaches below and discuss
the similarities between them.

The first approach. This is essentially taken from [24] (see also [25]): we
will construct appropriate examples of 𝑓 and 𝑔 and derive directly that the ratio
∣∣𝑔∣∣𝑝/∣∣𝑓 ∣∣𝑝 can be arbitrarily close to (𝑝− 1)−1.

To this end, let 𝑝′ ∈ (𝑝, 2), 𝛿 ∈ (0, 1) and consider the Markov martingale
(𝑓, 𝑔) such that

(i) We have (𝑓0, 𝑔0) = (
1+𝛿
2 , 1+𝛿

2 ) almost surely.

(ii) The state ( 1+𝛿
2 , 1+𝛿

2 ) leads to the point (1, 𝛿) or to (
(𝑝′−1)(1+𝛿)

𝑝′ , 1+𝛿
𝑝′ ).

(iii) The state (𝑥, 𝑦) satisfying 𝑦 = 𝛿𝑥 leads to ( (𝑝
′−1)(1+𝛿)

𝑝′ 𝑥, 1+𝛿
𝑝′ 𝑥)

or to (1+𝛿
1−𝛿𝑥,−𝛿 1+𝛿

1−𝛿𝑥).

(iv) The state (𝑥, 𝑦) satisfying 𝑦 = −𝛿𝑥 leads to ( (𝑝
′−1)(1+𝛿)

𝑝′ 𝑥,− 1+𝛿
𝑝′ 𝑥)

or to (1+𝛿
1−𝛿𝑥, 𝛿 1+𝛿

1−𝛿𝑥).

(v) The states on the lines 𝑦 = ±(𝑝′ − 1)−1𝑥 are absorbing.

It can be readily verified that 𝑔 is a ±1 transform of 𝑓 ; furthermore, it is clear
from the construction that 𝑓 is nonnegative and 𝑔∞ = (𝑝′−1)−1𝑓∞ almost surely.
For any 𝑁 ≥ 1 we have

𝔼∣𝑔𝑁 ∣𝑝 = 𝔼∣𝑔𝑁 ∣𝑝1{𝑔𝑁 ∕=(𝑝′−1)−1𝑓𝑁} + 𝔼∣𝑔𝑁 ∣𝑝1{𝑔𝑁=(𝑝′−1)−1𝑓𝑁}
≥ (𝑝′ − 1)−𝑝

𝔼∣𝑓𝑁 ∣𝑝1{𝑔𝑁=(𝑝′−1)−1𝑓𝑁}
= (𝑝′ − 1)−𝑝

[∣∣𝑓𝑁 ∣∣𝑝𝑝 − 𝔼∣𝑓𝑁 ∣𝑝1{𝑔𝑁 ∕=(𝑝′−1)−1𝑓𝑁}
]
.

(3.61)

Note that the event {𝑔𝑁 ∕= (𝑝′ − 1)−1𝑓𝑁} means that ∣𝑔𝑛∣ = 𝛿𝑓𝑛 for 𝑛 =
1, 2, . . . , 𝑁 and hence

ℙ(𝑔𝑁 ∕= (𝑝′ − 1)−1𝑓𝑁) =
(1 + 𝛿)(2 − 𝑝′)
2(1 + 𝛿 − 𝑝′𝛿)

⋅
[

(1− 𝛿)(1 − (𝑝′ − 1)𝛿)
(1− 𝛿)(1 − (𝑝′ − 1)𝛿) + 2𝑝′𝛿

]𝑁−1

,

where the first factor is just the probability of passing from (1+𝛿
2 , 1+𝛿

2 ) to (1, 𝛿) at
the first step and the expression in the square brackets is equal to the conditional
probability ℙ

(∣𝑔𝑛∣ = 𝛿𝑓𝑛
∣∣ ∣𝑔𝑛−1∣ = 𝛿𝑓𝑛−1

)
, 𝑛 = 2, 3, . . . , 𝑁 . Furthermore, on the

set {𝑔𝑁 ∕= (𝑝′−1)−1𝑓𝑁} we have that 𝑓1 = 1 and 𝑓𝑛+1/𝑓𝑛 = (1+𝛿)/(1−𝛿) almost
surely, 𝑛 = 1, 2, . . . , 𝑁 − 1, and consequently, 𝑓𝑁 = (1+𝛿

1−𝛿 )
𝑁−1. Therefore

𝔼∣𝑓𝑁 ∣𝑝1{𝑔𝑁 ∕=(𝑝′−1)−1𝑓𝑁} =
(
1 + 𝛿

1− 𝛿

)(𝑁−1)𝑝

ℙ(𝑔𝑁 ∕= (𝑝′ − 1)−1𝑓𝑁 )

=
(1 + 𝛿)(2 − 𝑝′)
2(1 + 𝛿 − 𝑝′𝛿)

⋅ 𝐹 (𝛿)𝑁−1,

(3.62)
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where

𝐹 (𝛿) =

(
1 + 𝛿

1− 𝛿

)𝑝

⋅ (1− 𝛿)(1− (𝑝′ − 1)𝛿)
(1− 𝛿)(1− (𝑝′ − 1)𝛿) + 2𝑝′𝛿 ,

and a direct computation shows that 𝐹 (0+) = 1, 𝐹 ′(0+) = 2(𝑝 − 𝑝′) < 0, so
𝐹 (𝛿) < 1 if 𝛿 is sufficiently small. Now we may proceed as follows. Fix 𝜀 > 0 and
choose 𝑁 so that

𝔼∣𝑓𝑁 ∣𝑝1{𝑔𝑁 ∕=(𝑝′−1)−1𝑓𝑁} ≤ 𝜀

(
1 + 𝛿

2

)𝑝

= 𝜀∣∣𝑓0∣∣𝑝𝑝 ≤ 𝜀∣∣𝑓𝑁 ∣∣𝑝𝑝.

Such 𝑁 exists in view of (3.62). Plugging this into (3.61) yields

∣∣𝑔𝑁 ∣∣𝑝𝑝 ≥
1− 𝜀

(𝑝′ − 1)𝑝 ∣∣𝑓𝑁 ∣∣
𝑝
𝑝.

Since 𝜀 > 0 and 𝑝′ > 𝑝 were arbitrary, the constant (𝑝 − 1)−1 is indeed the best
possible in (3.59).

The second approach. This method is entirely different and exploits Theorem
2.2. Suppose that the best constant in the moment inequality (3.59), to be valid
for any real martingale 𝑓 and its ±1 transform 𝑔, equals 𝛽𝑝. Let us write down
the formula (2.1) for 𝑈0 : ℝ× ℝ→ ℝ in our setting:

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣𝑝 − 𝛽𝑝
𝑝𝔼∣𝑓𝑛∣𝑝}, (3.63)

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). The func-
tion 𝑈0 satisfies 1∘, 2∘ and 3∘; moreover, directly from (3.63), we have that it is
homogeneous of order 𝑝:

𝑈0(𝜆𝑥,±𝜆𝑦) = ∣𝜆∣𝑝𝑈0(𝑥, 𝑦), 𝑥, 𝑦 ∈ ℝ, 𝜆 ∕= 0.

Thus the function 𝑤 : ℝ→ ℝ given by

𝑤(𝑥) = 𝑈0(𝑥, 1 − 𝑥) (3.64)

is concave and satisfies

𝑤(𝑥) = 𝑈0(𝑥, 1−𝑥) = 𝑈0(𝑥, 𝑥−1) = (2𝑥−1)𝑝𝑤
(

𝑥

2𝑥− 1
)

for 𝑥 > 1 (3.65)

and
𝑤((𝛽𝑝 + 1)

−1) ≥ (1− (𝛽𝑝 + 1)
−1
)𝑝 − 𝛽𝑝

𝑝(𝛽𝑝 + 1)
−𝑝 = 0. (3.66)

Using (3.65), we have, for 𝑥 > 1,

𝑤(𝑥) − 𝑤(1)

𝑥− 1 + (2𝑥− 1)𝑝−1
𝑤(1)− 𝑤

(
𝑥

2𝑥+1

)
1− 𝑥/(2𝑥+ 1)

= 2𝑤(1)
(2𝑥− 1)𝑝 − 1
(2𝑥− 1)− 1 .
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Now let 𝑥 ↓ 1 to get 𝑤′(1+) + 𝑤′(1−) = 2𝑝𝑤(1); both one-sided derivatives exist,
due to the concavity of 𝑤. Thus, by (3.66) and the concavity again,

𝛽𝑝 + 1

𝛽𝑝
𝑤(1) ≥ 𝑤(1) − 𝑤((𝛽𝑝 + 1)

−1)

1− (𝛽𝑝 + 1)−1

≥ 𝑤′(1−) ≥ 𝑤′(1−) + 𝑤′(1+)
2

= 𝑝𝑤(1),

(3.67)

or 𝛽𝑝 ≥ (𝑝−1)−1, since 𝑤(1) is strictly negative. The latter follows from concavity
of 𝑤, (3.66) and the estimate 𝑤(0) = 𝑈0(0, 1) ≥ 1. □
Remark 3.5. There is an interesting question about the analogies between the
two proofs above and we shall provide an intuitive answer. Suppose that 𝛽𝑝 is
the best constant and let 𝑈0 be as in the second proof. Let 𝐷+ and 𝐷− denote
the angles {(𝑥, 𝑦) : 0 < 𝑦 < (𝑝 − 1)−1𝑥} and {(𝑥, 𝑦) : −(𝑝 − 1)−1𝑥 < 𝑦 < 0},
respectively. A careful inspection shows that in both approaches the lower bound
for the constant 𝛽𝑝 is obtained by exploiting the concavity of 𝑈

0 along the line
segments of slope −1 lying in 𝐷+ and the line segments of slope 1 lying in 𝐷−.
This is evident in the second proof: look at (3.67). To see that this happens also
in the first approach, note that our exemplary pair (𝑓, 𝑔) moves along these line
segments (or rather their endpoints, up to a small constant 𝛿 > 0). The lower
bound for 𝛽𝑝 is in fact obtained by calculating 𝔼𝑉 (𝑓𝑁 , 𝑔𝑁 ) and noting that this
expectation is nonpositive. Put the sequence (𝔼𝑈0(𝑓𝑛, 𝑔𝑛))

𝑁
𝑛=0 in between:

𝔼𝑉 (𝑓𝑁 , 𝑔𝑁) ≤ 𝔼𝑈0(𝑓𝑁 , 𝑔𝑁 ) ≤ 𝔼𝑈0(𝑓𝑁−1, 𝑔𝑁−1) ≤ ⋅ ⋅ ⋅ ≤ 𝔼𝑈0(𝑓0, 𝑔0) ≤ 0,
which is allowed by Burkholder’s method. Consequently, we see that the inequality
𝔼𝑉 (𝑓𝑁 , 𝑔𝑁) ≤ 0 relies on

𝔼(𝑈0(𝑓𝑛, 𝑔𝑛)∣ℱ𝑛−1) ≤ 𝑈0(𝑓𝑛−1, 𝑔𝑛−1), 𝑛 = 1, 2, . . . , 𝑁,

which, in turn, makes use of the concavity mentioned above.

On the search of the suitable majorant. We will use (or rather continue) the argu-
mentation from the second approach. So, suppose that the optimal constant in the
moment estimate for real martingales and their ±1-transforms equals 𝛽𝑝. Let 𝑈0

be defined by (3.63) and introduce 𝑤 by (3.64); clearly, by homogeneity, we will be
done if we find an appropriate candidate for 𝑤 on [0, 1]. Following the reasoning
presented above, we come to the assumption

(A1) 𝛽𝑝 = (𝑝− 1)−1.

Then equality must hold throughout (3.67) and thus 𝑤 is linear on the interval
((𝛽𝑝 + 1)

−1, 1) = (1 − 1/𝑝, 1): we have 𝑤(𝑥) = 𝑎𝑥 − 𝑏 there. In addition (see
the last passage in (3.67)) we obtain 𝑤′(1−) = 𝑤′(1+), which, by (3.65), gives
𝑏 = (𝑝− 1)𝑎/𝑝. Moreover, we have

𝑤(𝑥) ≥ (1− 𝑥)𝑝 − (𝑝− 1)−𝑝𝑥𝑝,
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and the two sides are equal when 𝑥 = (𝑝− 1)/𝑝. This enforces the equality of the
derivatives of both sides at this point:

𝑎 = 𝑤′
(

𝑝− 1
𝑝
+

)
= − 𝑝3−𝑝

𝑝− 1 .

Thus, in view of homogeneity of 𝑈0, we obtain the candidate 𝑈 given by (3.60)
on the set {(𝑥, 𝑦) : ∣𝑦∣ ≤ (𝑝− 1)∣𝑥∣}. We complete the search by
(A2) The formula (3.60) is valid for all 𝑥, 𝑦 ∈ ℝ.

An important remark is in order. There is no uniqueness of the special
function: the considerations above do not say anything about 𝑈 outside the set
{(𝑥, 𝑦) : ∣𝑦∣ ≤ (𝑝−1)∣𝑥∣} and there are many alternative versions of the assumption
(A2). For example,

(A2′) 𝑈(𝑥, 𝑦) = ∣𝑦∣𝑝 − (𝑝− 1)−𝑝∣𝑥∣𝑝
also leads to a right candidate; in fact this choice yields the optimal (that is, the
least) special function. □

3.3.4 Proof of Theorem 3.5 for 𝒑 > 2

Here the calculations are similar, so we will be brief.

Proof of (3.59). It suffices to establish the inequality for 𝑓 ∈ 𝐿𝑝; then 𝑔𝑛 ∈ 𝐿𝑝 for
each 𝑛. Let 𝑈𝑝, 𝑉𝑝 : ℋ×ℋ → ℝ be given by

𝑈𝑝(𝑥, 𝑦) = 𝑝2−𝑝(𝑝− 1)𝑝−1(∣𝑦∣ − (𝑝− 1)∣𝑥∣)(∣𝑥∣ + ∣𝑦∣)𝑝−1,

𝑉𝑝(𝑥, 𝑦) = ∣𝑦∣𝑝 − (𝑝− 1)𝑝∣𝑥∣𝑝.

It can be easily verified that 𝑈𝑝 satisfies 1
∘: simply repeat the reasoning from the

case 1 < 𝑝 < 2. Furthermore, we have the identity

𝑈𝑝(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡,

where

𝑘(𝑡) =
𝑝3−𝑝(𝑝− 1)𝑝(𝑝− 2)

2
𝑡𝑝−1

and 𝑢 is given by (3.12). Using (3.15) we show that∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑐(∣𝑥∣𝑝 + ∣𝑦∣𝑝),

for a certain absolute constant 𝑐 and all 𝑥, 𝑦 ∈ ℋ. Hence, Fubini’s theorem can be
used and the result follows via the integration method. □
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Sharpness. This can be established by a reasoning similar to that in the case
1 < 𝑝 < 2. However, we take the opportunity here to present a different approach,
based on duality. Fix 𝑝 > 2 and suppose that the optimal constant in (3.59)
equals 𝛽𝑝. Take a real martingale 𝑓 ∈ 𝐿𝑞 and its ±1-transform 𝑔: 𝑑𝑔𝑛 = 𝜀𝑛𝑑𝑓𝑛,
𝑛 = 0, 1, 2, . . .. Here 𝑞 = 𝑝/(𝑝− 1) is the harmonic conjugate to 𝑝. Fix 𝑛 and let
𝜉 = ∣𝑔𝑛∣𝑞−1sgn 𝑔𝑛, 𝜉𝑘 = 𝔼(𝜉∣ℱ𝑘), 𝑘 = 0, 1, 2, . . . , 𝑛. We have that (𝜉𝑘)

𝑛
𝑘=0 ∈ 𝐿𝑝

and ∣∣𝜉∣∣𝑝 = ∣∣𝑔𝑛∣∣𝑞/𝑝𝑞 . Furthermore,

∣∣𝑔𝑛∣∣𝑞𝑞 = 𝔼𝑔𝑛𝜉 = 𝔼

(
𝑛∑

𝑘=0

𝜀𝑘𝑑𝑓𝑘

)(
𝑛∑

𝑘=0

𝑑𝜉𝑘

)
= 𝔼

𝑛∑
𝑘=0

𝜀𝑘𝑑𝑓𝑘𝑑𝜉𝑘

= 𝔼

(
𝑛∑

𝑘=0

𝑑𝑓𝑘

)(
𝑛∑

𝑘=0

𝜀𝑘𝑑𝜉𝑘

)
,

since 𝔼𝑑𝑓𝑘𝑑𝜉ℓ = 0 for 𝑘 ∕= ℓ. Let us use Hölder’s inequality and (3.59) applied to
the finite martingale (𝜉𝑘)

𝑛
𝑘=0 and its ±1-transform by the sequence (𝜀𝑘)𝑛𝑘=0. We

obtain

∣∣𝑔𝑛∣∣𝑞𝑞 ≤ ∣∣𝑓𝑛∣∣𝑞
∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

𝜀𝑘𝑑𝜉𝑘

∣∣∣∣∣
∣∣∣∣∣
𝑝

≤ ∣∣𝑓𝑛∣∣𝑞 ⋅ 𝛽𝑝∣∣𝜉∣∣𝑝 = 𝛽𝑝∣∣𝑓𝑛∣∣𝑞∣∣𝑔𝑛∣∣𝑞/𝑝𝑞 ,

whence ∣∣𝑔𝑛∣∣𝑞 ≤ 𝛽𝑝∣∣𝑓𝑛∣∣𝑞. But we have already shown that the best constant in
the 𝐿𝑞 inequality equals (𝑞 − 1)−1 = 𝑝 − 1. This yields 𝛽𝑝 ≥ 𝑝 − 1 and we are
done. □

On the search of the suitable majorant. This can be done essentially in the same
manner as in the case 1 < 𝑝 < 2. The details are left to the reader. □

3.4 Estimates for moments of different order

The next problem we shall study concerns the best constants in the inequalities
comparing 𝑝th and 𝑞th moments of 𝑓 and 𝑔:

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝,𝑞∣∣𝑓 ∣∣𝑞, 1 ≤ 𝑝, 𝑞 < ∞.

It is easy to see that this cannot hold with a finite 𝐶𝑝,𝑞 if 𝑝 > 𝑞: simply take a
constant pair (𝑓, 𝑔) = (𝜉, 𝜉) with 𝜉 ∈ 𝐿𝑝 ∖ 𝐿𝑞. The case 𝑝 = 𝑞 has been already
studied in the previous section. Thus, in what follows, we assume that 𝑝 < 𝑞.

3.4.1 Formulation of the result

Before we state the result, we need to introduce some auxiliary objects. Consider
the differential equation

𝑝(2− 𝑝)ℎ′(𝑥) + 𝑝 = 𝑞(𝑞 − 1)𝑥𝑞−2ℎ(𝑥)2−𝑝, 𝑥 > 0. (3.68)
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To stress the dependence on 𝑝 and 𝑞, we will write (3.68)𝑝,𝑞. We have the following
fact, proved in [146].

Lemma 3.5.

(i) Let 1 ≤ 𝑝 < 𝑞 < 2. Then there exists a unique increasing solution ℎ : [0,∞)→
[0,∞) of (3.68)𝑝,𝑞 satisfying ℎ(0) > 0 and ℎ′(𝑡)→ 0, ℎ(𝑡)→∞, as 𝑡 →∞.

(ii) Let 2 < 𝑝 < 𝑞 < ∞. Then there exists a unique increasing solution ℎ :
[0,∞) → [0,∞) of (3.68)𝑞,𝑝 satisfying ℎ(0) > 0 and ℎ′(𝑡) → 0, ℎ(𝑡) → ∞,
as 𝑡 →∞.

The solution ℎ from the above lemma is the key to define the best constants
and the corresponding special functions. Put

𝐿𝑝,𝑞 =

{
1
2 (2− 𝑝)ℎ(0)𝑝 if 1 ≤ 𝑝 < 𝑞 < 2,
1
2 (𝑞 − 2)ℎ(0)𝑞 if 2 < 𝑝 < 𝑞 < ∞ (3.69)

and, for 1 ≤ 𝑝 < 𝑞 < ∞,

𝐶𝑝,𝑞 =

⎧⎨
⎩

𝐿
(𝑞−𝑝)/𝑝𝑞
𝑝,𝑞

(
𝑞−𝑝
𝑝

)1/𝑞 (
𝑞

𝑞−𝑝

)1/𝑝
if 1 ≤ 𝑝 < 𝑞 < 2

or 2 < 𝑝 < 𝑞 < ∞,

1 otherwise.

Now we are ready to formulate the main results of this section.

Theorem 3.6. Let 1 ≤ 𝑝 < 𝑞 < ∞ and let 𝑓 , 𝑔 be ℋ-valued martingales such that
𝑔 is differentially subordinate to 𝑓 . Then

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝,𝑞∣∣𝑓 ∣∣𝑞. (3.70)

Furthermore, if 1 ≤ 𝑝 < 𝑞 < 2 or 2 < 𝑝 < 𝑞 < ∞, then

∣∣𝑔∣∣𝑝𝑝 ≤ ∣∣𝑓 ∣∣𝑞𝑞 + 𝐿𝑝,𝑞. (3.71)

Both inequalities are sharp even if 𝑓 is real valued and 𝑔 is assumed to be its
±1-transform.

Two remarks are in order. We see that the inequality (3.70) cannot be directly
rewritten in the form 𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . .. This is why we study the
estimate (3.71), which is of the right form and yields (3.70) after a standard
homogenization procedure (see below). We will prove the above result only for
1 ≤ 𝑝 ≤ 2, for the remaining set of parameters 𝑝 the reasoning is similar. Consult
[146] for details.
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3.4.2 Proof of Theorem 3.6 for 1 ≤ 𝒑 ≤ 2

First, note that if 𝑞 ≥ 2, then (3.70) is trivial: ∣∣𝑔∣∣𝑝 ≤ ∣∣𝑔∣∣2 ≤ ∣∣𝑓 ∣∣2 ≤ ∣∣𝑓 ∣∣𝑞 and,
obviously, equality may hold. Thus, we restrict ourselves to 𝑞 ∈ (𝑝, 2).
Proof of (3.70) and (3.71). The inequality (3.71) can be rewritten in the form
𝔼𝑉𝑝,𝑞(𝑓𝑛, 𝑔𝑛) ≤ 𝐿𝑝,𝑞, 𝑛 = 0, 1, 2, . . ., where 𝑉𝑝,𝑞(𝑥, 𝑦) = ∣𝑦∣𝑝 − ∣𝑥∣𝑞. The special
function 𝑈𝑝,𝑞 will be defined using the integration method. Let ℎ be the solution
to (3.68)𝑝,𝑞 coming from Lemma 3.5 and let 𝐻 : [ℎ(0),∞)→ [0,∞) be the inverse
to 𝑡 �→ 𝑡+ ℎ(𝑡). Now, let 𝑢 be given by (3.6) and define the kernel 𝑘𝑝,𝑞 by

𝑘𝑝,𝑞(𝑡) =
𝑝(2− 𝑝)

2
ℎ(𝐻(𝑡))𝑝−3ℎ′(𝐻(𝑡))𝐻 ′(𝑡)𝑡21{𝑡>ℎ(0)}.

Then the function

𝑈𝑝,𝑞(𝑥, 𝑦) =

∫ ∞

0

𝑘𝑝,𝑞(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡+ 𝐿𝑝,𝑞 (3.72)

has the explicit formula

𝑈𝑝,𝑞(𝑥, 𝑦) = 𝑝
∣𝑦∣2 − ∣𝑥∣2
2ℎ(0)2−𝑝

+ 𝐿𝑝,𝑞 (3.73)

if ∣𝑥∣+ ∣𝑦∣ ≤ ℎ(0), and

𝑈𝑝,𝑞(𝑥, 𝑦) = 𝑝∣𝑦∣ℎ(𝐻(∣𝑥∣+ ∣𝑦∣))𝑝−1 − (𝑝− 1)ℎ(𝐻(∣𝑥∣+ ∣𝑦∣))𝑝
−𝐻(∣𝑥∣+ ∣𝑦∣)𝑞 − 𝑞𝐻(∣𝑥∣+ ∣𝑦∣)𝑞−1

(∣𝑥∣ −𝐻(∣𝑥∣+ ∣𝑦∣)), (3.74)

if ∣𝑥∣+ ∣𝑦∣ > ℎ(0).

Let us establish the majorization property. Since the proof is quite long and
elaborate, we have decided to put it in a separate lemma.

Lemma 3.6. For any (𝑥, 𝑦) ∈ ℋ ×ℋ we have 𝑈𝑝,𝑞(𝑥, 𝑦) ≥ 𝑉𝑝,𝑞(𝑥, 𝑦).

Proof. Clearly, we may restrict ourselves to ℋ = ℝ. For the reader’s convenience,
the proof is split into several steps.

Step 1. Reduction to the set ∣𝑥∣+ ∣𝑦∣ ≥ ℎ(0). Fix 𝑥 such that ∣𝑥∣ < ℎ(0). Then
the function 𝑦 �→ 𝑈𝑝,𝑞(𝑥, 𝑦) − 𝑉𝑝,𝑞(𝑥, 𝑦) is nonincreasing on [0, ℎ(0)− ∣𝑥∣] (by the
standard analysis of the derivative). Consequently,

𝑈𝑝,𝑞(𝑥, 𝑦)− 𝑉𝑝,𝑞(𝑥, 𝑦) ≥ 𝑈𝑝,𝑞(𝑥, 1 − ∣𝑥∣)− 𝑉𝑝,𝑞(𝑥, 1− ∣𝑥∣)
and it suffices to establish the majorization for ∣𝑥∣+ ∣𝑦∣ ≥ ℎ(0).

Step 2. The case 𝑝 = 1. The majorization follows from the convexity of the
function 𝑡 �→ 𝑡𝑞: indeed, the inequality 𝑈𝑝,𝑞(𝑥, 𝑦) ≥ 𝑉𝑝,𝑞(𝑥, 𝑦) is equivalent to

∣𝑥∣𝑞 −𝐻(∣𝑥∣+ ∣𝑦∣)𝑞 − 𝑞𝐻(∣𝑥∣+ ∣𝑦∣)𝑞−1 ⋅ (∣𝑥∣ −𝐻(∣𝑥∣+ ∣𝑦∣)) ≥ 0.
Therefore, till the end of the proof, we assume that 𝑝 > 1.
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Step 3. Reduction to the case 𝑦 = 0. Fix 𝑟 ≥ ℎ(0) and suppose that ∣𝑥∣+ ∣𝑦∣ =
𝑟. If we denote 𝑠 = ∣𝑦∣, then the inequality 𝑈𝑝,𝑞(𝑥, 𝑦) ≥ 𝑉𝑝,𝑞(𝑥, 𝑦) can be rewritten
in the form

𝐹 (𝑠) = 𝑝𝑠ℎ(𝐻(𝑟))𝑝−1 − (𝑝− 1)ℎ(𝐻(𝑟))𝑝
−𝐻(𝑟)𝑞 − 𝑞𝐻(𝑟)𝑞−1ℎ(𝐻(𝑟)) − 𝑠𝑝 + (𝑟 − 𝑠)𝑞 ≥ 0. (3.75)

We have 𝐹 (ℎ(𝐻(𝑟))) = 𝐹 ′(ℎ(𝐻(𝑟))) = 0. Furthermore, the second derivative of
𝐹 , equal to 𝐹 ′′(𝑠) = −𝑝(𝑝 − 1)𝑠𝑝−2 + 𝑞(𝑞 − 1)(𝑟 − 𝑠)𝑞−2, is negative on (0, 𝑠0)
and positive on (𝑠0, 𝑟) for some 𝑠0 ∈ (0, 𝑟). Therefore, to show (3.75), it suffices to
prove that 𝐹 (0) ≥ 0, or 𝑈𝑝,𝑞(𝑥, 0) ≥ 𝑉𝑝,𝑞(𝑥, 0).

Step 4. Proof of 𝑈𝑝,𝑞(𝑥, 0) ≥ 𝑉𝑝,𝑞(𝑥, 0) for large ∣𝑥∣. Since 𝑞 < 2, we have for
𝑠 large enough,

𝑠𝑞 − (𝐻(𝑠))𝑞 − 𝑞(𝐻(𝑠))𝑞−1ℎ(𝐻(𝑠))

ℎ(𝐻(𝑠))𝑝
≥ 𝑞(𝑞 − 1)

2
𝑠𝑞−2ℎ(𝐻(𝑠))2−𝑝

=
𝑞(𝑞 − 1)
2

𝐻(𝑠)𝑞−2ℎ(𝐻(𝑠))2−𝑝 ⋅
(

𝑠

𝐻(𝑠)

)𝑞−2

.

But, by (3.68),
𝑞(𝑞 − 1)
2

𝐻(𝑠)𝑞−2ℎ(𝐻(𝑠))2−𝑝 ≥ 𝑝

2

and, by de l’Hospital rule,

𝑠

𝐻(𝑠)
= 1 +

ℎ(𝐻(𝑠))

𝐻(𝑠)
→ 1, as 𝑠 →∞.

Since 𝑝/2 > 𝑝− 1, we see that
𝑠𝑞 − (𝐻(𝑠))𝑞 − 𝑞(𝐻(𝑠))𝑞−1ℎ(𝐻(𝑠))

ℎ(𝐻(𝑠))𝑝
≥ 𝑝− 1

for large 𝑠. This is equivalent to 𝑈𝑝,𝑞(𝑥, 0) ≤ 𝑉𝑝,𝑞(𝑥, 0) with ∣𝑥∣ = 𝑠.

Step 5. 𝑈𝑝,𝑞(𝑥, 0) ≥ 𝑉𝑝,𝑞(𝑥, 0): the general case. Suppose the inequality does
not hold for all 𝑥. Let 𝑇 denote the largest 𝑡 satisfying 𝑈𝑝,𝑞(𝑡, 0) = 𝑉𝑝,𝑞(𝑡, 0) (its
existence is guaranteed by the continuity of 𝑈𝑝,𝑞 and 𝑉𝑝,𝑞 and the previous step).
By the considerations above, 𝑈𝑝,𝑞 ≥ 𝑉𝑝,𝑞 on the set ∣𝑥∣ + ∣𝑦∣ ≥ 𝑇 . Consider the
processes 𝑓 = (𝑓0, 𝑓1, 𝑓2), 𝑔 = (𝑔0, 𝑔1, 𝑔2) on a probability space ([0, 1],ℬ([0, 1]), ∣⋅∣)
such that (𝑓0, 𝑔0) ≡ (𝑇, 0) and

𝑑𝑓1 = 𝑑𝑔1 = 𝛿𝜒[0,𝑡0] − ℎ(𝐻(𝑇 ))𝜒(𝑡0,1],

𝑑𝑓2 = −𝑑𝑔2 = 𝛿𝜒[0,𝑡1] − (ℎ(𝐻(𝑇 ))− 𝛿)𝜒(𝑡1,𝑡0],

where

𝑡0 =
ℎ(𝐻(𝑇 ))

ℎ(𝐻(𝑇 )) + 𝛿
, 𝑡1 = 𝑡0 ⋅ ℎ(𝐻(𝑇 ))− 𝛿

ℎ(𝐻(𝑇 ))
=

ℎ(𝐻(𝑇 ))− 𝛿

ℎ(𝐻(𝑇 )) + 𝛿
.
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It is straightforward to check that 𝑓 and 𝑔 are martingales and 𝑔 is differentially
subordinate to 𝑓 . Note that we have 𝑈𝑝,𝑞(𝑓2, 𝑔2) ≥ 𝑉𝑝,𝑞(𝑓2, 𝑔2) almost surely, as
∣𝑓2∣+ ∣𝑔2∣ ≥ 𝑇 with probability 1. By the integration method, we may write

−𝑇 𝑞 = 𝑈𝑝,𝑞(𝑇, 0) = 𝔼𝑈𝑝,𝑞(𝑓0, 𝑔0) ≥ 𝔼𝑈𝑝,𝑞(𝑓2, 𝑔2) ≥ 𝔼𝑉𝑝,𝑞(𝑓2, 𝑔2)

=
2𝛿

ℎ(𝐻(𝑇 )) + 𝛿
(ℎ(𝐻(𝑇 ))𝑝 −𝐻(𝑇 )𝑞)− ℎ(𝐻(𝑇 ))− 𝛿

ℎ(𝐻(𝑇 )) + 𝛿
(𝑇 + 2𝛿)𝑞,

which is equivalent to

(𝑇 + 2𝛿)𝑞 − 𝑇 𝑞

2𝛿
− (𝑇 + 2𝛿)𝑞

ℎ(𝐻(𝑇 )) + 𝛿
+

𝐻(𝑇 )𝑞

ℎ(𝐻(𝑇 )) + 𝛿
≥ ℎ(𝐻(𝑇 ))𝑝

ℎ(𝐻(𝑇 )) + 𝛿
.

Letting 𝛿 → 0 and multiplying throughout by ℎ(𝐻(𝑇 )) yields

ℎ(𝐻(𝑇 ))𝑝 ≤ 𝐻(𝑇 )𝑞 − 𝑇 𝑞 − 𝑞𝑇 𝑞−1ℎ(𝐻(𝑇 )). (3.76)

But we have

𝐻(𝑇 )𝑞 − 𝑇 𝑞 − 𝑞𝑇 𝑞−1ℎ(𝐻(𝑇 )) ≤ 𝑇 𝑞 −𝐻(𝑇 )𝑞 − 𝑞𝐻(𝑇 )𝑞−1ℎ(𝐻(𝑇 )). (3.77)

To see this, substitute 𝐻(𝑇 ) = 𝑎 > 0, 𝑇 −𝐻(𝑇 ) = 𝑏 > 0 and observe that (3.77)
becomes

2[(𝑎+ 𝑏)𝑞 − 𝑎𝑞]− [𝑞𝑎𝑞−1 + 𝑞(𝑎+ 𝑏)𝑞−1]𝑏 ≥ 0.
Now calculate the derivative of the left-hand side with respect to 𝑏: it is equal to

𝑞(𝑎+ 𝑏)𝑞−1 − 𝑞𝑎𝑞−1 − 𝑞(𝑞 − 1)(𝑎+ 𝑏)𝑞−2𝑏 ≥ 0,
due to mean value theorem. Thus (3.77) follows. To conclude the proof, observe
that the inequalities (3.76) and (3.77) give

ℎ(𝐻(𝑇 ))𝑝 ≤ 𝑇 𝑞 −𝐻(𝑇 )𝑞 − 𝑞𝐻(𝑇 )𝑞−1ℎ(𝐻(𝑇 ))

and since 𝑝 < 2, this implies

(𝑝− 1)ℎ(𝐻(𝑇 ))𝑝 < 𝑇 𝑞 −𝐻(𝑇 )𝑞 − 𝑞𝐻(𝑇 )𝑞−1ℎ(𝐻(𝑇 )),

a contradiction: the inequality above is equivalent to 𝑈𝑝,𝑞(𝑇, 0) < 𝑉𝑝,𝑞(𝑇, 0). □

Now we turn to the proof of (3.71). We may assume that ∣∣𝑓 ∣∣𝑞 < ∞, which
implies ∣∣𝑔∣∣𝑝 ≤ ∣∣𝑔∣∣𝑞 < ∞, by Burkholder’s inequality (3.59). The use of the
integration method is permitted: this is due to (3.14) and the bound 𝐻(𝑡)+ℎ(𝑡) ≤
𝑐(1 + 𝑡) coming from (3.5) and the definition of 𝐻 . We obtain 𝔼𝑉𝑝,𝑞(𝑓𝑛, 𝑔𝑛) ≤
𝑈𝑝,𝑞(0, 0) = 𝐿𝑝,𝑞 for any 𝑛, which implies (3.71). To deduce (3.70) from this
estimate, observe that for any 𝜆 > 0, the martingale 𝑔 ⋅ 𝜆1/(𝑞−𝑝) is differentially
subordinate to 𝑓 ⋅ 𝜆1/(𝑞−𝑝). Consequently,

∣∣𝑔∣∣𝑝𝑝 ≤ 𝜆∣∣𝑓 ∣∣𝑞𝑞 +
𝐿𝑝,𝑞

𝜆𝑝/(𝑞−𝑝)
.
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It can be easily checked that the right-hand side, as a function of 𝜆, attains its
minimum for

𝜆 =

(
𝑝

𝑞 − 𝑝
⋅ 𝐿𝑝,𝑞

∣∣𝑓 ∣∣𝑞𝑞

)(𝑞−𝑝)/𝑞

and the minimum is equal to[
𝐿(𝑞−𝑝)/𝑝𝑞
𝑝,𝑞 ⋅

(
𝑞 − 𝑝

𝑝

)1/𝑞 (
𝑞

𝑞 − 𝑝

)1/𝑝

∣∣𝑓 ∣∣𝑞
]𝑝
=
[
𝐶𝑝,𝑞∣∣𝑓 ∣∣𝑞

]𝑝
.

This completes the proof of (3.70). □

Sharpness. Let 𝑇 > ℎ(0) be a fixed number to be specified later, pick a positive
integer 𝑁 and put 𝛿 = (𝑇 − ℎ(0))/(2𝑁). Consider a Markov martingale (𝑓, 𝑔),
determined uniquely by the following six conditions.

(i) It starts from (ℎ(0)/2, ℎ(0)/2) almost surely.

(ii) From (ℎ(0)/2, ℎ(0)/2) it moves either to (ℎ(0), 0), or to (0, ℎ(0)).

(iii) For ℎ(0) ≤ 𝑥 < 𝑇 , the state (𝑥, 0) leads to (𝐻(𝑥), ℎ(𝐻(𝑥))) or to (𝑥+ 𝛿,−𝛿).

(iv) For ℎ(0) ≤ 𝑥 < 𝑇 , the state (𝑥+ 𝛿,−𝛿) leads to (𝐻(𝑥+ 2𝛿),−ℎ(𝐻(𝑥+ 2𝛿)))
or to (𝑥+ 2𝛿, 0).

(v) For 𝑥 ≥ 𝑇 , the states (𝑥, 0) are absorbing.

(vi) All the states lying on the curves 𝑦 = ±ℎ(𝑥) are absorbing.

Let us split the reasoning into a few steps.

Step 1. It is easy to see from the conditions (i)–(vi) that (𝑓, 𝑔) converges
almost surely. Even more, we have 𝑑𝑓2𝑁+2 = 𝑑𝑓2𝑁+3 = ⋅ ⋅ ⋅ ≡ 0. Let us com-
pute 𝔼𝑈𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1), or rather relate it to 𝔼𝑉𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1). To begin,
note that the process (𝑓𝑛, 𝑔𝑛) moves from (𝑥, 0) to (𝑥 + 2𝛿, 0) in two steps with
probability (

1− 𝛿

𝑥−𝐻(𝑥) + 𝛿

)(
1− 𝛿

𝑥+ 2𝛿 −𝐻(𝑥+ 2𝛿)

)
.

Hence the probability that (𝑓𝑛, 𝑔𝑛) ever reaches (𝑇, 0) equals

𝑝𝛿 =
1

2

𝑁−1∏
𝑛=0

(
1− 𝛿

𝑥2𝑛+1 −𝐻(𝑥2𝑛+1) + 𝛿

)(
1− 𝛿

𝑥2𝑛+1 + 2𝛿 −𝐻(𝑥2𝑛+1 + 2𝛿)

)
.

In the next lemma we study the limit behavior of 𝑝𝛿, as 𝛿 → 0.
Lemma 3.7. We have

lim
𝛿→0

𝑝𝛿 =
1

2
exp(−Φ′(𝐻(𝑇 ))).
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Proof. Indeed,

1

2
exp

[
𝑁−1∑
𝑘=0

(
𝛿

𝑥2𝑛+1 −𝐻(𝑥2𝑛+1) + 𝛿
+

𝛿

𝑥2𝑛+1 + 2𝛿 −𝐻(𝑥2𝑛+1 + 2𝛿)

)]
⋅ 𝑝−1

𝛿 → 1

as 𝛿 → 0, and the Riemann sum
𝑁−1∑
𝑘=0

(
𝛿

𝑥2𝑛+1 −𝐻(𝑥2𝑛+1) + 𝛿
+

𝛿

𝑥2𝑛+1 + 2𝛿 −𝐻(𝑥2𝑛+1 + 2𝛿)

)

converges, as 𝛿 → 0, to

−
∫ 𝑇

ℎ(0)

1

𝑥−𝐻(𝑥)
d𝑥 = −

∫ 𝑇

ℎ(0)

1

ℎ(𝐻(𝑥))
d𝑥.

The substitution 𝑦 = 𝐻(𝑥) (so 𝑥 = 𝑦 + ℎ(𝑦)) transforms the integral to

−
∫ 𝐻(𝑇 )

0

1 + ℎ′(𝑦)
ℎ(𝑦)

d𝑦 = −
∫ 𝐻(𝑇 )

0

Φ′′(𝑦)d𝑦 = −Φ′(𝐻(𝑇 )).

This yields the claim. □

Step 2. The next observation is that 𝑔 is a ±1 transform of 𝑓 . Hence, the
sequence (𝔼𝑈𝑝,𝑞(𝑓𝑛, 𝑔𝑛)) is nonincreasing: see Theorem 2.1. The key fact is that
this sequence is almost constant if 𝛿 is small. Roughly speaking, this follows from
the fact that the pair (𝑓, 𝑔) moves along line segments of slope 1/ − 1 when it is
below/above the 𝑥-axis and 𝑈𝑝,𝑞 is linear on such segments. The precise statement
is the following (see [146] for the proof).

Lemma 3.8. There is a function 𝑅 : [0, 1] → ℝ satisfying 𝑅(𝛿)/𝛿 → 0 as 𝛿 → 0
and for which

𝔼𝑈𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1) ≥ 𝑈𝑝,𝑞(ℎ(0)/2, ℎ(0)/2)−𝑁𝑅(𝛿).

Step 3. Sharpness of (3.71). On the set {(𝑥, 𝑦) : 𝑦 = ±ℎ(𝑥)} the functions
𝑈𝑝,𝑞 and 𝑉𝑝,𝑞 coincide. The variable (𝑓2𝑁+1, 𝑔2𝑁+1) belongs to this set unless
(𝑓2𝑁+1, 𝑔2𝑁+1) = (𝑇, 0), which occurs with probability 𝑝𝛿. Hence we may write,
by Lemma 3.8,

𝔼𝑉𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1)

= 𝔼𝑈𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1) + (𝑉𝑝,𝑞(𝑇, 0)− 𝑈𝑝,𝑞(𝑇, 0))𝑝𝛿

≥ 𝑈𝑝,𝑞(ℎ(0)/2, ℎ(0)/2)−𝑁𝑅(𝛿) + (𝑉𝑝,𝑞(𝑇, 0)− 𝑈𝑝,𝑞(𝑇, 0))𝑝𝛿.

Let 𝑁 go to ∞. Then 𝑁𝑅(𝛿) → 0; furthermore, by the majorization 𝑈𝑝,𝑞 ≥ 𝑉𝑝,𝑞

and Lemma 3.7,

0 ≤ (𝑉𝑝,𝑞(𝑇, 0)− 𝑈𝑝,𝑞(𝑇, 0))𝑝𝛿 → −𝑇 𝑞 − (𝐻(𝑇 ))𝑞 − 𝑞(𝐻(𝑇 ))𝑞−1(𝑇 −𝐻(𝑇 ))

2 exp(𝑞(𝐻(𝑇 ))𝑞−1)
.

(3.78)



66 Chapter 3. Martingale Inequalities in Discrete Time

Now we proceed as follows. We have ℎ′(𝑡) → 0 as 𝑡 → ∞, so 𝐻(𝑇 )/𝑇 → 1 as
𝑇 →∞. Thus, for a fixed 𝜀 > 0 we choose such a 𝑇 , that the expression appearing
as the limit on the right is smaller than 𝜀. Keeping this 𝑇 fixed, we may choose
an 𝑁 such that 𝑁𝑅(𝛿) < 𝜀 and the expression in the middle of (3.78) is smaller
than 2𝜀. In consequence, we obtain

∣∣𝑔∣∣𝑝𝑝 − ∣∣𝑓 ∣∣𝑞𝑞 = 𝔼𝑉𝑝,𝑞(𝑓2𝑁+1, 𝑔2𝑁+1) ≥ 𝑈𝑝,𝑞(ℎ(0)/2, ℎ(0)/2)− 3𝜀.

However, 𝑈𝑝,𝑞(ℎ(0)/2, ℎ(0)/2) equals 𝐿𝑝,𝑞 and 𝜀 was arbitrary; therefore, (3.71) is
sharp.

Step 4. The optimality of 𝐶𝑝,𝑞, 1 ≤ 𝑝 < 𝑞 < 2. For fixed 𝜀 > 0, let 𝑓 𝜀, 𝑔𝜀 be
real martingales such that 𝑔𝜀 is a ±1 transform of 𝑓 𝜀 and

∣∣𝑔𝜀∣∣𝑝𝑝 > ∣∣𝑓 𝜀∣∣𝑞𝑞 + 𝐿𝑝,𝑞 − 𝜀. (3.79)

Let

𝜆 =

(
𝑝

𝑞 − 𝑝
⋅ 𝐿𝑝,𝑞 − 𝜀

∣∣𝑓 ∣∣𝑞𝑞

)(𝑞−𝑝)/𝑞

.

The martingale 𝑔 = 𝑔𝜀 ⋅ 𝜆1/(𝑞−𝑝) is a ±1 transform of 𝑓 = 𝑓 𝜀 ⋅ 𝜆1/(𝑞−𝑝). Multiply
both sides of (3.79) by 𝜆𝑝/(𝑞−𝑝) to obtain

∣∣𝑔∣∣𝑝𝑝 >

[
(𝐿𝑝,𝑞 − 𝜀)(𝑞−𝑝)/𝑝𝑞 ⋅

(
𝑞 − 𝑝

𝑝

)1/𝑞 (
𝑞

𝑞 − 𝑝

)1/𝑝
]𝑝
∣∣𝑓 ∣∣𝑝𝑞 .

It is clear that the expression in the square brackets can be made arbitrarily close
to 𝐶𝑝,𝑞 by a proper choice of 𝜀. This implies 𝐶𝑝,𝑞 can not be replaced by a smaller
constant in (3.70). □

On the search of the suitable majorant. As usual, we assume that ℋ = ℝ and
search for the majorant corresponding to the estimate (3.71) for ±1-transforms.
As previously, we consider 1 ≤ 𝑝 < 𝑞 < 2. Clearly, we may and do assume that
𝑈 is symmetric in the sense that 𝑈(𝑥,−𝑦) = 𝑈(−𝑥, 𝑦) = 𝑈(𝑥, 𝑦), so it suffices to
determine it in the first quadrant [0,∞)2. It is quite natural to consider the limit
case 𝑝 = 𝑞 ∈ (1, 2) and look at the properties of the function 𝑈𝑝,𝑝 (which is given
by (3.60)). We see that

(i) 𝑈𝑝,𝑝, restricted to [0,∞)2, is linear along the line segments of slope −1,
(ii) (𝑈𝑝,𝑝)𝑦(𝑥, 0) = 0 for any 𝑥 ≥ 0,
(iii) the set {(𝑥, 𝑦) ∈ [0,∞) × [0,∞) : 𝑈𝑝,𝑝(𝑥, 𝑦) = 𝑉𝑝,𝑝(𝑥, 𝑦)} is the half-line

𝑦 = (𝑝− 1)−1𝑥.

It is reasonable to assume that for general 1 ≤ 𝑝 < 𝑞 < 2, the function 𝑈
should also enjoy (i) and (ii). Next, if we restrict to any line segment of slope −1
contained in [0,∞)2, we expect the graph of 𝑈 to be a line tangent to the graph
of 𝑉𝑝,𝑞. What about the set {𝑈 = 𝑉𝑝,𝑞}? One should not expect such a regular
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answer as for 𝑝 = 𝑞, since 𝑉𝑝,𝑞 is not homogeneous. However, it is natural to guess
that the set coincides with the graph of a certain 𝐶1 function ℎ. This leads to the
following candidate for 𝑈 : for any 𝑥 ≥ 0 and 𝑡 ∈ [−𝑥, ℎ(𝑥)],

𝑈(𝑥+ 𝑡, ℎ(𝑥)− 𝑡) = 𝑉𝑝,𝑞(𝑥, ℎ(𝑥)) +
[
(𝑉𝑝,𝑞)𝑥(𝑥, ℎ(𝑥)) − (𝑉𝑝,𝑞)𝑦(𝑥, ℎ(𝑥))

]
𝑡.

Using the formula for 𝑉𝑝,𝑞, the above becomes

𝑈(𝑥+ 𝑡, ℎ(𝑥)− 𝑡) = ℎ(𝑥)𝑝 − 𝑥𝑞 − (𝑞𝑥𝑞−1 − 𝑝ℎ𝑝−1(𝑥))𝑡. (3.80)

Applying the condition (ii) yields the equation (3.68). The substitution of 𝑥 and
𝑦 in the place of 𝑥 + 𝑡 and ℎ(𝑥) − 𝑡, respectively, transforms (3.80) into (3.74).
To obtain (3.73), take (𝑥, 𝑦) from the square 𝐷 = {(𝑥, 𝑦) : ∣𝑥∣ + ∣𝑦∣ < ℎ(0)} and
consider a line segment of slope −1, containing (𝑥, 𝑦), with the endpoints 𝑃1, 𝑃2 on
the boundary of the square. Take 𝑈(𝑥, 𝑦) as the corresponding convex combination
of 𝑈(𝑃1) and 𝑈(𝑃2). This gives the candidate studied above. □
Remark 3.6. Here the use of the integration method significantly reduces the com-
plexity of calculations. A direct verification of the concavity property 2∘, especially
in the Hilbert-space-valued setting, would require a large amount of work.

3.5 Moment estimates for nonnegative martingales

What happens to the best constant in the inequality (3.59) if 𝑓 or 𝑔 is assumed
to be nonnegative? This question will be answered in this section.

3.5.1 Formulation of the results

We start with the case when 𝑓 is a nonnegative martingale and 𝑔 is an ℋ-valued
martingale, differentially subordinate to 𝑓 . This setting was studied by Burkholder
in [36] and here is the main result of that paper.

Theorem 3.7. If 𝑓 is a nonnegative martingale and 𝑔 is an ℋ-valued martingale
differentially subordinate to 𝑓 , then

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝+,𝑝∣∣𝑓 ∣∣𝑝, (3.81)

where

𝐶𝑝+,𝑝 =

{
(𝑝− 1)−1 if 𝑝 ∈ (1, 2],
𝑝1/𝑝[(𝑝− 1)/2](𝑝−1)/𝑝 if 𝑝 ∈ (2,∞).

The constant 𝐶𝑝+,𝑝 is the best possible. It is already the best possible if 𝑔 is assumed
to be a nonnegative ±1 transform of 𝑓 .

An extension to 𝑝 < 1 will be investigated in Theorem 4.11 of Chapter 4.
Now we turn to the case when the dominated martingale 𝑔 is nonnegative.
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Theorem 3.8. If 𝑓 is an ℋ-valued martingale and 𝑔 is a nonnegative martingale
differentially subordinate to 𝑓 , then, for 1 ≤ 𝑝 < ∞,

∣∣𝑔∣∣𝑝 ≤ 𝐶𝑝,𝑝+∣∣𝑓 ∣∣𝑝, (3.82)

where

𝐶𝑝,𝑝+ =

⎧⎨
⎩
1 if 𝑝 = 1,

𝑝−1/𝑝[2/(𝑝− 1)](𝑝−1)/𝑝 if 𝑝 ∈ (1, 2),
𝑝− 1 if 𝑝 ∈ [2,∞).

The constant 𝐶𝑝,𝑝+ is the best possible. It is already the best possible if 𝑓 is assumed
to be real valued and 𝑔 is a nonnegative ±1 transform of 𝑓 .

3.5.2 Proof of Theorem 3.7

Proof of (3.81). We only need to consider the case 𝑝 > 2; for 𝑝 ∈ (1, 2] the constant
is the same as in the general setting (see the examples studied in Section 3.3). We
shall present an approach based on the integration argument. Recall the function
𝑈∞,𝑠 defined in (3.56) and let

𝑈𝑝,𝑠(𝑥, 𝑦) =
𝑝(𝑝− 1)(𝑝− 2)𝑠2
2(𝑠− 1)

∫ ∞

0

𝑡𝑝−1𝑈∞,𝑠(𝑥/𝑡, 𝑦/𝑡)d𝑡.

We have that if 𝑠𝑥 ≤ ∣𝑦∣,
𝑈𝑝,𝑠(𝑥, 𝑦) = (∣𝑦∣ − 𝑥)𝑝−1

[
𝑥(𝑠𝑝− 𝑠− 1) + ∣𝑦∣(𝑠− 𝑝+ 1)

]
and if 𝑠𝑥 ≥ ∣𝑦∣,

𝑈𝑝,𝑠(𝑥, 𝑦) =

(
𝑠− 1
𝑠+ 1

)𝑝−1

(𝑥 + ∣𝑦∣)𝑝−1
[
𝑥(𝑠− 𝑝𝑠− 1) + ∣𝑦∣(𝑠+ 𝑝− 1)].

The function 𝑈𝑝,𝑝 is the special function corresponding to the inequality (3.81).
We shall now show the majorization 𝑈𝑝,𝑝(𝑥, 𝑦) ≥ ∣𝑦∣𝑝−𝐶𝑝

𝑝+,𝑝𝑥
𝑝. By homogeneity,

it suffices to prove this for 𝑥+ ∣𝑦∣ = 1. Introduce 𝐹 : [0, 1]→ ℝ by

𝐹 (∣𝑦∣) = 𝑈𝑝,𝑝(1− ∣𝑦∣, 𝑦)− ∣𝑦∣𝑝 − 𝐶𝑝
𝑝+,𝑝(1− ∣𝑦∣)𝑝, 𝑦 ∈ ℋ, ∣𝑦∣ ≤ 1.

We easily check that

𝐹 (1) = 𝐹

(
𝑝− 1
𝑝+ 1

)
= 𝐹 ′

(
𝑝− 1
𝑝+ 1

)
= 0

and that there is a 𝑡0, with (𝑝 − 1)/(𝑝 + 1) < 𝑡0 < 1, such that 𝐹 is convex
on (0, 𝑡0) and concave on (𝑡0, 1). Thus 𝐹 ≥ 0 and the majorization follows. It
suffices to apply Fubini’s theorem to get the claim (the necessary integrability is
guaranteed in the usual way). □
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Sharpness of (3.81). We need to deal with the case 𝑝 > 2 only. We will make use
of the appropriate version of Theorem 2.2 (which takes into account the fact that
both martingales are nonnegative).

Suppose that the best constant in the inequality (3.81), restricted to nonneg-
ative 𝑔, equals 𝛽. Let 𝑈0 : [0,∞)× [0,∞)→ ℝ be defined by

𝑈0(𝑥, 𝑦) = sup{𝔼𝑔𝑝𝑛 − 𝛽𝑝
𝔼𝑓𝑝

𝑛}, (3.83)

where the supremum is taken over all 𝑛 and pairs (𝑓, 𝑔) of simple nonnegative
martingales which belong to𝑀(𝑥, 𝑦). Then 𝑈0 satisfies 1∘, 2∘, 3∘ and, in addition,
it is homogeneous of order 𝑝. Let 𝛿 be a fixed positive number. We start by applying
2∘ to 𝑥 = 1, 𝑦 = 𝑝, 𝜀 = 1 and centered random variables taking values −1 and 𝛿;
we get

𝑈0(1, 𝑝) ≥ 𝛿

1 + 𝛿
𝑈0(0, 𝑝− 1) + 1

1 + 𝛿
𝑈0(1 + 𝛿, 𝑝+ 𝛿). (3.84)

Next, use 2∘ to 𝑥 = 1 + 𝛿, 𝑦 = 𝑝 + 𝛿, 𝜀 = −1 and centered random variables
taking values 1 and −𝑎 = −(𝑝 − 1)𝛿/(𝑝 + 1) (the number 𝑎 is chosen to ensure
that 𝑝+ 𝛿 + 𝑎 = 𝑝(1 + 𝛿 − 𝑎)). We get

𝑈0(1 + 𝛿, 𝑝+ 𝛿) ≥ 𝑎

1 + 𝑎
𝑈0(2 + 𝛿, 𝑝+ 𝛿 − 1) + 1

1 + 𝑎
𝑈0(1 + 𝛿 − 𝑎, 𝑝+ 𝛿 + 𝑎)

=
𝑎

1 + 𝑎
𝑈0(2 + 𝛿, 𝑝+ 𝛿 − 1) + (1 + 𝛿 − 𝑎)𝑝

1 + 𝑎
𝑈0(1, 𝑝),

where in the last line we have used the homogeneity. Combining this with (3.84)
and then applying the majorization property we obtain

𝑈0(1, 𝑝)

[
1− (1 + 𝛿 − 𝑎)𝑝

(1 + 𝛿)(1 + 𝑎)

]
≥ 𝛿𝑈0(0, 𝑝− 1)

1 + 𝛿
+

𝑎𝑈0(2 + 𝛿, 𝑝+ 𝛿 − 1)
(1 + 𝛿)(1 + 𝑎)

≥ 𝛿(𝑝− 1)𝑝
1 + 𝛿

+
𝑎[(𝑝+ 𝛿 − 1)𝑝 − 𝛽𝑝(2 + 𝛿)𝑝]

(1 + 𝛿)(1 + 𝑎)
.

(3.85)

Dividing throughout by 𝛿 and letting 𝛿 → 0 yields

0 ≥ (𝑝− 1)𝑝 + 𝑝− 1
𝑝+ 1

[(𝑝− 1)𝑝 − 𝛽𝑝 ⋅ 2𝑝],

which is equivalent to 𝛽𝑝 ≥ 𝑝[(𝑝− 1)/2]𝑝−1. This completes the proof. □

3.5.3 Proof of Theorem 3.8

Proof of (3.82). We can restrict ourselves to the case 1 ≤ 𝑝 < 2. If 𝑝 = 1, then

∣∣𝑔∣∣1 = 𝔼𝑔0 ≤ 𝔼∣𝑓0∣ ≤ ∣∣𝑓 ∣∣1
and, clearly, the constant 1 is the best possible. Hence, from now on we assume
that 𝑝 ∈ (1, 2). The proof is very similar to the one of the preceding theorem, so
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we will only present the main steps. We use the integration method again, this
time with the function 𝑈1,𝑠 : ℋ× [0,∞)→ ℝ given by

𝑈1,𝑠(𝑥, 𝑦) = 𝑈1

(
𝑠− 1

𝑠
𝑥,

𝑠− 1
𝑠

(
𝑦 − 1

𝑠− 1
))
+
2𝑦(𝑠− 1)

𝑠2
− 1

𝑠2

=

{
( 𝑠−1

𝑠 )
2(𝑦2 − ∣𝑥∣2) if ∣𝑥∣+ ∣𝑦 − 1

𝑠−1 ∣ ≤ 1,
1− 2(𝑠−1)

𝑠 ∣𝑥∣+ 2(𝑠−1)
𝑠2 𝑦 − 1

𝑠2 if ∣𝑥∣+ ∣𝑦 − 1
𝑠−1 ∣ > 1.

Here 𝑠 > 1 is a fixed parameter. Since 𝑈1 enjoys the concavity property, so does
𝑈1,𝑠 and hence

𝔼𝑈1,𝑠(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈1,𝑠(𝑓0, 𝑔0) ≤ 0, (3.86)

since 𝑈1,𝑠(𝑥, 𝑦) ≤ 0 if 𝑦 ≤ ∣𝑥∣. Introduce 𝑈𝑝,𝑠 : ℋ× [0,∞)→ ℝ by

𝑈𝑝,𝑠(𝑥, 𝑦) =
𝑝(𝑝− 1)(2− 𝑝)𝑠2

2(𝑠− 1)
∫ ∞

0

𝑡𝑝−1𝑢2,𝑠(𝑥/𝑡, 𝑦/𝑡)d𝑡. (3.87)

The explicit expression for 𝑈𝑝,𝑠 is the following: if ∣𝑥∣ ≤ 𝑠𝑦, then

𝑈𝑝,𝑠(𝑥, 𝑦) =

(
𝑠− 1
𝑠+ 1

)𝑝−1

(∣𝑥∣ + 𝑦)𝑝−1
[∣𝑥∣(−𝑠− 𝑝+ 1) + 𝑦(𝑠𝑝− 𝑠+ 1)

]
,

while for ∣𝑥∣ ≥ 𝑠𝑦,

𝑈𝑝,𝑠(𝑥, 𝑦) = (∣𝑥∣ − 𝑦)𝑝−1
[∣𝑥∣(𝑝− 𝑠− 1) + 𝑦(𝑠− 𝑠𝑝+ 1)

]
.

Now one easily checks that

𝑈𝑝,𝑝(𝑥, 𝑦) ≥ 𝐶−𝑝
𝑝,𝑝+𝑦𝑝 − ∣𝑥∣𝑝,

which, combined with (3.86) and the formula for 𝑈𝑝,𝑝 yields

𝐶−𝑝
𝑝,𝑝+∣∣𝑔𝑛∣∣ ≤ ∣∣𝑓𝑛∣∣𝑝 ≤ ∣∣𝑓 ∣∣𝑝, 𝑛 = 0, 1, 2, . . . ,

for all 𝑓 ∈ 𝐿𝑝. It remains to take the supremum over 𝑛 and the claim is proved. □

Sharpness of (3.82). We have to deal with the case 𝑝 ∈ (1, 2) only. Suppose the
best constant in the estimate equals 𝛽 and introduce the function 𝑈0 by (3.83), the
supremum being taken over the same class of martingales. We proceed similarly
and exploit the properties of this function to get

𝑈0(𝑝, 1)

[
1− (1 + 𝛿 − 𝑎)𝑝

(1 + 𝛿)(1 + 𝑎)

]
≥ 𝛿𝑈0(𝑝− 1, 0)

1 + 𝛿
+

𝑎𝑈0(𝑝+ 𝛿 − 1, 2 + 𝛿)

(1 + 𝛿)(1 + 𝑎)

≥ − 𝛿𝛽𝑝(𝑝− 1)𝑝
1 + 𝛿

+
𝑎[(2 + 𝛿)𝑝 − 𝛽𝑝(𝑝+ 𝛿 − 1)𝑝]

(1 + 𝛿)(1 + 𝑎)
.

Now dividing by 𝛿 and letting 𝛿 → 0 yields the desired estimate 𝛽 ≥ 𝐶𝑝,𝑝+. □
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3.6 Logarithmic estimates

3.6.1 Formulation of the result

As we have already seen above, the moment inequality (3.59) does not hold with
any finite constant when 𝑝 = 1. A natural question is how to bound the first
moment of the dominated martingale 𝑔 in terms of 𝑓 . In this section we will
provide one of the possible answers to this problem. Typically in such a situation
one studies 𝐿 log𝐿 inequalities of the form

∣∣𝑔∣∣1 ≤ 𝐾 sup
𝑛

𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣+ 𝐿, (3.88)

for some universal constants 𝐾 and 𝐿 (here and below, we use the convention
0 log 0 = 0). There are two questions to be asked:

a) For which 𝐾 there is a universal 𝐿 < ∞ such that (3.88) holds?
b) Suppose that 𝐾 is as in a) and let 𝐿(𝐾) denote the smallest 𝐿 in (3.88).

What is the numerical value of 𝐿(𝐾)?

The main result of this section provides the answers to both these questions.

Theorem 3.9. Let 𝑓 , 𝑔 be two martingales taking values in ℋ such that 𝑔 is dif-
ferentially subordinate to 𝑓 .

(i) If 𝐾 ≤ 1, then 𝐿(𝐾) = ∞. This is true even if ℋ = ℝ and 𝑔 is assumed to
be a ±1 transform of 𝑓 .

(ii) If 1 < 𝐾 < 2, then

𝐿(𝐾) =
𝐾2

2(𝐾 − 1) exp(−𝐾−1). (3.89)

The constant 𝐿(𝐾) is best possible even if ℋ = ℝ, 𝑓 is a nonnegative mar-
tingale and 𝑔 is its ±1 transform.

(iii) If 𝐾 ≥ 2, then
𝐿(𝐾) = 𝐾 exp(𝐾−1 − 1). (3.90)

The constant is already the best possible if ℋ = ℝ, 𝑓 is a nonnegative mar-
tingale and 𝑔 its ±1 transform.

3.6.2 Proof of Theorem 3.9

Proof of (3.88) for 𝐾 > 1. Clearly, we may assume that

sup
𝑛

𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣ < ∞,

otherwise there is nothing to prove. All we need is the estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . ,
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where 𝑉 (𝑥, 𝑦) = ∣𝑦∣ − 𝐾∣𝑥∣ log ∣𝑥∣ − 𝐿(𝐾) for 𝑥, 𝑦 ∈ ℋ. We use the integration
method, with 𝑢 given by (3.6) and 𝑘(𝑡) = 1{𝑡≥1}. We derive that

𝑈(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

=

{
∣𝑦∣2 − ∣𝑥∣2 if ∣𝑥∣+ ∣𝑦∣ ≤ 1,
−2∣𝑥∣ log(∣𝑥∣+ ∣𝑦∣) + 2∣𝑦∣ − 1 if ∣𝑥∣+ ∣𝑦∣ > 1.

(3.91)

Let, for 1 < 𝐾 ≤ 2,

𝛼 = 𝛼𝐾 =
2(𝐾 − 1)

𝐾2
exp(𝐾−1) and 𝑑 = 𝑑𝐾 =

𝐾 − 1
𝐾

exp(𝐾−1),

while for 𝐾 > 2, put

𝛼 = 𝛼𝐾 =
1

𝐾
exp(1−𝐾−1) and 𝑑 = 𝑑𝐾 =

1

2
exp(1−𝐾−1).

Lemma 3.9. For any (𝑥, 𝑦) ∈ ℋ we have

𝛼−1𝑈(𝑥𝑑, 𝑦𝑑) ≥ 𝑉 (𝑥, 𝑦). (3.92)

Proof. We will only study the case 1 < 𝐾 ≤ 2, since the majorization for the
remaining values of 𝐾 can be treated in a similar manner. We start by observing
that for ∣𝑥∣+ ∣𝑦∣ ≤ 1 we have

∣𝑦∣2 − ∣𝑥∣2 ≥ −2∣𝑥∣ log(∣𝑥∣ + ∣𝑦∣) + 2∣𝑦∣ − 1.
This is straightforward: for any fixed 𝑥, the function

𝑠 �→ 𝑠2 − ∣𝑥∣2 + 2∣𝑥∣ log(∣𝑥∣+ 𝑠)− 2𝑠+ 1
is nonincreasing and equal to 0 for 𝑠 = 1−∣𝑥∣. Thus, to establish (3.92), it suffices
to show that for all 𝑥, 𝑦 ∈ ℋ we have

2∣𝑦∣𝑑− 2∣𝑥∣𝑑 log(∣𝑥∣𝑑+ ∣𝑦∣𝑑)− 1− 𝛼(∣𝑦∣ −𝐾∣𝑥∣ log ∣𝑥∣ − 𝐿(𝐾)) ≥ 0.

Now fix 𝑥, substitute 𝑠 = ∣𝑦∣ and denote the left-hand side by 𝐹 (𝑠). Then 𝐹
is convex on [0,∞) and satisfies 𝐹 (∣𝑥∣/(𝐾 − 1)) = 𝐹 ′(∣𝑥∣/(𝐾 − 1)) = 0. This
completes the proof. □

Thus it remains to show that the use of Fubini’s theorem in the integration
argument is allowed. We have, by (3.14),∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑈(𝑦, 0)− 𝑈(𝑥, 0)

≤ 2∣𝑥∣+ 2∣𝑦∣+ 𝛽∣𝑥∣ log ∣𝑥∣+ 𝛾,
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for some absolute constants 𝛼, 𝛽, 𝛾 > 0. This yields

𝔼

∫ ∞

1

∣∣𝑢1(𝑓𝑛𝑑/𝑡, 𝑔𝑛𝑑/𝑡)
∣∣d𝑡 < ∞

for any 𝑑 > 0. This follows from the assumption sup𝑛 𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣ < ∞; the proof
is complete. □

Sharpness. We consider the cases 𝐾 ≥ 2 and 𝐾 < 2 separately.

The case 𝐾 ≥ 2. Let 𝑓 , 𝑔 be given by 𝑓𝑛 = 𝑔𝑛 ≡ exp(𝐾−1 − 1), 𝑛 =
0, 1, 2, . . .. Obviously, 𝑔 is a ±1 transform of 𝑓 and it can be easily verified that
the two sides of (3.88) are equal.

The case 𝐾 < 2. This is more involved, and we divide the proof into a few
steps.

Step 1. Assume the inequality (3.88) holds with some 𝐿; our aim is to show
that 𝐿 ≥ 𝐿(𝐾). For 𝑥 ≥ 0 and 𝑦 ∈ ℝ, define

𝑈0(𝑥, 𝑦) = sup {𝔼∣𝑔𝑛∣ −𝐾𝔼𝑓𝑛 log 𝑓𝑛} ,

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) such that
𝑓 is nonnegative. Then 𝑈0 satisfies 1∘, 2∘ and the following version of the initial
condition:

3∘ 𝑈0(𝑥,±𝑥) ≤ 𝐿 for all 𝑥 ≥ 0.
Furthermore, the assumption on the sign of 𝑓 in the definition of 𝑈0 yields the
following homogeneity-type property of this function: if 𝜆 > 0, then

𝑈0(𝜆𝑥, 𝜆𝑦) = 𝜆𝑈0(𝑥, 𝑦)−𝐾𝜆𝑥 log𝜆. (3.93)

To see this, let (𝑓, 𝑔) be a pair as in the definition of 𝑈0(𝑥, 𝑦). We have

𝜆𝔼
(∣𝑔𝑛∣ −𝐾𝑓𝑛 log 𝑓𝑛

)
= 𝔼

[ ∣𝜆𝑔𝑛∣ −𝐾𝜆𝑓𝑛 log(𝜆𝑓𝑛)
]
+𝐾𝜆𝔼𝑓𝑛 log𝜆

= 𝔼
[ ∣𝜆𝑔𝑛∣ −𝐾𝜆𝑓𝑛 log(𝜆𝑓𝑛)

]
+𝐾𝜆𝑥 log𝜆

≤ 𝑈0(𝜆𝑥, 𝜆𝑦) +𝐾𝜆𝑥 log𝜆,

as the pair (𝜆𝑓, 𝜆𝑔) belongs to 𝑀(𝜆𝑥, 𝜆𝑦) and 𝜆𝑓 ≥ 0. Taking the supremum over
all 𝑛 and all 𝑓 , 𝑔 as above, we get

𝑈0(𝑥, 𝑦) ≤ 𝑈0(𝜆𝑥, 𝜆𝑦) +𝐾𝜆𝑥 log𝜆.

Switching 𝜆 to 𝜆−1 and replacing 𝑥, 𝑦 by 𝜆𝑥, 𝜆𝑦, respectively, yields the reverse
estimate.

Step 2. Let 𝐴, 𝐵 : [0,∞)→ ℝ be given by 𝐴(𝑥) = 𝑈0(𝑥, 0) and

𝐵(𝑥) =
𝑥

𝐾
− (𝐾 − 1)𝑥 log

(
𝐾 − 1

𝐾
𝑥

)
. (3.94)
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Fix 𝑥 > 0, 𝛿 > 0 and use 2∘ with 𝑥 > 0, 𝑦 = 0, 𝜀 = −1, 𝑡1 = −𝑥/𝐾, 𝑡2 = 𝛿𝑥 and
𝛼 = 𝐾𝛿/(1 +𝐾𝛿) to obtain

𝐴(𝑥) ≥ 𝐾𝛿

1 +𝐾𝛿
𝑈0

(
𝐾 − 1

𝐾
𝑥,

𝑥

𝐾

)
+

1

1 +𝐾𝛿
𝑈0(𝑥+ 𝛿𝑥,−𝛿)

≥ 𝐾𝛿

1 +𝐾𝛿
𝐵(𝑥) +

1

1 +𝐾𝛿
𝑈0(𝑥+ 𝛿𝑥,−𝛿),

where in the second passage we have exploited 1∘. Let us use 2∘ again, this time
with 𝑥 := 𝑥 + 𝛿𝑥, 𝑦 = −𝛿, 𝜀 = 1, 𝑡1 = −(𝑥 + (2 − 𝐾)𝛿𝑥)/𝐾, 𝑡2 = 𝛿𝑥 and
𝛼 = 𝐾𝛿/(1 + 2𝛿). Then apply 1∘ to obtain

𝑈0(𝑥+ 𝛿𝑥,−𝛿) ≥ 𝐾𝛿

1 + 2𝛿
𝐵(𝑥 + 2𝛿) +

1 + 2𝛿 −𝐾𝛿

1 + 2𝛿
𝐴
(
𝑥(1 + 2𝛿)

)
.

Combining the two estimates above and exploiting (3.93) leads to

𝐴(𝑥) ≥ 𝐾𝛿

1 +𝐾𝛿
𝐵(𝑥) +

1

1 +𝐾𝛿
⋅ 𝐾𝛿

1 + 2𝛿
𝐵
(
𝑥(1 + 2𝛿)

)
+

1

1 +𝐾𝛿
⋅ 1 + 2𝛿 −𝐾𝛿

1 + 2𝛿
[(1 + 2𝛿)𝐴(𝑥) −𝐾(1 + 2𝛿)𝑥 log(1 + 2𝛿)] ,

or, equivalently,

2(𝐾 − 1)𝛿
1 +𝐾𝛿

𝐴(𝑥) ≥ 𝐾𝛿

1 +𝐾𝛿
𝐵(𝑥) +

𝐾𝛿

(1 +𝐾𝛿)(1 + 2𝛿)
𝐵
(
𝑥(1 + 2𝛿)

)
− 1 + 2𝛿 −𝐾𝛿

1 +𝐾𝛿
⋅𝐾𝑥 log(1 + 2𝛿).

Divide throughout by 2𝛿, let 𝛿 → 0 and use continuity of 𝐵 to obtain
(𝐾 − 1)𝐴(𝑥) ≥ 𝐾𝐵(𝑥)−𝐾𝑥. (3.95)

The next move is to use 2∘ with 𝑥 := 𝑥/2, 𝑦 = 𝑥/2, 𝜀 = −1, 𝑡1 = (𝐾 − 2)/(2𝐾),
𝑡2 = 𝑥/2 and 𝛼 = 𝐾/2. With an aid of 1∘, this yields

𝑈0(𝑥/2, 𝑥/2) ≥ 𝐾

2
𝐵(𝑥) +

2−𝐾

𝐾
𝐴(𝑥).

However, the left-hand side is not larger than 𝐿, in view of 3∘. Thus, combining
this with (3.95), we obtain

𝐿 ≥ 𝐾

2(𝐾 − 1) [𝐵(𝑥) + (𝐾 − 2)𝑥]. (3.96)

This is valid for all 𝑥 ≥ 0. It is straightforward to check that the expression in the
square brackets attains its maximum at the point 𝑥0 = 𝐾/((𝐾 − 1) exp(𝐾−1)).
Plugging this into (3.96) gives

𝐿 ≥ 𝐾2

2(𝐾 − 1) exp(−𝐾−1),

that is, 𝐿 ≥ 𝐿(𝐾). The proof is complete. □
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On the search of the suitable majorant. We shall only deal with the case 1 < 𝐾 <
2; for 𝐾 ≥ 2, the reasoning is similar. As usual, we start by defining the function
𝑈0, corresponding to the logarithmic estimate for ±1-transforms. That is, for a
given 𝐾 > 1 and any 𝑥, 𝑦 ∈ ℝ, set 𝑉 (𝑥, 𝑦) = ∣𝑦∣ −𝐾∣𝑥∣ log ∣𝑥∣ and

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛)},
where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦).

For the sake of convenience, we split the further reasoning into several steps.

Step 1. A special curve. Let us gather some overall information on the func-
tion 𝑈0. Clearly, it enjoys the symmetry property

𝑈0(𝑥, 𝑦) = 𝑈0(−𝑥, 𝑦) = 𝑈0(𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℝ. (3.97)

How does the set {𝑈0 = 𝑉 } look like? First, note that when ∣𝑥∣ < 𝑒−1 and 𝑦 ∈ ℝ,
then 𝑈0(𝑥, 𝑦) > 𝑉 (𝑥, 𝑦). This can be seen by considering a pair (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦)
such that 𝑑𝑓1 = 𝑑𝑔1 and 𝑓1 takes the values ±𝑒−1: then

𝑈0(𝑥, 𝑦) ≥ 𝔼𝑉 (𝑓1, 𝑔1) = 𝔼∣𝑔1∣ −𝐾𝔼∣𝑓1∣ log ∣𝑓1∣ = 𝔼∣𝑔1∣+𝐾𝑒−1

≥ ∣𝑦∣+𝐾𝑒−1 > ∣𝑦∣ −𝐾∣𝑥∣ log ∣𝑥∣ = 𝑉 (𝑥, 𝑦).

On the other hand, suppose that 𝑥 > 𝑒−1 and 𝑦 is a fixed positive number. To
derive 𝑈0(𝑥, 𝑦), we need to find a pair (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) for which ∣∣𝑔∣∣1 is large in
comparison with 𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣. However, ∣∣𝑔∣∣1 increases only when 𝑔 gets close to
0; if 𝑦 is large, the increase of ∣∣𝑔∣∣1 will not be compensated by the cost arising from
the increase of 𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣. It is reasonable to impose the following assumption
(as usual, we pass from the notation 𝑈0 to 𝑈).

(A1) There is a function 𝛾 : (𝑒−1,∞) → ℝ such that 𝑈(𝑥, 𝑦) = 𝑉 (𝑥, 𝑦) if and
only if ∣𝑦∣ ≥ 𝛾(∣𝑥∣).

How does the function 𝛾 look like? It is natural to conjecture that

(A2) There is 𝑥∗ > 𝑒−1 such that 𝛾 is decreasing on (𝑒−1, 𝑥∗) and increasing on
(𝑥∗,∞). Furthermore, 𝛾 is of class 𝐶1 on both intervals, lim𝑥→𝑒−1+ 𝛾(𝑥) =
lim𝑥→∞ 𝛾(𝑥) =∞.

Step 2. Further assumptions on 𝑈 . As usual, we impose the following regu-
larity condition:

(A3) 𝑈 is of class 𝐶1 on ℝ
2.

The final, “structural” assumption is based on quite elaborate experimentation.
Let

𝐷1 = {(𝑥, 𝑦) ∈ [0,∞)× [0,∞) : 𝑥∗ + 𝛾(𝑥∗) ≤ 𝑥+ 𝑦 ≤ 𝑥+ 𝛾(𝑥)},
𝐷2 = {(𝑥, 𝑦) ∈ [0,∞)× [0,∞) : 𝑥+ 𝑦 < 𝑥∗ + 𝛾(𝑥∗) and − 𝑥+ 𝑦 ≤ −𝑥∗ + 𝛾(𝑥∗)},
𝐷3 = {(𝑥, 𝑦) ∈ [0,∞)× [0,∞) : −𝑥∗ + 𝛾(𝑥∗) ≤ −𝑥+ 𝑦 ≤ −𝑥+ 𝛾(𝑥)}
(see Figure 3.2).
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𝐷1

𝐷2

𝐷3

𝑦 = 𝛾(𝑥)

𝑥∗,
𝑥∗

𝐾 − 1

Figure 3.2: The regions 𝐷1–𝐷3 arising during the search. The bold
curve is the graph of the function 𝛾.

The assumption reads

(A4) On the set 𝐷1, 𝑈 is linear along the line segments of slope −1. On 𝐷2∪𝐷3,
𝑈 is linear along the line segments of slope 1.

Step 3. Derivation of 𝛾 and 𝑈 on 𝐷1. By (A1), (A3) and (A4) we get that
for all 𝑥 ≥ 𝑥∗ and 𝑡 ∈ [0, 𝛾(𝑥)],

𝑈(𝑥+ 𝑡, 𝛾(𝑥)− 𝑡) = 𝑈(𝑥, 𝛾(𝑥)) + 𝑈𝑥(𝑥, 𝛾(𝑥))𝑡 − 𝑈𝑦(𝑥, 𝛾(𝑥))𝑡

= 𝑉 (𝑥, 𝛾(𝑥)) + 𝑉𝑥(𝑥, 𝛾(𝑥))𝑡 − 𝑉𝑦(𝑥, 𝛾(𝑥))𝑡

= 𝛾(𝑥)−𝐾𝑥 log 𝑥−𝐾(1 + log 𝑥)𝑡− 𝑡.

(3.98)

By the symmetry property (3.97) and (A3), we have 𝑈𝑦(𝑥, 0) = 0 for all 𝑥, so the
formula (3.98) yields

𝛾′(𝑥) =
𝐾𝛾(𝑥)

𝑥
− 1.

Solving this differential equation gives 𝛾(𝑥) = 𝑥
𝐾−1 + 𝑐𝑥𝐾 for some constant 𝑐. It

is easy to see that 𝑐 ≥ 0, since otherwise 𝛾 would not satisfy (A2). Furthermore,
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we must have 𝑐 = 0: for positive 𝑐 it can be shown that the function 𝑈 grows too
fast, by virtue of (3.98). Thus, 𝛾(𝑥) = 𝑥

𝐾−1 for 𝑥 ≥ 𝑥∗ and (3.98) implies that

𝑈(𝑥, 𝑦) = 𝐾𝑦 − 𝑥−𝐾𝑥 log

(
𝐾 − 1

𝐾
(𝑥 + 𝑦)

)
(3.99)

provided (𝑥, 𝑦) ∈ 𝐷1.

Step 4. Derivation of 𝛾 on 𝐷2. For any 𝑥 ∈ [𝑥∗, 𝐾
𝐾−1𝑥∗], the point 𝑃 =

(𝑥, 𝐾
𝐾−1𝑥∗ − 𝑥) belongs to ∂𝐷1 ∩ ∂𝐷2, so by (A3), (A4) and (3.99) we may write

𝑈

(
𝑥− 𝑡,

𝐾

𝐾 − 1𝑥∗ − 𝑥− 𝑡

)
= 𝑈 (𝑃 )− [𝑈𝑥 (𝑃 ) + 𝑈𝑦 (𝑃 )] 𝑡,

provided 𝑡 ≤ min{𝑥, 𝐾
𝐾−1𝑥∗−𝑥}. This, after some tedious but simple calculations,

gives

𝑈(𝑥, 𝑦) =
𝐾 − 1
2𝑥∗

(𝑦2 − 𝑥2)− (𝐾 log 𝑥∗ + 1)𝑥+
𝐾2𝑥∗
2(𝐾 − 1)

for (𝑥, 𝑦) ∈ 𝐷1. By the symmetry condition (3.97) we have 𝑥∗ = exp(−𝐾−1): here
we make use of the assumption 𝐾 ≤ 2, since precisely for these values of 𝐾 the set
𝐷2 has a nonempty intersection with the 𝑦-axis. In conclusion, we have obtained
the following expression for 𝑈 :

𝑈(𝑥, 𝑦) =
(𝐾 − 1) exp(𝐾−1)

2
(𝑦2−𝑥2)+

𝐾2

2(𝐾 − 1) exp(−𝐾−1) on 𝐷2. (3.100)

Step 5. Derivation of 𝛾 and 𝑈 on 𝐷3. We proceed as in Step 3 and obtain,
for 𝑥 ∈ (𝑒−1, 𝑥∗) and 𝑡 ∈ [0, 𝑥],

𝑈(𝑥− 𝑡, 𝛾(𝑥)− 𝑡) = 𝛾(𝑥)−𝐾𝑥 log 𝑥− 𝑡+𝐾(1 + log 𝑥)𝑡. (3.101)

The equation 𝑈𝑥(0, 𝑦) = 0, valid for 𝑦 ≥ 0 by virtue of (3.97) and (A3), implies
the following condition on 𝛾:

𝛾′(𝑥) = 1− 1

1 + log 𝑥
, 𝑥 ∈ (𝑒−1, 𝑥∗).

However, 𝛾(𝑥∗) = 𝑥∗
𝐾−1 , so, by (A2),

𝛾(𝑥) = 𝑥+
𝑥∗(2−𝐾)

𝐾 − 1 +

∫ 𝑥∗

𝑥

1

1 + log 𝑡
d𝑡.

This, together with (3.101), allows to derive the formula for 𝑈 on 𝐷3. Indeed, if
𝐺 : (2−𝐾

𝐾−1𝑥∗,∞) → (𝑒−1, 𝑥∗] denotes the inverse of the function 𝑥 �→ 𝛾(𝑥) − 𝑥,
then

𝑈(𝑥, 𝑦) = 𝑦 − 𝑥+𝐺(𝑦 − 𝑥)−𝐾𝑥 log𝐺(𝑦 − 𝑥).



78 Chapter 3. Martingale Inequalities in Discrete Time

To complete the description, apply the symmetry condition (3.97) to obtain the
formula for 𝑈 on the whole plane. In fact, this function is the least majorant
(in the real-valued setting). To pass to the Hilbert-space-valued setting, one can
proceed as usual and interpret ∣ ⋅ ∣ as the corresponding norm. However, we do not
know if the obtained function satisfies the conditions 1∘–3∘. Instead of the quite
complicated verification of these, we make use of the integration argument, but
this requires an additional effort.

Step 6. The passage to the formula (3.91). It is more or less clear that as the
“simple” integrand function, we are forced to take 𝑢 given by (3.6). This follows,
for example, from the fact that it is the right choice in the proof of 𝐿𝑝 estimates
for small 𝑝 (that is, 1 < 𝑝 < 2). However, it is easy to check that no kernel leads
to the function 𝑈 invented above. A natural idea is to try to choose a kernel for
which the obtained function agrees with 𝑈 on a large part of ℝ2. But which part
is important? To answer this, let us inspect the proof of the optimality of the
constant 𝐿(𝐾). It is clear that we have exploited the properties of 𝑈0 on the set
𝐷1; by (3.99), this suggests to search for 𝑘 for which∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡 = 𝐾𝑦 − 𝑥−𝐾𝑥 log

(
𝐾 − 1

𝐾
(𝑥+ 𝑦)

)

provided (𝑥, 𝑦) ∈ 𝐷1. After some manipulations, this leads precisely to (3.91). □

3.7 Inequalities for bounded martingales

In this section we turn to another important class of inequalities. Namely, we
shall assume that the dominating process 𝑓 satisfies the boundedness condition
∣∣𝑓 ∣∣∞ ≤ 1.

3.7.1 Formulation of the results

We will establish two types of results: tail estimates and Φ-inequalities.

Theorem 3.10. Let 𝑓 and 𝑔 be ℋ-valued martingales such that ∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔 is
differentially subordinate to 𝑓 . Then

ℙ(∣𝑔∣∗ ≥ 𝜆) ≤ 𝑃 (𝜆) =

⎧⎨
⎩
1 if 0 < 𝜆 ≤ 1,
𝜆−2 if 1 < 𝜆 ≤ 2,
𝑒2−𝜆/4 if 𝜆 > 2.

(3.102)

The inequality is sharp for each 𝜆, even if 𝑓 is real and 𝑔 is assumed to be its
±1-transform.

Note that in contrast with the previous tail estimates, we cannot assume that
𝜆 = 1, since the condition ∣∣𝑓 ∣∣∞ ≤ 1 is not invariant with respect to scaling. In
other words, each value of 𝜆 requires an independent analysis.
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We have also the following one-sided version for real martingales.

Theorem 3.11. Let 𝑓 and 𝑔 be ℝ-valued martingales such that ∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔 is
differentially subordinate to 𝑓 . Then

ℙ(𝑔∗ ≥ 𝜆) ≤ 𝑃 (𝜆) =

⎧⎨
⎩
1 if 0 < 𝜆 ≤ 1,
(1−√

𝜆− 1/2)2 if 1 < 𝜆 ≤ 2,
𝑒2−𝜆/4 if 𝜆 > 2.

(3.103)

For each 𝜆 > 0, the bound on the right is sharp, even if we assume that 𝑔 is a
±1-transform of 𝑓 .

Now let us formulate the second result. Let Φ be an increasing convex function
on [0,∞), twice differentiable on (0,∞), such that Φ(0) = 0 and Φ′(0+) = 0.

Theorem 3.12.

(i) If Φ′ is convex, then

sup
𝑛

𝔼Φ(∣𝑔𝑛∣) ≤ 1
2

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡. (3.104)

(ii) If Φ′ is concave, then

sup
𝑛

𝔼Φ(∣𝑔𝑛∣) ≤ Φ(1). (3.105)

Both inequalities are sharp, even if 𝑓 is real and 𝑔 is assumed to be its ±1-
transform.

3.7.2 Proof of Theorem 3.10

Proof of (3.102). If 0 < 𝜆 ≤ 2, then the inequality is straightforward. Indeed, for
𝜆 ∈ (0, 1] there is nothing to prove, while for 𝜆 ∈ (1, 2], by Doob’s weak type
inequality (see (7.18) below),

ℙ(∣𝑔∣∗ ≥ 𝜆) ≤ ∣∣𝑔∣∣22
𝜆2

≤ ∣∣𝑓 ∣∣22
𝜆2

≤ ∣∣𝑓 ∣∣2∞
𝜆2

≤ 1
𝜆2

.

The main difficulty lies in showing the estimate for 𝜆 > 2. Using the stopping time
argument, it suffices to establish the corresponding bound

ℙ(∣𝑔𝑛∣ ≥ 𝜆) ≤ 𝑃 (𝜆) 𝑛 = 0, 1, 2, . . . .

We may use Burkholder’s method: take 𝑉𝜆(𝑥, 𝑦) = 1{∣𝑦∣≥𝜆} for (𝑥, 𝑦) ∈ 𝑆 =
{(𝑥, 𝑦) ∈ ℋ × ℋ : ∣𝑥∣ ≤ 1}. In order to introduce the majorant, consider the
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following subsets of the strip 𝑆:

𝐷0 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑥∣+ ∣𝑦∣ ≤ 1},
𝐷1 = {(𝑥, 𝑦) ∈ 𝑆 : 1 < ∣𝑥∣+ ∣𝑦∣ < 𝜆− 1 and 0 < ∣𝑥∣ < 1},
𝐷2 = {(𝑥, 𝑦) ∈ 𝑆 : 𝜆− 1− ∣𝑥∣ < ∣𝑦∣ < 𝜆− 1 + ∣𝑥∣ and ∣𝑥∣ < 1},
𝐷3 = {(𝑥, 𝑦) ∈ 𝑆 : 𝜆− 1 + ∣𝑥∣ < ∣𝑦∣ <

√
𝜆2 − 1 + ∣𝑥∣2, }

𝐷4 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ >
√

𝜆2 − 1 + ∣𝑥∣2 and ∣𝑥∣ < 1}.
Define 𝑈𝜆 by

𝑈𝜆(𝑥, 𝑦) =

⎧⎨
⎩

(1 + ∣𝑦∣2 − ∣𝑥∣2)𝑒2−𝜆/4 on 𝐷0,

(1− ∣𝑥∣)𝑒∣𝑥∣+∣𝑦∣−𝜆+1/2 on 𝐷1,

(1− ∣𝑥∣2)((𝜆 − ∣𝑦∣)2 + 1− ∣𝑥∣2)−1 on 𝐷2,

1− (𝜆2 − 1− ∣𝑦∣2 + ∣𝑥∣2)(4(𝜆− 1))−1 on 𝐷3,

1 on 𝐷4

(3.106)

and extend it to the whole 𝑆 by continuity and the condition 𝑈𝜆(𝑥, 𝑦) = 1 for
∣𝑥∣ = 1 and ∣𝑦∣ = 𝜆. It is evident that 𝑈𝜆 majorizes 𝑉𝜆. Now we will show that

𝑈𝜆(𝑥 + ℎ, 𝑦 + 𝑘) ≤ 𝑈𝜆(𝑥, 𝑦) + 𝐴(𝑥, 𝑦) ⋅ ℎ+𝐵(𝑥, 𝑦) ⋅ 𝑘 (3.107)

for all (𝑥, 𝑦) ∈ 𝑆 such that ∣𝑥∣ < 1 and ∣𝑘∣ ≤ ∣ℎ∣. Here

𝐴(𝑥, 𝑦) =

⎧⎨
⎩

−𝑒2−𝜆𝑥/2 on 𝐷0,

−𝑒∣𝑥∣+∣𝑦∣−𝜆+1𝑥/2 on 𝐷1,

−2(𝜆− ∣𝑦∣)2[(𝜆− ∣𝑦∣)2 + 1− ∣𝑥∣2]−2𝑥 on 𝐷2,

−𝑥/(2𝜆− 2) on 𝐷3,

0 on 𝐷4,

𝐵(𝑥, 𝑦) =

⎧⎨
⎩

𝑒2−𝜆𝑦/2 on 𝐷0,

𝑒∣𝑥∣+∣𝑦∣−𝜆+1(1 − ∣𝑥∣)𝑦′/2 on 𝐷1,

2(𝜆− ∣𝑦∣)(1− ∣𝑥∣2)[(𝜆− ∣𝑦∣)2 + 1− ∣𝑥∣2]−2𝑦′ on 𝐷2,

𝑦/(2𝜆− 2) on 𝐷3,

0 on 𝐷4.

and 𝐴 and 𝐵 are extended to the whole 𝑆 in such a way that their restrictions
to 𝐷3 and 𝑆 ∖ 𝐷3 are continuous. To establish (3.107), fix (𝑥, 𝑦), (ℎ, 𝑘) ∈ ℋ ×ℋ
such that ∣𝑥∣ < 1 and ∣𝑘∣ ≤ ∣ℎ∣ and consider the function 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 given on
{𝑡 ∈ ℝ : ∣𝑥 + 𝑡ℎ∣ ≤ 1} by the formula 𝐺(𝑡) = 𝑢(𝑥+ 𝑡ℎ, 𝑦 + 𝑡𝑘). It suffices to show
that 𝐺 satisfies 𝐺′′(0) ≤ 0 if (𝑥, 𝑦) ∈ 𝐷0 ∪ 𝐷1 ∪ ⋅ ⋅ ⋅ ∪ 𝐷4 and 𝐺′(0−) ≥ 𝐺′(0+)
otherwise. If (𝑥, 𝑦) ∈ 𝐷0, then

𝐺′′(0) = 𝑒2−𝜆(∣𝑘∣2 − ∣ℎ∣2)/2 ≤ 0.
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For (𝑥, 𝑦) ∈ 𝐷1, 𝐺
′′(0) equals

𝑒∣𝑥∣+∣𝑦∣−𝜆+1

2

[
−∣𝑥∣(𝑥′ ⋅ ℎ+ 𝑦′ ⋅ 𝑘)2 + ∣𝑘∣2 − ∣ℎ∣2 − (∣𝑘∣

2 − (𝑦′ ⋅ 𝑘)2)(∣𝑥∣ + ∣𝑦∣ − 1)
∣𝑦∣

]

which is also nonpositive. If (𝑥, 𝑦) ∈ 𝐷2, then a little calculation yields

𝐺′′(0) = −2[(𝜆− ∣𝑦∣)21− ∣𝑥∣2]−3(𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼),

where

𝐼 = (∣ℎ∣2 − ∣𝑘∣2)(𝜆− ∣𝑦∣)2[(𝜆− ∣𝑦∣)2 + 1− ∣𝑥∣2] ≥ 0,
𝐼𝐼 = [{(𝜆− ∣𝑦∣)2 − (1− ∣𝑥∣2)}𝑦′ ⋅ 𝑘 + 2(𝜆− ∣𝑦∣)𝑥 ⋅ ℎ]2 ≥ 0,

𝐼𝐼𝐼 = (𝜆− ∣𝑦∣)[(𝜆− ∣𝑦∣)2 + 1− ∣𝑥∣2][∣𝑘∣2 − (𝑦′ ⋅ 𝑘)2][𝜆− ∣𝑦∣ − (1 − ∣𝑥∣2)/∣𝑦∣] ≥ 0.
Therefore 𝐺′′(0) ≤ 0 in this case as well. If (𝑥, 𝑦) ∈ 𝐷3, we have

𝐺′′(0) =
∣𝑘∣2 − ∣ℎ∣2
2(𝜆− 1) ≤ 0

and, finally, 𝐺′′(0) = 0 on 𝐷4. It suffices to verify the inequality for one-sided
derivatives. For example, suppose that (𝑥, 𝑦) ∈ ∂𝐷3∩∂𝐷4, that is, ∣𝑦∣2 = 𝜆2− 1+
∣𝑥∣2. If (𝑥+ 𝑡ℎ, 𝑦+ 𝑡𝑘) ∈ 𝐷4 for small positive 𝑡, then 𝐺′(0+) = 0 and 𝐺′(0−) < 0.
Similarly, if (𝑥+ 𝑡ℎ, 𝑦+ 𝑡𝑘) ∈ 𝐷3 for small 𝑡 > 0, then 𝐺′(0−) = 0 > 𝐺′(0+). The
remaining inequalities for one-sided derivatives are verified in the same manner.
This finishes the proof of (3.107).

The final observation is that if ∣𝑦∣ ≤ ∣𝑥∣ ≤ 1, then, by the property (3.107)
we have just proved,

𝑈𝜆(𝑥, 𝑦) ≤ 𝑈𝜆(0, 0) +𝐴(0, 0) ⋅ 𝑥+𝐵(0, 0) ⋅ 𝑦 = 𝑃 (𝜆).

Now we are ready to establish (3.102). Let 𝑓 , 𝑔 be as in the statement. We can
not use Burkholder’s method yet, since we do not have the necessary integrability:
the functions 𝐴 and 𝐵 blow up when ∣𝑥∣ → 1 and ∣𝑦∣ → 𝜆. To overcome this, fix
𝛼 ∈ (0, 1) and apply Theorem 2.7 to the pair (𝛼𝑓, 𝛼𝑔). This is allowed, since this
pair takes values in the set {(𝑥, 𝑦) ∈ ℋ×ℋ : ∣𝑥∣ ≤ 𝛼}, on which 𝑈𝜆, 𝐴 and 𝐵 are
bounded. We get

𝔼𝑉𝜆(𝛼𝑓𝑛, 𝛼𝑔𝑛) ≤ 𝔼𝑈𝜆(𝛼𝑓0, 𝛼𝑔0) ≤ 𝑃 (𝜆),

that is, ℙ(∣𝑔𝑛∣ ≥ 𝜆/𝛼) ≤ 𝑃 (𝜆). Letting 𝛼 → 1 gives ℙ(∣𝑔𝑛∣ > 𝜆) ≤ 𝑃 (𝜆); to get the
nonstrict inequality on the left, it suffices to use the fact that 𝑃 is a continuous
function of the parameter 𝜆. □

Sharpness. If 𝜆 ≤ 1, then take the constant pair (𝑓, 𝑔) ≡ (1, 1). Then 𝑓 , 𝑔 have
the required properties (that is, they are martingales and 𝑔 is a ±1-transform of
𝑓) and the two sides of (3.102) are equal. Suppose now that 𝜆 ∈ (1, 2] and assume
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that we find a pair (𝑓, 𝑔) of bounded martingales such that ∣𝑓∞∣ ≡ 1, ∣𝑔∞∣ ∈ {0, 𝜆}
and 𝑔 is a ±1-transform of 𝑓 . Then

ℙ(∣𝑔∣∗ ≥ 𝜆) ≥ ℙ(∣𝑔∞∣ ≥ 𝜆) =
∣∣𝑔∣∣22
𝜆2
=
∣∣𝑓 ∣∣22
𝜆2
=
1

𝜆2
.

The desired pair can be defined as follows. First, introduce the sets

𝐸1 = {(1, 0), (1− 𝜆/2, 𝜆/2)} and 𝐸2 = {(1, 𝜆), (−𝜆/2,−1 + 𝜆/2)}.

The process (𝑓, 𝑔) is uniquely determined by the conditions 𝑓0 = 𝑔0 ≡ 1/2,

(𝑓2𝑘+1, 𝑔2𝑘+1) ∈ 𝐸1, (𝑓2𝑘+2, 𝑔2𝑘+2) ∈ 𝐸2, (−𝑓2𝑘+3,−𝑔2𝑘+3) ∈ 𝐸1

and (−𝑓2𝑘+4,−𝑔2𝑘+4) ∈ 𝐸2 for 𝑘 = 0, 1, 2, . . ..

Finally, we turn to the case 𝜆 > 2. Fix a positive integer 𝑁 > 𝜆 − 2 and set
𝛿 = (𝜆 − 2)/(2𝑁). Consider a sequence (𝜉𝑛)2𝑁𝑛=1 of independent centered random
variables such that 𝜉1 ∈ {−1/2− 𝛿, 𝛿}, 𝜉2𝑘 ∈ {−1 + 𝛿, 𝛿} and 𝜉2𝑘+1 ∈ {−𝛿, 1} for
𝑘 = 1, 2, . . . , 𝑁 − 1, and, finally, 𝜉2𝑁 ∈ {−1 + 𝛿, 1 + 𝛿}. Put

𝐹𝑛 =
1

2
+

𝑛∧(2𝑁)∑
𝑘=0

𝜉𝑘, and 𝐺𝑛 =
1

2
+

𝑛∧(2𝑁)∑
𝑘=0

(−1)𝑛𝜉𝑘.

Then 𝐹 , 𝐺 are martingales such that 𝐺 is a ±1-transform of 𝐹 . Let 𝜏 = inf{𝑛 :
∣𝐹𝑛∣ = 1} and put 𝑓𝑛 = 𝐹𝜏∧𝑛, 𝑔𝑛 = 𝐺𝜏∧𝑛. Then 𝑓 is a martingale satisfying
∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔 is its ±1-transform. It is easy to check that 𝑔 is nonnegative and
reaches 𝜆 if 𝜉1 = −1/2−𝛿, ∣𝜉𝑘∣ = 𝛿 for 2 ≤ 𝑘 ≤ 2𝑁−1 and 𝜉2𝑁 = 1+𝛿. Therefore,
using the independence of the 𝜉𝑗 ’s, we get

ℙ(𝑔∗ ≥ 𝜆) ≥ 1

2 + 2𝛿
⋅ (1 − 𝛿)𝑁−1 ⋅ (1 + 𝛿)−𝑁+1 ⋅ 1− 𝛿

2
.

However, since 𝛿 = (𝜆−2)/(2𝑁), we see that for sufficiently large𝑁 , the right-hand
side can be made arbitrarily close to

1

2
⋅ 𝑒−(𝜆−2)/2 ⋅ 𝑒−(𝜆−2)/2 ⋅ 1

2
= 𝑃 (𝜆).

This completes the proof. □

On the search of the suitable majorant. Let us first focus on the case ℋ = ℝ. It
turns out that the majorant we obtain in this case will be a bit different from the
one above.

Step 1. Initial observations. Fix 𝜆 > 2 and let us use an appropriate version
of (2.1). Recall that for any (𝑥, 𝑦) ∈ [−1, 1] × ℝ, the class 𝑀(𝑥, 𝑦) consists of
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martingale pairs (𝑓, 𝑔) such that (𝑓0, 𝑔0) ≡ (𝑥, 𝑦), ∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔 is a ±1-
transform of 𝑓 . Define

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 𝜆) : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦), 𝑛 = 0, 1, 2, . . .}. (3.108)

Obviously, 0 ≤ 𝑈0(𝑥, 𝑦) ≤ 1 for all (𝑥, 𝑦) ∈ [−1, 1]×ℝ. If ∣𝑦∣ ≥ 𝜆, then considering
the constant pair (𝑓, 𝑔) ≡ (𝑥, 𝑦) gives 𝑈0(𝑥, 𝑦) = 1. Similarly, if ∣𝑦∣ < 𝜆 but ∣𝑥∣ = 1,
then𝑀(𝑥, 𝑦) has only one element, a constant one. This gives 𝑈0(𝑥, 𝑦) = 0. Finally,
we have the symmetry

𝑈0(𝑥, 𝑦) = 𝑈0(𝑥,−𝑦) = 𝑈0(−𝑥, 𝑦) (3.109)

for all (𝑥, 𝑦) ∈ [−1, 1]× ℝ. Thus it remains to determine the majorant on the set
𝐶 = [0, 1]× [0, 𝜆].

Step 2. Key assumptions. Now we will impose some conditions on the ma-
jorant. As they do not follow from (3.108), we change the notation and write 𝑈
instead of 𝑈0, as usually. The general idea, already exploited in the previous es-
timates, is to decompose 𝐶 into a finite family {𝐶𝑖} such that on each 𝐶𝑖 the
majorant 𝑈 is either linear along all lines of slope −1 or linear along all lines of
slope 1. Some experimentation leads to the following decomposition:

𝐶0 = {(𝑥, 𝑦) ∈ 𝐶 : 𝑥+ 𝑦 ≤ 1},
𝐶1 = {(𝑥, 𝑦) ∈ 𝐶 : 1 < 𝑥+ 𝑦 < 𝜆− 1},
𝐶2 = {(𝑥, 𝑦) ∈ 𝐶 : 𝜆− 1− 𝑥 ≤ 𝑦 ≤ 𝜆− 1 + 𝑥},
𝐶3 = {(𝑥, 𝑦) ∈ 𝐶 : 𝜆− 1 + 𝑥 < 𝑦 < 1},
𝐶4 = {(𝑥, 𝑦) ∈ 𝐶 : 𝑦 ≥ 1}.

After symmetrization, this leads to a decomposition of [−1, 1]×ℝ which is slightly
different from the one generated by the sets 𝐷0–𝐷4 above. As already mentioned,
we have

𝑈(𝑥, 𝑦) = 1 on 𝐶4. (3.110)

Next, motivated by some experimentation, we assume that:

(A1) On 𝐶0, 𝐶1 and 𝐶2 the majorant is linear along the lines of slope −1 and
on 𝐶3 it is linear along the lines of slope 1.

(A2) 𝑈 is of class 𝐶1 on (−1, 1)× ℝ.

In fact, it will turn out that the differentiability on the whole strip cannot hold (so
there is no 𝑈 satisfying both (A1) and (A2) as well as the previous properties),
but the arguments will lead to the right function and it will be clear how to modify
the second assumption.

Step 3. The formula for 𝑈 . Denote 𝐴(𝑥) = 𝑈(𝑥, 0) and 𝐵(𝑦) = 𝑈(0, 𝑦) for
𝑥 ∈ [0, 1] and 𝑦 ∈ [0, 𝜆]. By (A1), we have

𝐵(𝜆− 1) = 1
2
𝑈(−1, 𝜆) + 1

2
𝑈(1, 𝜆− 2) = 1

2
. (3.111)
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Furthermore, by (A1), if (𝑥, 𝑦) ∈ 𝐶1, then

𝑈(𝑥, 𝑦) = (1− 𝑥)𝐵(𝑥 + 𝑦) + 𝑥𝑈(𝑥+ 𝑦 − 1, 1) = (1− 𝑥)𝐵(𝑥 + 𝑦).

Now, by (A2) and (3.109), we have 𝑈𝑥(0, 𝑦) = 0 if (0, 𝑦) ∈ 𝐶1, which, by the above,
leads to the differential equation 𝐵′(𝑦) = 𝐵(𝑦). Using (3.111), we get

𝐵(𝑦) = 𝑒𝑦−𝜆+1/2 for 1 ≤ 𝑦 ≤ 𝜆− 1 (3.112)

and hence
𝑈(𝑥, 𝑦) = (1− 𝑥)𝑒𝑥+𝑦−𝜆+1/2 on 𝐶1. (3.113)

Using (A1) we have, for (𝑥, 𝑦) ∈ 𝐶2,

𝑈(𝑥, 𝑦) =
2− 2𝑥

−𝑥− 𝑦 + 𝜆+ 1
𝑈(1, 𝑥+ 𝑦 − 1)

+
2− 2𝑥

−𝑥− 𝑦 + 𝜆+ 1
𝑈

(
𝑥+ 𝑦 − 𝜆+ 1

2
,
𝑥+ 𝑦 + 𝜆− 1

2

)

=
2− 2𝑥

−𝑥− 𝑦 + 𝜆+ 1
𝑈

(
𝑥+ 𝑦 − 𝜆+ 1

2
,
𝑥+ 𝑦 + 𝜆− 1

2

)
.

Using (A1) and (A2) again, we obtain

𝑈

(
𝑥+ 𝑦 − 𝜆+ 1

2
,
𝑥+ 𝑦 + 𝜆− 1

2

)
=
−𝑥− 𝑦 + 1− 𝜆

4
𝑈

(
−1, 𝑥+ 𝑦 + 𝜆− 3

2

)

+
𝑥+ 𝑦 + 𝜆− 3

4
𝑈(1, 𝜆)

=
𝑥+ 𝑦 + 𝜆− 3

4

and plugging this into the previous equation yields

𝑈(𝑥, 𝑦) =
(1− 𝑥)(𝑥 + 𝑦 − 𝜆+ 3)

2(−𝑥− 𝑦 + 𝜆+ 1)
on 𝐶2. (3.114)

Now pick (𝑥, 𝑦) ∈ 𝐶3 and use (A1) to obtain

𝑈(𝑥, 𝑦) =
𝑥

𝑥− 𝑦 + 𝜆
𝑈(𝑥− 𝑦 + 1, 𝜆) +

𝜆− 𝑦

𝑥− 𝑦 + 𝜆
𝐵(𝑦 − 𝑥)

=
𝑥

𝑥+ 𝜆− 𝑦
+

𝜆− 𝑦

𝑥− 𝑦 + 𝜆
𝐵(𝑦 − 𝑥).

Since 𝑈𝑥(0, 𝑦) = 0 for 𝑦 ∈ [𝜆− 1, 𝜆], this leads to the differential equation

𝐵′(𝑦) = −𝐵(𝑦)

𝜆− 𝑦
+
1

𝜆− 𝑦
,
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with the solution of the form 𝐵(𝑦) = 𝑐(𝜆−𝑦)+1. Since 𝐵(𝜆−1) = 1/2, as derived
above, we obtain 𝐵(𝑦) = 𝑦−𝜆

2 + 1 and hence

𝑈(𝑥, 𝑦) =
𝑦 − 𝜆

2
+ 1 on 𝐶3. (3.115)

Finally, let us take (𝑥, 𝑦) ∈ 𝐶0. We have

𝑈(𝑥, 𝑦) =
𝑥

𝑥+ 𝑦
𝐴(𝑥+ 𝑦) +

𝑦

𝑥+ 𝑦
𝐵(𝑥+ 𝑦).

The conditions 𝑈𝑥(0, 𝑦) = 𝑈𝑦(𝑥, 0) = 0, 𝑥 ∈ [0, 1), 𝑦 ∈ [0, 1], imply

𝐵′(𝑦) =
−𝐴(𝑦) +𝐵(𝑦)

𝑦
and 𝐴′(𝑥) =

𝐴(𝑥) −𝐵(𝑥)

𝑥
.

Consequently, 𝐴′(𝑠) = −𝐵′(𝑠) for 𝑠 ∈ [0, 1), so 𝐴(𝑠) = −𝐵(𝑠)+𝑐 for some constant
𝑐. Putting 𝑠 = 0 and using the equality 𝐴(0) = 𝐵(0) we get that 𝑐 = 2𝐵(0) and,
coming back to the differential equation for 𝐵, we get

𝐵′(𝑦) =
2𝐵(𝑦)− 2𝐵(0)

𝑦
.

Solving this equation, we get 𝐵(𝑦) = 𝑎𝑦2 + 𝐵(0) for some constant 𝑎. However,
𝐵 is of class 𝐶1, so, by (3.112), 𝐵(1) = 𝐵′(1) = 𝑒2−𝜆/2. This implies 𝑎 = 𝐵(0) =
𝑒2−𝜆/4 and hence

𝑈(𝑥, 𝑦) =
𝑒2−𝜆

4
(−𝑥2 + 𝑦2 + 1) on 𝐶0. (3.116)

One can show that the function 𝑈 above (after extension to the whole [−1, 1]×ℝ

by (3.109)) coincides with the function 𝑈0. In addition, this function works also for
differentially subordinate martingales in the real-valued setting. However, we have
done all the computation in the caseℋ = ℝ: if the dimension ofℋ over ℝ is at least
2, then the usual extension, given by 𝑈ℋ

𝜆 (𝑥, 𝑦) = 𝑈(∣𝑥∣, ∣𝑦∣) does no longer work.
For example, take a point (0, 𝑦) ∈ ℋ × ℋ such that ∣𝑦∣ = √𝜆2 − 1 + ∣𝑥∣2 < 𝜆.

We have 𝑈(0, ∣𝑦∣) = 𝑦−𝜆
2 + 1 < 1. On the other hand, since ℋ is at least two-

dimensional, there is a norm-one vector 𝑧 ∈ ℋ which is orthogonal to 𝑦. For a
Rademacher variable 𝜀 we have

𝔼𝑈(∣𝑧𝜀∣, ∣𝑦 + 𝑧𝜀∣) = 𝑈(∣ − 𝑧∣, ∣𝑦 − 𝑧∣) + 𝑈(∣𝑧∣, ∣𝑦 + 𝑧∣)
2

= 1,

since ∣𝑦 ± 𝑧∣ = 𝜆. We see that the concavity property 2∘ is not satisfied. How-
ever, some experiments based on the example we have just considered lead to the
function 𝑈𝜆 given in (3.106). □
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3.7.3 Proof of Theorem 3.11

The case 𝜆 ≤ 1 is trivial and the case 𝜆 ≥ 2 follows immediately from the preceding
theorem, so it suffices to prove the assertion for 𝜆 ∈ (1, 2]. However, we shall
present here a new argument which works for all values of 𝜆. Let

𝑈0(𝑥, 𝑦) = sup{ℙ(𝑔∗𝑛 ≥ 𝜆)},
where the supremum is taken over all pairs (𝑓, 𝑔) of real martingales starting from
(𝑥, 𝑦), such that ∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔 satisfies ∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ almost surely for all 𝑛 ≥ 1.
Note that this class is much larger than 𝑀(𝑥, 𝑦). For such pairs (𝑓, 𝑔) we may
write, for any 𝑠 > 0,

ℙ(𝑔∗𝑛 ≥ 𝜆) = ℙ((𝑔𝑛 + 𝑠)∗ ≥ 𝜆+ 𝑠)

= ℙ(∣𝑔𝑛 + 𝑠∣∗ ≥ 𝜆+ 𝑠)− ℙ

(
inf

0≤𝑘≤𝑛
(𝑔𝑘 + 𝑠) ≤ −𝜆− 𝑠

)

and if 𝑠 → ∞, then the second probability in the last line converges to 0. Conse-
quently, from the remarks just after (3.116), we infer that

𝑈0(𝑥, 𝑦) = lim
𝑠→∞ 𝑈𝜆+𝑠(𝑥, 𝑦 + 𝑠),

where 𝑈𝜆 is given by (3.110), (3.113), (3.114), (3.115), (3.116) and the symmetry
condition (3.109). Calculating the limit, we obtain

𝑈0(𝑥, 𝑦) =

⎧⎨
⎩
(1− ∣𝑥∣)𝑒∣𝑥∣+𝑦−𝜆+1/2 if (𝑥, 𝑦) ∈ 𝐷1,
(1−∣𝑥∣)(3+∣𝑥∣+𝑦−𝜆)

2(𝜆−∣𝑥∣−𝑦+1) if (𝑥, 𝑦) ∈ 𝐷2,

1− (𝜆− 𝑦)/2 if (𝑥, 𝑦) ∈ 𝐷3,

1 if (𝑥, 𝑦) ∈ 𝐷4,

where 𝐷1–𝐷4 are the subsets of [−1, 1]× ℝ given by

𝐷1 = {(𝑥, 𝑦) : 𝑦 < 𝜆− 1− ∣𝑥∣},
𝐷2 = {(𝑥, 𝑦) : 𝜆− 1− ∣𝑥∣ ≤ 𝑦 < 𝜆− 1 + ∣𝑥∣},
𝐷3 = {(𝑥, 𝑦) : 𝜆− 1 + ∣𝑥∣ ≤ 𝑦 ≤ 𝜆},
𝐷4 = {(𝑥, 𝑦) : 𝑦 > 𝜆}.

It remains to note that 𝑃 (𝜆) = sup∣𝑦∣≤∣𝑥∣≤1 𝑈0(𝑥, 𝑦): the claim follows.

3.7.4 Proof of Theorem 3.12

It turns out that the inequalities (3.104) and (3.105) are completely different in
nature.

Proof of (3.104). As the reader has noticed, the constant from (3.104) appears
also in (3.16). In fact the proofs of both these estimates have many similarities,
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though it should be stressed that the conditions imposed on Φ are entirely different:
in (3.16) we considered functions with a strictly concave derivative, while here we
assume that Φ′ is a convex function on (0,∞). We keep the notation 𝑆 = {(𝑥, 𝑦) ∈
ℋ×ℋ : ∣𝑥∣ ≤ 1} from one of the previous subsections, and define

𝐷1 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑥∣+ ∣𝑦∣ ≤ 1},
𝐷2 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑥∣+ ∣𝑦∣ > 1}.

Let 𝑉Φ, 𝑈Φ : {(𝑥, 𝑦) ∈ ℋ×ℋ : ∣𝑥∣ ≤ 1} → ℝ be given by 𝑉Φ(𝑥, 𝑦) = Φ(∣𝑦∣) and

𝑈Φ(𝑥, 𝑦) =

{ ∣𝑦∣2−∣𝑥∣2+1
2

∫∞
0

𝑒−𝑡Φ(𝑡)d𝑡 on 𝐷1,

∣𝑥∣Φ(∣𝑥∣+ ∣𝑦∣ − 1) + (1− ∣𝑥∣)𝑒∣𝑥∣+∣𝑦∣ ∫∞
∣𝑥∣+∣𝑦∣ 𝑒

−𝑡Φ(𝑡− 1)d𝑡 on 𝐷2.

A little calculation shows that

𝑈Φ(𝑥, 𝑦) =

∫ ∞

1

𝑘Φ(𝑡)𝑈∞(𝑥/𝑡, 𝑦/𝑡)d𝑡+
∣𝑦∣2 − ∣𝑥∣2 + 1

2

∫ ∞

0

𝑒−𝑡Φ(𝑡)d𝑡,

where

𝑘Φ(𝑡) =
𝑡2

2

[
𝑒𝑡
∫ ∞

𝑡

𝑒−𝑠Φ′′(𝑠− 1)d𝑠− Φ′′(𝑡− 1)
]
.

Note that 𝑘Φ is nonnegative, due to the assumptions on Φ. It is easy to see that
𝑈Φ(𝑥, 𝑦) decreases as ∣𝑥∣ increases. Consequently, if 𝑧 ∈ ℋ has norm 1, then

𝑈Φ(𝑥, 𝑦) ≥ 𝑈Φ(𝑧, 𝑦) = Φ(∣𝑦∣) = 𝑉Φ(𝑥, 𝑦).

Thus it suffices to show that we have the integrability needed to apply Fubini’s
theorem. But this is evident: since 𝑓 is bounded, so is 𝑔𝑛 for any 𝑛. □

Sharpness. We repeat the argumentation from the part of Subsection 3.1.5 con-
cerning the sharpness of (3.16). Let 𝑓 and 𝑔 be the sequences studied there. Then
𝑓 is a ±1-transform of 𝑔, 𝑔 is bounded in absolute value by 1 and 𝔼Φ(∣𝑓∞∣) can
be made arbitrarily close to 1

2

∫∞
0 Φ(𝑡)𝑒

−𝑡d𝑡. This is exactly what we need. □

On the search of the suitable majorant. This is part very similar to the search pre-
sented in Subsection 3.1.5. We omit the details. □

Proof of (3.105). Let Ψ : [0,∞) → [0,∞) be given by Ψ(𝑠) = Φ(√𝑠). We easily
check that for 𝑠 > 0,

Ψ′′(𝑠) =
1

4𝑠3/2
(Φ′′(

√
𝑠)
√

𝑠− Φ′(
√

𝑠)) ≤ 0,
since Φ′ is concave and Φ′(0+) = 0. Therefore, we have Ψ′(1)(𝑠2 − 1) ≥ Ψ(𝑠2) −
Ψ(1), or, in terms of Φ,

Φ′(1)
2
(𝑠2 − 1) + Φ(1) ≥ Φ(𝑠). (3.117)

Now we are ready to apply Burkholder’s method. Let 𝑉Φ(𝑥, 𝑦) = Φ(∣𝑦∣) and

𝑈Φ(𝑥, 𝑦) =
Φ′(1)
2
(∣𝑦∣2 − ∣𝑥∣2) + Φ(1).
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The majorization 𝑈Φ ≥ 𝑉Φ is a consequence of (3.117):

𝑈Φ(𝑥, 𝑦) ≥ Φ
′(1)
2
(∣𝑦∣2 − 1) + Φ(1) ≥ 𝑉Φ(𝑥, 𝑦).

Obviously, the condition 2∘ is satisfied and 𝑈Φ(𝑥, 𝑦) ≤ Φ(1) for ∣𝑦∣ ≤ ∣𝑥∣. Thus

𝔼𝑉Φ(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈Φ(𝑓0, 𝑔0) ≤ Φ(1)

and we are done. □

Sharpness. This is trivial: take (𝑓, 𝑔) ≡ (1, 1). □

On the search of the suitable majorant. As usual, assume that ℋ = ℝ and let us
restrict ourselves to the case of ±1-transforms. Let 𝑉 (𝑥, 𝑦) = Φ(∣𝑦∣). We may
assume that the function 𝑈 we search for satisfies the symmetry condition

𝑈(𝑥, 𝑦) = 𝑈(𝑥,−𝑦) = 𝑈(−𝑥, 𝑦).

Consequently, it suffices to determine it on 𝑆+ = [0, 1]× [0,∞). The key assump-
tions are the following:

(A1) 𝑈 is of class 𝐶1 on 𝑆,

(A2) 𝑈 is linear along all line segments of slope 1 contained in the set 𝑆+.

These conditions imply that 𝑈(0, 0) = (𝑈(1, 1) + 𝑈(−1,−1))/2 = Φ(1). What is
more important, if we modify 𝑈 outside the diagonals {(𝑥, 𝑦) : ∣𝑥∣ = ∣𝑦∣} (but
keep 1∘, 2∘ and 3∘ valid), then the new function will yield the sharp Φ-inequality
as well. Now if we look at the functions used in the previous problems, the guess
𝑈(𝑥, 𝑦) = 𝑎(∣𝑦∣2 − ∣𝑥∣2) + Φ(1) comes quickly into one’s mind. This leads to the
special function considered above. □

3.8 Inequalities for nonsymmetric martingale

transforms

The next problem we shall study is the following. Assume that 𝑓 is a martingale
and 𝑔 is its transform by a predictable sequence taking values in [0, 1]. We may
ask about optimal constants in the corresponding weak, strong and logarithmic
estimates. We can also study these inequalities in a wider setting, where the mar-
tingale transform is replaced by a weaker assumption which may be regarded as
“nonsymmetric differential subordination”:

∣𝑑𝑔𝑛∣2 ≤ 𝑑𝑓𝑛 ⋅ 𝑑𝑔𝑛, 𝑛 = 0, 1, 2, . . . . (3.118)

Note that this is equivalent to saying that the martingale −𝑓/2+𝑔 is differentially
subordinate to 𝑓/2.



3.8. Inequalities for nonsymmetric martingale transforms 89

3.8.1 Formulation of the result

We begin with the result concerning weak-type estimates. Let

𝐾𝑝,∞ =

⎧⎨
⎩
1 if 1 ≤ 𝑝 ≤ 2,
1
2

[
(2𝑐+𝑝−1)𝑝−1

𝑐+1

]1/𝑝
if 𝑝 > 2,

where 𝑐 = 𝑐(𝑝) > 1 is the unique number satisfying

𝑐𝑝−1 = 2𝑐+ 1. (3.119)

Theorem 3.13. Assume that 𝑓 , 𝑔 are ℋ-valued martingales satisfying the condition
(3.118). Then for any 1 ≤ 𝑝 < ∞ we have

∣∣𝑔∣∣𝑝,∞ ≤ 𝐾𝑝,∞∣∣𝑓 ∣∣𝑝 (3.120)

and the constant is the best possible. In fact, it is already the best possible if ℋ = ℝ

and 𝑔 is a transform of 𝑓 by a deterministic sequence taking values in {0, 1}.
The moment inequalities turn out to be much more difficult. Let 1 < 𝑝 < ∞.

In [52], Choi introduced constants 𝑐𝑝, depending only on 𝑝, with the following
behavior as 𝑝 →∞:

𝑐𝑝 =
𝑝

2
+
1

2
log

(
1 + 𝑒−2

2

)
+
[ 12 log

1+𝑒−2

2 ]2 + 1
2 log

1+𝑒2

2 − 2(𝑒2 + 1)−2

𝑝
+ ⋅ ⋅ ⋅ .

Theorem 3.14. Assume that 𝑓 , 𝑔 are real-valued martingales satisfying (3.118).
Then for 1 < 𝑝 < ∞,

∣∣𝑔∣∣𝑝 ≤ 𝑐𝑝∣∣𝑓 ∣∣𝑝 (3.121)

and the constant is the best possible. It is already the best possible if ℋ = ℝ and 𝑔
is a transform of 𝑓 by a deterministic sequence taking values in {0, 1}.

Finally, let us state the logarithmic estimate.

Theorem 3.15. Suppose that 𝑓 , 𝑔 are ℋ-valued martingales satisfying (3.118).
Then for 𝐾 > 1/2,

∣∣𝑔∣∣1 ≤ 𝐾 sup
𝑛

𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣+ 𝐿ns(𝐾), (3.122)

where

𝐿ns(𝐾) =

{
𝐾2(2𝐾 − 1)−1 if 1/2 < 𝐾 < 1,

𝐾 exp(𝐾−1 − 1) if 𝐾 ≥ 1. (3.123)

The constant 𝐿ns(𝐾) is the best possible if 𝐾 ≥ 1. Furthermore, it is of the best
order 𝑂((𝐾 − 1/2)−1) when 𝐾 → 1/2+. For 𝐾 ≤ 1/2 there is no 𝐿ns(𝐾) < ∞
for which (3.122) holds.
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In fact, for 1/2 < 𝐾 < 1, the optimal constant 𝐿 in (3.122) is not smaller

than 𝐾2

2𝐾−1 exp(1−𝐾−1), so we are quite close with our choice of 𝐿ns(𝐾).

We will only focus on Theorem 3.13 and Theorem 3.15. The proof of the
moment inequality (3.121) consists of two parts: (i) one shows the estimate in
the case when 𝑔 is a transform of 𝑓 and (ii) extends it to martingales satisfying
(3.118). The proof of the first part is extremely technical and we have decided not
to include it here. We refer the interested reader to Choi’s original proof in [52].
Our contribution is the proof of the second part, but this extension is postponed
to Chapter 5. Finally, observe that (3.121) concerns real-valued martingales only.
The value of the optimal constant for Hilbert-space-valued martingales is unknown
(though we strongly believe that it is the same as in the real-valued setting).

3.8.2 Proof of Theorem 3.13

Proof of (3.120), 1 ≤ 𝑝 ≤ 2. Let 𝑉𝑝,∞ : ℋ × ℋ → ℝ be defined by 𝑉𝑝,∞(𝑥, 𝑦) =
1{∣𝑦∣≥1} − ∣𝑥∣𝑝. Furthermore, let 𝑈1 be given by (3.6) and put

𝑈𝑝,∞(𝑥, 𝑦) = 𝑝𝑈1(𝑥/2,−𝑥/2 + 𝑦)

=

{
𝑝𝑦 ⋅ (𝑦 − 𝑥) if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ < 2,
𝑝− 𝑝∣𝑥∣ if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ ≥ 2.

We have the majorization 𝑈𝑝,∞ ≥ 𝑉𝑝,∞. Indeed, if ∣𝑥∣ + ∣2𝑦 − 𝑥∣ < 2, then ∣𝑦∣ ≤
∣𝑥/2∣+ ∣𝑦 − 𝑥/2∣ < 1 and, consequently,

1{∣𝑦∣≥1} − ∣𝑥∣𝑝 = −∣𝑥∣𝑝 ≤ −𝑝∣𝑥∣2
4

≤ 𝑝∣𝑦∣(∣𝑦∣ − ∣𝑥∣) ≤ 𝑝𝑦 ⋅ (𝑦 − 𝑥).

On the other hand, if ∣𝑥∣ + ∣2𝑦 − 𝑥∣ ≥ 2, then the majorization follows from the
estimate 𝑝− 𝑝𝑠 ≥ 1− 𝑠𝑝, valid for all 𝑠 ≥ 0, by virtue of the mean-value theorem.
Since −𝑓/2 + 𝑔 is differentially subordinate to 𝑓/2, Burkholder’s method gives

𝔼𝑉𝑝,∞(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈𝑝,∞(𝑓𝑛, 𝑔𝑛) = 𝑝𝔼𝑈1(𝑓𝑛/2,−𝑓𝑛/2 + 𝑔𝑛) ≤ 0

and we are done. □

Sharpness, 1 ≤ 𝑝 ≤ 2. This is trivial: take (𝑓, 𝑔) ≡ (1, 1). □

On the search of the suitable majorant. Let us assume that ℋ = ℝ and let us re-
strict to transforms by deterministic sequences with values in {0, 1}. Set 𝑉 (𝑥, 𝑦) =
1{∣𝑦∣≥1}−𝐾𝑝∣𝑥∣𝑝. As in the case of the inequality (3.105), the key guess is that the
equality holds for the trivial pair (1, 1) (so 𝐾 = 1). If one makes this assumption,
then all we need is a majorant of 𝑉 , which is concave along the lines of slope 0 or
1, and which is equal to 0 on the line segments {(𝑥,±𝑥) : .𝑥 ∈ [−1, 1]}. How to
construct such functions? A natural idea is to take a diagonally concave function 𝑈
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(we considered a lot of them while studying “symmetric” martingale transforms)
and write it in skew coordinates, that is, consider (𝑥, 𝑦) �→ 𝑈(𝑥/2,−𝑥/2+𝑦). Then
the function has the required concavity, and after scaling and/or translation we
may hope that we will obtain the right majorant. The first try is to take the func-
tion 𝑈(𝑥, 𝑦) = ∣𝑦∣2−∣𝑥∣2 and consider its “skewed” version (𝑥, 𝑦) �→ 𝑎𝑦 ⋅ (𝑦−𝑥)+ 𝑏
for some constants 𝑎 > 0 and 𝑏 ∈ ℝ. This does not work: the majorization fails to
hold. The second try is to take 𝑈1, and this leads to the function 𝑈𝑝,∞ above. □

Proof of (3.120), 𝑝 > 2. This is much more elaborate. Let 𝑈∞ be given by (3.12)
and put

𝑢(𝑥, 𝑦) = 𝑈∞(𝑥/2,−𝑥/2 + 𝑦)

=

{
0 if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ < 2,(∣∣𝑦 − 𝑥

2

∣∣− 1)2 − ∣∣𝑥2 ∣∣2 if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ ≥ 2.

Next, we introduce the special function 𝑈𝑝,∞ : ℋ ×ℋ → ℝ corresponding to the
weak type estimate for 𝑝 > 2. Let 𝑐 = 𝑐(𝑝) be given by (3.119) and let

𝑏 = 𝑏(𝑝) =
2(𝑝− 1)
2𝑐+ 𝑝− 1 . (3.124)

Put

𝑈𝑝,∞(𝑥, 𝑦) =

∫ 𝑏

0

𝑡𝑝−1𝑢(2𝑥/𝑡, 2𝑦/𝑡)d𝑡. (3.125)

A brief calculation gives

𝑈𝑝,∞(𝑥, 𝑦) =
2

𝑝(𝑝− 1)(𝑝− 2)(∣𝑥∣ + ∣2𝑦 − 𝑥∣)𝑝−1
(∣2𝑦 − 𝑥∣ − (𝑝− 1)∣𝑥∣)

if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ ≤ 𝑏, and

𝑈𝑝,∞(𝑥, 𝑦) = 𝑏𝑝−2

[ ∣2𝑦 − 𝑥∣2 − ∣𝑥∣2
𝑝− 2 − 2𝑏∣2𝑦 − 𝑥∣

𝑝− 1 +
𝑏2

𝑝

]

if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ > 𝑏. We will also need the function 𝑉𝑝,∞ : ℋ×ℋ → ℝ, given by

𝑉𝑝,∞(𝑥, 𝑦) = 𝛼𝑝(𝐾
−𝑝
𝑝,∞1{∣𝑦∣≥1} − ∣𝑥∣𝑝),

where

𝛼𝑝 =
2(𝑝− 1)𝑝−2

𝑝(𝑝− 2) .

Since 𝑈𝑝,∞ satisfies 2∘ and 𝑈𝑝,∞(0, 0) = 0, the proof of (3.120) will be complete if
we establish the majorization 𝑈𝑝,∞ ≥ 𝑉𝑝,∞. This will be done in the three lemmas
below.
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First, note that it suffices to establish the majorization in the real case and
for 𝑥, 𝑦 satisfying 0 ≤ 𝑥 ≤ 2𝑦. To see this, let us (for a moment) write 𝑈ℋ

𝑝,∞, 𝑉 ℋ
𝑝,∞

instead of 𝑈𝑝,∞, 𝑉𝑝,∞, to indicate the Hilbert space we are working with. For
𝑥, 𝑦 ∈ ℋ, take 𝑥′ = ∣𝑥∣ and 𝑦′ = ∣𝑥/2∣+ ∣𝑥/2 − 𝑦∣. Then 0 ≤ 𝑥′ ≤ 2𝑦′, 2𝑦′ − 𝑥′ =
∣2𝑦 − 𝑥∣ and 𝑦′ ≥ ∣𝑦∣, so

𝑈ℋ
𝑝,∞(𝑥, 𝑦)− 𝑉 ℋ

𝑝,∞(𝑥, 𝑦) ≥ 𝑈ℝ

𝑝,∞(𝑥
′, 𝑦′)− 𝑉 ℝ

𝑝,∞(𝑥
′, 𝑦′).

This justifies the reduction. Let us consider the cases 𝑦 ≤ 𝑏/2, 𝑦 ∈ (𝑏/2, 1) and
𝑦 ≥ 1 separately.
Lemma 3.10. We have

2

𝑝(𝑝− 1)(𝑝− 2)(2𝑦)
𝑝−1
(
2𝑦 − 𝑝𝑥

) ≥ −2(𝑝− 1)
𝑝−2

𝑝(𝑝− 2) 𝑥𝑝. (3.126)

This yields the majorization for 𝑦 ≤ 𝑏/2.

Proof. The estimate is clear for 𝑥 = 0. If 𝑥 > 0 and we divide both sides by 𝑥𝑝,
the inequality takes the form 𝐹0(2𝑦/𝑥) ≥ 0, where

𝐹0(𝑠) :=
2

𝑝(𝑝− 1)(𝑝− 2)𝑠
𝑝−1(𝑠− 𝑝) +

2(𝑝− 1)𝑝−2

𝑝(𝑝− 2)
for 𝑠 > 0. It suffices to note that 𝐹0 is convex and 𝐹0(𝑝− 1) = 𝐹 ′

0(𝑝− 1) = 0. □
Lemma 3.11.

(i) For all 𝑠 ≥ 0,

𝑏𝑝−2

(
− 𝑠

𝑝− 2 +
𝑏2

𝑝(𝑝− 1)2
)
+
2(𝑝− 1)𝑝−2

𝑝(𝑝− 2) 𝑠𝑝/2 ≥ 0. (3.127)

(ii) We have

𝑏𝑝−2

[
4𝑦2 − 4𝑥𝑦

𝑝− 2 − 2𝑏(2𝑦 − 𝑥)

𝑝− 1 +
𝑏2

𝑝

]
+
2(𝑝− 1)𝑝−2

𝑝(𝑝− 2) 𝑥𝑝 ≥ 0. (3.128)

This yields the majorization for 𝑦 ∈ (𝑏/2, 1).
Proof. (i) Denote the left-hand side of (3.127) by 𝐹1(𝑠). It is evident that the
function 𝐹2 is convex on ℝ. In addition, it is straightforward to check that

𝐹1(𝑏
2/(𝑝− 1)2) = 𝐹 ′

1(𝑏
2/(𝑝− 1)2) = 0. (3.129)

The claim follows.

(ii) The partial derivative of the left-hand side of (3.128) with respect to 𝑦
equals

4𝑏𝑝−2

𝑝− 2
(
2𝑦 − 𝑥− 𝑏(𝑝− 2)

𝑝− 1
)

.

Thus it suffices to verify the estimate for 2𝑦 = 𝑥+ 𝑏(𝑝− 2)/(𝑝− 1). Plug this into
(3.128) to get the inequality 𝐹1(𝑥

2) ≥ 0, which has been already proved in (i). □
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Lemma 3.12. If 𝑦 ≥ 1, then

𝑏𝑝−2

[
4𝑦2 − 4𝑥𝑦

𝑝− 2 − 2𝑏(2𝑦 − 𝑥)

𝑝− 1 +
𝑏2

𝑝

]
− 2(𝑝− 1)

𝑝−2

𝑝(𝑝− 2)
(
1

𝐶𝑝
𝑝
− 𝑥𝑝

)
≥ 0. (3.130)

This yields the majorization for 𝑦 ≥ 1.
Proof. We divide the proof into three parts.

Step 1. A reduction. Denoting the left-hand side of (3.130) by 𝐹2(𝑥, 𝑦), we
derive that its partial derivative with respect to 𝑦 is

𝐹2𝑦(𝑥, 𝑦) =
4𝑏𝑝−2

𝑝− 2
(
2𝑦 − 𝑥− 𝑏(𝑝− 2)

𝑝− 1
)

.

Hence, it suffices to establish the estimate on the line segment

𝐻1 =

{
(𝑥, 𝑦) : 𝑦 = 1, 𝑥 ≥ 0, 2𝑦 − 𝑥− 𝑏(𝑝− 2)

𝑝− 1 ≥ 0
}

and the half-line

𝐻2 =

{
(𝑥, 𝑦) : 𝑦 > 1, 2𝑦 − 𝑥− 𝑏(𝑝− 2)

𝑝− 1 = 0
}

.

Step 2. The segment 𝐻1. It is obvious that 𝑥 �→ 𝐹2(𝑥, 1) is convex on the
interval [0, 2−𝑏(𝑝−2)/(𝑝−1)]. After some lengthy, but easy calculations we verify
that

1− 𝑏

2
< 2− 𝑏(𝑝− 2)

𝑝− 1 , and 𝐹2

(
1− 𝑏

2
, 1

)
= 𝐹 ′

2

(
1− 𝑏

2
, 1

)
= 0,

which yields the estimate on 𝐻1.

Step 3. The half-line 𝐻2. Plugging 2𝑦 = 𝑥+𝑏(𝑝−2)/(𝑝−1) into the estimate
transforms it into

𝑏𝑝−2

(
− 𝑥2

𝑝− 2 +
𝑏2

𝑝(𝑝− 1)2
)
+
2(𝑝− 1)𝑝−2

𝑝(𝑝− 2) 𝑥𝑝 ≥ 2(𝑝− 1)
𝑝−2

𝑝(𝑝− 2)𝐶𝑝
𝑝

. (3.131)

The left-hand side is equal to 𝐹1(𝑥
2), where 𝐹1 was defined in the proof of Lemma

3.11. Note that we have

𝑥 ≥ 2− 𝑏(𝑝− 2)
𝑝− 1 ≥ 𝑏

𝑝− 1 ,

the latter being equivalent to 𝑏 ≤ 2, which is obvious. Thus, by the convexity of
𝐹1 and (3.129), we get that the left-hand side of (3.131) attains its minimum at
𝑥 = 2−𝑏(𝑝−2)/(𝑝−1). However, then the estimate reads 𝐹2(2−𝑏(𝑝−2)/(𝑝−1)) ≥ 0,
and we have already showed this in the preceding step. □
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Sharpness. Here the calculations are similar to those in the symmetric case, see
Subsection 3.1.6. We will not present all the details and only exhibit the following
Markov process (𝑓, 𝑔). Namely, let 𝜅 > 0 and 𝛿 = (𝑏 − 𝜅)/𝑁 , where 𝑁 is a large
positive integer (such that 𝜅+ 𝛿 > (𝑝 − 1)𝛿/2). Consider the Markov martingale
(𝑓, 𝑔), uniquely determined by the following conditions:

(i) (𝑓0, 𝑔0) ≡ (0, 0).
(ii) If (𝑓𝑛, 𝑔𝑛) = (0, 𝑦) with 𝑦 < 𝑏, then (𝑓, 𝑔) moves either to (𝛿, 𝑦+ 𝛿), or to the
point on the line 𝑦 + 𝜅 = (3 − 𝑝)𝑥/2 (which is uniquely determined by the
fact that 𝑓 and 𝑔 are martingales).

(iii) If (𝑓𝑛, 𝑔𝑛) = (0, 𝑏), then (𝑓, 𝑔) moves either to (1 − 𝑏, 1), or to the point on
the line 𝑦 + 𝜅 = (3− 𝑝)𝑥/2.

(iv) If (𝑓𝑛, 𝑔𝑛) = (𝛿, 𝑦), 𝑦 + 𝜅 > (𝑝 − 1)𝛿/2, then (𝑓, 𝑔) moves either to (0, 𝑦), or
to the point on the line 𝑦 + 𝜅 = (𝑝− 1)𝑥/2.

(v) All the states on the lines 𝑦 + 𝜅 = (𝑝− 1)𝑥/2, 𝑦 + 𝜅 = (3− 𝑝)𝑥/2 and 𝑦 = 1
are absorbing.

Clearly, the pair (𝑓, 𝑔) depends on 𝜅 and 𝑁 . It can be verified that

lim
𝜅→0

lim
𝑁→∞

ℙ(𝑔∗ ≥ 1)
∣∣𝑓 ∣∣𝑝𝑝 = 𝐾𝑝

𝑝,∞,

so the constant is indeed the best possible. □

On the search of the suitable majorant. Let

𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} −𝐾𝑝∣𝑥∣𝑝.
We simply follow the steps from the symmetric case and use the integration
method. The “nonsymmetric” analogue of 𝑈∞ is precisely the function 𝑢 above
and we integrate it against the kernel 𝑡𝑝−1 from 0 to a certain positive number 𝑏.
In this way we get a family of functions (indexed by 𝑏), each of which majorizes 𝑉
with some 𝐾 > 0 (or rather, 𝛼𝑉 , for some 𝛼, 𝐾 > 0). Now all we need is to pick
the “largest” element from the class, namely, the one for which the corresponding
constant𝐾 is the smallest. It is quite fortunate that this approach leads to a sharp
estimate. □

3.8.3 Proof of Theorem 3.15

Proof of (3.122). The proof is very similar to that presented in the symmetric
setting. Thus we will be brief and leave most of analogous calculations to the
reader. Take 𝑉 (𝑥, 𝑦) = ∣𝑦∣ − 𝐾∣𝑥∣ log ∣𝑥∣ − 𝐿ns(𝐾) and let us write the special
function (3.91) from the symmetric case in the skew coordinates (that is, put 𝑥/2
and 𝑦 − 𝑥/2 in place of 𝑥 and 𝑦). We obtain

𝑈(𝑥, 𝑦) =

{
𝑦 ⋅ (𝑦 − 𝑥) if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ < 2,
∣2𝑦 − 𝑥∣ − ∣𝑥∣ log ∣𝑥∣+∣2𝑦−𝑥∣

2 − 1 if ∣𝑥∣+ ∣2𝑦 − 𝑥∣ ≥ 2.
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Let, for 𝐾 ∈ (1/2, 1],

𝛼 = 𝛼𝐾 = 2𝐾
−1 −𝐾−2 and 𝑑 = 𝑑𝐾 = 2−𝐾−1,

while for 𝐾 > 1, put

𝛼 = 𝛼𝐾 = 𝐾−1 exp(1 −𝐾−1) and 𝑑 = 𝑑𝐾 = exp(1−𝐾−1).

One can show that for all 𝐾 > 1/2 and all 𝑥, 𝑦 ∈ ℋ,

𝛼−1
𝐾 𝑈(𝑑𝐾𝑥, 𝑑𝐾𝑦) ≥ 𝑉 (𝑥, 𝑦).

Furthermore, it can be verified that the use of Fubini’s theorem applies. Thus, the
result follows. □

On a lower bound for the constant. If 𝐾 ≥ 1, then the equality is attained for
the constant pair (𝑓, 𝑔) ≡ (exp(𝐾−1 − 1), exp(𝐾−1 − 1)). Let us assume that
𝐾 ∈ (1/2, 1) and let 𝐿(𝐾) denote the best constant in (3.122). Again, the reasoning
is similar to that in the symmetric case, so we will only sketch the main steps.
Introduce the function 𝑈0 : [0,∞)× ℝ→ ℝ, by

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣ −𝐾𝔼𝑓𝑛 log 𝑓𝑛},

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) of simple martingales
starting from (𝑥, 𝑦) such that 𝑓 is nonnegative and 𝑔 satisfies 𝑑𝑔𝑘 = 𝜃𝑘𝑑𝑓𝑘, 𝑘 ≥ 1,
for some deterministic 𝜃𝑘 ∈ {0, 1}. One can show that
1∘ 𝑈0(𝑥, 𝑦) ≥ ∣𝑦∣ −𝐾𝑥 log 𝑥,

2∘ the function 𝑈0 is concave along the lines of slope 0 or 1.

3∘ 𝑈0(𝑥, 𝑥) ≤ 𝐿(𝐾) for all 𝑥 ≥ 0.
Furthermore, the restriction to nonnegative 𝑓 gives the additional homogene-

ity property:

4∘ For any 𝑥 ≥ 0, 𝑦 ∈ ℝ and 𝜆 > 0,

𝑈0(𝜆𝑥, 𝜆𝑦) = 𝜆𝑈0(𝑥, 𝑦)−𝐾𝜆 log 𝑥.

Now we exploit these properties to obtain a lower bound for 𝐿(𝐾). By 2∘

and 1∘,

𝑈0

(
1,
1

2

)
≥ 2𝐾𝛿

1 + 2𝐾𝛿
𝑈0

(
2𝐾 − 1
2𝐾

,
1

2

)
+

1

1 + 2𝐾𝛿
𝑈0

(
1 + 𝛿,

1

2

)
(3.132)

≥ 2𝐾𝛿

1 + 2𝐾𝛿

[
1

2
− 2𝐾 − 1

2
log
2𝐾 − 1
2𝐾

]
+

1

1 + 2𝐾𝛿
𝑈0

(
1 + 𝛿,

1

2

)
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and, similarly, using 4∘,

𝑈0

(
1 + 𝛿,

1

2

)

≥ 2𝐾𝛿

1 + 2𝐾𝛿
𝑈0

(
1 + 𝛿 − 1

2𝐾
,
1

2
− 1

2𝐾

)
+

1

1 + 2𝐾𝛿
𝑈0

(
1 + 2𝛿,

1

2
+ 𝛿

)

≥ 2𝐾𝛿

1 + 2𝐾𝛿

[
1

2𝐾
− 1
2
−𝐾

(
1 + 𝛿 − 1

2𝐾

)
log

(
1 + 𝛿 − 1

2𝐾

)]

+
1

1 + 2𝐾𝛿
(1 + 2𝛿)

[
𝑈0

(
1,
1

2

)
−𝐾 log(1 + 2𝛿)

]
.

Plug this into (3.132), subtract 𝑈0(1, 1/2) from both sides, divide throughout by
𝛿 and let 𝛿 go to 0. One obtains

𝑈0

(
1,
1

2

)
≥ −𝐾 log

2𝐾 − 1
2𝐾

− 1
2
.

Now, using 2∘ again, we get

𝑈0

(
1

2
,
1

2

)
≥ 𝐾𝑈0

(
2𝐾 − 1
2𝐾

,
1

2

)
+ (1−𝐾)𝑈0

(
1,
1

2

)
.

By 1∘ and the preceding inequality, we obtain, after some straightforward compu-
tations,

𝑈0

(
1

2
,
1

2

)
≥ 2𝐾 − 1

2
− 𝐾

2
log
2𝐾 − 1
2𝐾

.

The homogeneity property implies that for 𝑥 > 0,

𝑈0(𝑥, 𝑥) ≥ (2𝐾 − 1)𝑥−𝐾𝑥 log
2𝐾 − 1
2𝐾

−𝐾𝑥 log(2𝑥).

The right-hand side, as a function of 𝑥 ∈ (0,∞), attains its maximum at 𝑥0 =
𝐾

2𝐾−1 exp(1−𝐾−1); using 3∘,

𝐿(𝐾) ≥ 𝑈0(𝑥0, 𝑥0) =
𝐾2

2𝐾 − 1 exp(1−𝐾−1).

This completes the proof. □
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3.9 On optimal control of martingales

Now let us turn to another type of results. Let 𝑓 be a real-valued martingale and
let 𝑔 be a transform of 𝑓 by a predictable process 𝑣 bounded in absolute value
by 1. Then 𝑔 can be viewed as the result of controlling 𝑓 by 𝑣. Suppose that 𝑔
satisfies the bound

∣∣𝑔∣∣𝑝 ≥ 1. (3.133)

What can be said about the size of 𝑓 , for example its 𝑞th moment, 𝑞 ≥ 𝑝? The
moment estimates studied in the previous sections give a precise answer to this
question: we have that

∣∣𝑓 ∣∣𝑞 ≥ 𝐶−1
𝑝,𝑞 (3.134)

and the constant 𝐶−1
𝑝,𝑞 is the best possible, that is, cannot be replaced by a larger

one. In other words, if 𝑓 can be controlled so that (3.133) is satisfied, then neces-
sarily (3.134) must hold and this bound cannot be improved.

Let us consider a different condition on 𝑔, given in terms of the one-sided
maximal function of 𝑔:

ℙ(sup
𝑛

𝑔𝑛 ≥ 1) ≥ 𝑡, (3.135)

where 𝑡 is a fixed number from the interval [0, 1]. What can now be said about
the 𝑝th moments of 𝑓? The weak type inequalities give the bound ∣∣𝑓 ∣∣𝑝 ≥ 𝑡/𝑐𝑝,𝑝,
but in general this is not optimal. For example, if 𝑡 = 1 and 𝑝 > 1, then the
optimal bound is equal to 1. To see this, assume first that ℙ(𝑓0 < 1) > 0. This
yields ℙ(𝑔0 < 1) > 0 and (3.136) implies that 𝑔, and hence also 𝑓 , is not bounded
in 𝐿𝑝: in particular ∣∣𝑓 ∣∣𝑝 ≥ 1. On the other hand, if 𝑓0 ≥ 1 almost surely, then
∣∣𝑓 ∣∣𝑝 ≥ ∣∣𝑓0∣∣𝑝 ≥ 1. Clearly, this bound is attained for the constant pair (1, 1).

In fact we will study this problem in a more general setting and allow 𝑓 , 𝑔 to
start from an arbitrary point of ℝ × ℝ. Furthermore, instead of (3.135), we shall
consider the condition

ℙ
(
sup
𝑛

𝑔𝑛 ≥ 0
) ≥ 𝑡, (3.136)

which is easier to handle. The results easily carry over to the setting described by
(3.135): it suffices to replace 𝑔 with 𝑔 + 1.

3.9.1 Formulation of the result

For any 1 ≤ 𝑝 < ∞, let 𝑈𝑝 : ℝ
2 → ℝ be given by (3.142), (3.157) or (3.166),

depending on whether 𝑝 = 1, 1 < 𝑝 < 2 or 𝑝 ≥ 2.
Theorem 3.16. Let 1 ≤ 𝑝 < ∞ be fixed. For given 𝑥, 𝑦 ∈ ℝ, consider two martin-
gales 𝑓 , 𝑔 satisfying the conditions 𝑓0 ≡ 𝑥, 𝑔0 ≡ 𝑦 and ∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ for all 𝑛 ≥ 1.
Then

ℙ(𝑔∗ ≥ 0)− ∣∣𝑓 ∣∣𝑝𝑝 ≤ 𝑈𝑝(𝑥, 𝑦). (3.137)

The inequality is sharp for each 𝑝, 𝑥 and 𝑦.
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This result enables us to solve the problem formulated at the beginning.
Introduce the function 𝐿1 : ℝ× ℝ× [0, 1]→ [0,∞) by

𝐿1(𝑥, 𝑦, 𝑡) =

{
∣𝑥∣ if 𝑦 > (1 − 2𝑡−1)∣𝑥∣,
−𝑦 − [(𝑦2 − 𝑥2)(1 − 𝑡)]1/2 if 𝑦 ≤ (1 − 2𝑡−1)∣𝑥∣.

Furthermore, for 𝑝 > 1, let 𝐿𝑝 be given by

𝐿𝑝(𝑥, 𝑦, 𝑡) = sup
𝐶>0

𝑡− 𝑈𝑝(𝐶𝑥,𝐶𝑦)

𝐶𝑝
. (3.138)

Theorem 3.17. Let 𝑓 , 𝑔 be real-valued martingales such that 𝑓0 ≡ 𝑥, 𝑔0 ≡ 𝑦 and
∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ for 𝑛 ≥ 1. Assume in addition, that 𝑔 satisfies the one-sided condition
(3.136) for a given 𝑡. Then for 1 ≤ 𝑝 < ∞,

∣∣𝑓 ∣∣𝑝𝑝 ≥ 𝐿𝑝(𝑥, 𝑦, 𝑡) (3.139)

and the bound is the best possible. It is the best possible even in the special case
when 𝑑𝑓𝑛 ≡ 𝑑𝑔𝑛 or 𝑑𝑓𝑛 ≡ −𝑑𝑔𝑛 for all 𝑛 ≥ 1.

As the second application of Theorem 3.16, we obtain the following “one-
sided versions” of the weak-type (𝑝, 𝑝) inequalities.

Theorem 3.18. Let 1 ≤ 𝑝 < ∞. Assume that 𝑓 , 𝑔 are real-valued martingales such
that 𝑔 is differentially subordinate to 𝑓 . Then

ℙ
(
sup
𝑛

𝑔𝑛 ≥ 1
) ≤ 𝐾𝑝,∞∣∣𝑓 ∣∣𝑝𝑝, (3.140)

where 𝐾1,∞ = 2,

𝐾𝑝,∞ =

(
2𝑝
𝑝−1

)
Γ
(
𝑝+1
𝑝

)𝑝
Γ
(
𝑝−1
𝑝

)𝑝 for 1 < 𝑝 < 2,

and 𝐾𝑝,∞ = 𝑝𝑝−1/2 for 𝑝 ≥ 2. The constant 𝐾𝑝,∞ is the best possible, even when
𝑔 is a ±1-transform of 𝑓 .

3.9.2 Proofs in the case 𝒑 = 1

Proof of (3.137) for 𝑝 = 1. We use Burkholder’s method. By the stopping time
argument, the inequality can be rewritten in the form

𝔼𝑉1(𝑓𝑛, 𝑔𝑛) ≤ 𝑈1(𝑥, 𝑦), 𝑛 = 0, 1, 2, . . . , (3.141)
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where 𝑉1(𝑥, 𝑦) = 1{𝑦≥0} − ∣𝑥∣ and 𝑈1 is defined as follows. First, consider the
subsets 𝐷0, 𝐷1 and 𝐷2 of ℝ

2 given by

𝐷0 = {(𝑥, 𝑦) : 𝑦 ≥ −∣𝑥∣},
𝐷1 = {(𝑥, 𝑦) : ∣𝑥∣ − 2 ≤ 𝑦 < −∣𝑥∣},
𝐷2 = ℝ

2
∖ (𝐷0 ∪𝐷1}.

We introduce the function 𝑈1 : ℝ
2 → ℝ by the formula

𝑈1(𝑥, 𝑦) =

⎧⎨
⎩
1− ∣𝑥∣ if (𝑥, 𝑦) ∈ 𝐷0,
1
4 [(𝑦 + 2)

2 − 𝑥2] if (𝑥, 𝑦) ∈ 𝐷1,
2∣𝑥∣
∣𝑥∣−𝑦

− ∣𝑥∣ if (𝑥, 𝑦) ∈ 𝐷2.

(3.142)

To prove (3.141), it suffices to verify the conditions 1∘ and 2∘ (the initial condition
is not required, due to the special form of (3.141) and the fact that 𝑓 , 𝑔 are assumed
to start from 𝑥 and 𝑦, respectively). The majorization 𝑈1 ≥ 𝑉1 is straightforward:
it is clear on 𝐷0 ∪𝐷2, while on 𝐷1 we use the inequality 𝑦 + 2 ≥ ∣𝑥∣ to obtain

𝑈1(𝑥, 𝑦) ≥ 0 ≥ −∣𝑥∣ = 𝑉1(𝑥, 𝑦).

To prove 2∘, let us introduce functions 𝐴1, 𝐵1 : ℝ
2 → ℝ by

𝐴1(𝑥, 𝑦) =

⎧⎨
⎩
−sgn𝑥 if (𝑥, 𝑦) ∈ 𝐷0,

− 1
2𝑥 if (𝑥, 𝑦) ∈ 𝐷1,(
− 2𝑦

(∣𝑥∣−𝑦)2 − 1
)
sgn𝑥 if (𝑥, 𝑦) ∈ 𝐷2

and

𝐵1(𝑥, 𝑦) =

⎧⎨
⎩
0 if (𝑥, 𝑦) ∈ 𝐷0,
1
2 (𝑦 + 2) if (𝑥, 𝑦) ∈ 𝐷1,

2∣𝑥∣
(∣𝑥∣−𝑦)2 if (𝑥, 𝑦) ∈ 𝐷2.

We will show that for any (𝑥, 𝑦) ∈ ℝ2 and 𝑘1, 𝑘2 ∈ ℝ satisfying ∣𝑘1∣ ≥ ∣𝑘2∣ we have

𝑈1(𝑥 + 𝑘1, 𝑦 + 𝑘2) ≤ 𝑈1(𝑥, 𝑦) +𝐴1(𝑥, 𝑦)𝑘1 +𝐵2(𝑥, 𝑦)𝑘2. (3.143)

This will be done by proving that for any 𝑥, 𝑦 and any 𝑎 ∈ [−1, 1] the function
𝐺 = 𝐺𝑥,𝑦,𝑎 given by 𝐺(𝑡) = 𝑈1(𝑥+𝑡, 𝑦+𝑎𝑡) is concave. To accomplish this, we will
show, as usually, that 𝐺′′(0) ≤ 0 for those 𝑥, 𝑦, 𝑎, for which the second derivative
exists and 𝐺′(0−) ≥ 𝐺′(0+) for the remaining 𝑥, 𝑦 and 𝑎. We derive that

𝐺′′(0) =

⎧⎨
⎩
0 if (𝑥, 𝑦) ∈ 𝐷∘

0 , 𝑥 ∕= 0,
1
2 (𝑎

2 − 1) if (𝑥, 𝑦) ∈ 𝐷∘
1 ,

4(1− 𝑎)(𝑦 − 𝑎𝑥)(𝑥 − 𝑦)−3 if (𝑥, 𝑦) ∈ 𝐷∘
2 , 𝑥 ∕= 0,



100 Chapter 3. Martingale Inequalities in Discrete Time

where 𝐷∘ denotes the interior of the set 𝐷. It is evident that all the expressions
are nonpositive. Now, if (𝑥, 𝑦) ∈ ∂𝐷0 ∩ ∂𝐷1, then

𝐺′(0−) = 1
2
[(𝑦 + 2)𝑎− 𝑥] ≥ 1

2
[−(𝑦 + 2)− 𝑥] = −1 = 𝐺′(0+).

If (𝑥, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2, then 𝐺′(0−) = 𝐺′(0+). If (𝑥, 𝑦) ∈ ∂𝐷2 ∩ ∂𝐷0, then

𝐺′(0−) = 1 + 𝑎

2𝑥
− 1 ≥ −1 = 𝐺′(0+).

If 𝑥 = 0 and 𝑦 ≥ 0, then 𝐺′(0−) = 1 ≥ −1 = 𝐺′(0+). Finally, if 𝑥 = 0 and 𝑦 < −2,
then

𝐺′(0−) = 2
𝑦
+ 1 ≥ −2

𝑦
− 1 = 𝐺′(0+).

This establishes the concavity property 2∘. Thus, by Burkholder’s argument,
(3.141) will be proved once we can show that the random variables 𝑈(𝑓𝑛, 𝑔𝑛),
𝐴(𝑓𝑛, 𝑔𝑛)𝑑𝑓𝑛+1 and 𝐵(𝑓𝑛, 𝑔𝑛)𝑑𝑔𝑛+1 are integrable for any 𝑛 = 0, 1, 2, . . .. How-
ever, the latter is evident: we have that ∣𝑈(𝑥, 𝑦)∣ ≤ 1 + ∣𝑥∣ and ∣𝐴(𝑥, 𝑦)∣ ≤ 1,
∣𝐵(𝑥, 𝑦)∣ ≤ 1 for all 𝑥, 𝑦 ∈ ℝ. □

Sharpness of (3.137) for 𝑝 = 1. For each (𝑥, 𝑦), we will exhibit an example for
which the two sides of (3.137) are equal. Furthermore, for each such example, we
shall derive the explicit formula for

𝑃 (𝑥, 𝑦) = ℙ(sup
𝑛

𝑔𝑛 ≥ 0). (3.144)

This will be useful in the further applications of (3.137). We split the reasoning
into three parts, corresponding to the sets 𝐷0, 𝐷2 and 𝐷1.

Step 1. (𝑥, 𝑦) ∈ 𝐷0. If 𝑦 ≥ 0, then we take the trivial pair (𝑓, 𝑔) ≡ (𝑥, 𝑦). Then
we have equality in (3.137) and, obviously, 𝑃 (𝑥, 𝑦) = 1. On the other hand, if 𝑦 < 0,
consider independent centered random variables 𝜉1, 𝜉2, . . . such that 𝜉𝑘 = ±2𝑘−1∣𝑦∣
for 𝑘 = 1, 2, . . . and introduce the stopping time 𝜏 = inf{𝑛 : 𝜉𝑛 > 0}. Put

𝑓𝑛 = 𝑥− (𝜉1 + 𝜉2 + ⋅ ⋅ ⋅+ 𝜉𝜏∧𝑛)sgn𝑥, 𝑔𝑛 = 𝑦 + 𝜉1 + 𝜉2 + ⋅ ⋅ ⋅+ 𝜉𝜏∧𝑛.

It is easy to see that 𝑔 has the following behavior: it starts from 𝑦 and in the next
step it rises to 0 or drops to 2𝑦. If it jumped to 0, it stays there forever; if it came
to 2𝑦, then, in the next move, it jumps to 0 (and stops), or drops to 4𝑦, and so on.
Thus, we have that 𝑃 (𝑥, 𝑦) = 1. On the other hand, 𝑓 has constant sign, which is
due to the assumption 𝑦 ≥ −∣𝑥∣, and hence ∣∣𝑓 ∣∣1 = ∣𝑥∣, so the two sides of (3.137)
are equal.

Step 2. (𝑥, 𝑦) ∈ 𝐷2. Suppose that 𝑥 ≥ 0; the case 𝑥 < 0 can be studied
likewise. Consider a Markov martingale (𝑓, 𝑔) such that

(i) (𝑓0, 𝑔0) ≡ (𝑥, 𝑦),

(ii) (𝑓1, 𝑔1) ∈
{
(0, 𝑦 − 𝑥), ((𝑥 − 𝑦)/2, (𝑦 − 𝑥)/2)

}
,



3.9. On optimal control of martingales 101

(iii) if (𝑓1, 𝑔1) = (0, 𝑦 − 𝑥), the process stops,

(iv) if (𝑓1, 𝑔1) = ((𝑥 − 𝑦)/2, (𝑦 − 𝑥)/2), the process evolves according to the rule
described in Step 1.

It is easy to compute that

𝑃 (𝑥, 𝑦) = ℙ((𝑓1, 𝑔1) = ((𝑥 − 𝑦)/2, (𝑦 − 𝑥)/2)) =
2𝑥

𝑥− 𝑦

and since the sign of 𝑓 does not change, ∣∣𝑓 ∣∣1 = 𝑥. Consequently, we obtain
equality in (3.137).

Step 3. (𝑥, 𝑦) ∈ 𝐷1. Consider a Markov martingale (𝑓, 𝑔) such that

(i) (𝑓0, 𝑔0) ≡ (𝑥, 𝑦),

(ii) 𝑑𝑓1 = 𝑑𝑔1 and (𝑓1, 𝑔1) jumps to the line 𝑦 = −𝑥 or 𝑦 = −𝑥− 2,
(iii) the process (𝑓𝑛, 𝑔𝑛)𝑛≥2 evolves according to the rules described in Step 1 and

Step 2.

We easily derive that

𝑃 (𝑥, 𝑦) = ℙ(𝑓1 = −𝑔1) + ℙ(𝑓1 = −𝑔1 − 2, 𝑓2 = 𝑔2)

=
𝑥+ 𝑦 + 2

2
− 𝑥+ 𝑦

2
⋅ −𝑥+ 𝑦 + 2

2
= 1 +

𝑥2 − 𝑦2

4

and

∣∣𝑓 ∣∣1 = 𝔼∣𝑓1∣ = −𝑦 +
𝑥2 − 𝑦2

2
,

so the two sides of (3.137) are equal. Thus 𝑈1(𝑥, 𝑦) is indeed the best possible in
(3.137) for any choice of the starting point (𝑥, 𝑦). □

Proof of Theorem 3.18 for 𝑝 = 1. Apply Theorem 3.16 to the martingales 2𝑓 and
2𝑔 − 2, conditionally on ℱ0. Taking expectation of both sides, we get

ℙ(𝑔∗ ≥ 1) = ℙ
(
(2𝑔 − 2)∗ ≥ 0) ≤ ∣∣2𝑓 ∣∣1 + 𝔼𝑈1 (2𝑓0, 2𝑔0 − 2) .

We will show that for all points (𝑥, 𝑦) ∈ ℝ2 satisfying ∣𝑦∣ ≤ ∣𝑥∣ we have
𝑈1(𝑥, 𝑦 − 2) ≤ 0. (3.145)

This will give (3.140). Furthermore, we will prove that we have equality in (3.145)
for at least one such point: this will imply the optimality of the constant. We easily
check that if ∣𝑦∣ ≤ ∣𝑥∣ and 𝑦 + ∣𝑥∣ ≤ 2, then

𝑈1(𝑥, 𝑦 − 2) = 2∣𝑥∣
∣𝑥∣ − 𝑦 + 2

− ∣𝑥∣ ≤ 2∣𝑥∣
∣𝑥∣ − ∣𝑦∣+ 2 − ∣𝑥∣ ≤ 0,

with equality iff ∣𝑥∣ = ∣𝑦∣. On the other hand, if ∣𝑦∣ ≤ ∣𝑥∣ and 𝑦 + ∣𝑥∣ > 2, then
∣𝑥∣ > 1 and consequently 𝑈1(𝑥, 𝑦 − 2) = 1− ∣𝑥∣ < 0. The proof is complete. □
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Proof of (3.139) for 𝑝 = 1. The estimate is trivial if 𝑦 ≥ −∣𝑥∣, so we assume that
𝑦 < −∣𝑥∣. Let 𝐶 > 0 be an arbitrary constant. Application of (3.137) to the
martingales 𝐶𝑓 , 𝐶𝑔 yields ℙ(𝑔∗ ≥ 0) − 𝐶∣∣𝑓 ∣∣1 ≤ 𝑈(𝐶𝑥,𝐶𝑦), which, by (3.136),
leads to the bound

∣∣𝑓 ∣∣1 ≥ 𝑡− 𝑈(𝐶𝑥,𝐶𝑦)

𝐶
. (3.146)

We will maximize the right-hand side over 𝐶. We have that

𝑡− 𝑈(𝐶𝑥,𝐶𝑦)

𝐶
=

{−𝑦 + (𝑡− 1)𝐶−1 + 1
4𝐶(𝑥

2 − 𝑦2) if 𝐶(∣𝑥∣ − 𝑦) < 2,(
𝑡− 2∣𝑥∣

∣𝑥∣−𝑦

)
𝐶−1 + ∣𝑥∣ if 𝐶(∣𝑥∣ − 𝑦) ≥ 2.

If 𝑦 > (1−2𝑡−1)∣𝑥∣ (or, equivalently, 𝑡 < 2∣𝑥∣
∣𝑥∣−𝑦 ), then by a straightforward analysis

of the derivative we see that the expression on the right, as a function of 𝐶, is
increasing on (0,∞). Letting 𝐶 →∞ in (3.146) gives ∣∣𝑓 ∣∣1 ≥ ∣𝑥∣, which is (3.139).
Finally, if 𝑦 ≤ (1 − 2𝑡−1)∣𝑥∣, then the right-hand side of (3.146) is increasing on
(0, 𝐶0) and nonincreasing on (𝐶0,∞), where

𝐶0 = 2

(
1− 𝑡

𝑦2 − 𝑥2

)1/2

.

Plugging 𝐶 = 𝐶0 into (3.146) gives (3.139). □

Sharpness of (3.139). Fix (𝑥, 𝑦) ∈ ℝ2 and 𝑡 ∈ [0, 1]. Obviously, if 𝑦 ≥ 0, then
the constant pair (𝑓, 𝑔) ≡ (𝑥, 𝑦) gives equality in (4.96); therefore we may and
do assume that 𝑦 < 0. Consider the function 𝐶 �→ 𝑃 (𝐶𝑥,𝐶𝑦), where 𝑃 was
introduced in (3.144). If there is 𝐶 > 0 such that 𝑃 (𝐶𝑥,𝐶𝑦) = 𝑡, then let (𝑓, 𝑔) be
the corresponding pair starting from (𝐶𝑥,𝐶𝑦). Then (𝑓/𝐶, 𝑔/𝐶) starts from (𝑥, 𝑦),
satisfies the appropriate condition for difference sequences, ℙ((𝑔/𝐶)∗ ≥ 0) = 𝑡 and

ℙ(𝑔∗ ≥ 0)− ∣∣𝑓 ∣∣1 = 𝑈1(𝐶𝑥,𝐶𝑦). (3.147)

This implies

𝐿1(𝑥, 𝑦, 𝑡) ≤ ∣∣𝑓/𝐶∣∣1 = 𝑡− 𝑈1(𝐶𝑥,𝐶𝑦)

𝐶
≤ 𝐿1(𝑥, 𝑦, 𝑡),

which yields the claim. On the other hand, if there is no 𝐶 such that 𝑃 (𝐶𝑥,𝐶𝑦) =
𝑡, then, by continuity of 𝑃 , we see that 𝑃 (𝐶𝑥,𝐶𝑦) > 𝑡 for all 𝐶 > 0. Take a
large 𝐶 and take the appropriate pair (𝑓, 𝑔) starting from (𝐶𝑥,𝐶𝑦). We have, by
(3.147),

𝐿1(𝑥, 𝑦, 𝑡) ≤ ∣∣𝑓/𝐶∣∣1 ≤ 1− 𝑈1(𝐶𝑥,𝐶𝑦)

𝐶
.

However, the right-hand side converges to ∣𝑥∣ as 𝐶 → ∞; furthermore, ∣𝑥∣ ≤
𝐿1(𝑥, 𝑦, 𝑡). Thus, taking sufficiently large 𝐶, we see that the pair (𝑓/𝐶, 𝑔/𝐶) sat-
isfies the following properties: it starts from (𝑥, 𝑦), has appropriate difference se-
quences, ℙ((𝑔/𝐶)∗ ≥ 0) ≥ 𝑡 and ∣∣𝑓/𝐶∣∣1 is arbitrarily close to 𝐿1(𝑥, 𝑦, 𝑡). This
completes the proof. □
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3.9.3 An auxiliary differential equation, 1 < 𝒑 < 2

For 𝑝 > 1, the situation becomes much more complicated. We start with the
following auxiliary result.

Theorem 3.19. Let 1 < 𝑝 < 2. There is a continuous function 𝐻 = 𝐻𝑝 : [0,∞)→
[0,∞) satisfying the differential equation

𝐻 ′(𝑥) =
𝑝(𝑝− 1)
2

𝑥𝑝−2(𝐻(𝑥)− 𝑥)2 (3.148)

for 𝑥 > 0 and such that

𝐻(0) =

(
2𝑝
𝑝−1

)1/𝑝
Γ
(
𝑝+1
𝑝

)
Γ
(
𝑝−1
𝑝

) . (3.149)

Proof. Observe that the equation (3.148) has Riccati’s form. Therefore, the sub-
stitution

𝑗(𝑦) = exp

[∫ 𝑦

0

𝑝(𝑝− 1)
2

𝑧𝑝−2(𝑧 −𝐻(𝑧))d𝑧

]
(3.150)

transforms (3.148) into

𝑦𝑗′′(𝑦) + (2 − 𝑝)𝑗′(𝑦)− 𝑝(𝑝− 1)
2

𝑦𝑝−1𝑗(𝑦) = 0, 𝑦 > 0. (3.151)

Two linearly independent solutions to this equation are given by

𝑗1(𝑦) = 𝑦(𝑝−1)/2𝐼−1+1/𝑝 (𝑧0) ,

𝑗2(𝑦) = 𝑦(𝑝−1)/2𝐼1−1/𝑝 (𝑧0) ,

where 𝑧0 =
√

2(𝑝−1)
𝑝

𝑦𝑝 and 𝐼𝛼 stands for the modified Bessel function of the first

kind (see Abramowitz and Stegun [1]). That is, 𝐼𝛼 satisfies

𝑧2𝐼 ′′𝛼(𝑧) + 𝑧𝐼 ′𝛼(𝑧)− (𝑧2 + 𝛼2)𝐼𝛼(𝑧) = 0 (3.152)

and can be written as

𝐼𝛼(𝑧) =

∞∑
𝑘=0

( 𝑧2 )
2𝑘+𝛼

𝑘!Γ(𝛼+ 𝑘 + 1)
, (3.153)

or, in integral form, as

𝐼𝛼(𝑧) =
1

𝜋

∫ 𝜋

0

exp(𝑧 cos 𝜃) cos(𝛼𝜃)d𝜃− sin(𝛼𝜋)

𝜋

∫ ∞

0

exp(−𝑧 cosh 𝑡−𝛼𝑡)d𝑡. (3.154)

To see that 𝑗1, 𝑗2 satisfy (3.151), we plug them into the equation and obtain

𝑝2

4
𝑦

𝑝−3
2

[
𝑧20𝐼

′′
±(1−1/𝑝)(𝑧0) + 𝑧0𝐼

′
±(1−1/𝑝)(𝑧0)−

(
(1 − 𝑝−1)2 + 𝑧20

)
𝐼±(1−1/𝑝)(𝑧0)

]
= 0,
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which is valid thanks to (3.152). Coming back to (3.148), we take 𝑗 = 𝑗1 − 𝑗2: in
view of (3.154), we have

𝑗(𝑦) =
2 sin(𝜋 − 𝜋/𝑝)

𝜋
𝑦(𝑝−1)/2

∫ ∞

0

exp(−𝑧0 cosh 𝑡) cosh((1−1/𝑝)𝑡)d𝑡 > 0 (3.155)

and recover 𝐻 by the formula

𝐻(𝑥) = 𝑥− 2𝑥2−𝑝𝑗′(𝑥)
𝑝(𝑝− 1)𝑗(𝑥) . (3.156)

To see that (3.149) is satisfied, note that by (3.153) we have the equalities

lim
𝑥→0+

𝑗(𝑥) = −
(
𝑝−1
2𝑝

)−(𝑝−1)/(2𝑝)

Γ(1/𝑝)
,

lim
𝑥→0+

𝑥2−𝑝𝑗′(𝑥) = (𝑝− 1)
(
𝑝−1
2𝑝

)(𝑝−1)/(2𝑝)

Γ(2− 1/𝑝) ,

from which the initial condition follows after simple manipulations. □

We will need the following further properties of 𝐻 .

Lemma 3.13. For any 𝑥 > 0 we have 𝐻(𝑥) > 𝑥 and 𝐻 ′(𝑥) ≥ 1.
Proof. By (3.156), the first estimate is equivalent to 𝑗′(𝑥) < 0, since 𝑗 is positive,
as we have already observed above. However, it is clear that 𝑗 is decreasing: it
suffices to look at the integrand in (3.155). To show that 𝐻 ′(𝑥) ≥ 1, suppose that
there is 𝑥0 > 0 such that 𝐻 ′(𝑥0) < 1. Let 𝑥1 = inf{𝑥 > 𝑥0 : 𝐻

′(𝑥) = 1}, with the
convention inf ∅ =∞. Then for any 𝑥 ∈ (𝑥0, 𝑥1) we have 0 < 𝐻(𝑥)−𝑥 < 𝐻(𝑥0)−𝑥0

and 𝑥𝑝−2 < 𝑥𝑝−2
0 , so, by (3.148), 𝐻 ′(𝑥) < 𝐻 ′(𝑥0). Letting 𝑥 → 𝑥1 gives 𝑥1 = ∞,

so 𝐻 ′(𝑥) < 𝐻 ′(𝑥0) < 1 for all 𝑥 > 𝑥0. This contradicts the estimate 𝐻(𝑥) > 𝑥
and completes the proof of 𝐻 ′(𝑥) ≥ 1. □

3.9.4 Proofs in the case 1 < 𝒑 < 2

We start with Theorem 3.16. The idea is the same as in the previous section. Let
𝑉𝑝 : ℝ

2 → ℝ be given by 𝑉𝑝(𝑥, 𝑦) = 1{𝑦≥0} − ∣𝑥∣𝑝. To define the corresponding
special function 𝑈𝑝 : ℝ

2 → ℝ, introduce the following subsets of [0,∞) × [0,∞),
where 𝐻 = 𝐻𝑝 is the function studied in the preceding subsection and ℎ = ℎ𝑝

stands for its inverse:

𝐷0 = {(𝑥, 𝑦) : 𝑦 ≥ 0},
𝐷1 = {(𝑥, 𝑦) : ℎ(𝑥− 𝑦)− 𝑦 < 𝑥, −𝑥 ≤ 𝑦 < 0},
𝐷2 = {(𝑥, 𝑦) : ℎ(𝑥− 𝑦) < 𝑥 ≤ ℎ(𝑥− 𝑦)− 𝑦, 𝑦 − 𝑥 ≤ −𝐻(0)},
𝐷3 = {(𝑥, 𝑦) : 𝑥−𝐻(0) < 𝑦 < −𝑥},
𝐷4 = {(𝑥, 𝑦) : 𝑥 ≤ ℎ(𝑥− 𝑦)}.
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𝐷0

𝐷1

𝐷2

𝐷4

𝐷3

Figure 3.3: The regions 𝐷0–𝐷4.

The function 𝑈𝑝 : ℝ
2 → ℝ2 is given by the equation

𝑈𝑝(𝑥, 𝑦) = 𝑈𝑝(−𝑥, 𝑦)

and

𝑈𝑝(𝑥, 𝑦) =

⎧⎨
⎩

1− 𝑥𝑝 if (𝑥, 𝑦) ∈ 𝐷0,

1 + (𝑥 + 𝑦)𝑝−1((𝑝− 1)𝑦 − 𝑥) + 2𝑦
𝐻(𝑥+𝑦)−𝑥−𝑦

if (𝑥, 𝑦) ∈ 𝐷1,

[ℎ(𝑥 − 𝑦)]𝑝−1[(𝑝− 1)ℎ(𝑥− 𝑦)− 𝑝𝑥] if (𝑥, 𝑦) ∈ 𝐷2,

[(𝑦 +𝐻(0))
2 − 𝑥2](𝐻(0))−2 if (𝑥, 𝑦) ∈ 𝐷3,

−𝑥𝑝 if (𝑥, 𝑦) ∈ 𝐷4.

(3.157)

Now we will prove that the function 𝑈𝑝 satisfies the conditions 1
∘ and 2∘. We start

with the majorization property.

Lemma 3.14. We have 𝑉𝑝(𝑥, 𝑦) ≤ 𝑈𝑝(𝑥, 𝑦) ≤ 1− ∣𝑥∣𝑝 for all (𝑥, 𝑦) ∈ ℝ2.

Proof. Since 𝑈𝑝(𝑥, 𝑦) = 1 − ∣𝑥∣𝑝 for 𝑦 ≥ 0 and 𝑈𝑝(𝑥, 𝑦) = −∣𝑥∣𝑝 for sufficiently
small 𝑦, it is enough to show that for any fixed 𝑥, the function 𝑦 �→ 𝑈𝑝(𝑥, 𝑦)
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is nondecreasing. By symmetry, we will be done if we verify this for 𝑥 ≥ 0. If
(𝑥, 𝑦) ∈ 𝐷𝑜

0, then 𝑈𝑝𝑦 = 0. If (𝑥, 𝑦) ∈ 𝐷1, then

𝑈𝑝𝑦(𝑥, 𝑦) =
2𝐻(𝑥+ 𝑦)− 2𝑥
(𝐻(𝑥+ 𝑦)− 𝑥− 𝑦)2

and we must prove that the numerator is nonnegative. We consider two cases. If
𝑥 ≤ 𝐻(0), then 𝑦 ≥ −𝑥 (by the definition of 𝐷1) and 𝐻(𝑥 + 𝑦) ≥ 𝐻(0) ≥ 𝑥. If,
conversely, 𝑥 > 𝐻(0), then 𝑥+ 𝑦 > ℎ(𝑥− 𝑦), or, equivalently, 𝐻(𝑥+ 𝑦) > 𝑥− 𝑦; it
remains to note that the right-hand side is larger than 𝑥, as needed. Suppose now
that (𝑥, 𝑦) ∈ 𝐷2. Then it can be derived that

𝑈𝑝𝑦(𝑥, 𝑦) = 𝑝(𝑝− 1)(ℎ(𝑥− 𝑦))𝑝−2ℎ′(𝑥− 𝑦)[𝑥− ℎ(𝑥− 𝑦)] ≥ 0,

since all the factors are nonnegative: see the definition of 𝐷2. If (𝑥, 𝑦) ∈ 𝐷3, then
𝑦 > −𝐻(0) and 𝑈𝑝𝑦(𝑥, 𝑦) = 2(𝑦 + 𝐻(0))(𝐻(0))−2 > 0. Finally, 𝑈𝑝𝑦 = 0 on 𝐷4,
which completes the proof. □

The next step is to establish the concavity property. Introduce the functions
𝐴𝑝, 𝐵𝑝 : ℝ

2 → ℝ by 𝐴𝑝(𝑥, 𝑦) = 𝑈𝑝𝑥(𝑥, 𝑦) and

𝐵𝑝(𝑥, 𝑦) =

{
𝑈𝑝𝑦(𝑥, 𝑦) if 𝑦 ∕= 0,
0 if 𝑦 = 0.

Lemma 3.15. For any (𝑥, 𝑦) ∈ ℝ
2 and 𝑘1, 𝑘2 ∈ ℝ satisfying ∣𝑘2∣ ≤ ∣𝑘1∣ we have

𝑈𝑝(𝑥 + 𝑘1, 𝑦 + 𝑘2) ≤ 𝑈𝑝(𝑥, 𝑦) +𝐴𝑝(𝑥, 𝑦)𝑘1 +𝐵𝑝(𝑥, 𝑦)𝑘2. (3.158)

Proof. We argue as previously and check the concavity of the function 𝐺 = 𝐺𝑥,𝑦,𝑎,
given by 𝐺(𝑡) = 𝑈𝑝(𝑥 + 𝑡, 𝑦 + 𝑎𝑡), where 𝑥 ≥ 0, 𝑦 ∈ ℝ and 𝑎 ∈ [−1, 1] are fixed
parameters. It is straightforward to check that 𝐺 is of class 𝐶1 except for 𝑡 such
that 𝑦+ 𝑎𝑡 = 0. Thus, by the translation argument, it suffices check the condition
𝐺′′(0) ≤ 0 for (𝑥, 𝑦) lying in the interiors of the sets 𝐷𝑖 and then to verify whether
𝐺′

𝑥,0,𝑎(0−) ≥ 𝐺′
𝑥,0,𝑎(0+). If (𝑥, 𝑦) belongs to the interior of 𝐷0 and 𝑥 ∕= 0, then

𝐺′′(0) = −𝑝(𝑝− 1)𝑥𝑝−2 < 0. If (𝑥, 𝑦) ∈ 𝐷∘
1 , then a brief computation shows that

𝐺′′(0) = 𝐼 + 𝐼𝐼, where

𝐼 =
2(𝑎2 − 1)

(𝐻(𝑥+ 𝑦)− 𝑥− 𝑦)2
,

𝐼𝐼 = −2(𝑎+ 1)
2(𝐻 ′(𝑥+ 𝑦)− 1)(𝐻(𝑥+ 𝑦)− 𝑥+ 𝑦)

(𝐻(𝑥+ 𝑦)− 𝑥− 𝑦)3
.

(3.159)

Clearly, 𝐼 ≤ 0. To show that 𝐼𝐼 ≤ 0, note that this is equivalent to 𝑥+𝑦 > ℎ(𝑥−𝑦),
and is guaranteed by the definition of 𝐷1. Let (𝑥, 𝑦) ∈ 𝐷∘

2 . Then 𝐺′′(0) = 𝐼 + 𝐼𝐼,
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where

𝐼 =
2(𝑎2 − 1)

(ℎ(𝑥− 𝑦)− 𝑥+ 𝑦)2
,

𝐼𝐼 =
2(𝑎− 1)2(1− ℎ′(𝑥− 𝑦))(ℎ(𝑥 − 𝑦)− 𝑥− 𝑦)

(−ℎ(𝑥− 𝑦) + 𝑥− 𝑦)3

(3.160)

and both terms are nonpositive: this follows from the inequalities

ℎ′(𝑥− 𝑦) ≤ 1, ℎ(𝑥− 𝑦) ≤ 𝑥− 𝑦 and ℎ(𝑥− 𝑦) ≥ 𝑥+ 𝑦,

where the first two come from Lemma 3.13 and the latter is imposed in the defi-
nition of 𝐷2. Next observe that if (𝑥, 𝑦) ∈ 𝐷∘

3 , then

𝐺′′(0) = 2(𝑎2 − 1)(𝐻(0))−2 ≤ 0. (3.161)

Finally, if (𝑥, 𝑦) ∈ 𝐷𝑜
4 and 𝑥 ∕= 0, then

𝐺′′(0) = −𝑝(𝑝− 1)𝑥𝑝−2 ≤ 0. (3.162)

To complete the proof, note that if 𝑎 < 0, then

𝐺′
𝑥,0,𝑎(0−) = −𝑝𝑥𝑝−1 ≥ −𝑝𝑥𝑝−1 +

2𝑎

𝐻(𝑥) − 𝑥
= 𝐺′

𝑥,0,𝑎(0+),

while for 𝑎 ≥ 0,
𝐺′

𝑥,0,𝑎(0−) = −𝑝𝑥𝑝−1 +
2𝑎

𝐻(𝑥)− 𝑥
≥ −𝑝𝑥𝑝−1 = 𝐺′

𝑥,0,𝑎(0+).

The required properties are satisfied and the claim follows. □

We will also need the following bound for 𝐴𝑝 and 𝐵𝑝.

Lemma 3.16. There is an absolute constant 𝑐 such that for any 𝑥, 𝑦 ∈ ℝ,

∣𝐴𝑝(𝑥, 𝑦)∣ ≤ 𝑐(1+ ∣𝑥∣𝑝−1+ ∣𝑦∣𝑝−1), ∣𝐵𝑝(𝑥, 𝑦)∣ ≤ 𝑐(1+ ∣𝑥∣𝑝−1+ ∣𝑦∣𝑝−1). (3.163)

Proof. It suffices to prove the existence of the constant 𝑐 on each𝐷𝑖. This is obvious
for 𝐷0, 𝐷3 and 𝐷4. Note that if 𝑥 ≥ 0, then 𝐴𝑝(𝑥, 𝑦) ≤ 0 and 𝐵𝑝(𝑥, 𝑦) ≥ 0: the
first inequality follows from the fact that the function 𝑥 �→ 𝑈𝑝(𝑥, 𝑦) is even and
concave (see the proof of (3.158)) and the second has been shown in the proof of
(3.14). Furthermore, if (𝑥, 𝑦) ∈ 𝐷1,

𝐴𝑝(𝑥, 𝑦) = 𝑝(𝑥+ 𝑦)𝑝−2(−𝑥+ (𝑝− 2)𝑦)− 2𝑦

(𝐻(𝑥+ 𝑦)− 𝑥− 𝑦)2
(𝐻 ′(𝑥+ 𝑦)− 1)

≥ 𝑝(𝑥+ 𝑦)𝑝−2(−𝑥+ (𝑝− 2)𝑦),

𝐵𝑝(𝑥, 𝑦) = (𝑝− 1)2(𝑥 + 𝑦)𝑝−2𝑦 +
2

𝐻(𝑥+ 𝑦)− 𝑥− 𝑦
− 2𝑦(𝐻 ′(𝑥+ 𝑦)− 1)
(𝐻(𝑥 + 𝑦)− 𝑥− 𝑦)2

≤ 2

𝐻(𝑥+ 𝑦)− 𝑥− 𝑦
− 2𝑦𝐻 ′(𝑥+ 𝑦)

(𝐻(𝑥+ 𝑦)− 𝑥− 𝑦)2

≤ 2

𝐻(0)
− 𝑝(𝑝− 1)𝑦(𝑥+ 𝑦)𝑝−2,
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where in the last inequality we have used the fact that 𝐻(𝑥)−𝑥 ≥ 𝐻(0) (which fol-
lows from 𝐻 ′(𝑥) ≥ 1) and the differential equation (3.148). Consequently, (3.163)
holds on 𝐷1. Finally, if (𝑥, 𝑦) ∈ 𝐷2, then

𝐴𝑝(𝑥, 𝑦) = 𝑝ℎ(𝑥− 𝑦)𝑝−2[(𝑝− 1)(ℎ(𝑥 − 𝑦)− 𝑥)ℎ′(𝑥− 𝑦)− ℎ(𝑥− 𝑦)]

≥ 𝑝ℎ(𝑥− 𝑦)𝑝−2[−(𝑝− 1)𝑥ℎ′(𝑥 − 𝑦)− ℎ(𝑥− 𝑦)]

≥ 𝑝𝑥𝑝−2[−(𝑝− 1)𝑥− 𝑥] = 𝑝2𝑥𝑝−1,

where in the second inequality we used ℎ(𝑥−𝑦) < 𝑥 (see the definition of 𝐷2) and
ℎ′(𝑥− 𝑦) < 1 (because ℎ = 𝐻−1 and 𝐻 ′(𝑥) > 1). Similarly,

𝐵𝑝(𝑥, 𝑦) = 𝑝(𝑝− 1)(ℎ(𝑥− 𝑦))𝑝−2[𝑥− ℎ(𝑥− 𝑦)]ℎ′(𝑥− 𝑦)

≤ 𝑝(𝑝− 1)(ℎ(𝑥− 𝑦))𝑝−2𝑥ℎ′(𝑥 − 𝑦) ≤ 𝑝(𝑝− 1)𝑥𝑝−1,

and we are done. □

Proof of (3.137) for 1 < 𝑝 < 2. Clearly, we may and do assume that ∣∣𝑓 ∣∣𝑝 < ∞;
then also ∣∣𝑔∣∣𝑝 < ∞, in virtue of Burkholder’s moment inequality. By the preceding
lemmas and Burkholder’s method, all we need is the integrability of the random
variables 𝑈𝑝(𝑓𝑛, 𝑔𝑛), 𝐴𝑝(𝑓𝑛, 𝑔𝑛)𝑑𝑓𝑛+1 and 𝐵𝑝(𝑓𝑛, 𝑔𝑛)𝑑𝑔𝑛+1 for all 𝑛 = 0, 1, 2, . . ..
By Lemma 3.14, we have 𝔼∣𝑈𝑝(𝑓𝑛, 𝑔𝑛)∣ < ∞. To deal with the remaining variables,
we make use of Lemma 3.16, Hölder’s inequality and the condition 𝑑𝑓𝑛, 𝑑𝑔𝑛 ∈ 𝐿𝑝.
This finishes the proof. □

Sharpness of (3.137) for 1 < 𝑝 < 2. Compared to the case 𝑝 = 1, this is much
more delicate. The reasoning is very similar to that in the proof of the sharpness
of (3.70) and (3.71). First, if (∣𝑥∣, 𝑦) ∈ 𝐷0∪𝐷4, the constant pair gives equality in
(3.137). For the remaining points (𝑥, 𝑦), fix 𝛿 ∈ (0, 𝐻(0)) and consider a Markov
family with the transitions described as follows.

(i) The states belonging to 𝐷0 and 𝐷4 are absorbing.

(ii) If (𝑓0, 𝑔0) = (𝑥, 𝑦) ∈ 𝐷1, then 𝑑𝑓1 = −𝑑𝑔1 and (𝑓, 𝑔) goes to the line 𝑦 = 0 or
to the set ∂𝐷1 ∩ ∂𝐷2.

(iii) If (𝑓0, 𝑔0) = (𝑥, 𝑦) ∈ 𝐷2 ∖ ∂𝐷1, then 𝑑𝑓1 = 𝑑𝑔1 and (𝑓, 𝑔) goes to the set
∂𝐷2 ∩ ∂𝐷4 or to ∂𝐷1 ∩ ∂𝐷2.

(iv) If (𝑓0, 𝑔0) = (𝑥, 𝑦) ∈ 𝐷3, then 𝑑𝑓1 = 𝑑𝑔1 and (𝑓, 𝑔) goes to the line 𝑦 = −𝑥
or to 𝑦 = −𝑥−𝐻(0).

(v) If (𝑓0, 𝑔0) = (𝑥, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2, then 𝑑𝑓1 = 𝑑𝑔1 and (𝑓, 𝑔) goes to (𝑓0 +
𝛿, 𝑔0 + 𝛿) or to ∂𝐷2 ∩ ∂𝐷4.

(vi) If 𝑓0 < 0, then (−𝑓, 𝑔) evolves according to the rules above.

Note that the moves described in steps (i)–(iv) have the property that
𝔼𝑈𝑝(𝑓1, 𝑔1) = 𝑈𝑝(𝑥, 𝑦): in each case the process (𝑓, 𝑔) moves to endpoints of a
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line segment along which 𝑈𝑝 is linear. On the other hand, since 𝑈𝑝 is of class 𝐶1,
we have that for (𝑓0, 𝑔0) ≡ (𝑥, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2,

𝔼𝑈𝑝(𝑓1, 𝑔1) ≥ 𝑈𝑝(𝑥, 𝑦)−𝑅𝛿2, (3.164)

where 𝑅 = 𝑅(𝑥, 𝑦) is a certain positive constant. Furthermore, since 𝑈𝑝 is of class
𝐶2 on 𝐷1, for any 𝑇 > 𝐻(0) there is a finite 𝑅 > 0 depending only on 𝑇 such
that (3.164) holds for all (𝑥, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2 with 𝑥 ≤ 𝑇 .

Now let 𝜀 > 0, 𝛿 > 0 and let (𝑓, 𝑔) start from a fixed (𝑥, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2.
Clearly, (𝑓, 𝑔) converges almost surely for any 𝛿. In fact, it is easy to see that there
is 𝑇 > 0, independent of 𝛿, such that

ℙ(𝑓∗ > 𝑇 ) < 𝜀. (3.165)

Let 𝑅 = 𝑅(𝑇 ) be the corresponding constant in (3.164). Now, let 𝑁 = inf{𝑛 :
𝑓𝑛 ≥ 𝑇 }. If 𝑁 < ∞, then 𝑁 = 𝑂(1/𝛿) and, consequently,

𝔼𝑈𝑝(𝑓𝑁 , 𝑔𝑁 ) ≥ 𝑈𝑝(𝑥, 𝑦)−𝑅𝛿2 ⋅𝑁 ≥ 𝑈𝑝(𝑥, 𝑦)− 𝜀,

provided 𝛿 is sufficiently small. Therefore,

𝔼𝑉𝑝(𝑓𝑁 , 𝑔𝑁 ) = 𝔼𝑈𝑝(𝑓𝑁 , 𝑔𝑁) + 𝔼 [𝑉𝑝(𝑓𝑁 , 𝑔𝑁 )− 𝑈𝑝(𝑓𝑁 , 𝑔𝑁 )]

≥ 𝑈𝑝(𝑥, 𝑦) + 𝔼 [𝑉𝑝(𝑓𝑁 , 𝑔𝑁)− 𝑈𝑝(𝑓𝑁 , 𝑔𝑁)]− 𝜀.

However, 𝑈𝑝(𝑓𝑁 , 𝑔𝑁 ) = 𝑉𝑝(𝑓𝑁 , 𝑔𝑁) on the set {𝑓∗ < 𝑇 } and 𝑈𝑝(𝑓𝑁 , 𝑔𝑁) <
𝑉𝑝(𝑓𝑁 , 𝑔𝑁 ) + 1 on {𝑓∗ ≥ 𝑇 } (see Lemma 3.14). Thus, by (3.165),

𝔼𝑉𝑝(𝑓𝑁 , 𝑔𝑁 ) ≥ 𝑈𝑝(𝑥, 𝑦)− 2𝜀
and since 𝜀 > 0 was arbitrary, 𝑈𝑝(𝑥, 𝑦) is the optimal bound in (3.137) provided
(∣𝑥∣, 𝑦) ∈ ∂𝐷1 ∩ ∂𝐷2. For the remaining points, it suffices to use the fact that
(𝑓, 𝑔) reaches 𝐷0 ∪𝐷4 ∪ (∂𝐷1 ∩ ∂𝐷2) after at most two steps, in which there is no
change in 𝔼𝑈𝑝(𝑓, 𝑔). □

Proof of Theorem 3.18 for 1 < 𝑝 < 2. Applying Theorem 3.16 to the pair

(𝐻(0)𝑓,𝐻(0)𝑔 −𝐻(0))

we obtain

ℙ(𝑔∗ ≥ 1) = ℙ
(
(𝐻(0)𝑔 −𝐻(0))

∗ ≥ 0)
≤ ∣∣𝐻(0)𝑓 ∣∣𝑝 + 𝔼𝑈𝑝 (𝐻(0)𝑓0, 𝐻(0)𝑔0 −𝐻(0)) .

Thus it suffices to prove that for any point (𝑥, 𝑦) such that ∣𝑥∣ ≥ ∣𝑦∣ we have
𝑈𝑝(𝑥, 𝑦 − 𝐻(0)) ≤ 0, with equality for at least one such point. In the proof of
Lemma 3.14 we have shown that for any fixed 𝑥 the function 𝑦 �→ 𝑈𝑝(𝑥, 𝑦) is
nondecreasing. Combining this with (3.158) yields

𝑈𝑝(𝑥, 𝑦 −𝐻(0)) = 𝑈𝑝(∣𝑥∣, 𝑦 −𝐻(0)) ≤ 𝑈𝑝(∣𝑥∣, ∣𝑥∣ −𝐻(0))

= 𝑈𝑝(0,−𝐻(0)) +𝐴𝑝(0,−𝐻(0))∣𝑥∣+𝐵𝑝(0,−𝐻(0))∣𝑥∣ = 0,
with equality for 𝑥 ∈ [−𝐻(0)/2, 𝐻(0)/2] and 𝑦 = ∣𝑥∣. □
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Finally, we turn to the result on the control of martingales.

Proof of Theorem 3.17, 1 < 𝑝 < 2. We proceed as in the case 𝑝 = 1. Let 𝐶 > 0.
By (3.137), applied to the martingales 𝐶𝑓 and 𝐶𝑔, we have 𝐶𝑝∣∣𝑓 ∣∣𝑝 ≥ ℙ(𝑔∗ ≥
0)− 𝑈𝑝(𝐶𝑥,𝐶𝑦), so, by (3.136),

∣∣𝑓 ∣∣𝑝𝑝 ≥
𝑡− 𝑈𝑝(𝐶𝑥,𝐶𝑦)

𝐶𝑝
.

This immediately yields (3.139): see (3.138). To see that the bound is optimal,
note that if 𝑦 ≥ 0, then 𝑈𝑝(𝐶𝑥,𝐶𝑦) = 1 − 𝐶𝑝∣𝑥∣𝑝 and hence 𝐿𝑝(𝑥, 𝑦, 𝑡) = ∣𝑥∣;
this is obviously the best possible (take the constant pair). Suppose then that
𝑦 < 0. It is evident from the example studied above that for any 𝜀 > 0 there are
a 𝛿 = 𝛿(𝜀) > 0 and a 𝐶 = 𝐶(𝜀) bounded away from 0 such that the appropriate
pair (𝑓, 𝑔), starting from (𝐶𝑥,𝐶𝑦), satisfies 𝔼𝑉𝑝(𝑓∞, 𝑔∞) ≥ 𝑈𝑝(𝐶𝑥,𝐶𝑦) − 𝜀 and
ℙ(𝑔∗ ≥ 0) = 𝑡. Consequently,

∣∣𝑓/𝐶∣∣𝑝𝑝 ≤
ℙ(𝑔∗ ≥ 0)− 𝑈𝑝(𝐶𝑥,𝐶𝑦) + 𝜀

𝐶𝑝
=

𝑡− 𝑈𝑝(𝐶𝑥,𝐶𝑦)

𝐶𝑝
+

𝜀

𝐶𝑝

≤ 𝐿𝑝(𝑥, 𝑦, 𝑡)𝑝 +
𝜀

𝐶𝑝

and since 𝜀 was arbitrary, the result follows. □

3.9.5 The case 𝒑 ≥ 2

As previously, one introduces the function 𝑉𝑝 : ℝ
2 → ℝ given by 𝑉𝑝(𝑥, 𝑦) =

1{𝑦≥0} − ∣𝑥∣𝑝. Let 𝑈𝑝 be given by

𝑈𝑝(𝑥, 𝑦) =

⎧⎨
⎩𝑈

((
2

𝑝𝑝−1

)1/𝑝
𝑥,
(

2
𝑝𝑝−1

)1/𝑝
𝑦 + 1

)
if 𝑦 ≥ −(𝑝𝑝−1/2)1/𝑝,

−∣𝑥∣𝑝 if 𝑦 < −(𝑝𝑝−1/2)1/𝑝,
(3.166)

where 𝑈 is Suh’s special function corresponding to the weak type inequality, de-
fined in (3.38). Now one proceeds precisely in the same manner as in the preceding
subsection. We omit the details.
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3.10 Inequalities for weakly dominated martingales

3.10.1 Weak domination and modification of Burkholder’s method

In this section we will study the weak-type, moment and logarithmic inequalities
under a different type of domination.

Definition 3.1. Let 𝑓 , 𝑔 be two ℬ-valued martingales. We say that 𝑔 is weakly
dominated by 𝑓 , if for any convex and increasing function 𝜙 on [0,∞) we have
𝔼𝜙(∣𝑔0∣) ≤ 𝔼𝜙(∣𝑓0∣) and

𝔼(𝜙(∣𝑑𝑔𝑛∣)∣ℱ𝑛−1) ≤ 𝔼(𝜙(∣𝑑𝑓𝑛∣)∣ℱ𝑛−1), 𝑛 = 1, 2, . . . ,

with probability 1.

Clearly, this assumption is less restrictive than the differential subordination.
Another important example is the following. We say that martingales 𝑓 and 𝑔 are
tangent, if for any 𝑛 = 0, 1, 2, . . . the conditional distributions of 𝑑𝑓𝑛 and 𝑑𝑔𝑛 given
ℱ𝑛−1 coincide (set ℱ−1 to be the trivial 𝜎-field). If 𝑓 , 𝑔 satisfy this condition, then
𝑔 is weakly dominated by 𝑓 and 𝑓 is weakly dominated by 𝑔.

There is a version of Burkholder’s method which works in this new setting.
To see this, let 𝑉 : ℬ ×ℬ → ℝ be a given Borel function, satisfying the symmetry
condition

𝑉 (𝑥, 𝑦) = 𝑉 (−𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℬ. (3.167)

Consider a function 𝑈 : ℬ × ℬ → ℝ which enjoys the following three properties:

1∘ 𝑈(𝑥, 𝑦) ≥ 𝑉 (𝑥, 𝑦) for all 𝑥, 𝑦 ∈ ℬ,
2∘ there are Borel functions

𝐴 : ℬ × ℬ → ℬ∗, 𝐵 : ℬ × ℬ → ℬ∗ and 𝜙 : ℬ × ℬ × [0,∞)→ ℝ

with 𝜙(𝑥, 𝑦, ⋅) convex and increasing for any fixed 𝑥, 𝑦, for which the following
condition is satisfied. For any 𝑥, 𝑦, ℎ, 𝑘 ∈ ℬ we have

𝑈(𝑥+ ℎ, 𝑦 + 𝑘) ≤𝑈(𝑥, 𝑦) + ⟨𝐴(𝑥, 𝑦), ℎ⟩+ ⟨𝐵(𝑥, 𝑦), 𝑘⟩
+ 𝜙(𝑥, 𝑦, ∣𝑘∣) − 𝜙(𝑥, 𝑦, ∣ℎ∣). (3.168)

3∘ 𝑈(0, 0) ≤ 0.
Theorem 3.20. Suppose that 𝑈 satisfies 1∘, 2∘ and 3∘. Let 𝑓 , 𝑔 be ℬ-valued mar-
tingales such that 𝑔 is weakly dominated by 𝑓 . If 𝑓 and 𝑔 satisfy the integrability
conditions

𝔼∣𝑉 (𝑓𝑛, 𝑔𝑛)∣ < ∞, 𝔼∣𝑈(𝑓𝑛, 𝑔𝑛)∣ < ∞,

𝔼
(∣𝐴(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑓𝑛+1∣+ ∣𝐵(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑔𝑛+1∣

)
< ∞,

𝔼𝜙(𝑓𝑛, 𝑔𝑛, ∣𝑑𝑓𝑛+1∣) < ∞
(3.169)

for all 𝑛 ≥ 0, then
𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0 𝑛 = 0, 1, 2, . . . . (3.170)
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Proof. First, note that we may assume that 𝑓 and 𝑔 start from 0. To see this,
we consider, with no loss of generality, the underlying probability space ([0, 1],
ℬ([0, 1]), ∣ ⋅ ∣). Let (𝑓 ′, 𝑔′) be given by

(𝑓 ′
𝑛, 𝑔

′
𝑛)(𝜔) = (𝑓𝑛, 𝑔𝑛)(2𝜔)1{𝜔≤1/2} + (−𝑓𝑛,−𝑔𝑛)(2𝜔 − 1)1{𝜔>1/2}.

In other words, we have split the probability space into two halves and copied
(𝑓, 𝑔) into the left half and its reflection (−𝑓,−𝑔) into the right half. Consider
a natural filtration of (𝑓 ′, 𝑔′) and add the trivial 𝜎-field ℱ−1 = {∅, [0, 1]}. Then
(𝑓−1, 𝑔−1) ≡ (0, 0) and 𝑔′ is weakly dominated by 𝑓 ′. Finally, 𝑓 ′, 𝑔′ satisfy (3.169)
and we have 𝔼𝑉 (𝑓 ′

𝑛, 𝑔
′
𝑛) = 𝔼𝑉 (𝑓𝑛, 𝑔𝑛), in view of the assumption (3.167).

Now fix 𝑛 ≥ 0 and apply 2∘, with 𝑥 = 𝑓𝑛, 𝑦 = 𝑔𝑛, ℎ = 𝑑𝑓𝑛+1 and 𝑘 = 𝑑𝑔𝑛+1.
We get

𝑈(𝑓𝑛+1, 𝑔𝑛+1) ≤ 𝑈(𝑓𝑛, 𝑔𝑛) + ⟨𝐴(𝑓𝑛, 𝑔𝑛), 𝑑𝑓𝑛+1⟩+ ⟨𝐵(𝑓𝑛, 𝑔𝑛), 𝑑𝑔𝑛+1⟩
+ 𝜙(𝑓𝑛, 𝑔𝑛, ∣𝑑𝑔𝑛+1∣)− 𝜙(𝑓𝑛, 𝑔𝑛, ∣𝑑𝑓𝑛+1∣).

By (3.169), both sides are integrable, so taking the conditional expectation with
respect to ℱ𝑛 yields 𝔼

[
𝑈(𝑓𝑛+1, 𝑔𝑛+1)∣ℱ𝑛

] ≤ 𝑈(𝑓𝑛, 𝑔𝑛) thanks to the weak dom-
ination. This gives the supermartingale property of the sequence (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥0

and hence, by 1∘ and 3∘,

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) = 𝑈(0, 0) ≤ 0.
This completes the proof. □

3.10.2 Formulation of the results

Let ℋ be a separable Hilbert space. We start with the weak-type (1,1) estimate.
Theorem 3.21. Let 𝑓 , 𝑔 be two ℋ-valued martingales such that 𝑔 is weakly domi-
nated by 𝑓 . Then

∣∣𝑔∣∣1,∞ ≤ 2
√
2∣∣𝑓 ∣∣1. (3.171)

The next statement concerns moment estimates.

Theorem 3.22. Let 𝑓 , 𝑔 be two ℋ-valued martingales such that 𝑔 is weakly domi-
nated by 𝑓 . Then for 1 < 𝑝 ≤ 2,

∣∣
√
∣𝑓 ∣2 + ∣𝑔∣2∣∣𝑝 ≤

√
2(𝑝− 1)−1∣∣𝑓 ∣∣𝑝 (3.172)

and

∣∣𝑔∣∣𝑝 ≤
√
1 + 2𝑝− 𝑝2

𝑝− 1 ∣∣𝑓 ∣∣𝑝. (3.173)

Furthermore, if 𝑝 > 2, then

∣∣𝑔∣∣𝑝 ≤ 1.48(𝑝− 1)∣∣𝑓 ∣∣𝑝. (3.174)
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Finally, we turn to logarithmic estimates. The result can be stated as follows.

Theorem 3.23. Let 𝑓 , 𝑔 be two ℋ-valued martingales such that 𝑔 is weakly domi-
nated by 𝑓 . Then for 𝐾 >

√
2,

∣∣
√

𝑓2 + 𝑔2∣∣1 ≤ sup
𝑛≥0

𝐾𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣+ 𝐿(𝐾), (3.175)

where

𝐿(𝐾) =

{
𝐾2

2(𝐾−√
2)
exp(−√2/𝐾) if 𝐾 ∈ (√2, 2√2),

2
√
2(4− 2√2)2

√
2/𝐾−1 exp(−√2/𝐾) if 𝐾 ≥ 2√2.

3.10.3 Proof of Theorem 3.21

We start with some technical results that are needed in the proof of the weak-type
estimate. First, let us investigate the properties of the following class of functions.
For 0 ≤ 𝑟 <

√
2− 1, let 𝜙𝑟 : ℝ+ → ℝ+ be defined by

𝜙𝑟(𝑠) :=

{
𝑠2 if 𝑠 ≤ 𝑟 +

√
2− 1,

(2
√
2− 2𝑟)𝑠+ 𝛽 if 𝑠 > 𝑟 +

√
2− 1, (3.176)

where 𝛽 = 𝛽(𝑟) = (𝑟 +
√
2 − 1)2 − (2√2 − 2𝑟)(𝑟 +√2− 1) is a real number such

that 𝜙𝑟 is continuous. Let

𝐷 = {(𝑥, 𝑦) ∈ ℋ×ℋ : ∣𝑥∣ ≤
√
2−

√
∣𝑦∣2 + 1}

= {(𝑥, 𝑦) ∈ ℋ×ℋ : √2∣𝑥∣+
√
∣𝑥∣2 + ∣𝑦∣2 ≤ 1}.

(3.177)

Lemma 3.17. The function 𝜙𝑟 enjoys the following properties:

(i) It is convex.

(ii) If (𝑥, 𝑦) ∈ 𝐷, then 𝜙∣𝑥∣(𝑠) ≥ 𝑠2 for 𝑠 ≤ 1 + ∣𝑦∣.
Proof. (i) The function 𝜙𝑟 is obviously convex on each of the sets [0, 𝑟 +

√
2− 1]

and [𝑟 +
√
2− 1,∞). Moreover,

(𝜙𝑟)
′
−(𝑟 +

√
2− 1) = 2(𝑟 +

√
2− 1) < 2

√
2− 2𝑟 = (𝜙𝑟)

′
+(𝑟 +

√
2− 1).

(ii) By (i), for every 0 ≤ 𝑟 <
√
2 − 1 there exists such a real number 𝑠 =

𝑠(𝑟) > 𝑟+
√
2− 1, that 𝜙𝑟(𝑠) < 𝑠2 if and only if 𝑠 > 𝑠. Hence it is enough to show

that 1 + ∣𝑦∣ < 𝑠, or check that

𝜙∣𝑥∣(1 + ∣𝑦∣) ≥ (1 + ∣𝑦∣)2.

But 1 + ∣𝑦∣ ≥ 1 > 2
√
2− 2 > 𝑟 +

√
2− 1, so the above inequality takes the form

(∣𝑥∣ +
√
2− 1)2 + (2

√
2− 2∣𝑥∣)[1 + ∣𝑦∣ − (∣𝑥∣+

√
2− 1)] ≥ (1 + ∣𝑦∣)2,
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which is equivalent to

(
√
2− 3∣𝑥∣ − ∣𝑦∣)(2

√
2− ∣𝑥∣+ ∣𝑦∣) ≥ 0.

Since 2−√2−∣𝑥∣+ ∣𝑦∣ ≥ 3−2√2+ ∣𝑦∣ > 0, it suffices to prove that 3∣𝑥∣+ ∣𝑦∣ ≤ √
2.

But (𝑥, 𝑦) ∈ 𝐷, hence 3∣𝑥∣ + ∣𝑦∣ ≤ ∣𝑦∣ + 3√2 − 3√∣𝑦∣2 + 1. The right-hand side
does not exceed

√
2, because, from the Schwarz inequality,

∣𝑦∣+ 2
√
2 ≤

√
∣𝑦∣2 + 1√1 + 8 = 3

√
∣𝑦∣2 + 1.

The proof is complete. □

Further properties of the functions 𝜙𝑟 are contained in the following.

Lemma 3.18. Assume that (𝑥, 𝑦) ∈ 𝐷. Then

(i) For each 𝑘 ∈ ℋ,
∣𝑦∣2 + 2(𝑦 ⋅ 𝑘) + 𝜙∣𝑥∣(∣𝑘∣) ≥ 0. (3.178)

(ii) If ℎ ∈ ℋ and ∣𝑥+ ℎ∣ ≥ √
2− 1, then

2
√
2∣𝑥+ ℎ∣ − 1 ≥ ∣𝑥+ ℎ∣2 + 𝜙∣𝑥∣(∣ℎ∣)− ∣ℎ∣2. (3.179)

(iii) If ℎ, 𝑘 ∈ ℋ, ∣𝑥+ ℎ∣ ≤ √
2− 1 and (𝑥+ ℎ, 𝑦 + 𝑘) /∈ 𝐷, then

−1 ≥ ∣𝑥+ ℎ∣2 − 2√2∣𝑥+ ℎ∣ − ∣𝑦 + 𝑘∣2 − 𝜙∣𝑥∣(∣𝑘∣) + ∣𝑘∣2. (3.180)

Proof. (i) If ∣𝑘∣ ≤ 1 + ∣𝑦∣, then using Lemma 3.17 (ii) we have 𝜙∣𝑥∣(𝑘) ≥ ∣𝑘∣2 and
the inequality holds. Suppose then that ∣𝑘∣ > 1+ ∣𝑦∣. We have ∣𝑦∣+1 > ∣𝑥∣+√2−1
(because (𝑥, 𝑦) ∈ 𝐷), hence

∣𝑦∣2 + 2(𝑦 ⋅ 𝑘) + 𝜙∣𝑥∣(∣𝑘∣) ≥ ∣𝑦∣2 − 2∣𝑦∣∣𝑘∣+ (2
√
2− 2∣𝑥∣)∣𝑘∣+ 𝛽(∣𝑥∣)

= 2∣𝑘∣(√2− ∣𝑥∣ − ∣𝑦∣) + ∣𝑦∣2 + 𝛽(∣𝑥∣).
We have

√
2−∣𝑥∣−∣𝑦∣ ≥ 0, because for (𝑥, 𝑦) ∈ 𝐷 we have ∣𝑦∣ ≤ 1 and ∣𝑥∣ ≤ √

2−1.
The right-hand side is nonnegative for ∣𝑘∣ = 1+ ∣𝑦∣, so it remains nonnegative for
bigger ∣𝑘∣.

(ii) Introduce the function 𝜃 : ℝ→ ℝ given by 𝜃(𝑡) = 𝑡2− 2√2𝑡+1. We must
prove that

𝜃(∣𝑥+ ℎ∣) ≤ ∣ℎ∣2 − 𝜙∣𝑥∣(∣ℎ∣). (3.181)

If ∣ℎ∣ ≤ ∣𝑥∣+√2− 1, then 𝜙∣𝑥∣(∣ℎ∣) = ∣ℎ∣2 and
√
2− 1 ≤ ∣𝑥+ ℎ∣ ≤ ∣𝑥∣+ ∣ℎ∣ ≤ ∣𝑥∣+ ∣𝑥∣+√2− 1 ≤ 3√2− 3 <

√
2 + 1,

which yields the desired inequality, because the function 𝜃 has two zeros
√
2± 1.

Suppose then, that ∣ℎ∣ ≥ ∣𝑥∣ +√2 − 1. Fix 𝑥, ∣ℎ∣ and let us try to maximize the
value 𝜃(∣𝑥 + ℎ∣). The function 𝜃 has minimum at

√
2, hence, because of

∣ℎ∣ − ∣𝑥∣ ≤ ∣𝑥+ ℎ∣ ≤ ∣𝑥∣+ ∣ℎ∣,
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the biggest value of 𝜃(∣𝑥 + ℎ∣) is equal to 𝜃(∣ℎ∣ − ∣𝑥∣) or 𝜃(∣𝑥∣ + ∣ℎ∣). Let us check
(3.181) for both ∣𝑥+ ℎ∣ = ∣𝑥∣+ ∣ℎ∣ and ∣𝑥+ ℎ∣ = ∣ℎ∣ − ∣𝑥∣.

In the first case the inequality (3.179) is equivalent to

∣𝑥∣2 + 2∣𝑥∣∣ℎ∣+ ∣ℎ∣2 − 2
√
2(∣𝑥∣+ ∣ℎ∣) + 1

≤ ∣ℎ∣2 − (2√2− 2∣𝑥∣)∣ℎ∣ − (∣𝑥∣ +√2− 1)2 + (2√2− 2∣𝑥∣)(∣𝑥∣ +√2− 1),
which does not depend on ℎ; all the terms with ∣ℎ∣ vanish. On the other hand it
is true for ∣ℎ∣ = ∣𝑥∣+√2− 1 (from the preceding case). Hence it holds for any ℎ.

If ∣𝑥+ ℎ∣ = ∣ℎ∣ − ∣𝑥∣, then (3.179) takes the form
∣𝑥∣2 − 2∣𝑥∣∣ℎ∣+ ∣ℎ∣2 − 2

√
2(∣ℎ∣ − ∣𝑥∣) + 1

≤ ∣ℎ∣2 − (2
√
2− 2∣𝑥∣)∣ℎ∣ − (∣𝑥∣+

√
2− 1)2 + (2

√
2− 2∣𝑥∣)(∣𝑥∣ +

√
2− 1),

or

4∣𝑥∣∣ℎ∣ ≥ ∣𝑥∣2 + 2√2∣𝑥∣+ 1 + (∣𝑥∣ +√2− 1)2 − (2√2− 2∣𝑥∣)(∣𝑥∣ +√2− 1).
It suffices to apply the preceding argument: this inequality holds for ∣ℎ∣ = ∣𝑥∣ +√
2− 1, so also for ℎ with a bigger norm.

(iii) We have 0 ≤ ∣𝑥 + ℎ∣ ≤ √
2 − 1, hence 𝜃(∣𝑥 + ℎ∣) ≥ 0, so there exists a

vector 𝑘 ∈ ℋ such that 𝜃(∣𝑥+ ℎ∣) = ∣𝑦 + 𝑘∣2, or, equivalently,
−1 = ∣𝑥+ ℎ∣2 − 2√2∣𝑥+ ℎ∣ − ∣𝑦 + 𝑘∣2.

This implies (𝑦 + 𝑘, 𝑦 + 𝑘) ∈ ∂𝐷. But (𝑥 + ℎ, 𝑦 + 𝑘) /∈ 𝐷, therefore we have
∣𝑦 + 𝑘∣ > ∣𝑦 + 𝑘∣. We want to show that

∣𝑦 + 𝑘∣2 − ∣𝑦 + 𝑘∣2 ≥ ∣𝑘∣2 − 𝜙∣𝑥∣(∣𝑘∣). (3.182)

If ∣𝑘∣ ≤ 1 + ∣𝑦∣, then 𝜙∣𝑥∣(∣𝑘∣) ≥ ∣𝑘∣2 (by Lemma 3.17 (ii)) and we are done. If
∣𝑘∣ > 1 + ∣𝑦∣, then ∣𝑘∣ > ∣𝑥∣ + √2 − 1. Let 𝑘′ = 𝑘 ⋅ 1+∣𝑦∣

∣𝑘∣ . The inequality (3.182)
holds for 𝑘′ (because ∣𝑘′∣ = 1 + ∣𝑦∣), so we may write
𝜙∣𝑥∣(∣𝑘∣)− ∣𝑦 + 𝑘∣2 + ∣𝑦 + 𝑘∣2 − ∣𝑘∣2
= 𝜙∣𝑥∣(∣𝑘′∣)− ∣𝑦 + 𝑘∣2 + ∣𝑦 + 𝑘′∣2 − ∣𝑘′∣2 + 𝜙∣𝑥∣(∣𝑘∣)− 𝜙∣𝑥∣(∣𝑘′∣) + 2(𝑦 ⋅ (𝑘 − 𝑘′))

≥ (2
√
2− 2∣𝑥∣)(∣𝑘∣ − ∣𝑘′∣)− 2∣𝑦∣(∣𝑘∣ − ∣𝑘′∣)

= 2(
√
2− ∣𝑥∣ − ∣𝑦∣)(∣𝑘∣ − 1− ∣𝑦∣) ≥ 0.

The proof is complete. □

Let 𝜓 : [0,∞)→ ℝ be given by

𝜓(𝑠) =

{
𝑠2 if 𝑠 ≤ 1,
2𝑠− 1 if 𝑠 > 1.

(3.183)
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Lemma 3.19. For any 𝑟 ∈ [0,√2− 1) and 𝑠 ≥ 0 we have

𝜓(𝑠) ≤ 𝜙𝑟(𝑠) ≤ 𝜓(
√
2𝑠). (3.184)

Proof. We have 𝜓 = 𝜙𝑟 on [0, 𝑟 +
√
2− 1], while for 𝑠 > 𝑟 +

√
2− 1,

𝜙′
𝑟(𝑠) = 2

√
2− 2𝑟 ≥ 2 ≥ 𝜓′(𝑠).

This proves the left inequality. Let us turn to the right one. Clearly, it holds for
𝑠 ≤ min(1/√2, 𝑟 +√2 − 1). Furthermore, since the slope of the linear part of 𝜙𝑟

does not exceed 2
√
2, it suffices to prove the bound for 𝑠 lying between 1/

√
2 and

𝑟 +
√
2− 1. □

Proof of (3.171). Let 𝑉1,∞, 𝑈1,∞ : ℋ×ℋ → ℝ be given by 𝑉1,∞(𝑥, 𝑦) = 1{∣𝑦∣≥1}−
2
√
2∣𝑥∣ and

𝑈1,∞(𝑥, 𝑦) =

{
∣𝑦∣2 − ∣𝑥∣2 if (𝑥, 𝑦) ∈ 𝐷,

1− 2√2∣𝑥∣ if (𝑥, 𝑦) /∈ 𝐷,

where 𝐷 is given by (3.177). We need to verify the conditions 1∘, 2∘, 3∘ and the in-
tegrability assumption (3.169). To check the majorization 𝑈1,∞(𝑥, 𝑦) ≥ 𝑉1,∞(𝑥, 𝑦),
note that it suffices to deal with (𝑥, 𝑦) ∈ 𝐷. We have ∣𝑥∣ ≤ √

2− 1 and
∣𝑦∣2 − ∣𝑥∣2 ≥ −∣𝑥∣2 ≥ −(

√
2− 1)∣𝑥∣ ≥ −2

√
2∣𝑥∣ = 1{∣𝑦∣>1} − 2

√
2∣𝑥∣.

We turn to 2∘. We shall establish this condition with

(
𝐴(𝑥, 𝑦), 𝐵(𝑥, 𝑦)

)
=

{
(−2𝑥, 2𝑦) if (𝑥, 𝑦) ∈ 𝐷,

(−2√2𝑥′, 0) if (𝑥, 𝑦) /∈ 𝐷,

and

𝜙(𝑥, 𝑦, 𝑡) =

{
𝜙∣𝑥∣(𝑡) if (𝑥, 𝑦) ∈ 𝐷,

0 if (𝑥, 𝑦) /∈ 𝐷.

To do this, we start with the observation that 𝑈1,∞(𝑥, 𝑦) ≥ 1 − 2√𝑥 for all 𝑥, 𝑦.
Indeed, we have equality for (𝑥, 𝑦) /∈ 𝐷, while for (𝑥, 𝑦) ∈ 𝐷, by the definition of
𝐷,
√∣𝑦∣2 + 1 ≤ √

2− ∣𝑥∣. Squaring both sides of this inequality gives
∣𝑦∣2 − ∣𝑥∣2 ≥ 1− 2√2∣𝑥∣,

as claimed. Therefore, if (𝑥, 𝑦) /∈ 𝐷, then

𝑈1,∞(𝑥, 𝑦)− 2(𝑥′ ⋅ ℎ) = 1− 2
√
2∣𝑥∣ − 2

√
2(𝑥′ ⋅ ℎ) ≥ 1− 2

√
2∣𝑥+ ℎ∣

≥ 𝑈1,∞(𝑥 + ℎ, 𝑦 + 𝑘).

Suppose then that (𝑥, 𝑦) belongs to𝐷. If (𝑥+ℎ, 𝑦+𝑘) ∈ 𝐷, then ∣ℎ∣ ≤ ∣𝑥+ℎ∣+∣𝑥∣ ≤
∣𝑥∣+√2− 1 and ∣𝑘∣ ≤ ∣𝑦+ 𝑘∣+ ∣𝑦∣ ≤ 1+ ∣𝑦∣, so, by Lemma 3.17 (ii), 𝜙(∣ℎ∣) = ∣ℎ∣2,
𝜙(∣𝑘∣) ≥ ∣𝑘∣2 and the inequality (3.168) is true, since

∣𝑦 + 𝑘∣2 − ∣𝑥+ ℎ∣2 = ∣𝑦∣2 − ∣𝑥∣2 − 2(𝑥 ⋅ ℎ) + 2(𝑦 ⋅ 𝑘) + ∣𝑘∣2 − ∣ℎ∣2.
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Assume then, that (𝑥+ ℎ, 𝑦 + 𝑘) /∈ 𝐷. Then (3.168) takes the form

1− 2√2∣𝑥+ ℎ∣ ≥ ∣𝑦∣2 + 2(𝑦 ⋅ 𝑘) + 𝜙∣𝑥∣(∣𝑘∣)− ∣𝑥∣2 − 2(𝑥 ⋅ ℎ)− 𝜙∣𝑥∣(∣ℎ∣). (3.185)

If ∣𝑥 + ℎ∣ ≥ √
2 − 1, then the above inequality follows immediately from (3.178)

and (3.179). If ∣𝑥 + ℎ∣ <
√
2 − 1, then ∣ℎ∣ < ∣𝑥∣ + √2 − 1, 𝜙∣𝑥∣(∣ℎ∣) = ∣ℎ∣2 and

(3.185) is equivalent to (3.180). This completes the proof of 2∘.
The initial condition 3∘ is obvious. Finally, (3.169) is also very easy, since 𝐴

and 𝐵 are bounded, and there is an absolute 𝑐 such that Φ𝑟(𝑠) ≤ 𝑐(𝑠+ 1) for all
permissible 𝑟 and all 𝑠 ≥ 0. The inequality (3.171) follows. □

3.10.4 Proof of Theorem 3.22

First let us show the following auxiliary fact.

Lemma 3.20. Let 1 < 𝑝 < 2.

(i) For any nonnegative numbers 𝑎, 𝑏 and positive 𝑥0,

(𝑎+ 𝑏)𝑝/2 ≥ (1 + 𝑥0)
𝑝/2−1𝑎𝑝/2 + (𝑥−1

0 + 1)
𝑝/2−1𝑏𝑝/2. (3.186)

(ii) We have

min
𝑥0>0

{
2𝑝/2(𝑝− 1)−𝑝(1 + 𝑥0)

1−𝑝/2 − 𝑥
1−𝑝/2
0

}
=

(√
1 + 2𝑝− 𝑝2

𝑝− 1

)𝑝

. (3.187)

Proof. (i) After the substitution 𝑥 = 𝑏/𝑎, (3.186) takes the form

(1 + 𝑥)𝑝/2 − (1 + 𝑥0)
𝑝/2−1 − (𝑥−1

0 + 1)
𝑝/2−1𝑥𝑝/2 ≥ 0,

and the left-hand side, as a function of 𝑥, attains its minimum 0 at 𝑥 = 𝑥0

(straightforward analysis of the derivative).

(ii) Differentiating the expression in the parentheses, one gets

(
1− 𝑝

2

)
𝑥
−𝑝/2
0

[(
2𝑥0

(𝑝− 1)2(1 + 𝑥0)

)𝑝/2

− 1
]

,

so we see that the minimum is attained at 𝑥0 = (𝑝−1)2/(1+2𝑝−𝑝2). Substituting
this value into the expression, we get the right-hand side of (3.187). □

We turn to the proof of the moment inequality for 1 < 𝑝 < 2. Clearly, we may
and do assume that ∣∣𝑓 ∣∣𝑝 < ∞, which implies 𝑑𝑓𝑛 ∈ 𝐿𝑝 for any 𝑛. Thus, by the
weak domination, 𝑑𝑔𝑛 ∈ 𝐿𝑝 and, by the triangle inequality, 𝑔𝑛 ∈ 𝐿𝑝. Furthermore,
we may assume that 𝑓 and 𝑔 start from 0. Let 𝑉𝑝 : ℋ×ℋ → ℝ be given by

𝑉𝑝(𝑥, 𝑦) = (∣𝑥∣2 + ∣𝑦∣2)𝑝/2 − (
√
2(𝑝− 1)−1∣𝑥∣)𝑝.
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The corresponding special function is obtained by the integration argument. Let
𝑢 = 𝑈1,∞ and

𝑘(𝑡) =
𝑝3−𝑝(𝑝− 1)(2− 𝑝)

2
𝑡𝑝−1.

It is easy to derive that

𝑈𝑝(𝑥, 𝑦) =

∫ ∞

0

𝑡𝑝−1𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

= 𝑝2−𝑝(
√
∣𝑥∣2 + ∣𝑦∣2 −√

2(𝑝− 1)−1∣𝑥∣)(√2∣𝑥∣+
√
∣𝑥∣2 + ∣𝑦∣2)𝑝−1.

We easily verify the majorization 𝑈𝑝 ≥ 𝑉𝑝. Moreover, since ∣𝑢(𝑥, 𝑦)∣ ≤ 𝑐(1+ ∣𝑥∣2+
∣𝑦∣2) for all 𝑥, 𝑦 ∈ ℋ and some universal 𝑐, we get that∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 < 𝑐(1 + ∣𝑥∣𝑝 + ∣𝑦∣𝑝)

and hence
𝔼𝑈𝑝(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈𝑝(𝑓0, 𝑔0) = 𝑈𝑝(0, 0) = 0.

This yields the inequality (3.172). To establish (3.173), we use Lemma 3.20 (i)
with 𝑎 = ∣𝑔𝑛∣2, 𝑏 = ∣𝑓𝑛∣2 and 𝑥0 > 0 to obtain

(1 + 𝑥0)
𝑝/2−1

𝔼∣𝑔𝑛∣𝑝 + (𝑥−1
0 + 1)

𝑝/2−1
𝔼∣𝑓𝑛∣𝑝 ≤ 2𝑝/2

(𝑝− 1)𝑝𝔼∣𝑓𝑛∣
𝑝,

or
𝔼∣𝑔𝑛∣𝑝 ≤

[
2𝑝/2(𝑝− 1)−𝑝(1 + 𝑥0)

1−𝑝/2 − 𝑥
1−𝑝/2
0

]
𝔼∣𝑓𝑛∣𝑝.

An application of (3.187) completes the proof of (3.173).

Finally, a few words about (3.174). This inequality is established in a similar
manner. Namely, one constructs a dual function to 𝑈1,∞ and uses the integration
argument to obtain the corresponding special function 𝑈𝑝. For details, see [124].

3.10.5 Proof of Theorem 3.23

Let 𝑉 : ℋ × ℋ → ℝ be given by 𝑉 (𝑥, 𝑦) =
√∣𝑥∣2 + ∣𝑦∣2 − 𝐾∣𝑥∣ log ∣𝑥∣ − 𝐿(𝐾).

The special function 𝑈 : ℋ × ℋ → ℝ is given by the integration argument: put
𝑢 = 𝑈1,∞, 𝑘(𝑡) = 1[1,∞)(𝑡) and

𝑈(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

=

{
∣𝑦∣2 − ∣𝑥∣2 if (𝑥, 𝑦) ∈ 𝐷,

2
√
2∣𝑥∣ log [√2∣𝑥∣+√∣𝑥∣2 + ∣𝑦∣2]− 2√∣𝑥∣2 + ∣𝑦∣2 + 1 if (𝑥, 𝑦) /∈ 𝐷.

Let us introduce the auxiliary constant 𝑡(𝐾) = 𝐿(𝐾) ⋅max{2√2/𝐾, 1}.
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We have the following majorization.

Lemma 3.21. For 𝐾 >
√
2 and any 𝑥, 𝑦 ∈ ℋ,

𝐿(𝐾)𝑈(𝑥/𝑡(𝐾), 𝑦/𝑡(𝐾)) ≥ 𝑉 (𝑥, 𝑦). (3.188)

Proof. Substitute 𝑟 = ∣𝑦∣, 𝑠 =
√∣𝑥∣2 + ∣𝑦∣2. We will only consider the case

𝐾 ∈ (√2, 2√2), the argumentation for the remaining values of 𝐾 is similar. First
assume that (𝑥/𝑡(𝐾), 𝑦/𝑡(𝐾)) /∈ 𝐷. Then, after some manipulations, the inequal-
ity (3.188) takes the form

0 ≤ −2
√
2𝑟 log

(√
2𝑟 + 𝑠

𝑡(𝐾)

)
+ 2𝑠+ 𝑡(𝐾)𝐿(𝐾)−1(𝐾𝑟 log 𝑟 − 𝑠).

Now fix 𝑟 and consider the right-hand side as a function of 𝑠 ∈ (0,∞). This
function is convex and vanishes, along with its derivative, at 𝑠 = 2𝑟/(𝐾 − √

2).
This yields the majorization outside 𝐷. Now suppose that (𝑥/𝑡(𝐾), 𝑦/𝑡(𝐾)) ∈ 𝐷
and substitute 𝑟 = ∣𝑦∣, 𝑠 =√∣𝑥∣2 + ∣𝑦∣2. Then √2𝑟 + 𝑠 ≤ 𝑡(𝐾) and (3.188) takes
the form

0 ≤ −2𝑟2 + 𝑠2 +
8𝐿(𝐾)

𝐾2
[𝐾𝑟 log 𝑟 − 𝑠+ 𝐿(𝐾)]. (3.189)

For fixed 𝑟, the right-hand side, as a function of 𝑠, attains its minimum for 𝑠0 =
min{4𝐿(𝐾)/𝐾2, 𝑡(𝐾) −√

2𝑟}. If 𝑡(𝐾) −√
2𝑟 ≥ 4𝐿(𝐾)/𝐾2, or, equivalently, 𝑟 ≤

exp(−√2/𝐾), then, since 𝑟 log 𝑟 > 1/𝑒,

𝐹 (𝑟) = −2𝑟2 + 𝑠20 +
8𝐿(𝐾)

𝐾2
[𝐾𝑟 log 𝑟 − 𝑠0 + 𝐿(𝐾)]

= −2𝑟2 + 8𝐿(𝐾)
𝐾

𝑟 log 𝑟 +
4𝐿(𝐾)

𝐾2
exp(−

√
2/𝐾)(𝐾 +

√
2).

We have 𝐹 (exp(−√2/𝐾)) = 𝐹 ′(exp(−√2/𝐾)−) = 0 and

𝐹 ′′(𝑟) = −4 + 8𝐿(𝐾)
𝐾𝑟

>
4𝐾

𝐾 −√
2
− 4 > 0.

Thus 𝐹 is nonnegative for 𝑟 ≤ exp(−√2/𝐾). If 𝑟 > exp(−√2/𝐾), then 𝑠0 =
𝑡(𝐾) −√

2𝑟 and (𝑥/𝑡(𝐾), 𝑦/𝑡(𝐾)) ∈ ∂𝐷, so (3.189) holds by the continuity of 𝑈
and the case (𝑥/𝑡(𝐾), 𝑦/𝑡(𝐾)) /∈ 𝐷, which we have already considered. □

Proof of inequality (3.175). With no loss of generality, we may restrict ourselves
to 𝑓 satisfying 𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣ < ∞ for all 𝑛. There are universal constants 𝛼, 𝛽 such
that for 𝑥, 𝑦 ∈ ℝ,

∣𝑥+𝑦∣ log+ ∣𝑥+𝑦∣ ≤ (∣𝑥∣+∣𝑦∣) log+(∣𝑥∣+∣𝑦∣) ≤ 𝛼(∣𝑥∣ log ∣𝑥∣+∣𝑦∣ log ∣𝑦∣)+𝛽. (3.190)

In consequence, for any 𝑛 the random variable ∣𝑑𝑓𝑛∣ log+ ∣𝑑𝑓𝑛∣ is integrable and,
by the weak domination, so is ∣𝑑𝑔𝑛∣ log+ ∣𝑑𝑔𝑛∣. The further application of (3.190)
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gives that ∣𝑔𝑛∣ log ∣𝑔𝑛∣ ∈ 𝐿1 and, finally, (∣𝑓𝑛∣ + ∣𝑔𝑛∣) log(∣𝑓𝑛∣ + ∣𝑔𝑛∣) ∈ 𝐿1. Now,
since

∣𝑢(𝑥, 𝑦)∣ ≤ (∣𝑥∣2 + ∣𝑦∣2)1𝐷(𝑥, 𝑦) + (1 + 2
√
2∣𝑦∣)1𝐷𝑐(𝑥, 𝑦),

a little calculation shows that∫ ∞

1

∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 ≤ 𝑎(∣𝑥∣+ ∣𝑦∣) log(∣𝑥∣+ ∣𝑦∣) + 𝑏,

for some universal constants 𝑎 and 𝑏. Therefore we are allowed to use Fubini’s
theorem and obtain

𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) = 𝑈(0, 0) = 0

for all 𝑛. Apply this to the pair (𝑓/𝑡(𝐾), 𝑔/𝑡(𝐾)) and combine it with (3.188)
to get

𝔼
√
∣𝑓𝑛∣2 + ∣𝑔𝑛∣2 ≤ 𝐾𝔼∣𝑓𝑛∣ log ∣𝑓𝑛∣+ 𝐿(𝐾).

It suffices to take supremum over 𝑛 to complete the proof. □

3.11 UMD spaces

3.11.1 The inequalities under differential subordination

There is a natural question whether the estimates studied in the previous sections
carry over to the case when the martingales 𝑓 and 𝑔 take values in a certain
separable Banach space ℬ. As one might expect, this is not true for all Banach
spaces. So, there is another problem: provide a geometric characterization of the
spaces in which the estimates do hold.

The first result in this direction concerns the inequalities for differentially
subordinated martingales. It turns out the only “good spaces” are those isomorphic
to Hilbert spaces.

Theorem 3.24. Let ℬ be a Banach space.

(i) Suppose that there is 1 < 𝑝 < ∞ and a universal 𝛽 = 𝛽(𝑝,ℬ) < ∞ such that

∣∣𝑔∣∣𝑝 ≤ 𝛽∣∣𝑓 ∣∣𝑝
for any ℬ-valued martingales 𝑓 , 𝑔 such that 𝑔 is differentially subordinate to
𝑓 . Then ℬ is isomorphic to a Hilbert space.

(ii) Suppose that there is a universal 𝛽 = 𝛽(ℬ) < ∞ such that

∣∣𝑔∣∣1,∞ ≤ 𝛽∣∣𝑓 ∣∣1
for any ℬ-valued martingales 𝑓 , 𝑔 such that 𝑔 is differentially subordinate
to 𝑓 . Then ℬ is isomorphic to a Hilbert space.
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Proof. (i) Let 𝑟0, 𝑟1, 𝑟2, . . . be independent Rademacher variables and take a se-
quence (𝑎𝑘)𝑘≥0 with 𝑎𝑘 ∈ ℬ for all 𝑘. Furthermore, take 𝑏 ∈ ℬ of norm 1 and
consider the martingales

𝑓𝑛 =

𝑛∑
𝑘=0

𝑎𝑘𝑟𝑘, 𝑔𝑛 =

𝑛∑
𝑘=0

∣𝑎𝑘∣𝑟𝑘𝑏, 𝑛 = 0, 1, 2, . . . .

Then 𝑔 is differentially subordinate to 𝑓 and 𝑓 is differentially subordinate to 𝑔.
Thus, by the Khintchine–Kahane inequality we have, for any 𝑛,

∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

𝑎𝑘𝑟𝑘

∣∣∣∣∣
∣∣∣∣∣
𝑝

≃
∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

∣𝑎𝑘∣𝑟𝑘𝑏
∣∣∣∣∣
∣∣∣∣∣
𝑝

=

∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

∣𝑎𝑘∣𝑟𝑘
∣∣∣∣∣
∣∣∣∣∣
𝑝

≃
∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

∣𝑎𝑘∣𝑟𝑘
∣∣∣∣∣
∣∣∣∣∣
2

=

(
𝑛∑

𝑘=0

∣𝑎𝑘∣2
)1/2

and by the result of Kwapień [110], ℬ is isomorphic to a Hilbert space.
(ii) Recall that a martingale 𝑓 is conditionally symmetric if for any 𝑛 ≥ 1

the conditional distributions of 𝑑𝑓𝑛 and −𝑑𝑓𝑛 with respect to ℱ𝑛−1 coincide. Using
the extrapolation method of Burkholder and Gundy, we see that the finiteness of
𝛽 implies that for any 1 < 𝑝 < ∞ there is 𝛽𝑝 such that

∣∣𝑔∣∣𝑝 ≤ 𝛽𝑝∣∣𝑓 ∣∣𝑝
whenever 𝑓 , 𝑔 are conditionally symmetric martingales such that 𝑔 is differentially
subordinate to 𝑓 : see the proof of (3.203) below. Thus the claim follows from the
examples exhibited in the proof of the first part. □

3.11.2 UMD spaces and 𝜻-convexity

By the results of the previous subsection, in order to study moment inequalities
for Banach-space-valued martingales, we need to impose a stronger domination
on the processes. A natural choice is to consider ±1-transforms. Let ℬ be a given
separable Banach space and fix 1 < 𝑝 < ∞. Let 𝛽𝑝(ℬ) be the least extended real
number 𝛽 such that if 𝑓 is a ℬ-valued martingale and 𝑔 is its ±1-transform, then

∣∣𝑔∣∣𝑝 ≤ 𝛽∣∣𝑓 ∣∣𝑝. (3.191)

Definition 3.2. We say that ℬ is a UMD space (Unconditional for Martingale
Differences) if there is 1 < 𝑝 < ∞ such that 𝛽𝑝(ℬ) < ∞.

It will be obvious from the geometrical characterization of UMD spaces given
below that if 𝛽𝑝(ℬ) is finite for some 1 < 𝑝 < ∞, then it is finite for all 1 < 𝑝 < ∞.
It follows from the results of Section 3.3 above that if ℋ is a Hilbert space, then
𝛽𝑝(ℋ) = 𝑝∗ − 1 for all 1 < 𝑝 < ∞. In consequence,

𝛽𝑝(ℬ) ≥ 𝛽𝑝(ℝ) = 𝑝∗ − 1
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for all Banach spaces ℬ. Moreover, the scalar case implies also that ℓ𝑝 is a UMD
space for 𝑝 ∈ (1,∞), because 𝛽𝑝(ℓ

𝑝) = 𝑝∗−1 (simply by integration term-by-term).
More generally, we have 𝛽𝑝(ℓ

𝑝
ℬ) = 𝛽𝑝(ℬ), so if ℬ is a UMD space, then so is ℓ𝑝ℬ for

all 1 < 𝑝 < ∞; a similar fact is valid for 𝐿𝑝
ℬ(0, 1). On the other hand, the spaces

ℓ1, ℓ∞, 𝐿1(0, 1) and 𝐿∞(0, 1) are not UMD, since UMD spaces are reflexive, even
superreflexive (for some references on this subject, see the bibliographical notes
at the end of the chapter).

Let us turn to a geometrical characterization of UMD spaces. To formulate
it, we need the following auxiliary notion. A function 𝜁 : ℬ × ℬ → ℝ is said to be
biconvex if for any 𝑥, 𝑦 ∈ ℬ both 𝜁(𝑥, ⋅) and 𝜁(⋅, 𝑦) are convex on ℬ. Furthermore,
𝜁 is biconcave if −𝜁 is biconvex.

Definition 3.3. We say that a Banach space ℬ is 𝜁-convex if there is a biconvex
function 𝜁 : ℬ × ℬ → ℝ such that

𝜁(𝑥, 𝑦) ≤ ∣𝑥+ 𝑦∣ if ∣𝑥∣ = ∣𝑦∣ = 1, (3.192)

and
𝜁(0, 0) > 0. (3.193)

One of the main results of this section is the following classical result obtained
by Burkholder.

Theorem 3.25. A Banach space ℬ is UMD if and only if it is 𝜁-convex.

Remark 3.7. This result is very much in the spirit of Burkholder’s method: a cer-
tain martingale inequality is valid if and only if there is a special function with
some convex-type properties, satisfying the majorization and the initial condition
(the latter two properties are (3.192) and (3.193), respectively). A very interest-
ing feature is that we establish a number of inequalities ((3.191) for 1 < 𝑝 < ∞)
with the use of a single special function. However, we have already seen such a
phenomenon before: the proof of Burkholder’s 𝐿𝑝 estimates (3.59), 1 < 𝑝 < 2,
was based on the properties of 𝑈1, given by (3.6), and the integration argument.
Here the situation is analogous: as we shall see, the function 𝜁 is closely related
to a weak-type (1, 1) inequality; the novelty comes from the fact that the inte-
gration argument does not seem to work and we use the extrapolation method of
Burkholder and Gundy [40].

To gain some understanding about 𝜁-convexity, let us start with the case
ℬ = ℝ. The function 𝜁 = 𝜁ℝ must satisfy 𝜁ℝ(0, 0) > 0 and the condition (3.192)
means that

𝜁ℝ(1, 1) ≤ 2, 𝜁ℝ(1,−1) ≤ 0, 𝜁ℝ(−1, 1) ≤ 0 and 𝜁ℝ(−1,−1) ≤ 2.

A little experimentation leads to the function 𝜁(𝑥, 𝑦) = 1 + 𝑥𝑦. If ℬ is a Hilbert
space, one generalizes the above formula to 𝜁ℋ(𝑥, 𝑦) = 1 + 𝑥 ⋅ 𝑦 (and 𝜁ℋ(𝑥, 𝑦) =
1 + Re(𝑥 ⋅ 𝑦) in the complex case). Note that in both cases, the value at (0, 0) is
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equal to 1. In general, we have 𝜁(0, 0) ≤ 1: to see this, fix 𝑥 of norm one and use
the biconvexity together with (3.192) to obtain

𝜁(0, 0) ≤ 𝜁(𝑥, 𝑥) + 𝜁(𝑥,−𝑥) + 𝜁(−𝑥, 𝑥) + 𝜁(−𝑥,−𝑥)

4
≤ 1.

In fact, we shall show that if ℬ is not a Hilbert space, then the strict inequality
𝜁(0, 0) < 1 holds. In other words, a Banach space is a Hilbert space if and only
if there is a biconvex 𝜁 satisfying (3.192) such that 𝜁(0, 0) = 1: see Theorem 3.28
below.

Next, we show that the notion of 𝜁-convexity can be slightly relaxed.

Lemma 3.22. Suppose 𝜁 is a biconvex function on {(𝑥, 𝑦) ∈ ℬ × ℬ : ∣𝑥∣ ∨ ∣𝑦∣ ≤ 1},
satisfying (3.192). Then there is a biconvex function 𝑢 on the whole ℬ×ℬ satisfying

𝑢(𝑥, 𝑦) ≤ ∣𝑥+ 𝑦∣ if ∣𝑥∣ ∨ ∣𝑦∣ ≥ 1, (3.194)

𝑢(𝑥, 𝑦) = 𝑢(𝑦, 𝑥) = 𝑢(−𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℬ (3.195)

and

𝜁(0, 0) ≤ 𝑢(0, 0). (3.196)

Proof. We start with the observation that, by (3.192),

𝜁(𝑥, 𝑦) ≤ ∣𝑥+ 𝑦∣ if ∣𝑥∣ ∨ ∣𝑦∣ = 1. (3.197)

To see this, assume with no loss of generality that ∣𝑥∣ < ∣𝑦∣ = 1 and let 𝛼 ∈ (0, 1)
be such that ∣𝑧∣ = 1, where 𝑧 = 𝛼−1(𝑥 + 𝑦) − 𝑦 (by Darboux property, such 𝛼
exists). Then we have 𝑥 = 𝛼𝑧 + (1− 𝛼)(−𝑦) and, by (3.192),

𝜁(𝑥, 𝑦) ≤ 𝛼𝜁(𝑧, 𝑦) + (1− 𝛼)𝜁(−𝑦, 𝑦) ≤ 𝛼∣𝑧 + 𝑦∣ = ∣𝑥+ 𝑦∣.

Define

𝑢(𝑥, 𝑦) =

{
𝜁(𝑥, 𝑦) ∨ ∣𝑥+ 𝑦∣ if ∣𝑥∣ ∨ ∣𝑦∣ < 1,
∣𝑥+ 𝑦∣ if ∣𝑥∣ ∨ ∣𝑦∣ ≥ 1.

This function is biconvex on ℬ × ℬ. Indeed, if ∣𝑦∣ ≥ 1, then 𝑢(𝑥, 𝑦) = ∣𝑥 + 𝑦∣, so
𝑢(⋅, 𝑦) is convex on ℬ. If ∣𝑦∣ < 1, then 𝑢(⋅, 𝑦) is locally convex on the complement
of the unit sphere of ℬ. If ∣𝑦∣ < 1 = ∣𝑥∣ and 𝛼1𝑥1+𝛼2𝑥2 = 𝑥, where 𝛼1, 𝛼2 ∈ (0, 1)
satisfy 𝛼1 + 𝛼2 = 1, then

𝑢(𝑥, 𝑦) = ∣𝑥+ 𝑦∣ ≤ 𝛼1∣𝑥1 + 𝑦∣+ 𝛼2∣𝑥2 + 𝑦∣ ≤ 𝛼1𝜁(𝑥1, 𝑦) + 𝛼2𝜁(𝑥2, 𝑦),

as needed. Clearly, 𝑢 satisfies (3.194) and (3.196), directly from its definition.
Finally, to guarantee (3.195), replace 𝑢(𝑥, 𝑦) by 𝑢(𝑥, 𝑦) ∨ 𝑢(𝑦, 𝑥) ∨ 𝑢(−𝑥,−𝑦) ∨
𝑢(−𝑦,−𝑥), if necessary. □
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We shall also need the following “regularization” lemma.

Lemma 3.23. Suppose that 𝜁 is a biconvex function, defined on the set {(𝑥, 𝑦) ∈
ℬ × ℬ : ∣𝑥∣ ∨ ∣𝑦∣ ≤ 1}, such that the condition (3.192) holds. Then there is a
biconvex function 𝑢 : ℬ × ℬ → ℝ satisfying (3.194), (3.195), the property

𝑢(𝑥,−𝑥) ≤ 𝑢(0, 0) for all 𝑥 ∈ ℬ (3.198)

and the further condition

𝑢(0, 0) ≥ 𝜁(0, 0)

1 + 𝑟
, (3.199)

where 𝑟 ∈ [0, 1] is any number for which

sup
∣𝑥∣≤1

𝜁(𝑥,−𝑥) ≤ sup
∣𝑥∣≤𝑟

𝜁(𝑥,−𝑥).

The reason for considering this result is that the biconvex function 𝑢 coming
from Lemma 3.22 need not satisfy the condition (3.198) (which is crucial in our
further considerations). We have decided to put this into a separate lemma, since
for many classical Banach spaces ℬ, the function 𝑢ℬ, the greatest biconvex function
satisfying (3.194), does have this property. For the proof of this fact and of Lemma
3.23, consult Burkholder’s paper [26].

We come back to Theorem 3.25. In the proof we shall need the following
special class of ℬ×ℬ-valued martingales. We say that 𝑍 = (𝑍𝑛)𝑛≥0 = (𝑋𝑛, 𝑌𝑛)𝑛≥0

is a zigzag martingale (or has the zigzag property) if for any 𝑛 ≥ 1, either 𝑋𝑛 −
𝑋𝑛−1 ≡ 0 or 𝑌𝑛 − 𝑌𝑛−1 ≡ 0. For example, if 𝑓 is a ℬ-valued martingale and 𝑔
is its ±1-transform, then (𝑓 + 𝑔, 𝑓 − 𝑔) is a zigzag martingale; and conversely, if
𝑍 = (𝑋,𝑌 ) has the zigzag property, then 𝑔 = (𝑋 − 𝑌 )/2 is a ±1-transform of
𝑓 = (𝑋 + 𝑌 )/2. The conditional Jensen inequality implies that if 𝑢 is a biconcave
function on ℬ × ℬ and 𝑍 is a simple zigzag martingale, then

𝔼𝑢(𝑍𝑛) ≤ 𝔼𝑢(𝑍𝑛−1) ≤ ⋅ ⋅ ⋅ ≤ 𝔼𝑢(𝑍0). (3.200)

In fact, a stronger statement holds true: the process (𝑢(𝑍𝑛))𝑛≥0 is a supermartin-
gale. Indeed, for any 𝑛 ≥ 1 we have that 𝑍𝑛 = (𝑋𝑛, 𝑌𝑛−1) or 𝑍𝑛 = (𝑋𝑛−1, 𝑌𝑛). If,
say, the first possibility takes place, then

𝔼
[
𝑢(𝑍𝑛)∣ℱ𝑛−1

]
= 𝔼

[
𝑢(𝑋𝑛−1 + 𝑑𝑋𝑛, 𝑌𝑛−1)∣ℱ𝑛−1

] ≤ 𝑢(𝑋𝑛−1, 𝑌𝑛−1) = 𝑢(𝑍𝑛−1).

In the next step of our study we establish the weak type (1, 1) inequality for
±1-transforms.
Theorem 3.26. Let 𝑢 : ℬ × ℬ → ℝ be a biconvex function satisfying 𝑢(0, 0) > 0,
(3.194) and (3.198). Then

∣∣𝑔∣∣1,∞ ≤ 2

𝑢(0, 0)
∣∣𝑓 ∣∣1. (3.201)
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Proof. It suffices to show that for any simple martingale 𝑓 and its ±1-transform
𝑔 we have

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 2

𝑢(0, 0)
∣∣𝑓 ∣∣1.

Here Burkholder’s method comes into play. Essentially, up to some manipulations,
𝑢 is the special function corresponding to the above weak type estimate. Let
𝑈, 𝑉 : ℬ × ℬ → ℝ be given by

𝑈(𝑥, 𝑦) = 𝑢(0, 0)− 𝑢(𝑥, 𝑦) and 𝑉 (𝑥, 𝑦) = 𝑢(0, 0)1{∣𝑥∣∨∣𝑦∣≥1}− ∣𝑥+ 𝑦∣.

Then 𝑈 majorizes 𝑉 . This is evident for ∣𝑥∣ ∨ ∣𝑦∣ ≥ 1, while for remaining 𝑥, 𝑦, it
follows from (3.198) and the biconvexity of 𝑢:

𝑢(0, 0)− 𝑢(𝑥, 𝑦) ≥ 𝑢(𝑥,−𝑥)− 𝑢(𝑥, 𝑦)

≥ lim
𝑡→∞ 𝑡−1

[
𝑢(𝑥,−𝑥)− 𝑢(𝑥,−𝑥+ 𝑡(𝑥+ 𝑦))

]
≥ ∣𝑥+ 𝑦∣.

Now, since 𝑈 is biconcave and 𝑍 = (𝑋,𝑌 ) = (𝑓 +𝑔, 𝑓−𝑔) is zigzag, we may apply
(3.200) and obtain

𝑢(0, 0)ℙ(∣𝑔𝑛∣ ≥ 1) = 𝑢(0, 0)ℙ(∣𝑋𝑛 − 𝑌𝑛∣ ≥ 2)
≤ 𝑢(0, 0)ℙ(∣𝑋𝑛∣ ∨ ∣𝑌𝑛∣ ≥ 1)
≤ 𝔼𝑉 (𝑍𝑛) + 𝔼∣𝑋𝑛 + 𝑌𝑛∣ ≤ 𝔼𝑈(𝑍𝑛) + 2∣∣𝑓𝑛∣∣1
≤ 𝔼𝑈(𝑍0) + 2∣∣𝑓𝑛∣∣1 ≤ 2∣∣𝑓𝑛∣∣1.

Here in the last passage we have used the fact that 𝑋0 ≡ 0 or 𝑌0 ≡ 0, and
𝑈(𝑥, 0) ≤ 0, 𝑈(0, 𝑦) ≤ 0 for all 𝑥, 𝑦 ∈ ℬ. For example,

𝑈(𝑥, 0) =
𝑈(𝑥, 0) + 𝑈(−𝑥, 0)

2
≤ 𝑈(0, 0) = 0,

with a similar argument for 𝑈(0, 𝑦). □

It seems appropriate to make here the following important observation. Recall
that 𝑢ℬ denotes the greatest biconvex function 𝑢 on ℬ × ℬ satisfying (3.194). It
turns out that 𝑢ℬ has the following nice probabilistic interpretation.

Lemma 3.24. For any 𝑥, 𝑦 ∈ ℬ,

𝑢ℬ(𝑥, 𝑦) = inf{𝔼∣𝑋∞ + 𝑌∞∣}. (3.202)

Here the infimum is taken over 𝑍(𝑥, 𝑦), which consists of all simple zigzag mar-
tingales 𝑍 = (𝑋,𝑌 ) starting from (𝑥, 𝑦) and satisfying ∣𝑋∞ − 𝑌∞∣ ≥ 2.
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Proof. Denote the right-hand side of (3.202) by 𝑣(𝑥, 𝑦). Let 𝑢 be a biconvex func-
tion on ℬ × ℬ satisfying (3.194) and suppose that 𝑍 = (𝑋,𝑌 ) ∈ 𝑍(𝑥, 𝑦). Since
∣𝑋∞∣ ∨ ∣𝑌∞∣ ≥ 1, we see that

𝑢(𝑥, 𝑦) = 𝔼𝑢(𝑍0) ≤ 𝔼(𝑍1) ≤ ⋅ ⋅ ⋅ ≤ 𝔼𝑢(𝑍∞) ≤ 𝔼∣𝑋∞ + 𝑌∞∣
and hence 𝑢 ≤ 𝑣. Consequently, this yields the estimate 𝑢ℬ ≤ 𝑣. To get the reverse
estimate, first we use the splicing argument to show that 𝑣 is biconvex. Thus, it
suffices to show that 𝑣 satisfies the bound (3.194). Suppose that ∣𝑥∣ ∨ ∣𝑦∣ ≥ 1. If
∣𝑥 − 𝑦∣ ≥ 2, then 𝑣(𝑥, 𝑦) ≤ ∣𝑥 + 𝑦∣, which can be seen by considering a constant
pair (𝑥, 𝑦) ∈ 𝑍(𝑥, 𝑦). If ∣𝑥− 𝑦∣ < 2 and ∣𝑦∣ ≥ 1 (as we can assume), then 𝑥+ 𝑦 ∕= 0
and hence, for large 𝑡,

𝑣(𝑥, 𝑦) ≤ (1− 𝑡−1)𝑣(−𝑦, 𝑦) + 𝑡−1𝑣(−𝑦 + 𝑡(𝑥+ 𝑦), 𝑦) ≤ ∣𝑥+ 𝑦∣.
This completes the proof. □

We turn to Theorem 3.25. In the result below we establish a part of it.

Theorem 3.27. Let 𝑢 : ℬ × ℬ → ℝ be a biconvex function satisfying 𝑢(0, 0) > 0,
(3.194) and (3.198). Then

∣∣𝑔∣∣𝑝 ≤ 324

𝑢(0, 0)
(𝑝∗ − 1)∣∣𝑓 ∣∣𝑝, 1 < 𝑝 < ∞. (3.203)

This result will be proved in two steps. First we show the estimate (3.203) in
the special case when 𝑓 and 𝑔 are dyadic; then we prove the claim in the general
setting. See Section 3.13 for the necessary definitions.

Proof of (3.203) for dyadic martingales. We make use of the so-called extrapola-
tion method introduced by Burkholder and Gundy. We will establish the following
good 𝜆-inequality. If 𝑓 , 𝑔 are dyadic martingales, then for any 𝛿 > 0, 𝜆 > 0 and
𝛼 = 8𝛿/[𝑢(0, 0)(𝛽 − 2𝛿 − 1)], 𝛽 > 2𝛿 + 1, we have

ℙ(𝑔∗ > 𝛽𝜆, 𝑓∗ ≤ 𝛿𝜆) ≤ 𝛼ℙ(𝑔∗ > 𝜆). (3.204)

Here 𝑓∗ = sup𝑛≥0 ∣𝑓𝑛∣ denates the maximal function of 𝑓 . Introduce the random
variables

𝜇 = inf{𝑛 : ∣𝑔𝑛∣ > 𝜆},
𝜈 = inf{𝑛 : ∣𝑔𝑛∣ > 𝛽𝜆},
𝜎 = inf{𝑛 : ∣𝑓𝑛∣ > 𝛿𝜆 or ∣𝑑𝑓𝑛+1∣ > 2𝛿𝜆}.

It is easy to see that 𝜇 and 𝜈 are stopping times. Furthermore, so is 𝜎, since
𝑓 is dyadic and ∣𝑑𝑓𝑛+1∣ is measurable with respect to ℱ𝑛. Thus, 𝐹 = (𝐹𝑛)𝑛≥0,
𝐺 = (𝐺𝑛)𝑛≥0, given by

𝐹𝑛 =

𝑛∑
𝑘=0

1{𝜇<𝑛≤𝜈∧𝜎}𝑑𝑓𝑘, 𝐺𝑛 =

𝑛∑
𝑘=0

𝜀𝑘1{𝜇<𝑛≤𝜈∧𝜎}𝑑𝑓𝑘, 𝑛 = 0, 1, 2, . . . ,
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are martingales, and so, by (3.201),

ℙ(𝑔∗ > 𝛽𝜆, 𝑓∗ ≤ 𝛿𝜆) = ℙ(𝜇 ≤ 𝜈 < ∞, 𝜎 =∞)
≤ ℙ(𝐺∗ > 𝛽𝜆 − 2𝛿𝜆− 𝜆)

≤ 2

𝑢(0, 0)

∣∣𝐹 ∣∣1
𝛽𝜆− 2𝛿𝜆− 𝜆

≤ 𝛼ℙ(𝑔∗ > 𝜆).

This implies ℙ(𝑔∗ > 𝛽𝜆) ≤ ℙ(𝑓∗ > 𝛿𝜆) + 𝛼ℙ(𝑔∗ > 𝜆) and, consequently,

∣∣𝑔∗∣∣𝑝𝑝
𝛽𝑝

= 𝑝

∫ ∞

0

𝜆𝑝−1
ℙ(𝑔∗ ≥ 𝛽𝜆)d𝜆

≤ 𝑝

∫ ∞

0

𝜆𝑝−1
ℙ(𝑓∗ ≥ 𝛿𝜆)d𝜆+ 𝛼𝑝

∫ ∞

0

𝜆𝑝−1
ℙ(𝑔∗ ≥ 𝜆)d𝜆

=
∣∣𝑓∗∣∣𝑝𝑝

𝛿𝑝
+ 𝛼∣∣𝑔∗∣∣𝑝𝑝.

We may subtract 𝛼∣∣𝑔∗∣∣𝑝𝑝 from both sides, since this number is finite, due to
simplicity of 𝑔. If 𝛼𝛽𝑝 < 1, the estimate becomes

∣∣𝑔∣∣𝑝 ≤ ∣∣𝑔∗∣∣𝑝 ≤ 𝛽

𝛿(1 − 𝛼𝛽𝑝)1/𝑝
∣∣𝑓∗∣∣𝑝.

Now if we put 𝛽 = 1 + 1/𝑝,

𝛿 =
𝑢(0, 0)𝑝𝑝

8(𝑝+ 1)𝑝+1 + 2𝑝𝑝+1

and use Doob’s bound ∣∣𝑓∗∣∣𝑝 ≤ 𝑝
𝑝−1 ∣∣𝑓 ∣∣𝑝, 1 < 𝑝 < ∞, we arrive at (3.203). □

Proof of (3.203), general case. Let 𝑝 ∈ (1,∞) and let

𝛾 =
324

𝑢(0, 0)
(𝑝∗ − 1)

be the constant appearing in (3.203). Let 𝑉 : ℬ × ℬ → ℝ be given by

𝑉 (𝑥, 𝑦) =

∣∣∣∣𝑥− 𝑦

2

∣∣∣∣
𝑝

− 𝛾𝑝

∣∣∣∣𝑥+ 𝑦

2

∣∣∣∣
𝑝

and introduce 𝑈 : ℬ × ℬ → ℝ by

𝑈(𝑥, 𝑦) = sup{𝔼𝑉 (𝑍𝑛)},
where the supremum is taken over all 𝑛 and all simple zigzag martingales 𝑍 =
(𝑋,𝑌 ) starting from (𝑥, 𝑦), such that 𝑑𝑋𝑛 and 𝑑𝑌𝑛 takes at most two non-zero
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values for each 𝑛, each value with some probability. Then 𝑈 is a majorant of 𝑉 ,
𝑈(𝑥, 𝑦) = 𝑈(−𝑥,−𝑦) for all 𝑥, 𝑦 ∈ ℬ and 𝑈(0, 0) ≤ 0, by (3.203) in the dyadic
case. Furthermore, using the splicing argument, we get that 𝑈 is finite (see, e.g.,
the proof of Theorem 2.3) and biconcave: the latter property follows from the
fact that any function which is midconcave and locally bounded from below is
automatically concave. Consequently, if 𝑓 is a simple martingale (not necessarily
dyadic) and 𝑔 is its ±1-transform, then

𝔼∣𝑔𝑛∣𝑝 − 𝛾𝑝
𝔼∣𝑓𝑛∣𝑝 = 𝔼𝑉 (𝑓𝑛 + 𝑔𝑛, 𝑓𝑛 − 𝑔𝑛)

≤ 𝔼𝑈(𝑓𝑛 + 𝑔𝑛, 𝑓𝑛 − 𝑔𝑛)

≤ 𝔼𝑈(𝑓0 + 𝑔0, 𝑓0 − 𝑔0)

≤ 𝑈(0, 0) ≤ 0.

Here we have used the fact that 𝑈(𝑥, 0) ≤ 𝑈(0, 0) and 𝑈(0, 𝑦) ≤ 𝑈(0, 0), which
comes from the biconcavity of 𝑈 and the symmetry of 𝑈 . This completes the
proof. □

We move to the remaining half of Theorem 3.25.

If ℬ is UMD, then it is 𝜁-convex. Assume that there are 1 < 𝑝 < ∞ and 𝛽 < ∞
such that the 𝐿𝑝 inequality (3.191) holds for all ℬ-valued 𝑓 and their ±1-transforms
𝑔. Arguing as previously, we see that there is a finite biconcave majorant 𝑈 of the
function

𝑉 (𝑥, 𝑦) =

∣∣∣∣𝑥− 𝑦

2

∣∣∣∣
𝑝

− 𝛽𝑝

∣∣∣∣𝑥+ 𝑦

2

∣∣∣∣
𝑝

,

satisfying 𝑈(0, 0) ≤ 0. Put

𝜁(𝑥, 𝑦) =
2

1 + 𝛽𝑝

[
1− 𝑈(𝑥, 𝑦)

]
.

Then 𝜁 is biconvex and satisfies 𝜁(0, 0) ≥ 2/(1 + 𝛽𝑝) > 0. It remains to verify the
condition (3.192). Suppose that 𝑥, 𝑦 are of norm one and take 𝑡 = ∣𝑥+ 𝑦∣/2. Then
∣𝑥− 𝑦∣/2 ≥ ∣𝑥∣ − 𝑡 = 1− 𝑡 and

𝜁(𝑥, 𝑦) ≤ 2

1 + 𝛽𝑝

[
1− 𝑉 (𝑥, 𝑦)

]
≤ 2

1 + 𝛽𝑝

[
1− (1− 𝑡)𝑝 + 𝛽𝑝𝑡𝑝

]
≤ 2𝑡 = ∣𝑥+ 𝑦∣,

where we have used the elementary inequality

1 + 𝛽𝑝𝑡𝑝 ≤ (1 + 𝛽𝑝)𝑡+ (1− 𝑡)𝑝,

valid for 𝑡 ∈ [0, 1] and 𝛽 ≥ 𝑝∗ − 1. □
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Finally, we shall establish the aforementioned characterization of Hilbert
spaces.

Theorem 3.28. Suppose that ℬ is a Banach space for which 𝜁 = 𝜁ℬ satisfies
𝜁(0, 0) = 1. Then ℬ is a Hilbert space.

In the proof, we shall need the following two facts from the theory of convex
bodies: see, e.g., [96].

Lemma 3.25. Suppose that ℬ is a two-dimensional real Banach space. Then the
norm of ℬ is generated by an inner product if and only if the unit sphere of ℬ is
an ellipse.

Lemma 3.26. If 𝛾 is a symmetric (about the origin) closed curve in the plane, then
there is a unique ellipse of maximal area inscribed in 𝛾, which touches 𝛾 in at least
four points which are pairwise symmetric.

Proof of Theorem 3.28. Suppose that ℬ is not a Hilbert space. We shall find 𝑥 ∈ ℬ
and a mean zero simple random variable 𝑌 such that ∣𝑌 ∣ ≥ 1 almost surely and
𝔼∣𝑥 + 𝑌 ∣ < 1. This will yield the claim: by (3.194) we shall obtain ℙ(𝜁(𝑥, 𝑌 ) ≤
∣𝑥+ 𝑌 ∣) = 1 and hence, by the biconvexity of 𝜁,

𝜁(0, 0) ≤ 𝜁(𝑥, 0) + 𝜁(−𝑥, 0)

2
= 𝜁(𝑥, 0) ≤ 𝔼𝜁(𝑥, 𝑌 ) ≤ 𝔼∣𝑥+ 𝑌 ∣ < 1.

With no loss of generality, we can assume that ℬ is two-dimensional. Let 𝑆ℬ
denote the unit sphere of ℬ and let 𝑆0 be the ellipse of maximal area inscribed in
𝑆ℬ. Denote by ∣∣ ⋅ ∣∣ the norm induced by 𝑆0; by taking affine transformations, if
necessary, we may assume that 𝑆0 is a unit circle. Let ±𝐴 and ±𝐶 be the four
contact points guaranteed by Lemma 3.26 and assume that there are no contact
points in the interior of the arc 𝐴𝐶. After rotation, we may assume that 𝐴 =
(1, 0) and 𝐶 = (cos 2𝜃, sin 2𝜃), where 𝜃 ∈ (0, 𝜋/4]. Introduce the third point 𝐷 =
𝑠(cos 𝜃, sin 𝜃), where 𝑠 > 0 is uniquely determined by the equality ∣𝑠(cos 𝜃, sin 𝜃)∣ =
1. Note that 𝑠 > 1, since 𝐷 is not a contact point.

Now, for a given 𝑡 ∈ (−𝑠, 𝑠), let

𝑥(𝑡) = −𝑡(cos 𝜃, sin 𝜃)

and let 𝑌 : [0, 1)→ ℬ be a simple function given by
𝑌 = 𝐴1[0,𝑝) + 𝐶1[𝑝,2𝑝) −𝐷1[2𝑝,1),

where 𝑝 is chosen to ensure that 𝑌 is centered. That is, 𝑝 = 𝑠/(2(𝑠+ cos 𝜃)). Let
𝜙, 𝜓 be the functions on (−𝑠, 𝑠), given by

𝜙(𝑠) = 𝔼∣𝑥(𝑡) + 𝑌 ∣
= 𝑝∣(1− 𝑡 cos 𝜃,−𝑡 sin 𝜃)∣+ 𝑝∣(cos 2𝜃 − 𝑡 cos 𝜃, sin 2𝜃 − 𝑡 sin 𝜃)∣
+ (1− 2𝑝)𝑠+ 𝑡

𝑠
,
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𝜓(𝑠) = 𝑝∣∣(1− 𝑡 cos 𝜃,−𝑡 sin 𝜃)∣∣ + 𝑝∣∣(cos 2𝜃 − 𝑡 cos 𝜃, sin 2𝜃 − 𝑡 sin 𝜃)∣∣
+ (1− 2𝑝)𝑠+ 𝑡

𝑠
.

Then 𝜙 ≤ 𝜓 with 𝜙(0) = 𝜓(0) and, in addition,

𝜓′(0) =
(1− 𝑠2) cos 𝜃

𝑠(𝑠+ cos 𝜃)
< 0,

because 𝑠 > 1. Consequently 𝜓(𝑡), and hence also 𝜙(𝑡), is negative for some small
positive 𝑡. It suffices to take 𝑥 = 𝑥(𝑡) to get the claim. □

The above characterization can be rephrased in the following probabilistic
form.

Theorem 3.29. Suppose that a separable Banach space ℬ has the following property,
for all martingales 𝑓, 𝑔 taking values in ℬ such that 𝑔 is a ±1-transform of 𝑓 , we
have

ℙ(𝑔∗ ≥ 1) ≤ 2∣∣𝑓 ∣∣1.
Then ℬ is a Hilbert space.

We shall not establish this result here. However, see the proof of Theorem
4.6 below for a similar reasoning.

3.12 Escape inequalities

Escape inequalities arise naturally in the study of almost sure convergence of
martingales, where are used to control counting functions of various types. For
example, the upcrossing method of Doob [70] introduces such a function for real
martingales. There is also a different one, related to the method of rises, devel-
oped by Dubins; this works for nonnegative martingales. Here we will describe a
counting function invented by Davis which is dimension-free and allows to study
vector-valued martingales 𝑓 and 𝑔.

3.12.1 A counting function

Let 𝑥 = (𝑥𝑛)𝑛≥0 be a sequence in a Banach space ℬ. By Cauchy’s criterion, 𝑥
converges if and only if 𝐶𝜀(𝑥) < ∞ for all 𝜀 > 0, where 𝐶𝜀(𝑥) is the number
of 𝜀-escapes of 𝑥. The counting function 𝐶𝜀 is defined as follows: 𝐶𝜀(𝑥) = 0 and
𝜈0(𝑥) = 0 if the set {𝑛 ≥ 0 : ∣𝑥𝑛∣ ≥ 𝜀} is empty. If this set is nonempty, let

𝜈0(𝑥) = inf{𝑛 ≥ 0 : ∣𝑥𝑛∣ ≥ 𝜀}.

Now let 𝐶𝜀(𝑥) = 1 and 𝜈1(𝑥) = ∞ if {𝑛 > 𝜈0(𝑥) : ∣𝑥𝑛 − 𝑥𝜈0(𝑥)∣ ≥ 𝜀} is empty.
If nonempty, continue as above. If this induction stops at some point, that is,
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𝜈𝑖(𝑥) = ∞ for some 𝑖, set 𝜈𝑗(𝑥) = ∞ for 𝑗 > 𝑖. Then we have that 𝐶𝜀(𝑥) ≤ 𝑗 if
and only if 𝜈𝑗(𝑥) = ∞. If 𝑓 is a ℬ-valued martingale, then 𝐶𝜀(𝑓) is the random
variable given by 𝐶𝜀(𝑓)(𝜔) = 𝐶𝜀(𝑓(𝜔)).

3.12.2 Formulation of the results

We start with the escape inequality for Hilbert-space-valued martingales.

Theorem 3.30. Let 𝑓 and 𝑔 be ℋ-valued martingales such that 𝑔 is differentially
subordinate to 𝑓 . Then

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 2∣∣𝑓 ∣∣1
𝜀𝑗1/2

, 𝑗 ≥ 1, (3.205)

and both the constant 2 and the exponent 1/2 are the best possible. If, in addition,
∣∣𝑓 ∣∣1 is finite, then 𝑔 converges almost everywhere.

This estimate carries over to martingales which take values in Banach spaces
isomorphic to Hilbert spaces (with possible change in the constant). In view of
the results of the previous section, it is not so surprising that this bound does not
hold for a wider class of Banach spaces. Here is the precise statement.

Theorem 3.31. Suppose that ℬ is a Banach space. Then ℬ is isomorphic to a
Hilbert space if and only if there is 𝛽 = 𝛽(ℬ) such that for any ℬ-valued martingales
𝑓 and 𝑔 with 𝑔 being differentially subordinate to 𝑓 , we have

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 𝛽∣∣𝑓 ∣∣1
𝜀𝑗1/2

, 𝑗 ≥ 1. (3.206)

One may impose a stronger domination on the martingale 𝑔 and study Banach
spaces in which the corresponding escape inequality is valid. As one might expect,
the restriction to ±1-transforms leads to UMD spaces.
Theorem 3.32. Let ℬ be a Banach space. Then ℬ is UMD if and only if there are
𝛼 > 0 and 𝛽 > 0 such that for any ℬ-valued martingale 𝑓 and its ±1-transform 𝑔
we have

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 𝛽∣∣𝑓 ∣∣1
𝜀𝑗𝛼

, 𝑗 ≥ 1. (3.207)

Finally, if we take 𝑔 = 𝑓 , we obtain the even larger class of superreflexive
spaces (see, e.g., [100] and [101] for the necessary background).

Theorem 3.33. Let ℬ be a Banach space. Then ℬ is superreflexive if and only if
there are 𝛼 > 0 and 𝛽 > 0 such that for any ℬ-valued martingale 𝑓 we have

ℙ(𝐶𝜀(𝑓) ≥ 𝑗) ≤ 𝛽∣∣𝑓 ∣∣1
𝜀𝑗𝛼

, 𝑗 ≥ 1. (3.208)

Throughout this section we assume that 𝑓 and 𝑔 start from 0. This can be
done with no loss of generality, by means of a standard argument: see the first
lines of the proof of Theorem 3.20.
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3.12.3 Proof of Theorem 3.30

We may assume that 𝑓 is of finite length: there is a deterministic 𝑚 such that
𝑓𝑛 = 𝑓𝑚 and 𝑔𝑛 = 𝑔𝑚 for 𝑛 > 𝑚. For 𝑗 = 0, 1, 2, . . . , let 𝜏𝑗 = 𝜈𝑗(𝑔) ∧𝑚, where,
as previously, 𝜈𝑗(𝑔) is a random variable defined by 𝜈𝑗(𝑔)(𝜔) = 𝜈𝑗(𝑔(𝜔)). Then
(𝜏𝑗)𝑗≥0 is a nondecreasing family of stopping times. Let ℎ be the ℓ2(ℋ)-valued
sequence given as follows: if 𝑛 ≤ 𝜏0, then 𝑑ℎ𝑛 = (𝑑𝑔𝑛, 0, 0, . . .); if 𝜏𝑗 < 𝑛 ≤ 𝜏𝑗+1,
then 𝑑ℎ𝑛 = (0, 0, . . . , 0, 𝑑𝑔𝑛, 0, 0, . . .), where 𝑑𝑔𝑛 appears at the (𝑗+1)st coordinate.
Then ℎ is a martingale with respect to (ℱ𝑛)𝑛≥0 and

𝑆𝑚(𝑔, 𝜏) = ∣ℎ𝑚∣ =
⎛
⎝ ∞∑

𝑗=0

∣𝑔𝜏𝑗+1 − 𝑔𝜏𝑗 ∣2
⎞
⎠

1/2

.

By the definition of the family (𝜏𝑗)𝑗≥0, we see that ∣𝑔𝜏𝑗+1 − 𝑔𝜏𝑗 ∣ ≥ 𝜀 if 𝜏𝑗+1 ≤
𝑚, so ∣𝑆𝑚(𝑔, 𝜏)∣2 ≥ 𝜀2𝐶𝜀(𝑔). On the other hand, we see that ℎ is differentially
subordinate to 𝑓 (which can be regarded as an ℓ2(ℋ)-valued martingale, by means
of the embedding on the first coordinate). Thus

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ ℙ(𝑆(𝑔, 𝜏) ≥ 𝜀𝑗1/2) ≤ 2∣∣𝑓 ∣∣1
𝜀𝑗1/2

. (3.209)

To establish the optimality of the constants, let ℋ = ℓ2, fix 𝑗 ≥ 1 and consider
independent random variables 𝑟1, 𝑟2, . . . , 𝑟2𝑗 such that

ℙ(𝑟2𝑘+1 = 1/2) = ℙ(𝑟2𝑘+1 = −1/2) = 1/2
and

ℙ(𝑟2𝑘 = −1) = 1− ℙ(𝑟2𝑘 = 3) = 3/4.

Put 𝑓0 ≡ 0 and set

𝑑𝑓2𝑘+1 = (0, 0, . . . , 0, 𝑟2𝑘+1, 0, . . .), 𝑑𝑓2𝑘+2 = (0, 0, . . . , 0, 𝑟2𝑘+1𝑟2𝑘, 0, . . .),

where in both differences the nonzero term occurs on the 𝑘th place, 𝑘 = 0, 1, 2,
. . ., 𝑗 − 1. Finally, define 𝑔 by taking 𝑑𝑔𝑘 = (−1)𝑘+1𝑑𝑓𝑘, 𝑘 = 0, 1, 2, . . . , 2𝑗. One
can easily check that ∣𝑔2𝑘+2 − 𝑔2𝑘∣ = 1 for 0 ≤ 𝑘 ≤ 𝑗, so 𝐶1(𝑔) = 𝑗; on the other
hand, ∣∣𝑓 ∣∣1 = 𝑗1/2/2. This completes the proof.

3.12.4 Proof of Theorem 3.31

Proof of (3.206). This is straightforward. Suppose that ℬ is isomorphic to a Hil-
bert space ℋ: there exist a linear map 𝑇 from ℬ onto ℋ and strictly positive 𝛼1

and 𝛼2 such that

𝛼1∣𝑇𝑥∣ ≤ ∣𝑥∣ ≤ 𝛼2∣𝑇𝑥∣
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for all 𝑥 ∈ ℬ. Let 𝑓 , 𝑔 be two ℬ-valued martingales such that 𝑔 is differentially
subordinate to 𝑓 . We may transfer these to ℋ-valued processes 𝐹, 𝐺 using the
formulas

𝐹𝑛(𝜔) = 𝛼2𝑇𝑓𝑛(𝜔), 𝐺𝑛(𝜔) = 𝛼1𝑇𝑔𝑛(𝜔).

Then 𝐹 , 𝐺 are martingales with respect to (ℱ𝑛)𝑛≥0, which can be verified, for ex-
ample, by approximating 𝑓 and 𝑔 by simple processes. Moreover,𝐺 is differentially
subordinate to 𝐹 : indeed,

∣𝑑𝐺𝑛∣ = 𝛼1∣𝑇 (𝑑𝑔𝑛)∣ ≤ ∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ ≤ 𝛼2∣𝑇 (𝑑𝑓𝑛)∣ = ∣𝑑𝐹𝑛∣.
Similarly, we get 𝐶𝜀(𝑔) ≤ 𝐶𝛼1𝜀/(2𝛼2)(𝐺) and ∣𝐹𝑛∣ ≤ 𝛼2𝛼

−1
1 ∣𝑓𝑛∣, so, by Theorem

3.30,

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ ℙ(𝐶𝛼1𝜀/(2𝛼2)(𝐺) ≥ 𝑗) ≤ 2∣∣𝐹 ∣∣1
(𝛼1𝜀/(2𝛼2))𝑗1/2

≤ 4𝛼
2
2∣∣𝑓 ∣∣1

𝛼2
1𝜀𝑗

1/2
.

This completes the proof. □

Escape characterization of spaces isomorphic to Hilbert spaces. Suppose that the
inequality (3.206) holds for all ℬ-valued martingales 𝑓 , 𝑔 such that 𝑔 is differentially
subordinate to 𝑓 . Take 𝜀 = 𝑗 = 1 and observe that {𝑔∗ > 1} ⊆ {𝐶1(𝑔) ≥ 1}, so

ℙ(𝑔∗ > 1) ≤ 𝛽∣∣𝑓 ∣∣1,
which implies ∣∣𝑔∣∣1,∞ ≤ 𝛽∣∣𝑓 ∣∣1. Thus, by the second part of Theorem 3.24, the
claim follows. □

3.12.5 Proof of Theorem 3.32

Recall that 𝛽𝑝(ℬ) is the least extended real number 𝛽 such that for any ℬ-valued
martingale 𝑓 and its ±1-transform 𝑔,

∣∣𝑔∣∣𝑝 ≤ 𝛽∣∣𝑓 ∣∣𝑝.
This constant remains unchanged if we allow 𝑔 to be a transform of 𝑓 by a certain
real predictable sequence 𝑣 bounded in absolute value by 1. This can be justified
by the use of Theorem 2.6 of Chapter 2.

If, in addition, 2 ≤ 𝑞 < ∞, then we define 𝛾𝑝,𝑞(ℬ) to be the least extended
real number 𝛾 such that

∣∣𝑆(𝑓, 𝑞)∣∣𝑝 ≤ 𝛾∣∣𝑓 ∣∣𝑝
for all ℬ-valued martingales 𝑓 , where 𝑆(𝑓, 𝑞) = (

∑∞
𝑛=0 ∣𝑑𝑓𝑛∣𝑞)1/𝑞. Finally, for any

nondecreasing sequence 𝜏 = (𝜏𝑛)𝑛≥0 of stopping times and any ℬ-valued martin-
gale 𝑓 , let

𝑆(𝑓, 𝑞, 𝜏) =

(
∣𝑓𝜏0 ∣𝑞 +

∞∑
𝑛=1

∣𝑓𝜏𝑛 − 𝑓𝜏𝑛−1∣𝑞
)1/𝑞

.
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We start with the following auxiliary fact.

Lemma 3.27. For any 1 < 𝑝 < ∞ and 2 ≤ 𝑞 < ∞, if 𝑓 is a ℬ-valued martingale,
𝑔 is its transform by a certain real-valued predictable sequence bounded in absolute
value by 1 and 𝜏 is a nondecreasing sequence of stopping times, then

∣∣𝑆(𝑔, 𝑞, 𝜏)∣∣𝑝 ≤ 𝛽𝑝(ℬ)𝛾𝑝,𝑞(ℬ)∣∣𝑓 ∣∣𝑝. (3.210)

Proof. This is straightforward. For any fixed positive integer 𝑁 , the process ℎ =
(𝑔𝜏𝑛∧𝑁)𝑛≥0 is a martingale, so∣∣∣∣∣∣
∣∣∣∣∣∣
(
∣𝑔𝜏0∧𝑁 ∣𝑞 +

∞∑
𝑛=1

∣𝑔𝜏𝑛∧𝑁 − 𝑔𝜏𝑛−1∧𝑁 ∣𝑞
)1/𝑞

∣∣∣∣∣∣
∣∣∣∣∣∣
𝑝

= ∣∣𝑆(ℎ, 𝑞)∣∣𝑝 ≤ 𝛾𝑝,𝑞(ℬ)∣∣ℎ∣∣𝑝

≤ 𝛾𝑝,𝑞(ℬ)∣∣𝑔∣∣𝑝 ≤ 𝛽𝑝(ℬ)𝛾𝑝,𝑞(ℬ)∣∣𝑓 ∣∣𝑝.
It suffices to let 𝑁 →∞ to get the claim. □
Lemma 3.28. For any 2 ≤ 𝑞 < ∞, if 𝑓 is a ℬ-valued martingale, 𝑔 is its ±1-
transform and 𝜏 is a nondecreasing sequence of stopping times, then

𝜆ℙ(𝑆(𝑔, 𝑞, 𝜏) ≥ 𝜆) ≤ 2𝛽2(ℬ)𝛾2,𝑞(ℬ)∣∣𝑓 ∣∣1. (3.211)

Proof. We divide the reasoning into two steps.

Step 1. Embedding 𝑓 into a martingale with small jumps. By a theorem of Mc-
Connell [117], there exist a probability space (Ω′,ℱ ′,ℙ′), a ℬ-valued, continuous-
path martingale 𝑋 = (𝑋𝑡)𝑡≥0 and a nondecreasing sequence (𝜎𝑛)𝑛≥0 of stopping
times such that 𝑓 has the same distribution as (𝑋𝜎𝑛)𝑛≥0. Let 𝜇0 < 𝜇1 < 𝜇2 < ⋅ ⋅ ⋅
be stopping times given by

𝜇0 = inf{𝑡 ≥ 0 : ∣𝑋𝑡∣ ≥ 𝛿/2}

and, inductively, for 𝑛 ≥ 1,

𝜇𝑛 = inf{𝑡 ≥ 0 : ∣𝑋𝑡 −𝑋𝜇𝑛−1 ∣ ≥ 𝛿/2}.

Now, let 0 ≤ 𝜌0 ≤ 𝜌1 ≤ 𝜌2 ≤ ⋅ ⋅ ⋅ be the sequence of stopping times obtained by
interlacing (𝜎𝑛)𝑛≥0 and (𝜇𝑛 ∧ 𝜎∞)𝑛≥0, where 𝜎∞ = lim𝑛→∞ 𝜎𝑛. In other words,
for each 𝑘, the random variable 𝜌𝑘 is the 𝑘th order statistic associated with the
random variables 𝜎0, 𝜎1, 𝜎2, . . ., 𝜇0∧𝜎∞, 𝜇1∧𝜎∞, 𝜇2∧𝜎∞, . . .. Put 𝐹𝑛 =𝑀𝜌𝑛 for
𝑛 ≥ 0. Then 𝐹 is a martingale satisfying ∣∣𝐹 ∣∣1 ≤ ∣∣𝑓 ∣∣1, with a difference sequence
such that 𝑑𝐹 ∗ ≤ 𝛿. Since (𝜎𝑛)𝑛≥0 are stopping times coming from the embedding
𝑓 into 𝑋 , we see that 𝑓 embeds into 𝐹 as well: 𝑓 has the same distribution as
(𝐹𝜂𝑛)𝑛≥0, where (𝜂𝑛) are certain stopping times relative to the filtration with
respect to which 𝐹 is a martingale. The next observation is that since 𝑔 is a ±1-
transform of 𝑓 , we have that 𝑔 has the same distribution as (

∑𝜂𝑛

𝑘=0 𝑣𝑘𝑑𝐹𝑘)𝑛≥0,
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where 𝑣 = (𝑣𝑘)𝑘≥0 is a predictable sequence taking values in {−1, 1}. Let 𝐺𝑛 =∑𝑛
𝑘=0 𝑣𝑘𝑑𝐹𝑘. Consequently, there is a sequence 𝑇 = (𝑇𝑛)𝑛≥0 of stopping times

such that (𝑔𝜏𝑛)𝑛≥0 has the same distribution as (𝐺𝑇𝑛)𝑛≥0, and hence 𝑆(𝑔, 𝑞, 𝜏),
𝑆(𝐺, 𝑞, 𝑇 ) also have the same distribution.

Step 2. Proof of (3.211). Fix positive constants 𝜆, 𝑏, introduce the stopping
time

𝑅 = inf{𝑛 ≥ 0 : ∣𝐹𝑛∣ > 𝑏𝜆}
and denote the martingales (𝐹𝑅∧𝑛)𝑛≥0, (𝐺𝑅∧𝑛)𝑛≥0 by 𝐹𝑅 and 𝐺𝑅, respectively.
Observe that, by Chebyshev’s inequality,

ℙ
′(𝑆(𝐺, 𝑞, 𝑇 ) ≥ 𝜆, 𝐹 ∗≤ 𝑏𝜆) = ℙ

′(𝑆(𝐺𝑅, 𝑞, 𝑇 ) ≥ 𝜆, 𝑅 =∞) ≤ 𝜆−𝑝∣∣𝑆(𝐺𝑅, 𝑞, 𝑇 )∣∣𝑝𝑝,

which, by (3.210), can be bounded from above by 𝜆−𝑝𝛽𝑝
𝑝(ℬ)𝛾𝑝

𝑝,𝑞(ℬ)∣∣𝐹𝑅∣∣𝑝𝑝. By the
definition of 𝑅 and the fact that 𝑑𝐹 ∗ ≤ 𝛿, we have

∣∣𝐹𝑅∣∣𝑝𝑝 ≤ (𝑏𝜆+ 𝛿)𝑝−1∣∣𝐹𝑅∣∣1 ≤ (𝑏𝜆+ 𝛿)𝑝−1∣∣𝐹 ∣∣1.
Putting all the things together, we get

ℙ(𝑆(𝑔, 𝑞, 𝜏) ≥ 𝜆) = ℙ
′(𝑆(𝐺, 𝑞, 𝑇 ) ≥ 𝜆)

≤ ℙ
′(𝑆(𝐺, 𝑞, 𝑇 ) ≥ 𝜆, 𝐹 ∗ ≤ 𝑏𝜆) + ℙ

′(𝐹 ∗ > 𝑏𝜆)

≤ 𝜆−1
[
𝛽𝑝
𝑝(ℬ)𝛾𝑝

𝑝,𝑞(ℬ)(𝑏+ 𝛿𝜆−1)𝑝−1 + 𝑏−1
] ∣∣𝐹 ∣∣1

≤ 𝜆−1
[
𝛽𝑝
𝑝(ℬ)𝛾𝑝

𝑝,𝑞(ℬ)(𝑏+ 𝛿𝜆−1)𝑝−1 + 𝑏−1
] ∣∣𝑓 ∣∣1.

Letting 𝛿 → 0 yields
ℙ(𝑆(𝑔, 𝑞, 𝜏) ≥ 𝜆) ≤ 𝜆−1

[
𝑏𝑝−1𝛽𝑝

𝑝(ℬ)𝛾𝑝
𝑝,𝑞(ℬ) + 𝑏−1

] ∣∣𝑓 ∣∣1
and putting 𝑝 = 2, 𝑏 = 𝛽−1

2 (ℬ)𝛾−1
2,𝑞(ℬ) gives the desired estimate (3.211). □

Proof of (3.207). Suppose that ℬ is a UMD space. Then 𝛽𝑝(ℬ) is finite for all
1 < 𝑝 < ∞. Furthermore, as shown by Maurey [116], ℬ is superreflexive; by
the results of Pisier [173], this implies 𝛾𝑝,𝑞(ℬ) < ∞ for some 𝑞 ∈ [2,∞) and all
1 < 𝑝 < ∞. It remains to use the inequality (3.211): arguing as in (3.209), we
obtain

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 2𝛽2(ℬ)𝛾2,𝑞(ℬ)∣∣𝑓 ∣∣1/(𝜀𝑗1/𝑞),
which is precisely (3.207), with 𝛼 = 1/𝑞 and 𝛽 = 2𝛽2(ℬ)𝛾2,𝑞(ℬ). □

Escape characterization of UMD spaces. Assume that (3.207) holds for all ℬ-
valued martingales 𝑓 and their ±1-transforms 𝑔. As previously, this implies

𝜆ℙ(𝑔∗ ≥ 𝜆) ≤ 𝛽∣∣𝑓 ∣∣1, 𝜆 > 0,

and, by extrapolation, ∣∣𝑔∣∣𝑝 ≤ 𝛽𝑝∣∣𝑓 ∣∣𝑝 for some universal 𝛽𝑝, 1 < 𝑝 < ∞. Thus, ℬ
is a UMD space. □
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3.12.6 Proof of Theorem 3.33

Proof of (3.208). We proceed as in the proof of (3.207) and obtain

ℙ(𝐶𝜀(𝑓) ≥ 𝑗) ≤ 2𝛾2,𝑞(ℬ)∣∣𝑓 ∣∣1/(𝜀𝑗1/𝑞).

It suffices to use Pisier’s result from [173], which states that the constant 𝛾2,𝑞(ℬ)
is finite for some 𝑞. This completes the proof. □

Escape characterization of superreflexive spaces. If ℬ is not superreflexive, then
(3.208) fails to hold. To see this, fix positive 𝛽, 𝜀 ∈ (0, 1) and pick 𝑗 so large
that 𝛽(𝜀𝑗𝛼) < 1. By results of James [99] and Pisier [173], there is a ℬ-valued
martingale 𝑓 satisfying ∣∣𝑓 ∣∣1 ≤ ∣∣𝑓 ∣∣∞ ≤ 1 and ∣𝑑𝑓𝑘∣ ≥ 𝜀 almost surely for all
𝑘 < 𝑗. Consequently, ℙ(𝐶𝜀(𝑓) ≥ 𝑗) = 1, which contradicts (3.208). □

3.13 The dyadic case and inequalities

for the Haar system

For many martingale inequalities, the best constants in the dyadic case are different
from those of the general case: see, e.g., Chapter 8. However, when we study
estimates for ±1-transforms, the best bounds are the same. First let us introduce
the necessary definitions.

Definition 3.4. Suppose that 𝑓 is a martingale taking values in a certain Banach
space ℬ.
(i) We say that 𝑓 is dyadic if 𝑓0 ≡ 𝑏0 ∈ ℬ and for any 𝑛 ≥ 1 and any nonempty
set of the form

{𝑓0 = 𝑏0, 𝑑𝑓1 = 𝑏1, . . . , 𝑑𝑓𝑛−1 = 𝑏𝑛−1},

the restriction of 𝑑𝑓𝑛 to this set either vanishes identically or has its values
in {−𝑏𝑛, 𝑏𝑛} for some 𝑏𝑛 ∈ ℬ ∖ {0}.

(ii) We say that 𝑓 is conditionally symmetric if for any 𝑛 ≥ 1, the conditional
distributions of 𝑑𝑓𝑛 and of −𝑑𝑓𝑛, given ℱ𝑛−1, coincide.

Therefore, if a martingale 𝑓 is dyadic, it is automatically conditionally sym-
metric. For example, a sequence of partial sums of Haar series forms a dyadic
martingale. To recall the definition of the Haar system ℎ = (ℎ0, ℎ1, ℎ2, . . .) on
[0, 1), we shall use the same notation for an interval [𝑎, 𝑏) and its indicator func-
tion. Let

ℎ0 = [0, 1), ℎ1 = [0, 1/2)− [1/2, 1),
ℎ2 = [0, 1/4)− [1/4, 1/2), ℎ3 = [1/2, 3/4)− [3/4, 1),
ℎ4 = [0, 1/8)− [1/8, 1/4), ℎ5 = [1/4, 3/8)− [3/8, 1/2), . . . .



3.13. The dyadic case and inequalities for the Haar system 137

A classical inequality due to Paley (see [166] and [115]) can be stated as follows:
if 1 < 𝑝 < ∞, then there is an absolute 𝑐𝑝 such that∣∣∣∣∣

∣∣∣∣∣
𝑛∑

𝑘=0

𝜀𝑘𝑎𝑘ℎ𝑘

∣∣∣∣∣
∣∣∣∣∣
𝑝

≤ 𝑐𝑝

∣∣∣∣∣
∣∣∣∣∣

𝑛∑
𝑘=0

𝑎𝑘ℎ𝑘

∣∣∣∣∣
∣∣∣∣∣
𝑝

(3.212)

for all 𝑎𝑘 ∈ ℝ, 𝜀𝑘 ∈ {−1, 1} and 𝑛 ≥ 0. There are other interesting estimates
of this type, including the weak-type, logarithmic and tail bounds. We may also
extend these results by allowing the coefficients 𝑎𝑘 to be vector valued. What are
the best constants in these inequalities? It turns out that they are the same as in
the corresponding bounds for ±1-transforms. Here is the precise statement.
Theorem 3.34. Let ℬ be a Banach space and let 𝑉 : ℬ×ℬ → ℝ be a given function
which is locally bounded from below. The following conditions are equivalent:

(i) For any simple ℬ-valued martingale 𝑓 and its ±1-transform 𝑔 we have

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . . (3.213)

(ii) For any 𝑎𝑘 ∈ ℬ and 𝜀𝑘 ∈ {−1, 1}, 𝑘 = 0, 1, 2, . . ., we have

∫ 1

0

𝑉

(
𝑛∑

𝑘=0

𝑎𝑘ℎ𝑘(𝑠),
𝑛∑

𝑘=0

𝜀𝑘𝑎𝑘ℎ𝑘(𝑠)

)
d𝑠 ≤ 0. (3.214)

Proof. The implication (i)⇒(ii) is obvious, since (∑𝑛
𝑘=0 𝑎𝑘ℎ𝑘)

∞
𝑛=0 is a martin-

gale and (
∑𝑛

𝑘=0 𝜀𝑘𝑎𝑘ℎ𝑘)
∞
𝑛=0 is its ±1-transform (we consider the probability space

([0, 1),ℬ(0, 1), ∣ ⋅ ∣), equipped with the filtration generated by the Haar system).
To get the reverse implication, introduce the function 𝑊 0 : ℬ × ℬ → ℝ given by
the formula

𝑊 0(𝑥, 𝑦) = sup

{∫ 1

0

𝑉

(
𝑥+

𝑛∑
𝑘=1

𝑎𝑘ℎ𝑘(𝑠), 𝑦 +

𝑛∑
𝑘=1

𝜀𝑘𝑎𝑘ℎ𝑘(𝑠)

)
d𝑠

}
, 𝑥, 𝑦 ∈ ℬ.

Here the supremum is taken over all 𝑛, all 𝑎𝑘 ∈ ℬ and all 𝜀𝑘 ∈ {−1, 1}. Letting
𝑛 = 0 in the definition of 𝑊 0 gives the majorization 𝑊 0 ≥ 𝑉 on ℬ × ℬ. Using
an appropriate modification of the splicing argument, we can show that 𝑊 0 is
diagonally mid-concave: that is, for any 𝑥, 𝑦 𝑧 ∈ ℬ, the functions 𝑡 �→ 𝑊 0(𝑥 +
𝑡𝑧, 𝑦+ 𝑡𝑧) and 𝑡 �→ 𝑊 0(𝑥+ 𝑡𝑧, 𝑦− 𝑡𝑧), 𝑡 ∈ ℝ, are midpoint concave and hence also
concave since they are locally bounded from below. Finally, by (3.214) we get that
𝑊 0(𝑥,±𝑥) ≤ 0 for 𝑥 ∈ ℬ and that 𝑊 0 is finite (see the proof of Theorem 2.3 in
Chapter 2). In other words, we have checked that 𝑊 0 satisfies the conditions 1∘,
2∘ and 3∘ of Theorem 2.4 from Chapter 2 and hence (3.213) follows. □
Remark 3.8. Since (

∑𝑛
𝑘=0 𝑎𝑘ℎ𝑘)

∞
𝑛=0 is a dyadic martingale, the theorem above

implies that the best bounds for ±1-transforms are already the best possible in
the dyadic case.
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Therefore we see that the best constant in Paley’s inequality (3.212) is equal
to 𝑝∗ − 1, both in the real and the Hilbert-space-valued case. This immediately
yields the unconditional constant of the Haar system. Recall that for 1 < 𝑝 < ∞
and a given sequence 𝑒 = (𝑒0, 𝑒1, 𝑒2, . . .) in real 𝐿

𝑝, the unconditional constant of
𝑒 is the least 𝛽 ∈ [1,∞] with the property that if 𝑛 is a nonnegative integer and
𝑎0, 𝑎1, 𝑎2, . . . , 𝑎𝑛 are real numbers such that ∣∣

∑𝑛
𝑘=0 𝑎𝑘𝑒𝑘∣∣𝑝 = 1, then∣∣∣∣∣

∣∣∣∣∣
𝑛∑

𝑘=0

𝜀𝑘𝑎𝑘𝑒𝑘

∣∣∣∣∣
∣∣∣∣∣
𝑝

≤ 𝛽

for all choices of 𝜀𝑘 ∈ {−1, 1}. Theorem 3.34 gives the following.
Theorem 3.35. The unconditional constant of the Haar system in 𝐿𝑝(0, 1) equals
𝑝∗ − 1.

There is an alternative way to define the unconditional constant, by requiring
that the coefficients 𝜀𝑘 take values in {0, 1} (see, e.g., James [102]): this corresponds
to discarding out some of the summands 𝑎𝑘𝑒𝑘, instead of changing their signs. If
we use this definition, then the nonsymmetric version of Theorem 3.34 and the
inequality (3.121) imply that the unconditional constant of the Haar system in
𝐿𝑝(0, 1) equals 𝑐𝑝, the constant determined by Choi [52] (see Section 3.8 above).

3.14 Notes and comments

Section 3.1. The weak type inequality (3.1), with some absolute constant, appeared
for the first time in Burkholder’s paper [17]. It was studied in the special case 𝑝 = 1
and when 𝑔 is a transform of a real-valued martingale 𝑓 . For other proofs of this
result (still with non-optimal constant), consult Davis [56], Garsia [82], Gundy [85],
Neveu [121] and Rao [181]. The sharp version of this estimate, still in the real-
valued case, can be found in [19]. The general setting, for Hilbert-space-valued
processes and under the differential subordination, was established by Burkholder
in [24]. This paper contains also the proof of the sharp extension to 𝑝 ∈ (1, 2],
as well as of the more general Φ-inequality (3.16). The question about the best
constant in the case 𝑝 > 2 was open for twenty years and was finally answered by
Suh in [189], using the complicated function given by (3.38). The above simplified
approach, based on the integration argument, is due to the author (see [151]).
Theorem 3.2, which concerns the case of different orders, has been established
by the author in [160]. There are also noncommutative versions of the weak-type
estimates: see Randrianantonina [177] for the setting of ±1-transforms and the
author’s paper [128] for differentially subordinate martingales.

Section 3.2. The sharp weak type inequality for 𝑝 > 2 in the case when
𝑓 is nonnegative was established by the author in [133] using a special function
that was even more complicated than the one constructed by Suh in (3.38) (though
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there are many similarities between these two objects). The above approach, using
the integration argument, is entirely new.

Section 3.3. The roots of the inequality (3.59) go back to classical results of
Marcinkiewicz [115] and Paley [166], who established this bound in the particular
case when the martingales are dyadic (the concept of martingale did not appear
there, the results being formulated in terms of Haar and Rademacher series). The
𝐿𝑝 estimate for real-valued martingales, with some absolute constant, was first
proved by Burkholder [17] in the case when 𝑔 is a transform of 𝑓 . This follows im-
mediately from the weak type estimate, using interpolation and duality arguments.
See also Garsia [82]. The sharp version of the 𝐿𝑝 inequality, in the case when the
martingales are Hilbert-space-valued and under differential subordination, can be
found in Burkholder’s paper [24]; see also [22] and [25]. To show the optimality
of the constant 𝑝∗ − 1, Burkholder constructed in [24] appropriate examples; the
above approach is taken from his later paper [32]. For noncommutative version of
the 𝐿𝑝 estimates, consult Pisier and Xu [174] and Randrianantonina [177].

Section 3.4. The validity of the strong (𝑞, 𝑝) estimate with some constant (not
necessarily optimal) follows trivially from the 𝐿𝑝 estimates of Section 3.3. The best
values of 𝐶𝑝,𝑞 were determined by the author in [146] and the presentation above
comes directly from that paper.

Section 3.5. The 𝐿𝑝 estimates for differentially subordinate martingales un-
der the additional assumption that the dominating process is nonnegative were
investigated by Burkholder in [36]. The above proof, based on the integration
argument, is new; Burkholder verified the condition 2∘ directly in his original ap-
proach. Furthermore, to show the optimality of the constant, he constructed a
certain family of Markovian martingales. The case when the dominated process is
nonnegative was studied by the author in [125].

Section 3.6. The logarithmic estimates for martingale transforms (with some
absolute constants) can be easily obtained from the weak type inequality using
interpolation or extrapolation (see, e.g., [17] or [40]). The proof of the sharp version
for differentially subordinate martingales is contained in [126]. The author showed
the optimality of 𝐿(𝐾) by providing appropriate examples: the above approach,
based on exploiting of the properties of the special function, is new. For some
extensions and variations of the logarithmic estimates, see also [146] and [149].

Section 3.7. The inequalities in the case when the dominating process is
bounded were studied by Burkholder in [28] and [32].

Section 3.8. The sharp weak type (1,1) inequality for nonsymmetric martin-
gale transforms appeared for the first time in Burkholder’s paper [27]. The best
constants in the corresponding 𝐿𝑝 estimate were determined by Choi [52]. The
remaining results of Section 3.8 are due to the author and can be found in [145]
and [159].

Section 3.9. Control inequalities connected to the weak type (1,1) estimate
for martingale transforms were first studied by Burkholder in [24]; then the results
were generalized by Choi [51]. The approach presented above is slightly different
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from those used there. For example, Burkholder determined the function

𝑈(𝑥, 𝑦) = inf{∣∣𝑓 ∣∣1 : ℙ(∣𝑔∣∗ ≥ 1) = 1},
where the infimum is taken over all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). Note that under the proba-
bility above we have a two-sided maximal bound for 𝑔. Analogously, Choi derived
the explicit form of

𝑈(𝑥, 𝑦, 𝑡) = inf{∣∣𝑓 ∣∣1 : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦), ℙ(∣𝑔∣∗ ≥ 1) = 𝑡}.
Both functions easily lead to the estimates

∣∣𝑓 ∣∣1 ≥ 𝐿1(𝑥, 𝑦, 1) and ∣∣𝑓 ∣∣1 ≥ 𝐿1(𝑥, 𝑦, 𝑡),

studied in Theorem 3.17. Our approach, based on the inequality (3.137), is entirely
new and also provides the answer in the case when 𝑝 is strictly larger than 1. There
is an interesting related problem of determining the function

𝑈𝑝(𝑥, 𝑦, 𝑡) = inf{∣∣𝑓 ∣∣𝑝 : (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦), ℙ(∣𝑔∣∗ ≥ 1) = 𝑡},
which would give a more precise information on the control. This seems to be open
for all 1 < 𝑝 < ∞, 𝑝 ∕= 2.

Section 3.10. The notion of weak domination is due to Kwapień and Woy-
czyński [112]. The proofs of the weak type inequality, the 𝐿𝑝 estimate (1 < 𝑝 < 2)
and the logarithmic bound presented above are new, though the first two estimates
appear (with worse constants) in [124]. For related results concerning tangent and
weakly dominated martingales, see Cox and Veraar [55], Hitczenko [89], [91], [92]
and Kwapień and Woyczyński [111], [112].

Section 3.11. UMD spaces appear naturally in harmonic analysis. The work
of M. Riesz [180] in 1920s on the Hilbert transform and that of Calderón and
Zygmund [41], [42] in 1950’s on more general singular integral operators lead to a
natural question whether the results can be carried over to Banach-space-valued
functions. In late 1930’s, Bochner and Taylor [12] proved that not all Banach
spaces behave well even for the Hilbert transform. Later it was proved that those
Banach spaces which are well behaved for the Hilbert transform (HT spaces), are
also well behaved for a wide class of singular integrals. A striking and impressive
result is that the class of HT spaces coincides with the class of UMD spaces.
That a UMD space is HT is due to Burkholder and McConnell: see [23]. The
reverse implication was established by Bourgain [16]. This gives rise to another
interesting question about providing a geometric characterization of HT spaces.
This was answered by Burkholder in [20]. See also the papers [21], [23] and [26]
of Burkholder for refinement of this result and more information on the subject.
For related martingale inequalities in UMD spaces, see Cox and Veraar [55], Lee
[113], [114], McConnell [118].

Section 3.12. Essentially all the material in this section comes from Burk-
holder’s paper [31]. For more information on superreflexive Banach spaces, see
Enflo [71], James [99], [100], [101], Maurey [116] and Pisier [172], [173].



3.14. Notes and comments 141

Section 3.13. As already mentioned, the inequality (3.212) was established
by Paley [166]. In fact, Paley formulated this result in terms of the Walsh system
on the Lebesgue unit interval and the above statement is due to Marcinkiewicz
[115]. That the unconditional constant of the Haar system in real 𝐿𝑝 equals 𝑝∗−1,
is due to Burkholder: see [22], [24] and [25]. It was then conjectured by Pel̷czyński
[168] that the complex unconditional constant of the Haar basis is also equal
to 𝑝∗ − 1 (the definition of the constant is the same as in the real case, one
only replaces the signs 𝜀𝑘 ∈ {−1, 1} by numbers 𝑒𝑖𝜃𝑘 from the unit circle). This
conjecture was proved by Burkholder [30]. The alternative unconditional constant,
with transforming coeeficients 𝜀𝑘 ∈ {0, 1}, was derived by Choi in [52].



Chapter 4

Sub- and Supermartingale Inequalities
in Discrete Time

4.1 𝜶-strong differential subordination
and 𝜶-subordination

As we have seen, differential subordination implies many interesting estimates in
the martingale setting. However, if we want to extend these inequalities to a wider
class of processes, this domination turns out to be too weak. Thus we need more
restrictive assumptions, and we propose a convenient one below.

Definition 4.1. Let 𝛼 ≥ 0 be a fixed number and suppose that 𝑓 , 𝑔 are adapted
sequences of integrable ℬ-valued random variables. We say that 𝑔 is 𝛼-strongly
differentially subordinate to 𝑓 if 𝑔 is differentially subordinate to 𝑓 and for any
𝑛 ≥ 1 we have

∣𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)∣ ≤ 𝛼∣𝔼(𝑑𝑓𝑛∣ℱ𝑛−1)∣ (4.1)

almost surely.

Note that if 𝑓 and 𝑔 are martingales, then the condition (4.1) is automatically
satisfied and hence differential subordination and strong differential subordination
coincide. As another example, observe that if 𝑓 is any sequence of integrable
random variables and 𝑔 is its transform by a predictable sequence bounded in
absolute value by 1, then 𝑔 is 1-strongly differentially subordinate to 𝑓 .

The strong differential subordination is usually imposed when the dominating
process 𝑓 is assumed to be a sub- or supermartingale (then of course 𝑓 is ℝ-valued,
but 𝑔 may still be vector valued). From now on, we restrict ourselves to these 𝑓
and turn to the description of the corresponding version of Burkholder’s method.
Assume that 𝑉 : ℝ×ℬ → ℝ is a given Borel function and consider 𝑈 : ℝ×ℬ → ℝ

which satisfies the properties
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1∘ 𝑈(𝑥, 𝑦) ≥ 𝑉 (𝑥, 𝑦) for all (𝑥, 𝑦) ∈ ℝ× ℬ,
2∘ there are Borel 𝐴 : ℝ× ℬ → ℝ and 𝐵 : ℝ× ℬ → ℬ∗ satisfying

𝛼∣𝐵∣ ≤ −𝐴 on ℝ× ℬ (4.2)

and such that for any 𝑥, ℎ ∈ ℝ and 𝑦, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ ∣ℎ∣, we have
𝑈(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈(𝑥, 𝑦) +𝐴(𝑥, 𝑦)ℎ+ ⟨𝐵(𝑥, 𝑦), 𝑘⟩, (4.3)

3∘ 𝑈(𝑥, 𝑦) ≤ 0 for all 𝑥 ∈ ℝ, 𝑦 ∈ ℬ such that ∣𝑦∣ ≤ ∣𝑥∣.
Theorem 4.1. Let 𝑉 be as above and assume that 𝑈 satisfies 1∘, 2∘ and 3∘. Suppose
that 𝑓 is a submartingale and let 𝑔 be a ℬ-valued sequence which is 𝛼-strongly
subordinate to 𝑓 . Assume further that 𝑓 , 𝑔 satisfy the integrability conditions

𝔼∣𝑉 (𝑓𝑛, 𝑔𝑛)∣ < ∞, 𝔼∣𝑈(𝑓𝑛, 𝑔𝑛)∣ < ∞,

𝔼
(∣𝐴(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑓𝑛+1∣+ ∣𝐵(𝑓𝑛, 𝑔𝑛)∣∣𝑑𝑔𝑛+1∣

)
< ∞,

for all 𝑛 ≥ 0. Then

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . .

Proof. It suffices to show that the process (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥0 is a supermartingale.
Fix 𝑛 ≥ 1 and apply 2∘ to obtain

𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1) +𝐴(𝑓𝑛−1, 𝑔𝑛−1)𝑑𝑓𝑛 + ⟨𝐵(𝑓𝑛−1, 𝑔𝑛−1), 𝑑𝑔𝑛⟩.
Both sides are integrable, so

𝔼(𝑈(𝑓𝑛, 𝑔𝑛)∣ℱ𝑛−1) ≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1) +𝐴(𝑓𝑛−1, 𝑔𝑛−1)𝔼(𝑑𝑓𝑛∣ℱ𝑛−1)

+ ⟨𝐵(𝑓𝑛−1, 𝑔𝑛−1),𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)⟩.
However,

𝐴(𝑓𝑛−1, 𝑔𝑛−1)𝔼(𝑑𝑓𝑛∣ℱ𝑛−1) + ⟨𝐵(𝑓𝑛−1, 𝑔𝑛−1),𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)⟩
≤ 𝐴(𝑓𝑛−1, 𝑔𝑛−1)𝔼(𝑑𝑓𝑛∣ℱ𝑛−1) + ∣𝐵(𝑓𝑛−1, 𝑔𝑛−1)∣∣𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)∣ ≤ 0,

due to the assumption 𝛼∣𝐵∣ ≤ −𝐴, the 𝛼-strong subordination and the inequality
𝔼(𝑑𝑓𝑛∣ℱ𝑛−1) ≥ 0, which follows from the submartingale property. This gives the
claim. □
Remark 4.1. Passing from 𝑓 to −𝑓 we get the analogous statement for super-
martingales. Note that the only change in the conditions 1∘–3∘ is that in the
second property the inequality 𝛼∣𝐵∣ ≤ −𝐴 must be replaced by 𝛼∣𝐵∣ ≤ 𝐴.

Remark 4.2. As in the martingale setting, if 𝑈 is sufficiently regular (say, piecewise
𝐶1), the typical approach while studying 2∘ is to look at the following, slightly
stronger statement.
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2∘′ For any 𝑥 ∈ ℝ, ℎ > 0 and 𝑦, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ 𝛼ℎ, the function 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 :
ℝ→ ℝ given by 𝐺(𝑡) = 𝑈(𝑥+ 𝑡ℎ, 𝑦 + 𝑡𝑘) is nonincreasing. For any 𝑥, ℎ ∈ ℝ

and 𝑦, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ ∣ℎ∣, the function 𝐺𝑥,𝑦,ℎ,𝑘 is concave.

This condition is verified directly, by straightforward analysis of the derivative of
the function 𝐺.

Suppose that 𝑉 is a given function, 𝑈 is piecewise 𝐶1 and satisfies 1∘, 2∘′ and
3∘: this will be our typical situation. Then the theorem above holds for a wider
class of processes.

Definition 4.2. Fix a nonnegative number 𝛼. Let 𝑓 be a submartingale and let 𝑔
be an adapted sequence of integrable ℬ-valued random variables. We say that 𝑔 is
𝛼-subordinate to 𝑓 if there is a decomposition

𝑓𝑛 = 𝑑𝑛 + 𝑎𝑛, 𝑔𝑛 = 𝑒𝑛 + 𝑏𝑛, 𝑛 ≥ 0,
such that

(i) 𝑎, 𝑏 are adapted and satisfy ∣𝑏𝑛∣ ≤ 𝛼𝑎𝑛 for each 𝑛 ≥ 0,
(ii) 𝑑 is a submartingale and 𝑒 is 𝛼-strongly differentially subordinate to 𝑑.

One introduces 𝛼-subordination for supermartingales by replacing 𝑓 with
−𝑓 in the definition above. Clearly, if 𝑔 is 𝛼-strongly subordinate to a sub- or a
supermartingale 𝑓 , then 𝑔 is 𝛼-subordinate to 𝑓 (simply take 𝑎 = (0, 0, . . .) and
𝑏 = (0, 0, . . .)). It is easy to see that the reverse implication is not true, since the
inequality ∣𝑒𝑛 + 𝑏𝑛∣ ≤ ∣𝑑𝑛 + 𝑎𝑛∣ need not hold in general. The extension is partic-
ularly useful when 𝛼 > 1. The following pair (𝑓, 𝑔) will be frequently used below.
Suppose that 𝑑, 𝑒 are real-valued martingales such that 𝑒 is differentially subordi-
nate to 𝑑 and let 𝑎 be a predictable nondecreasing process starting from 0. Take
𝑑𝑓2𝑛 = 𝑑𝑑𝑛, 𝑑𝑔2𝑛 = 𝑑𝑒𝑛 and 𝑑𝑓2𝑛+1 = 𝑎𝑛+1, 𝑑𝑔2𝑛+1 = ±𝛼𝑎𝑛+1 for 𝑛 ≥ 0. Then
𝑔 is 𝛼-subordinate to 𝑓 , with respect to the filtration (ℱ0,ℱ0,ℱ1,ℱ1,ℱ2,ℱ2, . . .).
Furthermore, when 𝛼 > 1, the 𝛼-strong differential subordination is violated at
odd moves: the condition ∣𝑑𝑔2𝑛+1∣ ≤ ∣𝑑𝑓2𝑛+1∣ fails to hold.
Theorem 4.2. Suppose that 𝑈 is piecewise 𝐶1 and satisfies 1∘, 2∘′ and 3∘. Then
for any 𝑓 , 𝑔 as in Definition 4.2, we have

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . .

Proof. As previously, we shall prove that (𝑈(𝑓𝑛, 𝑔𝑛))𝑛≥0 is a supermartingale. Let
𝑛 ≥ 1 be a fixed integer. Using the first part of 2∘′, we may write

𝑈(𝑓𝑛, 𝑔𝑛) = 𝑈(𝑓𝑛−1 + 𝑑𝑛 + 𝑎𝑛, 𝑔𝑛−1 + 𝑒𝑛 + 𝑏𝑛) ≤ 𝑈(𝑓𝑛−1 + 𝑑𝑛, 𝑔𝑛−1 + 𝑒𝑛).

Now we repeat the reasoning from Theorem 4.2 (with 𝐴, 𝐵 equal to the corre-
sponding partial derivatives of 𝑈 or their limits) to obtain

𝔼
[
𝑈(𝑓𝑛−1 + 𝑑𝑛, 𝑔𝑛−1 + 𝑒𝑛)∣ℱ𝑛−1

] ≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1).

This completes the proof. □
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Using the splicing argument, we obtain the following result, which can be
regarded as a reverse to Theorem 4.2. Let𝑀 sub(𝑥, 𝑦) denote the class of all simple
pairs (𝑓, 𝑔) such that 𝑓 is a submartingale starting from 𝑥, 𝑔 is a sequence starting
from 𝑦 and such that the following holds. For 𝑛 = 0, 1, 2, . . .,

𝑑𝑓2𝑛+1, 𝑑𝑔2𝑛+1 are predictable with ∣𝑑𝑔2𝑛+1∣ ≤ 𝛼𝑑𝑓2𝑛+1,

∣𝑑𝑔2𝑛+2∣ ≤ ∣𝑑𝑓2𝑛+2∣, 𝔼(𝑑𝑓2𝑛+2∣ℱ2𝑛+1) = 𝔼(𝑑𝑔2𝑛+2∣ℱ2𝑛+1) = 0.

In other words, the pairs (𝑓, 𝑔) from𝑀(𝑥, 𝑦) behave like martingales at even times,
and move “to the right” along some line of slope belonging to [−𝛼, 𝛼] at odd times.

Theorem 4.3. Let 𝛼 ≥ 0. Suppose that 𝑉 : ℝ × ℝ → ℝ is a given Borel function
such that

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . ,

for any simple sequences 𝑓 , 𝑔 such that 𝑓 is a submartingale and 𝑔 is real valued
and 𝛼-subordinate to 𝑓 . Then there is 𝑈 : ℝ × ℝ → ℝ satisfying 1∘, 2∘′ and 3∘.
Furthermore, the least such function is given by

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛)},
where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, 𝑦).

The proof is essentially the same as in the martingale setting. There is an
analogous statement for supermartingales. We omit the further details.

We conclude this section by noting that Theorems 4.2 and 4.3 can be easily
modified to the case when the sub- or supermartingale 𝑓 is nonnegative.

4.2 Weak type estimates for general sub- or

supermartingales

4.2.1 Formulation of the results

We begin with the following result. As usual, let ℋ be a given separable Hilbert
space.

Theorem 4.4. Let 𝛼 ≥ 0 be fixed. Suppose that 𝑓 is a submartingale or a super-
martingale and that 𝑔 is a sequence of ℋ-valued integrable random variables which
is 𝛼-subordinate to 𝑓 . Then

∣∣𝑔∣∣1,∞ ≤ 𝐶𝛼∣∣𝑓 ∣∣1, (4.4)

where

𝐶𝛼 =

{
(𝛼+ 1)

[
1 + (𝛼+ 1)1/𝛼

]
if 𝛼 > 1,

6 if 𝛼 ≤ 1.
The constant is the best possible, even if ℋ = ℝ.
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It is important to note that Burkholder’s method is not directly applicable
here. Indeed, the inequality (4.4) is not equivalent to showing that for any 𝑛 ≥ 0
we have

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝐶𝛼𝔼∣𝑓𝑛∣.
This is because the sequence (𝔼∣𝑓𝑛∣)𝑛≥0 is no longer nondecreasing. In fact, the
latter inequality is not valid, which can be seen by considering the following easy
example: 𝑓0 = 𝑔0 ≡ −1, 𝑓1 ≡ 0, 𝑔1 ≡ −1 and 𝑑𝑓𝑛 = 𝑑𝑔𝑛 ≡ 0 for 𝑛 ≥ 2. Then 𝑓 is a
submartingale, 𝑔 is 𝛼-subordinate to 𝑓 (for any 𝛼 ≥ 0) and, for any 𝑛 ≥ 1 we have
ℙ(∣𝑔𝑛∣ ≥ 1) = 1 and 𝔼∣𝑓𝑛∣ = 0. Thus we need to reformulate the inequality (4.4) so
that Burkholder’s technique works. This is done by means of the following stronger
inequality. Here and below, 𝑥+ denotes the positive part of 𝑥: 𝑥+ = max{𝑥, 0}.
Theorem 4.5. Under the assumptions of Theorem 4.4, we have

∣∣𝑔∣∣1,∞ ≤ 𝐾𝛼∣∣𝑓+∣∣1 − (𝐶𝛼 −𝐾𝛼)𝔼𝑓0, (4.5)

where

𝐾𝛼 =

{
(𝛼+ 1)1+1/𝛼 if 𝛼 ≥ 1,
4 if 𝛼 ≤ 1.

The inequality is sharp.

Finally, we shall prove the following characterization of Hilbert spaces, related
to the inequality (4.4).

Theorem 4.6. Let ℬ be a separate Banach space and let 𝛼 be fixed nonnegative
number. Suppose that for any pair (𝑓, 𝑔) such that 𝑓 is a submartingale and 𝑔 is a
sequence of ℬ-valued integrable random variables which is 𝛼-subordinate to 𝑓 , we
have

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝐶𝛼∣∣𝑓 ∣∣1, 𝑛 = 0, 1, 2, . . . .

Then ℬ is a Hilbert space.

See Theorem 3.28 above for the martingale version of this result.

4.2.2 Proof of Theorems 4.4 and 4.5

Proof of (4.5). In fact, we shall need a slight modification of Burkholder’s tech-
nique, because of the existence of the term 𝔼𝑓0 on the right. Namely, let 𝑉 :
ℝ × ℋ → ℝ be given by 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} − 𝐾𝛼𝑥+. We will search for a spe-
cial function 𝑈𝛼 which satisfies the usual conditions 1

∘ and 2∘ and the following
modification of the initial condition:

3∘ 𝑈𝛼(𝑥, 𝑦) ≤ −(𝐶𝛼 −𝐾𝛼)𝑥 for all 𝑥 ∈ ℝ, 𝑦 ∈ ℋ such that ∣𝑦∣ ≤ ∣𝑥∣.
The existence of such 𝑈𝛼 yields

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈𝛼(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈𝛼(𝑓0, 𝑔0) ≤ −(𝐶𝛼 −𝐾𝛼)𝔼𝑓0,
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for 𝑛 = 0, 1, 2, . . .. That is,

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝐾𝛼𝔼𝑓+
𝑛 − (𝐶𝛼 −𝐾𝛼)𝔼𝑓0 ≤ 𝐾𝛼∣∣𝑓+∣∣1 − (𝐶𝛼 −𝐾𝛼)𝔼𝑓0

and this implies (4.5) by the stopping time argument.

To introduce the needed special function, fix a nonnegative number 𝛼 and
consider the following subsets of ℝ×ℋ. If 𝛼 ≥ 1, then

𝐷𝛼
1 = {(𝑥, 𝑦) : 𝛼∣𝑥∣+ ∣𝑦∣ ≥ 1, 𝑥 ≤ 0},

𝐷𝛼
2 = {(𝑥, 𝑦) : ∣𝑥∣+ ∣𝑦∣ ≥ 1, 𝑥 ≥ 0},

𝐷𝛼
3 = (ℝ×ℋ)∖ (𝐷𝛼

1 ∪𝐷𝛼
2 ).

If 𝛼 ∈ [0, 1), let 𝐷𝛼
𝑖 = 𝐷1

𝑖 for 𝑖 = 1, 2, 3. Now, if 𝛼 ≥ 1, put

𝑈𝛼(𝑥, 𝑦) =

{
1−𝐾𝛼𝑥+ if (𝑥, 𝑦) ∈ 𝐷𝛼

1 ∪𝐷𝛼
2 ,

1− (𝛼𝑥 − ∣𝑦∣+ 1)(𝛼𝑥 + 𝛼∣𝑦∣+ 1)1/𝛼 if (𝑥, 𝑦) ∈ 𝐷𝛼
3

(4.6)

and, for 𝛼 ∈ [0, 1), let 𝑈𝛼(𝑥, 𝑦) = 𝑈1(𝑥, 𝑦). We shall verify the conditions 1∘, 2∘′

and 3∘. Clearly, we may restrict ourselves to the case 𝛼 ≥ 1, since 𝑉𝛼 = 𝑉1 and
𝑈𝛼 = 𝑈1 for 𝛼 ∈ [0, 1).

First we focus on the majorization property. Clearly, it suffices to establish
this estimate on 𝐷𝛼

3 , where it takes the form

1− (𝛼𝑥− ∣𝑦∣+ 1)(𝛼𝑥+ 𝛼∣𝑦∣+ 1)1/𝛼 ≥ −𝐾𝛼𝑥+.

For a fixed 𝑥, the left-hand side increases as ∣𝑦∣ increases. Hence all we need is
to show the estimate for 𝑦 = 0: 1 − (𝛼𝑥 + 1)1+1/𝛼 ≥ −𝐾𝛼𝑥+. This is obvious
for 𝑥 ≤ 0, since then 𝛼𝑥 + 1 ≤ 1. For 𝑥 ≥ 0 we use the fact that the function
𝑗1(𝑥) = 1 − (𝛼𝑥 + 1)1+1/𝛼 is concave and lies above the linear 𝑗2(𝑥) = −𝐾𝛼𝑥 on
[0, 1], because 𝑗1(0) = 𝑗2(0) and 𝑗1(1) = 𝑗2(1) + 1 > 𝑗2(1).

We turn to 2∘′. Let 𝐴𝛼 : ℝ×ℋ → ℝ, 𝐵𝛼 : ℝ×ℋ → ℋ be given by

𝐴𝛼(𝑥, 𝑦) =

⎧⎨
⎩
0 if (𝑥, 𝑦) ∈ 𝐷𝛼

1 ,

−𝐾𝛼 if (𝑥, 𝑦) ∈ 𝐷𝛼
2 ,

−(𝛼+ 1)(𝛼𝑥 + 𝛼∣𝑦∣+ 1)1/𝛼−1[𝛼𝑥+ 1 + (𝛼− 1)∣𝑦∣] if (𝑥, 𝑦) ∈ 𝐷𝛼
3

and

𝐵𝛼(𝑥, 𝑦) =

{
0 if (𝑥, 𝑦) ∈ 𝐷𝛼

1 ∪𝐷𝛼
2 ,

(𝛼+ 1)(𝛼𝑥+ 𝛼∣𝑦∣+ 1)1/𝛼−1𝑦 if (𝑥, 𝑦) ∈ 𝐷𝛼
3 .

The functions 𝐴𝛼, 𝐵𝛼 coincide with the partial derivatives 𝑈𝛼𝑥, 𝑈𝛼𝑦 on the inte-
riors of 𝐷𝛼

1 , 𝐷
𝛼
2 and 𝐷𝛼

3 . Observe that 𝐴𝛼(𝑥, 𝑦) + 𝛼∣𝐵𝛼(𝑥, 𝑦)∣ ≤ 0 for all 𝑥 and 𝑦.
This is clear for (𝑥, 𝑦) ∈ 𝐷𝛼

1 ∪𝐷𝛼
2 , while for remaining (𝑥, 𝑦) we derive that

𝐴𝛼(𝑥, 𝑦) + 𝛼∣𝐵𝛼(𝑥, 𝑦)∣ = −(𝛼+ 1)(𝛼𝑥 + 𝛼∣𝑦∣+ 1)1/𝛼−1(𝛼𝑥+ 1− ∣𝑦∣) ≤ 0. (4.7)
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This proves the first half of condition 2∘′. To establish the second half, fix 𝑥 ∈ ℝ,
ℎ > −𝑥, 𝑦, 𝑘 ∈ ℋ such that ∣𝑘∣ ≤ ∣ℎ∣. It suffices to show that the function
𝐺(𝑡) = 𝑈(𝑥 + 𝑡ℎ, 𝑦 + 𝑡𝑘) (defined for 𝑡 such that 𝑥 + 𝑡ℎ ≥ 0) is concave. Note
that 𝐺 is linear on a large part of its domain; in fact, all we need is to check what
happens on 𝐷𝛼

3 . Precisely, fix (𝑥, 𝑦) ∈ 𝐷𝛼
3 and observe that

𝐺′′(0) = 𝑈𝛼𝑥𝑥(𝑥, 𝑦)ℎ2 + 2(𝑈𝛼𝑥𝑦(𝑥, 𝑦)ℎ, 𝑘) + (𝑘𝑈𝛼𝑦𝑦(𝑥, 𝑦), 𝑘) = 𝐼1 + 𝐼2,

where

𝐼1 = (𝛼+ 1)(𝛼𝑥+ 𝛼∣𝑦∣+ 1)1/𝛼−1(∣𝑘∣2 − ℎ2) ≤ 0,
𝐼2 = (𝛼+ 1)(1− 𝛼)∣𝑦∣(𝛼𝑥 + 𝛼∣𝑦∣+ 1)1/𝛼−2 [ℎ+ (𝑦 ⋅ 𝑘)/∣𝑦∣]2 ≤ 0.

(4.8)

Furthermore,

𝐺′(0) ≤ 𝑈𝛼𝑥(𝑥, 𝑦)ℎ+ ∣𝑈𝛼𝑦(𝑥, 𝑦)∣ ⋅ ∣𝑘∣ ≤ ℎ [𝑈𝛼𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝛼𝑦(𝑥, 𝑦)∣] ≤ 0.
In addition, using (𝑦, 𝑘)/ℎ ≥ −∣𝑦∣ and the estimate 𝑥 + ∣𝑦∣ ≤ 1 coming from the
definition of 𝐷𝛼

3 ,

𝐺′(0)/ℎ = −(𝛼+ 1)(𝛼𝑥+ 𝛼∣𝑦∣+ 1)1/𝛼−1[𝛼𝑥+ 1 + (𝛼 − 1)∣𝑦∣ − (𝑦 ⋅ 𝑘)/ℎ]
≥ −(𝛼+ 1)(𝛼𝑥+ 𝛼∣𝑦∣+ 1)1/𝛼 ≥ −(𝛼+ 1)1/𝛼+1 = −𝐾𝛼.

This shows that 𝐺 is concave on ℝ. Finally, to check 3∘, we use 2∘ and obtain that
for ∣𝑦∣ ≤ ∣𝑥∣,

𝑈𝛼(𝑥, 𝑦) ≤ 𝑈𝛼(0, 0) + 𝑈𝛼𝑥(0, 0)𝑥+ 𝑈𝛼𝑦(0, 0) ⋅ 𝑦 = −(𝛼+ 1)𝑥. (4.9)

This completes the proof: the necessary integrability holds, since 𝐴𝛼 and 𝐵𝛼 are
bounded. □

Sharpness. It suffices to focus on the inequality (4.4). We shall construct appro-
priate examples on the probability space ([0, 1],ℬ(0, 1), ∣ ⋅ ∣). To gain some intuition
about their structure, it is convenient to start with the case 𝛼 ≤ 1, which is a bit
easier.

First consider the following pair (𝑓, 𝑔): let

𝑓0 = −𝑔0 = −1
6
[0, 1],

𝑑𝑓1 = −𝑑𝑔1 = −1
3

[
0,
2

3

]
+
2

3

(
2

3
, 1

]
,

𝑑𝑓2 = 𝑑𝑔2 =
1

2

[
0,
1

2

]
− 3
2

(
1

2
,
2

3

]
+
3

2

(
2

3
,
3

4

]
− 1
2

(
3

4
, 1

]
,

𝑑𝑓3 =

(
1

2
,
2

3

]
, 𝑑𝑔3 ≡ 0,

𝑑𝑓𝑛 = 𝑑𝑔𝑛 ≡ 0 for 𝑛 ≥ 4
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(here, as usual, we identify an interval with its indicator function). It is easy to
check that 𝑓 is a submartingale and 𝑔 is 0-subordinate to 𝑓 (hence 𝑔 is also 𝛼-
subordinate to 𝑓 for any 𝛼 ≥ 0). In fact the moves in steps 1 and 2 are of martingale
type in the sense that 𝔼𝑑𝑓1 = 𝔼𝑑𝑔1 = 0 and 𝔼(𝑑𝑓2∣𝑓1) = 𝔼(𝑑𝑔2∣𝑓1) = 0. Further-
more, we see that ∣𝑔3∣ = ∣𝑔2∣ = 1 almost surely and 𝑓3 = 2

(
2
3 ,

3
4

]
, so ∣∣𝑓3∣∣1 = 1

6 .
Consequently, ℙ(∣𝑔∣∗ ≥ 1) = 6∣∣𝑓3∣∣1. However, we encounter here a problem, al-
ready mentioned above, which did not exist in the martingale setting. Namely, if
𝑓 is a submartingale, then, in general, ∣∣𝑓 ∣∣1 ∕= lim𝑛→∞ ∣∣𝑓𝑛∣∣1. Unfortunately, this
is also the case in our example: it is easy to see that ∣∣𝑓2∣∣1 > ∣∣𝑓3∣∣1. Thus we
need an additional modification of the pair (𝑓, 𝑔) which will keep ∣∣𝑓𝑛∣∣1 close to
1/6 for all 𝑛. The idea is to split the set Ω into small parts and evolve the pair
(𝑓, 𝑔) according to the rules above on the first part, then on the second, and so on.
To be more precise, let 𝑁 be a large positive integer. Consider the pair (𝑓, 𝑔) on
([0, 1],ℬ(0, 1), ∣ ⋅ ∣), defined as follows. Let 𝑑𝑓0 = −𝑑𝑔0 = − 1

6 [0, 1] and, for a fixed
𝑛 ∈ {0, 1, 2, . . . , 𝑁 − 1} and 𝑘 = 1, 2, 3,

𝑑𝑓3𝑛+𝑘(𝑥) = 𝑑𝑓𝑘(𝑁𝑥−𝑛), 𝑑𝑔3𝑛+𝑘(𝑥) = 𝑑𝑔𝑘(𝑁𝑥−𝑛) for 𝑥 ∈ (𝑛/𝑁, (𝑛+1)/𝑁 ]

and 𝑑𝑓3𝑛+𝑘(𝑥) = 𝑑𝑔3𝑛+𝑘(𝑥) = 0 for the remaining 𝑥. Now we have ∣𝑔3𝑁 ∣ = 1 with
probability 1 and, for any 𝑛 and 𝑘 as above,

∣∣𝑓3𝑛+𝑘∣∣1 = 𝑛

𝑁
∣∣𝑓3∣∣1 + 1

𝑁
∣∣𝑓𝑘∣∣1 + 𝑁 − 𝑛− 1

𝑁
⋅ 1
6
≤ 1
6
+
1

𝑁
max
0≤𝑘≤3

∣∣𝑓𝑘∣∣1.

Since 𝑁 was arbitrary, the constant 6 is indeed the best possible.

Now we turn to the case 𝛼 > 1, in which the situation becomes more involved
because the “basic” pair (𝑓, 𝑔) has a more complicated structure. Let 𝑁 be a large
positive integer and put 𝛿 = 1/(2𝑁). For 𝑛 = 1, 2, . . . , 𝑁 − 1, define

ℓ𝑛 =
−1 + 2(𝑛− 1)𝛿

𝛼+ 1
, 𝑟𝑛 = (2𝑛− 1)𝛿,

and put ℓ𝑁 = 0, 𝑟𝑁 = 2. Consider a martingale 𝑓 which evolves as follows:

(i) It starts from −𝐶−1
𝛼 .

(ii) 𝑓1 ∈ {ℓ1, 𝑟1}.
(iii) If 𝑛 = 1, 2, . . . , 𝑁 − 1, then 𝑓𝑛+1 ∈ {ℓ𝑛+1, 𝑟𝑛+1} on the set {𝑓𝑛 = 𝑟𝑛}.
(iv) On the set {𝑓𝑛 = ℓ𝑛}, 𝑓𝑛 = 𝑓𝑛+1 = ⋅ ⋅ ⋅ = 𝑓𝑁 .

Furthermore, let 𝑔0 = −𝑓0 and 𝑑𝑔𝑛 = (−1)𝑛𝑑𝑓𝑛 for 𝑛 = 0, 1, 2, . . . , 𝑁 . It is
easy to verify that the random variable (𝑓𝑁 , 𝑔𝑁) satisfies 𝛼𝑓𝑁 + ∣𝑔𝑁 ∣ = 1 or
(𝑓𝑁 , 𝑔𝑁 ) = (2, 1). The final move (the only one which is not of martingale type) is
the following. If 𝛼𝑓𝑁 ± 𝑔𝑁 = 1, we take 𝑑𝑓𝑁+1 = −𝑓𝑁 and 𝑑𝑔𝑁+1 = ±𝛼𝑑𝑓𝑁+1; if
(𝑓𝑛, 𝑔𝑁) = (2, 1), then 𝑑𝑓𝑁+1 = 𝑑𝑔𝑁+1 = 0. It is evident that 𝑔 is 𝛼-subordinate to
𝑓 . However, it is worth mentioning here that the 𝛼-strong differential subordination
does not hold, because of the final move of (𝑓, 𝑔).
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Let us now study the numbers ℙ(∣𝑔∣∗ ≥ 1), ∣∣𝑓 ∣∣1 and ∣∣𝑓𝑁+1∣∣1. The first of
them equals 1, since ∣𝑔2𝑁 ∣ ≡ 1. Furthermore,

∣∣𝑓 ∣∣1 ≤ 2, (4.10)

since ∣𝑓𝑛∣ ≤ 2 for any 𝑛. The next step is to note that 𝑓𝑁+1 ∈ {0, 2} and 𝑓𝑁+1 = 2
if and only if the process 𝑓 is nondecreasing. For convenience, put 𝑟0 = −𝐶−1

𝛼 ;
then we can write

ℙ(𝑓𝑁+1 = 2) =

𝑁∏
𝑛=1

𝑟𝑛−1 − ℓ𝑛
𝑟𝑛 − ℓ𝑛

=
𝑟0 − ℓ1
𝑟1 − ℓ1

⋅ 𝑟𝑁−1 − ℓ𝑁
𝑟𝑁 − ℓ𝑁

𝑁−1∏
𝑛=2

𝑟𝑛−1 − ℓ𝑛
𝑟𝑛 − ℓ𝑛

=
𝑟0 + (𝛼 + 1)

−1

2𝛿 + (𝛼+ 1)−1
⋅ 1− 𝛿

2
⋅
𝑁−1∏
𝑛=2

(
1− 2𝛿(𝛼+ 1)

1 + 𝛼𝛿(2𝑛− 1)
)

≤ (1 + 𝑟0(𝛼+ 1))(1− 𝛿)

2(1 + 2𝛿(𝛼+ 1))
exp

(
−2𝛿(𝛼+ 1)

𝑁−1∑
𝑛=2

(1 + 𝛼𝛿(2𝑛− 1))−1

)

≤ (1 + 𝑟0(𝛼+ 1))(1− 𝛿)

2(1 + 2𝛿(𝛼+ 1))

(
1 + (2𝑁 − 1)𝛿𝛼
1 + 3𝛿𝛼

)−(𝛼+1)/𝛼

.

Here in the first inequality we have used the elementary bound 1 − 𝑥 ≤ 𝑒−𝑥 and
in the second one we have exploited the fact that

2𝛿

𝑁−1∑
𝑛=2

(1 + 𝛼𝛿(2𝑛− 1))−1 ≥
∫ (2𝑁−1)𝛿

3𝛿

(1 + 𝛼𝑥)−1d𝑥 =
1

𝛼
log
1 + (2𝑁 − 1)𝛿𝛼
1 + 3𝛿𝛼

.

Now recall that 𝛿 = (2𝑁)−1, so letting 𝑁 →∞ yields

ℙ(𝑓𝑁+1 = 2)→ (𝛼+ 1)𝑟0 + 1
2

(1 + 𝛼)−(𝛼+1)/𝛼 = (2𝐶𝛼)
−1

and, in consequence, ∣∣𝑓𝑁+1∣∣1 → 𝐶−1
𝛼 . This would complete the proof, but, as in

the case 𝛼 ≤ 1, we have a problem because of the inequality ∣∣𝑓 ∣∣1 > ∣∣𝑓𝑁+1∣∣1.
This is dealt with exactly in the same manner as for 𝛼 ≤ 1. Namely, we split the
probability space into a large number of small parts and copy the above pair into
each part on a separate period of time. Finally, using (4.10), we are able to ensure
that the first norm of 𝑓 is arbitrarily close to 𝐶−1

𝛼 . □

On the search of the suitable majorant. We shall only study the case 𝛼 = 1, the
other values of 𝛼 can be treated likewise. The first question which comes to one’s
mind is how to discover the right version of (4.4) (that is, how to deduce that (4.5)
is the right inequality to prove). As observed above, the inequality ℙ(∣𝑔𝑛∣ ≥ 1) ≤
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𝛽𝔼∣𝑓𝑛∣ is not a good choice. Nonetheless, let 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1}−𝛽∣𝑥∣ for 𝑥, 𝑦 ∈ ℝ

and consider the function 𝑈0 : ℝ× ℝ→ ℝ given by

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛)},
where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, 𝑦). The key
observation is that 𝑈0 = 𝑈1, where

𝑈1(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 1)− 𝛽𝔼𝑓+
𝑛 },

with the supremum over the same parameters as previously. The bound 𝑈0 ≤ 𝑈1

comes from the trivial estimate 𝑓+
𝑛 ≤ ∣𝑓𝑛∣. To get the reverse, pick any 𝑓 , 𝑔, 𝑛 as

above and consider 𝑓 , 𝑔 given by 𝑓𝑘 = 𝑓𝑘 and 𝑔𝑘 = 𝑔𝑘 for 𝑘 ≤ 𝑛 and 𝑑𝑓𝑛+1 = 𝑓−
𝑛 ,

𝑑𝑓𝑛+2 = 𝑑𝑓𝑛+3 = ⋅ ⋅ ⋅ = 𝑑𝑔𝑛+1 = 𝑑𝑔𝑛+2 = ⋅ ⋅ ⋅ ≡ 0. Then 𝑓 is a submartingale, 𝑔 is
1-subordinate to 𝑓 and

ℙ(∣𝑔𝑛∣ ≥ 1)− 𝛽𝔼𝑓+
𝑛 = ℙ(∣𝑔𝑛+1∣ ≥ 1)− 𝛽𝔼∣𝑓𝑛+1∣ ≤ 𝑈0(𝑥, 𝑦).

Consequently, we have 𝑈1 ≤ 𝑈0, since 𝑓 , 𝑔 and 𝑛 were arbitrary. This explains why
the nonnegative part of 𝑓 appears in (4.5). Now, using the standard arguments we
can show that 𝑈0 satisfies the conditions 1∘ and 2∘. However, there is no chance
for the initial condition to hold, which can be seen, for example, by considering the
deterministic pair (−1, 1). All we can hope for is the estimate 𝑈(𝑥, 𝑦) ≤ 𝑈(𝑥, 𝑥)
for ∣𝑦∣ ≤ ∣𝑥∣ and hence, all we can get using Burkholder’s method is the inequality

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝛽𝔼𝑓+
𝑛 + 𝔼𝑈0(𝑓0, 𝑓0).

This leads directly to the estimate (4.5).

Now let us collect some information on 𝑈0. First, 𝑈0(𝑥, 𝑦) ≤ 1− 𝛽𝑥+ for all
𝑥, 𝑦. Moreover, we have equality for ∣𝑥∣ + ∣𝑦∣ ≥ 1. This is trivial for ∣𝑦∣ ≥ 1, and
for ∣𝑦∣ < 1 it can be seen by using the following example, which already appeared
while studying the weak type (1,1) inequality for martingales. Namely, take (𝑓, 𝑔)
such that (𝑓0, 𝑔0) ≡ (𝑥, 𝑦), 𝑑𝑓1 is a centered random variable taking values 1± ∣𝑦∣
and ∣𝑑𝑔1∣ = ∣𝑑𝑓1∣, so that ∣𝑔1∣ ≡ 1. Finally, inside the square ∣𝑥∣+ ∣𝑦∣ < 1, we guess
that the special function is linear along the line segments of slope −1. This gives
the formula (4.6). □

4.2.3 Proof of Theorem 4.6

We shall only present here the proof in the case 𝛼 ∈ [0, 1]. The remaining case
𝛼 > 1 can be dealt with similarly, but the calculations are a bit more complicated.

The key tool in studying our problem is the special function 𝑈0
ℬ : ℝ×ℬ → ℝ,

defined by
𝑈0
ℬ(𝑥, 𝑦) = inf{𝔼𝑓+

∞}.
Here the infimum is taken over all (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, 𝑦) satisfying ℙ(∣𝑔∞∣ ≥ 1) = 1.
First, let us show an auxiliary fact.
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Lemma 4.1. If ∣𝑦∣ = 1/6, then 𝑈0
ℬ(−1/6, ∣𝑦∣) ≥ 1/3.

Proof. Suppose, on the contrary, that there is a pair (𝑓, 𝑔) ∈ 𝑀 sub(−1/6, 𝑦) with
ℙ(∣𝑔𝑛∣ ≥ 1) = 1 and 𝔼𝑓+

𝑛 < 1/6 for some 𝑛. For a given small positive 𝜀, consider
a pair (𝑓, 𝑔) = (𝑓 + 𝜀, 𝑔− 𝑦′𝜀), which of course belongs to 𝑀 sub(−1/6+ 𝜀, 𝑦− 𝑦′𝜀).
Possibly, the condition ℙ(∣𝑔𝑛∣ ≥ 1) = 1 does not hold any more: to ensure this, we
modify the pair by adding the differences 𝑑𝑓𝑛+1, 𝑑𝑔𝑛+1 satisfying ℙ(∣𝑔𝑛+1∣ ≥ 1) =
1 and 𝔼(𝑑𝑓𝑛+1∣ℱ𝑛) = 0, 𝔼(𝑑𝑔𝑛+1∣ℱ𝑛) = 0 (so 𝛼-subordination is not violated). It
is easy to see that when we pick sufficiently small 𝜀, then we may do this so that the

inequality 𝔼𝑓
+

𝑛+1 < 1/6 still holds. Now we use the portioning argument: for any
𝛿 > 0 there is a pair (𝐹,𝐺) ∈ 𝑀 sub(−1/6 + 𝜀, 𝑦 − 𝑦′𝜀) for which ℙ(∣𝐺∞∣ ≥ 1) = 1
and ∣∣𝐹 ∣∣1 = ∣∣𝐹+∣∣1 ≤ max{−𝔼𝑓0,𝔼𝑓

+

𝑛+1} + 𝛿. Consequently, if 𝛿 is sufficiently
small, we get a pair (𝐹,𝐺) such that 𝐹 is a submartingale, 𝐺 is 𝛼-subordinate to
𝐹 , ℙ(∣𝐺∞∣ ≥ 1) = 1 and ∣∣𝐹 ∣∣1 < 1/6. We get a contradiction: (4.4) does not hold.
This proves the claim. □

We are ready for the proof of Theorem 4.6. By using the splicing argument,
we can show that the function −𝑈0

ℬ satisfies the condition 2
∘. We shall prove that

𝑈0
ℬ(𝑥, 𝑦) = 𝑈𝛼(𝑥, 𝑦) =

{
𝑥+ if ∣𝑥∣+ ∣𝑦∣ ≥ 1,
1
4 ((1 + 𝑥)2 − ∣𝑦∣2) if ∣𝑥∣+ ∣𝑦∣ < 1. (4.11)

Step 1. This is standard when ∣𝑥∣+ ∣𝑦∣ ≥ 1 (by considering appropriate pairs
(𝑓, 𝑔)).

Step 2. If ∣𝑥∣ + ∣𝑦∣ < 1 and ℬ = ℝ, this can be easily seen by modifying the
example which appears in the proof of the sharpness. It can also be established
using Theorem 4.3: see the search which leads to (3.6) above.

Step 3. When ∣𝑥∣+ ∣𝑦∣ < 1 and ℬ is general, note that 𝑈0
ℬ(𝑥, 𝑦) ≤ 𝑈0

ℝ
(𝑥, ∣𝑦∣)

for any 𝑥 ∈ ℝ and 𝑦 ∈ ℬ. This follows immediately from the fact that when 𝑦 ∕= 0,
then each pair (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, ∣𝑦∣) gives rise to a pair (𝑓, 𝑔𝑦′) ∈ 𝑀 sub(𝑥, 𝑦); the
same holds for 𝑦 = 0, with 𝑦′ replaced by any vector of norm one. On the other
hand, by Lemma 4.1, we have 𝑈0

ℬ(−1/6, 𝑦) ≥ 𝑈0
ℝ
(−1/6, ∣𝑦∣). Next, fix 𝑦 ∈ ℬ of

norm one and consider the line segment

{(𝑡, 𝑡𝑦) : 𝑡 ∈ [−1/2, 1/2]} ⊂ ℝ× ℬ.

The function 𝑈0
ℬ is convex along this segment; furthermore, 𝑈

0
ℬ(𝑡, 𝑡𝑦) = 𝑈0

ℝ
(𝑡, 𝑡∣𝑦∣)

for 𝑡 = ±1/2 (see Step 1) and 𝑡 = −1/6 (see Lemma 4.1 and the beginning of
this step). However, 𝑡 �→ 𝑈0

ℝ
(𝑡, 𝑡∣𝑦∣), 𝑡 ∈ [−1/2, 1/2], is linear: thus (4.11) holds on

every line segment of the above form.

Step 4. Now, suppose that ∣𝑥∣ + ∣𝑦∣ < 1 and ∣𝑥∣ ∕= ∣𝑦∣. Then we consider the
line segment

{(𝑥+ 𝑡, 𝑦 + 𝑦′𝑡) : ∣𝑥+ 𝑡∣+ ∣𝑦 + 𝑦′𝑡∣ ≤ 1} ⊂ ℝ× ℬ
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and note there are three values of 𝑡 such that 𝑈0
ℬ(𝑥+𝑡, 𝑦+𝑦′𝑡) = 𝑈0

ℝ
(𝑥+𝑡, ∣𝑦+𝑦′𝑡∣):

two corresponding to the endpoints of the segment and one inside, coming from
the previous step. Since 𝑡 �→ 𝑈0

ℝ
(𝑥 + 𝑡, ∣𝑦 + 𝑦′𝑡∣) is linear, we get that 𝑈0

ℬ(𝑥, 𝑦) =
𝑈0
ℝ
(𝑥, ∣𝑦∣); this completes the proof of (4.11).
Now take any 𝑎, 𝑏 ∈ ℬ and note that by 2∘′, 2𝑈0

ℬ(0, 𝑎) ≥ 𝑈0
ℬ(−∣𝑏∣, 𝑎 − 𝑏) +

𝑈0
ℬ(∣𝑏∣, 𝑎+ 𝑏). When 𝑎 and 𝑏 are sufficiently small, this is equivalent to

∣𝑎+ 𝑏∣2 + ∣𝑎− 𝑏∣2 ≤ 2∣𝑎∣2 + 2∣𝑏∣2

and, by homogeneity, extends to all 𝑎, 𝑏 ∈ ℬ. Putting 𝑎 + 𝑏, 𝑎 − 𝑏 in the place
of 𝑎 and 𝑏, we get the reverse estimate. Consequently, the parallelogram identity
is satisfied and, by the famous result of Jordan and von Neumann [105], ℬ is a
Hilbert space.

4.3 Weak type inequalities for nonnegative sub- and
supermartingales

4.3.1 Formulation of the results

Now let us turn to the case when the dominating process is nonnegative. We have
the following.

Theorem 4.7. Let 𝛼 be fixed nonnegative number. Assume that 𝑓 is a nonnegative
submartingale and 𝑔 is a sequence of ℋ-valued integrable random variables which
is 𝛼-subordinate to 𝑓 . Then

∣∣𝑔∣∣1,∞ ≤ (𝛼+ 2)∣∣𝑓 ∣∣1. (4.12)

The constant 𝛼+ 2 is the best possible, even if ℋ = ℝ.

In the supermartingale setting, the behavior of the constants is completely
different: there are two expressions, depending on whether 𝛼 is big or small.

Theorem 4.8. Let 𝛼 ≥ 0 be fixed and suppose that 𝑓 is a nonnegative super-
martingale and 𝑔 is a sequence of ℋ-valued integrable random variables which is
𝛼-subordinate to 𝑓 . Then for 0 < 𝑝 ≤ 1,

∣∣𝑔∣∣𝑝,∞ ≤ 𝐶𝛼,∞∣∣𝑓 ∣∣𝑝, (4.13)

where

𝐶𝛼,∞ =

{
2 if 𝛼 ≤ 1,
𝛼+ 1 if 𝛼 > 1.

The constant is the best possible, even if ℋ = ℝ. For 𝑝 > 1 the inequality does not
hold in general with any finite constant.
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4.3.2 Proof of Theorem 4.7

Proof of (4.12). Here Burkholder’s technique is directly applicable. It suffices to
show that for any 𝑓 and 𝑔 as in the statement and any nonnegative integer 𝑛 we
have

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ (𝛼+ 2)𝔼𝑓𝑛.

Fix 𝛼 ≥ 0 and let 𝑈, 𝑉 : [0,∞)×ℋ → ℝ be given by

𝑈(𝑥, 𝑦) =

{
(∣𝑦∣ − (𝛼 + 1)𝑥)(𝑥+ ∣𝑦∣)1/(𝛼+1) if 𝑥+ ∣𝑦∣ < 1,
1− (𝛼+ 2)𝑥 if 𝑥+ ∣𝑦∣ ≥ 1 (4.14)

and 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1}− (𝛼+2)𝑥. We will show that 𝑈 satisfies the properties 1∘,
2∘′ and 3∘. To show the majorization, we may restrict ourselves to 𝑥, 𝑦 satisfying
𝑥+ ∣𝑦∣ < 1. Substituting 𝑥+ ∣𝑦∣ = 𝑟𝛼+1 ∈ [0, 1), we have

𝑉 (𝑥, 𝑦)− 𝑈(𝑥, 𝑦) = −𝑟𝛼+2 − (1− 𝑟)(𝛼 + 2)𝑥 < 0.

To establish 2∘′, we first note that

𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ =
{
−(𝛼+ 2)(𝑥+ ∣𝑦∣)−𝛼/(𝛼+1)𝑥 if 𝑥+ ∣𝑦∣ < 1,
−(𝛼+ 2) if 𝑥+ ∣𝑦∣ > 1

is nonpositive: this implies the first half of 2∘′. To show the second half, let 𝐺 =
𝐺𝑥,𝑦,ℎ,𝑘 be defined as usual. A direct computation gives 𝐺′′(0) = 0 if 𝑥 + ∣𝑦∣ > 1
and

𝐺′′(0) = 𝐼 + 𝐼𝐼, (4.15)

where

𝐼 = −𝛼+ 2

𝛼+ 1
(𝑥+ ∣𝑦∣)−𝛼/(𝛼+1)(ℎ2 − ∣𝑘∣2),

𝐼𝐼 = −𝛼(𝛼+ 2)

(𝛼+ 1)2
(𝑥+ ∣𝑦∣)−(2𝛼+1)/(𝛼+1)∣𝑦∣(ℎ− 𝑦′ ⋅ 𝑘)2,

so 𝐺′′(0) ≤ 0 if ∣𝑘∣ ≤ ∣ℎ∣. Finally, for 𝑥 > 0, 𝑥+ ∣𝑦∣ = 1 and ∣𝑘∣ ≤ ℎ,

𝐺′(0−) = −(𝛼+ 2)ℎ+ 𝛼+ 2

𝛼+ 1
(∣𝑦∣ℎ+ 𝑦 ⋅ 𝑘) ≥ −(𝛼+ 2)ℎ = 𝐺′(0+),

so 2∘′ holds. To prove the initial condition, use 2∘′ to obtain

𝑈(𝑥, 𝑦) ≤ 𝑈(0, 0) + 𝑈𝑥(0+, 0)𝑥+ 𝑈𝑦(0+, 0) ⋅ 𝑦 = 0.

Thus, it suffices to apply Theorem 4.2: the necessary integrability is satisfied, since
the partial derivatives of 𝑈 are bounded on (0,∞)×ℝ∖{(𝑥, 𝑦) : 𝑥+ ∣𝑦∣ = 1}. □
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Remark 4.3. For 𝑥+ ∣𝑦∣ < 1 we have

𝑈(𝑥, 𝑦) ≤ 1− (𝛼 + 2)𝑥, (4.16)

which can be seen, for example, by checking that for fixed 𝑥, 𝑈(𝑥, 𝑦) increases as
∣𝑦∣ increases. This inequality will be needed later.
Sharpness. Let 𝛼 ≥ 0 be fixed and suppose 𝛽 = 𝛽(𝛼) has the property that

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 𝛽𝔼𝑓𝑛 (4.17)

for any 𝑓 , 𝑔 such that 𝑓 is a nonnegative submartingale and 𝑔 is a real-valued
process which is 𝛼-subordinate to 𝑓 . Let 𝑈0 : [0,∞)× ℝ→ ℝ be given by

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑔𝑛∣ ≥ 1)− 𝛽𝔼𝑓𝑛}, (4.18)

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, 𝑦). We
shall exploit the properties 1∘, 2∘′ and 3∘ to obtain 𝛽 ≥ 𝛼+ 2. The reasoning we
are going to present now will be frequently repeated during the study of other
estimates.

Introduce the notation 𝐴(𝑦) = 𝑈0(0, 𝑦) and 𝐵(𝑥) = 𝑈0(𝑥, 0) for all 𝑥 ≥ 0
and 𝑦 ∈ ℝ. Let 𝑁 be a given positive integer and let 𝛿 = (𝑁(𝛼+ 1))−1. We have

𝐴(0) = 𝐵(0) ≤ 0, 𝐴(1) ≥ 1 and 𝐵(1) ≥ 1− 𝛽. (4.19)

Indeed: the first inequality comes from 3∘, while the second is an immediate con-
sequence of 1∘. Finally, to prove the third estimate, we look at the pair (𝑓, 𝑔)
starting from (1, 0) and such that 𝑑𝑓1 = 𝑑𝑔1 takes values ±1, each with probability
1/2; then ∣𝑔1∣ ≡ 1 and 𝔼𝑓1 = 1.

Using the first part of 2∘′ and then the second, we get

𝐴(𝑦) ≥ 𝑈0(𝛿, 𝑦 + 𝛼𝛿)

≥ 𝛿

𝑦 + (𝛼+ 1)𝛿
𝐵(𝑦 + (𝛼+ 1)𝛿) +

𝑦 + 𝛼𝛿

𝑦 + (𝛼 + 1)𝛿
𝐴(𝑦 + (𝛼+ 1)𝛿).

(4.20)

Furthermore, again by 2∘,

𝐵(𝑦) ≥ (𝛼 + 1)𝛿

2𝑦 + (𝛼+ 1)𝛿
𝐴(𝑦) +

2𝑦

2𝑦 + (𝛼+ 1)𝛿
𝑈0

(
𝑦 +
(𝛼 + 1)𝛿

2
,
(𝛼+ 1)𝛿

2

)

and

𝑈0

(
𝑦 +
(𝛼+ 1)𝛿

2
,
(𝛼 + 1)𝛿

2

)
≥ 2𝑦 + (𝛼+ 1)𝛿
2𝑦 + 2(𝛼+ 1)𝛿

𝐵(𝑦 + (𝛼+ 1)𝛿)

+
(𝛼+ 1)𝛿

2𝑦 + 2(𝛼+ 1)𝛿
𝐴(𝑦 + (𝛼 + 1)𝛿).
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Consequently, we obtain

𝐵(𝑦) ≥ (𝛼+ 1)𝛿

2𝑦 + (𝛼+ 1)𝛿
𝐵(𝑦) +

𝑦

𝑦 + (𝛼+ 1)𝛿
𝐵(𝑦 + (𝛼+ 1)𝛿)

+
𝑦(𝛼+ 1)𝛿

(2𝑦 + (𝛼+ 1)𝛿)(𝑦 + (𝛼+ 1)𝛿)
𝐴(𝑦 + (𝛼+ 1)𝛿).

Multiply both sides by (𝛼 + 1)−1, add it to (4.20) and substitute 𝑦 = 𝑘(𝛼 + 1)𝛿.
After some manipulations we arrive at the inequality

(𝛼+ 1)
[
𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿)

]
+𝐵((𝑘 + 1)(𝛼+ 1)𝛿)−𝐵(𝑘(𝛼+ 1)𝛿)

≤ 𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿)

2𝑘 + 1
.

(4.21)

Writing this for 𝑘 = 0, 1, 2, . . . , 𝑁 − 1 and summing the obtained estimates gives

(𝛼+ 1)(𝐴(1)−𝐴(0)) +𝐵(1)−𝐵(0) ≤
𝑁−1∑
𝑘=0

𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿)

2𝑘 + 1
,

which, by (4.19), implies

𝛼+ 2− 𝛽 ≤
𝑁−1∑
𝑘=0

𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿)

2𝑘 + 1
. (4.22)

To complete the proof it suffices to show that the right-hand side tends to 0 as
𝑁 goes to infinity. To do this, we use (4.20) and the estimates 𝐴(𝑦) ≤ 1 − 𝑦,
𝐵(𝑥) ≥ −𝑥, which follow directly from the definition of 𝑈0. We obtain

𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿)

=
𝑘(𝛼+ 1) + 𝛼

(𝑘 + 1)(𝛼+ 1)
𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼+ 1)𝛿) +

𝐴((𝑘 + 1)(𝛼+ 1)𝛿)

(𝑘 + 1)(𝛼+ 1)

≤ −𝐵((𝑘 + 1)(𝛼+ 1)𝛿) +𝐴((𝑘 + 1)(𝛼+ 1)𝛿)

(𝑘 + 1)(𝛼+ 1)
≤ 1

(𝑘 + 1)(𝛼+ 1)
.

Therefore the right-hand side of (4.22) is of order 𝑂(1/𝑁) as 𝑁 → ∞ and the
claim follows. □

On the search of the suitable majorant. As usual, we restrict our attention to the
caseℋ = ℝ. Let 𝛽 > 0 be a constant in the weak type inequality (to be determined)
and let us start with the function 𝑈0, given by (4.18). Clearly, we have 𝑈0(𝑥, 𝑦) ≤
1− 𝛽𝑥; furthermore, the reverse inequality holds if 𝑥+ ∣𝑦∣ ≥ 1 (consider standard
examples: see, e.g., the weak-type (1, 1) inequality for martingales). Thus all we
need is to find the special function when 𝑥 + ∣𝑦∣ < 1. This will be accomplished
by imposing three assumptions.
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We start with the property

(A1) 𝑈 is continuous on [0,∞)× ℝ, of class 𝐶1 on the set

{(𝑥, 𝑦) ∈ [0,∞)× ℝ : 𝑥+ ∣𝑦∣ < 1}
and satisfies 𝑈(0, 0) = 0.

By the symmetry condition 𝑈(𝑥, 𝑦) = 𝑈(𝑥,−𝑦), which can be assumed with no
loss of generality, we may restrict ourselves to 𝑦 ≥ 0. Let 𝐴(𝑦) = 𝑈(0, 𝑦) and
𝐵(𝑥) = 𝑈(𝑥, 0) for all 𝑥, 𝑦 ≥ 0. We impose the following “structural” condition
on 𝑈 :

(A2) For any 𝑥, 𝑦 > 0 with 𝑥+ 𝑦 < 1,

𝑈(𝑥, 𝑦) =
𝑦

𝑥+ 𝑦
𝐴(𝑥+ 𝑦) +

𝑥

𝑥+ 𝑦
𝐵(𝑥 + 𝑦).

In other words, in the first quadrant the function 𝑈 is linear along the line segments
of slope −1.

The final assumption is the following. We know that for any 𝑦 ≥ 0, the
function 𝐺𝑦(𝑡) = 𝑈(𝑡, 𝑦 + 𝛼𝑡), 𝑡 ≥ 0, is nonincreasing. It is natural to expect the
extremal behavior 𝐺′

𝑦(0+) = 0, at least for some 𝑦. Otherwise, we would replace

𝑈 with the function 𝑈(𝑥, 𝑦) = 𝑈(𝑥, 𝑦)+𝑎𝑦 for some small 𝑎 > 0, which also would
have all the required properties (and would give a better constant). But which 𝑦
should satisfy 𝐺′

𝑦(0+) = 0? A little thought leads to the conjecture: all 𝑦 ∈ [0, 1).
This implies the assumption

(A3) For any 𝑦 ∈ [0, 1),
𝑈𝑥(0+, 𝑦) + 𝛼𝑈𝑦(0+, 𝑦) = 0.

Conditions (A1), (A2) and (A3) yield the special function studied above. To see
this, note that by (A2),

𝑈(𝑥, 𝑦)−𝐴(𝑥+ 𝑦)

𝑥
=

𝐵(𝑥+ 𝑦)−𝐴(𝑥+ 𝑦)

𝑥+ 𝑦
,

so letting 𝑥 → 0 gives

𝑈𝑥(0+, 𝑦)− 𝑈𝑦(0+, 𝑦) =
𝐵(𝑦)−𝐴(𝑦)

𝑦
,

or, by (A3),

−(𝛼+ 1)𝐴′(𝑦) =
𝐵(𝑦)−𝐴(𝑦)

𝑦
. (4.23)

Next, we have 𝑈𝑦(𝑥, 0) = 0 by the symmetry of 𝑈 , which implies, by (A2),

𝐵′(𝑥) =
𝐵(𝑥)−𝐴(𝑥)

𝑥
.
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Combining this with (4.23) gives 𝐵′(𝑥) = −(𝛼+1)𝐴′(𝑥), or 𝐵(𝑥) = 𝑐−(𝛼+1)𝐴(𝑥)
for some constant 𝑐. However, by (A1), 𝐴(0) = 𝐵(0) = 0, so 𝑐 = 0; thus, coming
back to (4.23), we get

−(𝛼+ 1)𝐴′(𝑦) = − (𝛼+ 2)𝐴(𝑦)
𝑦

.

Consequently, 𝐴(𝑦) = 𝑐𝑦(𝛼+2)/(𝛼+1) and 𝐵(𝑥) = −𝑐(𝛼 + 1)𝑥(𝛼+2)/(𝛼+1) for some
constant 𝑐 and all 𝑥 ∈ [0, 1], 𝑦 ∈ [0, 1]. However, as we have observed at the
beginning, 𝐴(1) = 1 and 𝐵(1) = 1 − 𝛽. This implies 𝑐 = 1 and 𝛽 = 𝛼 + 2. It
suffices to use (A2) to obtain the desired candidate for 𝑈 . □

4.3.3 Proof of Theorem 4.8

Proof of (4.13). It suffices to prove the theorem for 𝛼 ≥ 1. Since 𝑓 is nonnegative,
we have ∣∣𝑓 ∣∣𝑝 = ∣∣𝑓0∣∣𝑝 and the inequality can be rewritten in the form

ℙ(∣𝑔𝑛∣ ≥ 1) ≤ 2𝑝𝔼𝑓𝑝
0 .

Let 𝑉, 𝑈 : [0,∞)×ℋ → ℝ be given by 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} and

𝑈(𝑥, 𝑦) = 𝑈𝛼(−𝑥, 𝑦), (4.24)

where 𝑈𝛼 is given by (4.6). We will verify the conditions 1
∘, 2∘ and 3∘. The first

two of them have been already established in the proof of (4.4). To check 3∘,
suppose that ∣𝑦∣ ≤ 𝑥. If 𝑥 ≤ 1/(𝛼+ 1), then 𝑈(𝑥, 𝑦) ≤ (𝛼 + 1)𝑥 ≤ ((𝛼 + 1)𝑥)𝑝; if
𝑥 > 1/(𝛼+1), then 𝑈(𝑥, 𝑦) = 1 which also does not exceed ((𝛼+1)𝑥)𝑝. Since the
necessary integrability is satisfied, (4.13) follows. □

Sharpness. Suppose that 𝑝 ≤ 1 and ℋ = ℝ. First, if 𝛼 ≤ 1, we consider a cen-
tered random variable 𝜉 taking values in the set {−1/2, 3/2} and put (𝑓0, 𝑔0) ≡
(1/2, 1/2), (𝑓1, 𝑔1) = (𝑓2, 𝑔2) = ⋅ ⋅ ⋅ = (1/2 + 𝜉, 1/2− 𝜉). Then 𝑓 is a nonnegative
martingale, 𝑔 is 𝛼-subordinate to 𝑓 (for any 𝛼 ≥ 0), ∣∣𝑓 ∣∣𝑝 = 1/2 and ∣𝑔1∣ = 1 al-
most surely. If 𝛼 > 1, then let (𝑓0, 𝑔0) ≡ ((𝛼+1)−1, (𝛼+1)−1) and (𝑓1, 𝑔1) ≡ (0, 1).
One easily checks that 𝑓 , 𝑔 have the necessary properties and the two sides of (4.13)
are equal.

On the other hand, suppose that 𝑝 > 1 and let 𝛿 > 0. On the probability
space ([0, 1],ℬ([0, 1]),ℙ), let 𝜉 be a centered random variable taking the values
−𝛿 and 1 − 𝛿. Consider the sequence (𝑓𝑛, 𝑔𝑛)

2
𝑛=0, given by 𝑓0 = 𝑔0 = 𝛿, 𝑓1 =

𝑔1 = 𝛿 + 𝜉, 𝑓2 ≡ 0, 𝑔2 = 1{𝜉=1−𝛿}. Then 𝑓 is a nonnegative supermartingale with
∣∣𝑓 ∣∣𝑝𝑝 = ∣∣𝑓1∣∣𝑝𝑝 = 𝛿 and ℙ(∣𝑔2∣ ≥ 1) = 𝛿. Now we use the “portioning argument”:

fix a positive integer 𝑁 and let 𝑓 , 𝑔 be given as follows: let (𝑓0, 𝑔0) ≡ (𝛿, 𝛿) and,
for 𝑛 = 0, 1, 2, . . . , 𝑁 − 1, 𝑘 = 1, 2,

𝑓2𝑛+𝑘(𝜔) = 𝑓𝑘(𝑁𝜔 − 𝑛), 𝑔2𝑛+𝑘(𝜔) = 𝑔𝑘(𝑁𝜔 − 𝑛) for 𝜔 ∈ (𝑛/𝑁, (𝑛+ 1)/𝑁 ].
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We easily see that 𝑓 is a nonnegative supermartingale and 𝑔 is 𝛼-subordinate to
𝑓 for any 𝛼 ≥ 0. We have, for any 𝑛 = 0, 1, 2, . . . , 𝑁 − 1 and 𝑘 = 1, 2,

∣∣𝑓2𝑛+𝑘∣∣𝑝𝑝 =
1

𝑁
∣∣𝑓𝑘∣∣𝑝𝑝 +

𝑁 − 𝑛− 1
𝑁

𝛿𝑝 ≤ 𝛿

𝑁
+ 𝛿𝑝.

On the other hand, ∣∣𝑔∣∣𝑝𝑝,∞ ≥ ℙ(𝑔2𝑁 = 1) = 𝛿. Since 𝑁 and 𝛿 were arbitrary, we

see that the ratio ∣∣𝑔∣∣𝑝,∞/∣∣𝑓 ∣∣𝑝 can be made as large as we wish. Thus the weak
type inequality does not hold with any finite constant in the case when 𝑝 > 1. □

On the search of the suitable majorant. We shall only focus on the case 𝛼 ≤ 1 and
leave the argumentation for 𝛼 > 1 to the reader. Assume that ℋ = ℝ and write
the formula

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛)} = sup{ℙ(∣𝑔𝑛∣ ≥ 1)},
where supremum is taken over all 𝑛 and all appropriate pairs (𝑓, 𝑔). Clearly
𝑈0(𝑥, 𝑦) ≤ 1 and, using standard examples, we see that 𝑈0(𝑥, 𝑦) = 1 for 𝑥+∣𝑦∣ ≥ 1.
How do we find 𝑈0 on the set {(𝑥, 𝑦) : 𝑥 + ∣𝑦∣ < 1}? We have 𝑈(0, 𝑦) = 0 for
∣𝑦∣ < 1, since there are no nontrivial nonnegative supermartingales starting from
0. If 𝑥 > 0, then it is not difficult to see that if (𝑓, 𝑔) starts from (𝑥, 𝑦), the best
move is to jump either to (0, 𝑦 − 𝑥) or to (1+𝑥−𝑦

2 , 1−𝑥+𝑦
2 ), with probabilities de-

termined by the condition 𝔼𝑑𝑓1 = 0. Thus, (𝑓1, 𝑔1) lands on one of the lines 𝑥 = 0
or 𝑥 + 𝑦 = 1, on which we know how to proceed. It is easy to see that such an
example gives precisely (4.24). □

4.4 Moment estimates for submartingales

4.4.1 Formulation of the results

We start with a negative fact.

Theorem 4.9. Let 𝛼 ≥ 0 and 0 < 𝑝 < ∞ be fixed. Then there is no finite constant
𝛽𝑝 such that for any submartingale 𝑓 and any real-valued 𝑔 which is 𝛼-subordinate
to 𝑓 we have

∣∣𝑔∣∣𝑝 ≤ 𝛽𝑝∣∣𝑓 ∣∣𝑝.
However, if the dominating process is assumed to be nonnegative, the moment

inequality does hold for 𝑝 between 1 and infinity. Precisely, we have the following
statement.

Theorem 4.10. Suppose that 𝛼 ≥ 0 is fixed. Let 𝑓 be a nonnegative submartingale
and suppose 𝑔 is an ℋ-valued process which is 𝛼-subordinate to 𝑓 . Then

∣∣𝑔∣∣𝑝 ≤ (𝑝∗𝛼 − 1)∣∣𝑓 ∣∣𝑝, (4.25)

where 𝑝∗𝛼 = max{(𝛼+ 1)𝑝, 𝑝/(𝑝− 1)}. The inequality is sharp, even if ℋ = ℝ.
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4.4.2 Lack of moment inequalities in the general case

This is clear for 0 < 𝑝 ≤ 1, since then there are no moment estimates even in the
martingale setting (see Chapter 3). Suppose then that 1 < 𝑝 < ∞ and consider
a Markov process (𝑓, 𝑔) taking values in ℝ × ℝ, given on the probability space
([0, 1],ℬ([0, 1]), ∣ ⋅ ∣) by the following conditions. Let 𝐾 > 0 be a number, to be
specified later.

(i) The process starts from (0, 0).

(ii) The state (0, 0) leads to (−(𝑝+1)/2, (𝑝+1)/2) or to ((𝑝+1)/2,−(𝑝+1)/2),
each event has probability 1/2.

(iii) The state (−(𝑝 + 1)/2, (𝑝 + 1)/2) leads to (−1, 𝑝) or to (−𝑝, 1), each event
has probability 1/2.

(iv) The state (−𝑥, 𝑝𝑥) (0 < 𝑥 < 𝐾) leads to (0, (𝑝− 1)𝑥) or to (−2𝑥, (𝑝+ 1)𝑥),
each event has probability 1/2.

(v) The state (−𝑥, 𝑝𝑥) (𝑥 ≥ 𝐾) leads to (0, 𝑝𝑥) with probability 1.

(vi) The state (−2𝑥, (𝑝 + 1)𝑥) (𝑥 > 0) leads to (−(1 + 1/𝑝)𝑥, (𝑝 + 1)𝑥) with
probability 1.

(vii) All the remaining states are absorbing.

It is easy to see that 𝑓 , 𝑔 are simple: they terminate after a number of steps (say,
after 𝐿 moves). Furthermore, 𝑓 is a submartingale and 𝑔 is 𝛼-subordinate to 𝑓 for
any 𝛼 ≥ 0. We have that 𝑓 has finite 𝑝-th norm (which depends on 𝐾) and we
have ℙ(𝑓𝐿 = (𝑝+1)/2) = 1/2, ℙ(𝑓𝐿 = −𝑝) = 1/4 and ℙ(𝑓𝐿 = 0) = 1/4. Moreover,
if 𝑘 = 0, 1, 2, . . . satisfies 𝑝(1 + 1/𝑝)𝑘 < 𝐾, then

ℙ(𝑔𝐿 = (𝑝− 1)(1 + 1/𝑝)𝑘) = 2−𝑘−3.

Consequently,

∣∣𝑔∣∣𝑝 ≥ 1
8
(𝑝− 1)𝑝

𝑘0∑
𝑘=0

[
1

2

(
1 +
1

𝑝

)𝑝]𝑘
,

where 𝑘0 is the largest integer 𝑘 satisfying 𝑝(1 + 1/𝑝)𝑘 < 𝐾.

Now we proceed as follows. Pick any positive number 𝑀 . Then there is 𝐾
such that ∣∣𝑔𝐿∣∣𝑝 > 𝑀 ∣∣𝑓𝐿∣∣𝑝. Next we repeat the “portioning argument” used in
the proof of the weak type inequalities above. Namely, we divide the probability
space ([0, 1],ℬ([0, 1]), ∣ ⋅ ∣) into 𝑁 parts and copy the above process into each part
on a separate period of time. Let (𝑓𝑛, 𝑔𝑛)

𝐿𝑁
𝑛=0 be the process we obtain in this

manner. Then ∣∣𝑔𝐿𝑁 ∣∣𝑝 = ∣∣𝑔∣∣𝑝 > 𝑀 ∣∣𝑓𝐿∣∣𝑝 and, for any 𝑚 = 𝐿𝑛 + ℓ, where
𝑛 = 0, 1, 2, . . . , 𝑁 − 1 and ℓ = 0, 1, 2, . . . , 𝐿,

∣∣𝑓𝑛∣∣𝑝 ≤ 𝑛

𝑁
∣∣𝑓𝐿∣∣𝑝 + 1

𝑁
∣∣𝑓 ∣∣𝑝 ≤ ∣∣𝑓𝐿∣∣𝑝 + ∣∣𝑓 ∣∣𝑝/𝑁.

Consequently, if 𝑁 is sufficiently large, the ratio ∣∣𝑔∣∣𝑝/∣∣𝑓 ∣∣𝑝 exceeds 𝑀 ; since 𝑀
was arbitrary, the claim follows.
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4.4.3 Proof of (4.25)

With no loss of generality, we may assume that ∣∣𝑓 ∣∣𝑝 is finite. Then so is ∣∣𝑑𝑓𝑛∣∣𝑝
for each 𝑛, and hence also ∣∣𝑔𝑛∣∣𝑝 < ∞, due to differential subordination. Let
𝑉 (𝑥, 𝑦) = ∣𝑦∣𝑝 − (𝑝∗𝛼 − 1)𝑝𝑥𝑝 for 𝑥 ≥ 0, 𝑦 ∈ ℋ. We consider the cases 1 < 𝑝 <
(𝛼+ 2)/(𝛼+ 1), (𝛼+ 2)/(𝛼+ 1) ≤ 𝑝 < 2 and 𝑝 ≥ 2 separately.

The case 1 < 𝑝 < (𝛼 + 2)/(𝛼 + 1). We use the integration argument. Let
𝑢 : [0,∞)×ℋ → ℝ be given by (4.14) and 𝑘(𝑡) = 𝑝3−𝑝(1− 𝑝(𝛼+1)/(𝛼+2))𝑡𝑝−1.
Then

𝑈(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡

admits the following explicit formula:

𝑈(𝑥, 𝑦) = 𝑝2−𝑝(∣𝑦∣ − (𝑝− 1)−1𝑥)(𝑥+ ∣𝑦∣)𝑝−1. (4.26)

This is precisely Burkholder’s function corresponding to the moment inequality for
martingales; consequently, 1∘ and 3∘ hold. It suffices to apply Fubini’s theorem:

𝔼𝑉 (𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) ≤ 0
and we are done. To see that Fubini’s theorem applies, note that ∣𝑢(𝑥, 𝑦)∣ ≤ 𝑐(∣𝑥∣+
∣𝑦∣) for some absolute constant 𝑐, and thus∫ ∞

0

𝑘(𝑡)∣𝑢(𝑥/𝑡, 𝑦/𝑡)∣d𝑡 < 𝑐(∣𝑥∣𝑝 + ∣𝑦∣𝑝)

for another universal constant 𝑐.

The case (𝛼 + 2)/(𝛼+ 1) ≤ 𝑝 < 2. This is the most elaborate part. Assume
first that 𝑝, 𝛼 satisfy

𝑝(𝛼2 − 1) ≤ 𝛼2 + 2𝛼− 1. (4.27)

Let 𝑈 : ℝ×ℋ → ℝ be defined by the formula

𝑈(𝑥, 𝑦) = 𝑝(1− 1/𝑝∗𝛼)𝑝−1(∣𝑦∣ − (𝑝∗𝛼 − 1)𝑥)(𝑥+ ∣𝑦∣)𝑝−1.

To show the majorization 𝑈 ≥ 𝑉 , we note that both sides are homogeneous of
order 𝑝; consequently, it suffices to prove the inequality for 𝑥 + ∣𝑦∣ = 1. It is
equivalent to

𝐹 (𝑥) := 𝑝(1− 1/𝑝∗𝛼)𝑝−1(1− 𝑝∗𝛼𝑥)− (1− 𝑥)𝑝 + (𝑝∗𝛼 − 1)𝑝𝑥𝑝 ≥ 0, 𝑥 ∈ [0, 1].
It suffices to verify the following easy facts: 𝐹 (1/𝑝∗𝛼) = 𝐹 ′(1/𝑝∗𝛼) = 0, 𝐹 (1) ≥ 0
and there is 𝑝0 ∈ (1/𝑝∗𝛼, 1) such that 𝐹 is convex on (0, 𝑝0) and concave on (𝑝0, 1).
To prove 2∘, we derive that

𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣
𝑐𝑝(𝑥+ ∣𝑦∣)𝑝−2

= −(𝑝(𝛼+ 1)− 1)𝑥− 𝛼∣𝑦∣+ 𝛼
∣∣(−𝑝(𝛼+ 1)+ 𝛼+ 2)𝑥+ ∣𝑦∣∣∣,



4.4. Moment estimates for submartingales 163

where 𝑐𝑝 = 𝑝(1− 1/𝑝∗𝛼)𝑝−1. This expression is nonpositive, since

−(𝑝(𝛼+ 1)− 1)𝑥− 𝛼∣𝑦∣+ 𝛼
(
(−𝑝(𝛼+ 1) + 𝛼+ 2)𝑥+ ∣𝑦∣) = −(𝑝− 1)(𝛼+ 1)2𝑥

and

−(𝑝(𝛼+ 1)− 1)𝑥− 𝛼∣𝑦∣ − 𝛼
(
(−𝑝(𝛼+ 1) + 𝛼+ 2)𝑥+ ∣𝑦∣)

=
[
𝑝(𝛼2 − 1)− 𝛼2 − 2𝛼+ 1]𝑥− 2𝛼∣𝑦∣ ≤ 0. (4.28)

Here we have used the assumption (4.27) on 𝑝 and 𝛼. The next step is to establish
the concavity of the function 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘, given by the usual formula. We have

𝐺′′(0) = 𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼, (4.29)

where

𝐼 = −𝑐𝑝𝑝
2(𝛼 + 1)(𝑥+ ∣𝑦∣)𝑝−2(ℎ2 − ∣𝑘∣2),

𝐼𝐼 = −𝑝𝑐𝑝(𝑥+ ∣𝑦∣)𝑝−3
[
(𝑝(𝛼 + 1)− (𝛼+ 2))𝑥+ (𝛼+ 1)∣𝑦∣](ℎ+ 𝑦′ ⋅ 𝑘)2,

𝐼𝐼𝐼 = −𝑐𝑝

(
𝑝(𝛼+ 1)− 𝑝

𝑝− 1
)
(𝑥+ ∣𝑦∣)𝑝−1

∣𝑦∣ (∣𝑘∣2 − 𝑦′ ⋅ 𝑘)2.

Thus, 𝐺′′(0) ≤ 0 when ∣𝑘∣ ≤ ∣ℎ∣ and 2∘ is valid. Finally, the condition 3∘ is evident.
By Burkholder’s method, (4.25) follows, since we have the necessary integrability.

Now we turn to the case when

𝑝(𝛼2 − 1) > 𝛼2 + 2𝛼− 1. (4.30)

In particular, this implies 𝛼 > 1 and 𝑝 > (𝛼+2)/(𝛼+1) (or 𝛼(𝑝− 1)+ 𝑝− 2 > 0).
We start with an auxiliary fact.

Lemma 4.2. We have

𝛼 ≤ 𝑝∗𝛼 − 1 and
1

𝛼(𝑝− 1) + 𝑝− 2 ≤ 𝑝∗𝛼 − 1 = 𝑝(𝛼+ 1)− 1. (4.31)

Proof. The first inequality is equivalent to (𝑝− 1)(𝛼+1) ≥ 0. To show the second
estimate, it suffices to do this for the least possible 𝑝, since as 𝑝 increases, so do the
right-hand side and the denominator of the left-hand side. By (4.30), the smallest
value is 𝑝 = (𝛼2 + 2𝛼− 1)/(𝛼2 − 1). If we plug this into the estimate, we obtain,
after some manipulations,

𝛼(𝛼+ 1)2

(𝛼 − 1)2 ≥ 1,

since 𝛼 > 1. □

The inequalities in (4.31) give

𝛽(𝛼, 𝑝) :=
𝛼

(𝛼(𝑝− 1) + 𝑝− 2)𝑝−1
− (𝑝∗𝛼 − 1)𝑝 ≤ 0.
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We are ready to introduce the special function 𝑈 : ℝ × ℋ → ℝ. When ∣𝑦∣ ≥
(𝑝∗𝛼 − 1)𝑥, define

𝑈(𝑥, 𝑦) = 𝑝(1− 1/𝑝∗𝛼)𝑝−1(∣𝑦∣ − (𝑝∗𝛼 − 1)𝑥)(𝑥+ ∣𝑦∣)𝑝−1.

If 𝑥/(𝛼(𝑝− 1) + 𝑝− 2) ≤ ∣𝑦∣ < (𝑝∗𝛼 − 1)𝑥, we set
𝑈(𝑥, 𝑦) = ∣𝑦∣𝑝 − (𝑝∗𝛼 − 1)𝑝𝑥𝑝.

Finally, for the remaining values of 𝑥, 𝑦, put

𝑈(𝑥, 𝑦) = [(𝑝− 1)(𝛼+ 1)]2−𝑝

(
∣𝑦∣ − 𝑥

𝑝− 1
)
(𝑥+ ∣𝑦∣)𝑝−1 + 𝛽(𝛼, 𝑝)𝑥𝑝.

The next step is to verify 1∘, 2∘ and 3∘. The majorization is established in much
the same manner as before, using the homogeneity of 𝑈 and 𝑉 . To show that
𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ ≤ 0, first we focus on the situation when ∣𝑦∣ ≥ (𝑝∗𝛼 − 1)𝑥.
We repeat the argumentation presented in the previous case: see (4.28). Since[

𝑝(𝛼2 − 1)− 𝛼2 − 2𝛼+ 1]𝑥− 2𝛼∣𝑦∣ ≤ [− 𝑝(𝛼+ 1)2 − 𝛼2 + 1
]
𝑥 ≤ 0,

the bound holds. If 𝑥/(𝛼(𝑝− 1) + 𝑝− 2) ≤ ∣𝑦∣ < (𝑝∗𝛼 − 1)𝑥, then
𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ = 𝑝𝛼∣𝑦∣𝑝−1 − 𝑝(𝑝∗𝛼 − 1)𝑝𝑥𝑝−1

≤ −𝑝(𝑝− 1)(𝑝∗𝛼 − 1)𝑝−1(𝛼 + 1)𝑥𝑝−1 ≤ 0.
Finally, when ∣𝑦∣ < 𝑥/(𝛼(𝑝 − 1) + 𝑝− 2), we get, omitting the term 𝛽(𝛼, 𝑝)𝑥𝑝,

𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ ≤ 𝑝

𝑝− 1
[
(𝑝− 1)(𝛼+ 1)

𝑥+ ∣𝑦∣
]2−𝑝 [

(𝑝− 2 + (𝑝− 1)𝛼)∣𝑦∣ − 𝑥
]
,

which is nonpositive. To show that 𝐺′′
𝑥,𝑦,ℎ,𝑘(0) ≤ 0, we may assume that ∣𝑦∣ <

(𝑝∗𝛼 − 1)𝑥, since for large ∣𝑦∣ we may repeat the reasoning from the previous case:
see (4.29). If 𝑥/(𝛼(𝑝− 1) + 𝑝− 2) ≤ ∣𝑦∣ < (𝑝∗𝛼 − 1)𝑥, then

𝐺′′(0) = 𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼, (4.32)

where

𝐼 = −𝑝(2− 𝑝)∣𝑦∣𝑝−2(𝑦′ ⋅ 𝑘)2,
𝐼𝐼 = −𝑝((𝑝− 1)(𝑝∗𝛼 − 1)𝑝𝑥𝑝−2 − ∣𝑦∣𝑝−2)∣𝑘∣2,

𝐼𝐼𝐼 = −𝑝(𝑝− 1)(𝑝∗𝛼 − 1)𝑝𝑥𝑝−2(ℎ2 − ∣𝑘∣2).
All the expressions are nonpositive: to see that 𝐼𝐼 ≤ 0, use the second inequality
in (4.31) to get

(𝑝− 1)(𝑝∗𝛼 − 1)𝑝𝑥𝑝−2 − ∣𝑦∣𝑝−2 ≥ 𝑥𝑝−2
[
(𝑝− 1)(𝑝∗𝛼 − 1)𝑝 − (𝛼(𝑝− 1) + 𝑝− 2)2−𝑝

]
≥ 𝑥𝑝−2(𝑝∗𝛼 − 1)𝑝−1(𝑝− 1)

[
𝑝∗𝛼 − 1− 𝛼− 𝑝− 2

𝑝− 1
]
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and note that the expression in the square bracket is nonnegative. Finally, if ∣𝑦∣ <
𝑥/(𝛼(𝑝− 1) + 𝑝− 2), then we omit 𝛽(𝛼, 𝑝) and obtain

𝐺′′(0) ≤ [(𝑝− 1)(𝛼+ 1)]2−𝑝
[
𝐼 + 𝐼𝐼

]
, (4.33)

where

𝐼 = 𝑝(2 − 𝑝)(𝑥+ ∣𝑦∣)𝑝−3∣𝑦∣(ℎ sgn𝑥+ 𝑦′ ⋅ 𝑘)2,
𝐼𝐼 = 𝑝(𝑥+ ∣𝑦∣)𝑝−2(ℎ2 − ∣𝑘∣2).

It remains to check 3∘. This is easy: if ∣𝑦∣ ≤ 𝑥, then

𝑈(𝑥, 𝑦) ≤ 𝑥𝑝(1− (𝑝∗𝛼 − 1)𝑝) ≤ 0.

This proves (4.25), since we have the necessary integrability.

The case 𝑝 ≥ 2. This time the special function 𝑈 : [0,∞) × ℝ → ℝ is given
by

𝑈(𝑥, 𝑦) =

{
𝑝(1− 1/𝑝∗𝛼)𝑝−1(∣𝑦∣ − (𝑝∗𝛼 − 1)𝑥)(𝑥 + ∣𝑦∣)𝑝−1 if ∣𝑦∣ > (𝑝∗𝛼 − 1)𝑥,

∣𝑦∣𝑝 − (𝑝∗𝛼 − 1)𝑝𝑥𝑝 if ∣𝑦∣ ≤ (𝑝∗𝛼 − 1)𝑥.

This function is of class 𝐶1 and satisfies the majorization 𝑈 ≥ 𝑉 , by a similar
reasoning as above. Furthermore, the calculations presented previously show that
property 2∘ is valid on the set ∣𝑦∣ > (𝑝∗𝛼 − 1)𝑥. To show that 2∘ holds for ∣𝑦∣ <
(𝑝∗𝛼 − 1)𝑥, we derive that

𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ = −𝑝(𝑝(𝛼+ 1)− 1)𝑝𝑥𝑝−1 + 𝑝𝛼∣𝑦∣𝑝−1

≤ −𝑝(𝑝− 1)(𝛼+ 1)(𝑝(𝛼+ 1)− 1)𝑝−1𝑥𝑝−1 ≤ 0

and, for 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 given by the usual formula,

𝐺′′(0) = 𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼, (4.34)

where

𝐼 = −𝑝(𝑝− 1)∣𝑦∣𝑝−2(ℎ2 − ∣𝑘∣2),
𝐼𝐼 = −𝑝(𝑝− 2)∣𝑦∣𝑝−2(∣𝑘∣2 − (𝑦′ ⋅ 𝑘)2),

𝐼𝐼𝐼 = −𝑝(𝑝− 1)ℎ2
[
(𝑝(𝛼+ 1)− 1)𝑝𝑥𝑝−2 − ∣𝑦∣𝑝−2

]
.

All the terms are nonpositive. Finally, 3∘ is obvious: if ∣𝑦∣ ≤ 𝑥, then 𝑈(𝑥, 𝑦) ≤
(1− (𝑝∗𝛼 − 1)𝑝)𝑥𝑝 ≤ 0. This completes the proof. □

Sharpness. Let 𝛼 ≥ 0 and 𝑝 > 1 be fixed. If 𝑝 ≤ (𝛼+2)/(𝛼+1), then 𝑝∗𝛼−1 = 𝑝∗−1
and this is optimal even in the moment estimate for nonnegative martingales and
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their differential subordinates. Next, suppose that we have 𝑝 > (𝛼 + 2)/(𝛼 + 1)
and assume that the moment inequality holds with some constant 𝛽 > 0. Define

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣𝑝 − 𝛽𝑝
𝔼𝑓𝑝

𝑛},
where the supremum is taken over all 𝑛 and all appropriate 𝑓 and 𝑔. The function
𝑈0 is homogeneous of order 𝑝 and, by Theorem 4.3, the function 𝑤 : [0, 1] → ℝ

given by 𝑤(𝑥) = 𝑈0(𝑥, 1−𝑥) is concave. Furthermore, the function 𝑥 �→ 𝑈0(𝑥, 1+

𝛼𝑥) = (𝑥(𝛼 + 1) + 1)𝑝𝑤
(

𝑥
𝑥(𝛼+1)+1

)
, is nonincreasing, so

(𝛼+ 1)𝑝𝑤(0) + 𝑤′(0+) ≤ 0.
On the other hand, using the majorization and concavity of 𝑤,

(1 − 1/𝑝∗𝛼)𝑝 − 𝛽𝑝/(𝑝∗𝛼)
𝑝 ≤ 𝑤(1/𝑝∗𝛼) ≤ 𝑤(0) + 𝑤′(0+)/𝑝∗𝛼
= ((𝛼+ 1)𝑝𝑤(0) + 𝑤′(0+))/𝑝∗𝛼 ≤ 0.

(4.35)

That is, 𝛽 ≥ 𝑝∗𝛼 − 1 and we are done. □

On the search of the suitable majorant. We concentrate on the case ℋ = ℝ and
𝑝 > (𝛼 + 2)/(𝛼 + 1). Clearly, it suffices to determine 𝑤(𝑥) = 𝑈(𝑥, 1 − 𝑥), 𝑥 ∈
[0, 1]; one gets the formula for 𝑈 on the whole [0,∞)× ℝ using homogeneity and
symmetry. The above considerations suggest that the optimal constant should be
equal to 𝑝∗𝛼− 1. Consequently, let 𝑣(𝑥) = (1− 𝑥)𝑝− (𝑝∗𝛼− 1)𝑝𝑥𝑝. If our hypothesis
about the optimal constant is true, then equality must hold throughout (4.35).
This implies that 𝑤 is linear on [0, 𝑝∗𝛼] and, since 𝑤 ≥ 𝑣 and 𝑤(1/𝑝∗𝛼) = 𝑣(1/𝑝∗𝛼),
we conclude that

𝑤(𝑥) = 𝑝(1− 1/𝑝∗𝛼)𝑝−1(1 − 𝑝∗𝛼𝑥) for 𝑥 ∈ [0, 𝑝∗𝛼].
This gives

𝑈𝑝(𝑥, 𝑦) = 𝑝(1− 1/𝑝∗𝛼)𝑝−1(∣𝑦∣ − (𝑝∗𝛼 − 1)𝑥)(𝑥 + ∣𝑦∣)𝑝−1 (4.36)

on the set {(𝑥, 𝑦) : ∣𝑦∣ ≥ (𝑝∗𝛼 − 1)𝑥. A natural idea is to assume that the above
formula holds on the whole set [0,∞)×ℝ. However, this works only for those 𝑝 and
𝛼 that satisfy (4.27): otherwise, 𝑈𝑥 + 𝛼∣𝑈𝑦∣ ≤ 0 does not hold. To overcome this
problem, one considers another choice for 𝑈 on the set {(𝑥, 𝑦) : ∣𝑦∣ < (𝑝∗𝛼 − 1)𝑥}:
namely, 𝑈(𝑥, 𝑦) = 𝑉 (𝑥, 𝑦) there. This turns out to work only for 𝑝 ≥ 2: for
smaller 𝑝 the inequality 𝐺′′(0) ≤ 0 is not valid. To be more precise, 𝐺 fails to
be concave when ∣𝑦∣ is small in comparison with 𝑥; on the other hand, for such
𝑥 and 𝑦, Burkholder’s function (4.26) works. Therefore, if 𝑝, 𝛼 satisfy (4.30), we
are led to the following function 𝑈 : we put (4.36) for ∣𝑦∣ ≥ (𝑝∗𝛼 − 1)𝑥, 𝑈𝑝(𝑥, 𝑦) =
∣𝑦∣𝑝 − (𝑝∗𝛼 − 1)𝑥𝑝 for (𝑝∗𝛼 − 1)𝑥 > ∣𝑦∣ ≥ 𝛽𝑥 and

𝑈(𝑥, 𝑦) = −𝑐1𝑥
𝑝 + 𝑐2(∣𝑦∣ − (𝑝− 1)−1𝑥)(𝑥 + ∣𝑦∣)𝑝−1,

for some positive 𝑐1, 𝑐2 and 𝛽 to be found. These are obtained by verifying 1∘, 2∘

and the assumption that 𝑈 is of class 𝐶1. □
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4.5 Moment estimates for supermartingales

4.5.1 Formulation of the result

It follows from Theorem 4.9 that there is no hope for moment inequalities for
general supermartingales and their 𝛼-subordinates. However, under the additional
assumption that the dominating supermartingale is nonnegative, we can show such
an estimate. Let

𝛽𝑝 =

⎧⎨
⎩2
(

2−𝑝
2−2𝑝

)1/𝑝
if 𝑝 ∈ (−∞, 0) ∪ (0, 1),

2𝑒1/2 if 𝑝 = 0.

Theorem 4.11. Let 𝛼 ∈ [0, 1] be fixed. Assume that 𝑓 is a nonnegative super-
martingale and 𝑔 is an ℋ-valued process which is 𝛼-subordinate to 𝑓 . Then for
−∞ < 𝑝 < 1 we have

∣∣𝑔∣∣𝑝 ≤ 𝛽𝑝∣∣𝑓 ∣∣𝑝 (4.37)

and the constant is the best possible. It is already the best possible when 𝑓 is
assumed to be a nonnegative martingale and 𝑔 is its ±1 transform. For 𝑝 ≥ 1, the
inequality (4.37) does not hold in general with any finite constant.

4.5.2 Proof of Theorem 4.11

Proof of (4.37). We shall focus on the case 0 < 𝑝 < 1; for 𝑝 ≤ 0 the argumentation
is similar, see [137] for details. Let 𝑓 be a nonnegative supermartingale and 𝑔 be
𝛼-subordinate to 𝑓 . We have ∣∣𝑓 ∣∣𝑝 = ∣∣𝑓0∣∣𝑝 for 𝑝 ≤ 1 and hence it suffices to show
that

∣∣𝑔𝑛∣∣𝑝 ≤ 𝛽𝑝∣∣𝑓0∣∣𝑝, 𝑛 = 0, 1, 2, . . . . (4.38)

Let 𝑈𝑝, 𝑉𝑝 : [0,∞)×ℋ → ℝ be given by

𝑈𝑝(𝑥, 𝑦) = (∣𝑦∣+ (1− 𝑝)−1𝑥)(𝑥 + ∣𝑦∣)𝑝−1, (4.39)

and 𝑉𝑝(𝑥, 𝑦) = ∣𝑦∣𝑝. We will prove the conditions 1∘, 2∘ and 3∘. To prove the
majorization, calculate the partial derivative

∂𝑈𝑝

∂𝑥
(𝑥, 𝑦) = 𝑝(1− 𝑝)−1(𝑥 + ∣𝑦∣)𝑝−2(𝑥+ (2 − 𝑝)∣𝑦∣) > 0,

and since 𝑈𝑝(0+, 𝑦) = 𝑉𝑝(0, 𝑦), 1
∘ follows. To show 2∘ and 3∘, we use the identity

𝑈𝑝(𝑥, 𝑦) =

∫ ∞

0

𝑘(𝑡)𝑢(𝑥/𝑡, 𝑦/𝑡)d𝑡, (4.40)

where 𝑢 is given by (4.24) and 𝑘(𝑡) = 𝑝(2− 𝑝)𝑡𝑝−1/2. The use of Fubini’s theorem
is permitted and we get

𝔼𝑈𝑝(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈𝑝(𝑓0, 𝑔0) ≤ 𝛽𝑝
𝑝𝔼𝑓𝑝

0 ,

which is the claim. □
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Sharpness. Let 𝑝 ∈ (0, 1) be fixed. Of course, it suffices to show the optimality of
the constant for 𝛼 = 1. Define

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣𝑝},

where the supremum is taken over all 𝑛, all nonnegative martingales 𝑓 and all
𝑔 which are ±1-transforms of 𝑓 . We have that 𝑈0(0, 𝑦) = ∣𝑦∣𝑝, directly from the
definition; furthermore, 𝑈0 is homogeneous of order 𝑝 and diagonally concave.
Consequently, for any 𝛿 > 0,

𝑈0(1, 0) ≥ 1

1 + 𝛿
𝑈0(1 + 𝛿,−𝛿) +

𝛿

1 + 𝛿
𝑈0(0, 1)

=
1

1 + 𝛿
𝑈0(1 + 𝛿,−𝛿) +

𝛿

1 + 𝛿

≥ 1− 𝛿

1 + 𝛿
𝑈0(1 + 2𝛿, 0) +

𝛿

1 + 𝛿
𝑈0(0, 1 + 2𝛿) +

𝛿

1 + 𝛿

=
1− 𝛿

1 + 𝛿
(1 + 2𝛿)𝑝𝑈0(1, 0) +

𝛿(1 + 2𝛿)𝑝

1 + 𝛿
+

𝛿

1 + 𝛿
.

Subtract 𝑈0(1, 0) from both sides, divide by 𝛿 and let 𝛿 go to 0. We get 𝑈0(1, 0) ≥
(1− 𝑝)−1. Using the diagonal concavity again, we obtain

𝑈0(1/2, 1/2) ≥ 1
2
𝑈0(1, 0) +

1

2
𝑈0(0, 1) ≥ 2− 𝑝

2− 2𝑝.

In other words, for any 𝜀 > 0 there is a pair (𝑓, 𝑔) starting from (1/2, 1/2) such
that 𝑓 is a nonnegative martingale, 𝑔 is its ±1 transform and

𝔼∣𝑔𝑛∣𝑝 ≥ 2− 𝑝

2− 2𝑝 − 𝜀 = (𝛽𝑝
𝑝 − 2𝑝𝜀)𝔼𝑓𝑝

0 = (𝛽
𝑝
𝑝 − 2𝑝𝜀)∣∣𝑓 ∣∣𝑝𝑝.

This shows that 𝛽𝑝 is indeed the best possible in (4.37). □

On the search of the suitable majorant. We write the definition of 𝑈0:

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣𝑝},

where the supremum is taken over all 𝑛, all nonnegative supermartingales 𝑓 and
all 𝑔 which are 𝛼-subordinate to 𝑓 . It is quite easy to derive 𝑈0 directly from the
definition. A little thought and experimentation lead to the conjecture that one
has to consider only those pairs in which the process 𝑓 is a martingale. Having
observed this, the following natural example arises. Fix (𝑥, 𝑦) ∈ (0,∞)×ℝ, 𝛿 > 0
and consider a Markov martingale (𝑓, 𝑔) such that

(i) It starts from (𝑥, 𝑦).

(ii) For any 𝑛 we have 𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or 𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛.
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(iii) Any state in (0,∞) × (0,∞) leads to the half-line {(𝑥, 0) : 𝑥 > 0} or to
{(0, 𝑦) : 𝑦 > 0}.

(iv) Any state in (0,∞) × (−∞, 0) leads to the half-line {(𝑥, 0) : 𝑥 > 0} or to
{(0, 𝑦) : 𝑦 < 0}.

(v) Any state of the form (𝑥, 0) leads to (0, 𝑥) or to (𝑥+ 𝛿,−𝛿).

(vi) All states lying on the 𝑦-axis are absorbing.

It is not difficult to see that if one computes 𝔼∣𝑔𝑛∣𝑝 and lets 𝛿 → 0, one obtains the
formula (4.39). Note that this reasoning is an alternative proof of the optimality
of the constant 𝛽𝑝. □

Moment inequalities for 𝑝 ≥ 1. We will prove that 𝛽𝑝 =∞ for 𝑝 ≥ 1. This is true
for 𝑝 = 1 since then the norm inequality fails to hold even in the case 𝑓 is a
nonnegative martingale and 𝑔 is its ±1 transform. Assume 𝑝 > 1 and consider
the following processes 𝑓 , 𝑔 on the interval [0, 1] with Lebesgue measure. For
𝑛 = 0, 1, 2, . . . set

𝑓2𝑛 = 2
𝑛/(𝑝−1)[0, 2−𝑛𝑝/(𝑝−1)], 𝑓2𝑛+1 =

1

2
𝑓2𝑛, 𝑑𝑔𝑛 = (−1)𝑛𝑑𝑓𝑛.

It is easy to check that 𝑓 is a nonnegative supermartingale and ∣∣𝑓2𝑛∣∣𝑝 = 1,
∣∣𝑓2𝑛+1∣∣𝑝 = 1

2 for any 𝑛, which gives ∣∣𝑓 ∣∣𝑝 = 1. Note that

𝑔2𝑛+2 = 𝑔2𝑛 + 𝑓2𝑛+2 − 2𝑓2𝑛+1 + 𝑓2𝑛 = 𝑔2𝑛 + 𝑓2𝑛+2,

which implies

𝑔2𝑛 =

𝑛∑
𝑘=0

𝑓2𝑘 =

𝑛∑
𝑘=0

2𝑘/(𝑝−1)[0, 2−𝑘𝑝/(𝑝−1)]

≥
𝑛∑

𝑘=0

2𝑘/(𝑝−1)[2−(𝑘+1)𝑝/(𝑝−1), 2−𝑘𝑝/(𝑝−1)]

and

𝔼𝑔𝑝2𝑛 ≥
𝑛∑

𝑘=0

(1− 2−𝑝/(𝑝−1)) = (𝑛+ 1)(1 − 2−𝑝/(𝑝−1)).

This shows ∣∣𝑔∣∣𝑝 =∞ and proves the claim. □
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4.6 Logarithmic estimates

4.6.1 Formulation of the results

The next step of our analysis is to study logarithmic inequalities. Here the situation
is much more complicated and the calculations turn out to be much more elaborate.
Throughout, 𝛼 is a fixed positive number which belongs to [0, 1].

First, we need the following easy fact, which we state here without proof.

Lemma 4.3. (i) There is a unique 𝐾0 = 𝐾0(𝛼) ∈ (1,∞) such that

𝐾0 + log(𝐾0 − 1) = 𝛼+ 1 + log

(
2𝛼+ 1

𝛼+ 1

)
. (4.41)

(ii) If 𝐾 ∈ (1,𝐾0), then there is a unique 𝑐 = 𝑐(𝐾,𝛼) ∈ ( 𝛼+1
2𝛼+1 , (𝐾 − 1)−1)

satisfying

𝛼+
𝛼+ 1

2𝛼+ 1
⋅ 1
𝑐
− log(𝑐(𝐾 − 1))−𝐾 = 0. (4.42)

For 𝐾 ≥ 𝐾0, let

𝑐 = 𝑐(𝐾,𝛼) =

[
exp(𝛼+ 1−𝐾)

𝛼+ 1

(2𝛼+ 1)(𝐾 − 1)
]1/2

. (4.43)

The main result of this section is the following.

Theorem 4.12. Assume that 𝑓 is a nonnegative submartingale and 𝑔 is a sequence
of integrable real-valued random variables which is 𝛼-subordinate to 𝑓 . Then for
all 𝐾 > 1 we have

∣∣𝑔∣∣1 ≤ 𝐾 sup
𝑛

𝔼𝑓𝑛 log
+ 𝑓𝑛 + 𝐿(𝐾,𝛼), (4.44)

where

𝐿(𝐾,𝛼) =

⎧⎨
⎩

𝑐

𝛼+ 2
+

(𝛼+ 1)2

𝑐(2𝛼+ 1)2(𝛼+ 2)
+

𝛼(2𝛼2 + 5𝛼+ 3)

(𝛼+ 2)(2𝛼+ 1)
if 𝐾 < 𝐾0,

(𝛼+ 1)(2𝛼2 + 3𝛼+ 2)

(2𝛼+ 1)(𝛼+ 2)
if 𝐾 ≥ 𝐾0.

The constant 𝐿(𝐾,𝛼) is the best possible. Furthermore, for 𝐾 ≤ 1 the inequality
does not hold in general with any universal 𝐿(𝐾,𝛼) < ∞.

Therefore, as in Theorem 3.9, there are two different expressions for the
constants 𝐿(𝐾,𝛼) depending on whether 𝐾 is small or large. Let us stress here
that the above result is valid only for 𝛼 ∈ [0, 1]. We do not know the optimal
constants in the case 𝛼 > 1.

Comparing (3.88) and (4.44), we see a slight difference: in the second estimate
we have the positive part of the logarithm. The special function used in the proof
of Theorem 4.12 will enable us to show the following Log+ version of Theorem 3.9.
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Theorem 4.13. Let 𝑓 , 𝑔 be two real-valued martingales such that 𝑔 is differentially
subordinate to 𝑓 . Then for 𝐾 > 1,

∣∣𝑔∣∣1 ≤ 𝐾 sup
𝑛

𝔼∣𝑓𝑛∣ log+ ∣𝑓𝑛∣+ 𝐿(𝐾, 0). (4.45)

The constant 𝐿(𝐾, 0) is the best possible. Furthermore, for 𝐾 ≤ 1 the inequality
does not hold in general with any universal 𝐿(𝐾) < ∞.

4.6.2 Proof of Theorem 4.12

Proof of (4.44). Let 𝑉𝐾 : [0,∞)× ℝ→ ℝ be given by

𝑉𝐾(𝑥, 𝑦) = ∣𝑦∣ −𝐾𝑥 log+ 𝑥. (4.46)

Now we will introduce the special functions corresponding to the inequality (4.44).
Assume first that 1 < 𝐾 < 𝐾0(𝛼). Consider the following subsets of [0,∞)× ℝ:

𝐷1 = {(𝑥, 𝑦) : 𝑥+ ∣𝑦∣ ≤ 𝑐− (2𝛼+ 1)−1},
𝐷2 = {(𝑥, 𝑦) : 𝑥+ ∣𝑦∣ > 𝑐− (2𝛼+ 1)−1, 𝑥 ≤ 𝛼/(2𝛼+ 1)},
𝐷3 = {(𝑥, 𝑦) : −𝑥+ ∣𝑦∣ ≥ 𝑐− 1, 𝛼/(2𝛼+ 1) < 𝑥 ≤ 1},
𝐷4 = {(𝑥, 𝑦) : −𝑥+ ∣𝑦∣ < 𝑐− 1, 𝑐− (2𝛼+ 1)−1 ≤ 𝑥+ ∣𝑦∣ ≤ 𝑐+ 1},
𝐷5 = {(𝑥, 𝑦) : 𝑐+ 1 < 𝑥+ ∣𝑦∣ ≤ 𝐾/(𝐾 − 1)},
𝐷6 = {(𝑥, 𝑦) : 𝐾/(𝐾 − 1)− 𝑥 < ∣𝑦∣ ≤ 𝑥/(𝐾 − 1)},
𝐷0 = [0,∞)× ℝ∖ (𝐷1 ∪𝐷2 ∪ ⋅ ⋅ ⋅ ∪𝐷6)

(see Figure 4.1). Note that 𝐷5 is nonempty, due to Lemma 4.3 (ii).

Let

𝑝 = 𝑝𝐾,𝛼 =
𝛼+ 1

𝑐(𝛼+ 2)

(
𝑐− 1

2𝛼+ 1

)𝛼/(𝛼+1)

,

𝜆 =
𝛼+ 1

𝑐(2𝛼+ 1)
exp

(
−1 + 2𝛼+ 1

𝛼+ 1
𝑐

)
,

and introduce 𝑈 = 𝑈𝐾,𝛼 : [0,∞)× ℝ→ ℝ by

𝑈(𝑥, 𝑦) =⎧⎨
⎩

𝑝𝐾,𝛼(𝑥+ ∣𝑦∣)1/(𝛼+1)(−(𝛼+ 1)𝑥+ ∣𝑦∣) + 𝐿(𝐾,𝛼) on 𝐷1,

− 𝛼𝑥 + ∣𝑦∣+ 𝛼+ 𝜆 exp
[
− 2𝛼+1

𝛼+1

(
𝑥+ ∣𝑦∣ − 𝛼

2𝛼+1

)](
𝑥+ 1

2𝛼+1

)
on 𝐷2,

− 𝛼𝑥 + ∣𝑦∣+ 𝛼+ 𝜆 exp
[
− 2𝛼+1

𝛼+1

(
− 𝑥+ ∣𝑦∣+ 𝛼

2𝛼+1

)]
(1− 𝑥) on 𝐷3,

∣𝑦∣2−𝑥2

2𝑐 + (1𝑐 − log(𝑐(𝐾 − 1))−𝐾)(𝑥− 1) + 𝑐
2 +

1
2𝑐 on 𝐷4,

∣𝑦∣ − (𝑥− 1)[log(𝑥 + ∣𝑦∣ − 1) +𝐾 + log(𝐾 − 1)] on 𝐷5,

𝐾∣𝑦∣ − 𝑥−𝐾𝑥 log[(𝐾 − 1)(𝑥+ ∣𝑦∣)/𝐾] on 𝐷6,

∣𝑦∣ −𝐾𝑥 log 𝑥 on 𝐷0.
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𝐷0

𝐷1

𝐷2 𝐷3

𝐷4

𝐷5

𝐷6

𝐷0

𝐷1

𝐷2 𝐷3

𝐷4

𝐷5

𝐷6

𝐷7

Figure 4.1: The sets 𝐷𝑖, intersected with ℝ2
+, in case 1 < 𝐾 < 𝐾0

(upper picture) and 𝐾 ≥ 𝐾0 (lower picture).

Now assume that𝐾 ≥ 𝐾0(𝛼) and consider the following subsets of [0,∞)×ℝ:

𝐷1 = {(𝑥, 𝑦) : 𝑥+ ∣𝑦∣ ≤ 𝛼/(2𝛼+ 1)},
𝐷2 = {(𝑥, 𝑦) : 𝑥+ ∣𝑦∣ > 𝛼/(2𝛼+ 1), 𝑥 ≤ 𝛼/(2𝛼+ 1)},
𝐷3 = {(𝑥, 𝑦) : −𝑥+ ∣𝑦∣ ≥ 𝛼/(2𝛼+ 1), 𝛼/(2𝛼+ 1) < 𝑥 ≤ 1},
𝐷4 = {(𝑥, 𝑦) : 𝑐− 1 ≤ −𝑥+ ∣𝑦∣ < 𝛼/(2𝛼+ 1), 𝑥 ≤ 1},
𝐷5 = {(𝑥, 𝑦) : ∣𝑥− 1∣+ ∣𝑦∣ < 𝑐},
𝐷6 = {(𝑥, 𝑦) : 𝑐+ 1 ≤ 𝑥+ ∣𝑦∣ ≤ 𝐾/(𝐾 − 1)},
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𝐷7 = {(𝑥, 𝑦) : 𝐾/(𝐾 − 1)− 𝑥 < ∣𝑦∣ ≤ 𝑥/(𝐾 − 1)},
𝐷0 = [0,∞)× ℝ∖ (𝐷1 ∪𝐷2 ∪ ⋅ ⋅ ⋅ ∪𝐷7)

(see Figure 4.1). Set

𝑝 = 𝑝𝐾,𝛼 = 𝛼𝛼/(𝛼+1)(2𝛼+ 1)1/(𝛼+1)(𝛼+ 2)−1

(with the convention 00 = 1) and let 𝑈 = 𝑈𝐾,𝛼 : [0,∞)× ℝ→ ℝ be given by

𝑈(𝑥, 𝑦) =

⎧⎨
⎩

𝑝𝐾,𝛼(𝑥+ ∣𝑦∣)1/(𝛼+1)(−(𝛼+ 1)𝑥+ ∣𝑦∣) + 𝐿(𝐾,𝛼) on 𝐷1,

−𝛼𝑥+ ∣𝑦∣+ 𝛼+ exp
[
− 2𝛼+1

𝛼+1

(
𝑥+ ∣𝑦∣ − 𝛼

2𝛼+1

)](
𝑥+ 1

2𝛼+1

)
on 𝐷2,

−𝛼𝑥+ ∣𝑦∣+ 𝛼+ exp
[
− 2𝛼+1

𝛼+1

(
− 𝑥+ ∣𝑦∣+ 𝛼

2𝛼+1

)]
(1− 𝑥) on 𝐷3,

−(1− 𝑥) log
[
2𝛼+1
𝛼+1 (1− 𝑥+ ∣𝑦∣)

]
+ (𝛼+ 1)(1− 𝑥) + ∣𝑦∣ on 𝐷4,

∣𝑦∣2−𝑥2

2𝑐 + (1𝑐 − log(𝑐(𝐾 − 1))−𝐾)(𝑥− 1) + 𝑐
2 +

1
2𝑐 on 𝐷5,

∣𝑦∣ − (𝑥− 1)[log(𝑥+ ∣𝑦∣ − 1) +𝐾 + log(𝐾 − 1)] on 𝐷6,

𝐾∣𝑦∣ − 𝑥−𝐾𝑥 log[(𝐾 − 1)(𝑥+ ∣𝑦∣)/𝐾] on 𝐷7,

∣𝑦∣ −𝐾𝑥 log 𝑥 on 𝐷0.

Now we shall verify the conditions 1∘, 2∘′ and 3∘. To show that 𝑈(𝑥, 𝑦) ≥
𝑉 (𝑥, 𝑦), we may assume that 𝑦 ≥ 0, due to identity 𝑈(𝑥, 𝑦) = 𝑈(𝑥,−𝑦) on [0,∞)×
ℝ. The majorization follows from the three properties below:

(i) lim𝑦→∞(𝑈(𝑥, 𝑦)− 𝑉 (𝑥, 𝑦)) ≥ 0,
(ii) lim𝑦→∞(𝑈𝑦(𝑥, 𝑦)− 𝑉𝑦(𝑥, 𝑦)) = 0,

(iii) the function 𝑦 �→ 𝑈(𝑥, 𝑦) is convex and 𝑦 �→ 𝑉 (𝑥, 𝑦) is linear on [0,∞).
Now we turn to 2∘′. It can be easily verified that if 𝛼 ∈ [0, 1] and 𝐾 > 1

are fixed, then 𝑈 is continuous on [0,∞) × ℝ. Furthermore, 𝑈𝑦 is continuous on
(0,∞)× ℝ and 𝑈𝑥 is continuous on (0,∞)×ℝ∖ {(𝑥, 𝑦) : 𝑥 = 1, ∣𝑦∣ ≥ 𝑐}. Indeed,
one easily checks the continuity of 𝑈 and its partial derivatives in the interiors
of the sets 𝐷𝑖 and hence one only needs to see whether the functions agree at
the common boundaries. We omit the tedious calculations. The condition 2∘′ is
studied in the following.

Lemma 4.4. For any 𝑦 ∈ ℝ and ∣𝛾∣ ≤ 1, the function 𝑡 �→ 𝑈(𝑡, 𝑦 + 𝛾𝑡) is concave.
Furthermore, if ∣𝛾∣ ≤ 𝛼, then this function is nonincreasing.

Proof. Fix 𝑥, 𝑦, ℎ > 0 and 𝑘 ∈ ℝ such that ∣𝑘∣ ≤ ℎ. Introduce the function
𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 defined by the usual formula. We shall show that

𝐺′′(0) ≤ 0 if (𝑥, 𝑦) lies in the interior of one of the sets 𝐷𝑖, (4.47)

𝐺′
1,𝑦,ℎ,𝑘(0−) ≥ 𝐺′

1,𝑦,ℎ,𝑘(0+) for any 𝑦 > 𝑐 (4.48)
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and
𝐺′

0,𝑦,ℎ,𝑘(0+) ≤ 0 if ∣𝑘∣ ≤ 𝛼ℎ. (4.49)

This clearly will yield the claim. We shall only present the detailed proof in the
case 𝐾 ≥ 𝐾0; the case 𝐾 < 𝐾0 can be treated similarly.

We start with (4.47). If (𝑥, 𝑦) ∈ 𝐷∘
1 , this has been already shown: see, e.g.,

the proof of the weak type inequality for nonnegative submartingales. If (𝑥, 𝑦) lies
in 𝐷∘

2 , then

𝐺′′(0) =
2𝛼+ 1

𝛼+ 1
exp

[
− 2𝛼+ 1

𝛼+ 1

(
𝑥+ ∣𝑦∣ − 𝛼

2𝛼+ 1

)]
× (ℎ+ 𝑘)

{[2𝛼+ 1
𝛼+ 1

(
𝑥+

1

2𝛼+ 1

)
− 2
]
ℎ+
2𝛼+ 1

𝛼+ 1

(
𝑥+

1

2𝛼+ 1

)
𝑘
}
≤ 0.

The latter inequality holds because

∣𝑘∣ ≤ ℎ,
2𝛼+ 1

𝛼+ 1

(
𝑥+

1

2𝛼+ 1

)− 2 ≤ −1 and 2𝛼+ 1
𝛼+ 1

(
𝑥+

1

2𝛼+ 1

) ≤ 1.
If (𝑥, 𝑦) ∈ 𝐷∘

3 , then we derive that

𝐺′′(0) =
2𝛼+ 1

𝛼+ 1
exp

[
− 2𝛼+ 1

𝛼+ 1

(
− 𝑥+ ∣𝑦∣+ 𝛼

2𝛼+ 1

)]
× (ℎ− 𝑘)

{[2𝛼+ 1
𝛼+ 1

(1 − 𝑥)− 2
]
ℎ− 2𝛼+ 1

𝛼+ 1
(1− 𝑥)𝑘

}
≤ 0,

which follows from

∣𝑘∣ ≤ ℎ,
2𝛼+ 1

𝛼+ 1
(1− 𝑥)− 2 ≤ −1 and 2𝛼+ 1

𝛼+ 1
(1 − 𝑥) ≤ 1.

For (𝑥, 𝑦) ∈ 𝐷∘
4 we have

𝐺′′(0) =
−ℎ+ 𝑘

1− 𝑥+ ∣𝑦∣
[(
2− 1− 𝑥

1− 𝑥+ ∣𝑦∣
)
ℎ+

1− 𝑥

1− 𝑥+ ∣𝑦∣𝑘
]
≤ 0,

which follows from

∣𝑘∣ ≤ ℎ, 2− 1− 𝑥

1− 𝑥+ ∣𝑦∣ ≥ 1 and
1− 𝑥

1− 𝑥+ ∣𝑦∣ ≤ 1.

If (𝑥, 𝑦) ∈ 𝐷∘
5 , then 𝐺′′(0) = 𝑐−1(𝑘2 − ℎ2) ≤ 0. If (𝑥, 𝑦) ∈ 𝐷∘

6 , one easily checks
that

𝐺′′(0) = (𝑥+ 𝑦 − 1)−2(ℎ+ 𝑘)[(−𝑥− 2𝑦 + 1)ℎ+ (𝑥− 1)𝑘]
is nonpositive, as ∣𝑘∣ ≤ ℎ and −𝑥− 2𝑦 + 1 ≤ 1− 𝑥 < 0. If (𝑥, 𝑦) ∈ 𝐷∘

7 , then

𝐺′′(0) = 𝐾(𝑥+ 𝑦)−2(ℎ+ 𝑘)[ℎ(−𝑥− 2𝑦) + 𝑥𝑘] ≤ 0,
since ∣𝑘∣ ≤ ℎ and −𝑥− 2𝑦 ≤ −𝑥 < 0. Finally, on 𝐷∘

0 , 𝐺
′′(0) = −𝐾𝑥−1ℎ2 ≤ 0.
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Now we will prove (4.48). Since 𝑈𝑦 is continuous, it suffices to show that for
𝑦 > 𝑐 we have

𝑈𝑥(1−, 𝑦) ≥ 𝑈𝑥(1+, 𝑦). (4.50)

However,

𝑈𝑥(1−, 𝑦) =

{
log[ 2𝛼+1

𝛼+1 𝑦]− 𝛼− 1 if 𝑦 ∈ (𝑐, 𝛼/(2𝛼+ 1)),

−𝛼− exp[− 2𝛼+1
𝛼+1 𝑦 + 1] if 𝑦 ≥ 𝛼/(2𝛼+ 1)

is nondecreasing as a function of 𝑦, while

𝑈𝑥(1+, 𝑦) =

{
− log ∣𝑦∣ −𝐾 − log(𝐾 − 1) if 𝑦 ∈ (𝑐, (𝐾 − 1)−1),

−𝐾 if 𝑦 ≥ (𝐾 − 1)−1

is nonincreasing. Consequently, it suffices to check (4.50) for 𝑦 = 𝑐, and an easy
computation shows that for this choice of 𝑦 both sides of the estimate are equal.

Finally, we see that (4.49) can be rewritten as 𝑈𝑥(0+, 𝑦) +𝛼∣𝑈𝑦(0+, 𝑦)∣ ≤ 0,
and we easily check that in fact we have equality here. □

The initial condition reads

3∘ If ∣𝑦∣ ≤ 𝑥, then 𝑈(𝑥, 𝑦) ≤ 𝐿(𝐾,𝛼).

To show it, we use the previous lemma: the function 𝑡 �→ 𝑈(𝑥𝑡, 𝑦𝑡) is concave and
since 𝑈𝑥(0+, 0) = 𝑈𝑦(0+, 0) = 0, it is nonincreasing. Hence 𝑈(𝑥, 𝑦) ≤ 𝑈(0, 0) =
𝐿(𝐾,𝛼). Thus, by Burkholder’s method, (4.44) follows; the necessary integrability
can be verified by a bit lengthy but straightforward computations (for analogous
argumentation, see the proof of the logarithmic estimate in the martingale setting).

□

Sharpness, 𝐾 ≥ 𝐾0. Let 𝜀 > 0. We will show below that there exist a sub-
martingale 𝑓 taking values in [0, 1] and 𝑔, which is 𝛼-subordinate to 𝑓 , such that
∣∣𝑔∣∣1 ≥ 𝐿(𝐾,𝛼)−𝜀. For such a pair, we have ∣∣𝑔∣∣1−𝐾 sup𝑛 𝔼𝑓𝑛 log

+ 𝑓𝑛 = ∣∣𝑔∣∣1 ≥
𝐿(𝐾,𝛼) − 𝜀 and hence the constant 𝐿(𝐾,𝛼) in (4.44) cannot be replaced by a
smaller one. See Theorem 4.16 below. □

Sharpness of (4.44), 1 < 𝐾 < 𝐾0. This is quite involved. Suppose that the in-
equality (4.44) holds with some universal constant 𝛽(𝐾,𝛼) and let

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣ −𝐾𝔼𝑓𝑛 log
+ 𝑓𝑛},

where the supremum is taken over all (𝑓, 𝑔) starting from (𝑥, 𝑦) such that 𝑓
is a nonnegative submartingale and 𝑔 satisfies ∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣, ∣𝔼(∣𝑑𝑔𝑛∣ℱ𝑛−1)∣ ≤
𝛼𝔼(𝑑𝑓𝑛∣ℱ𝑛−1) for all 𝑛 ≥ 1. For 𝑥 ≥ 0, 𝑦 ∈ ℝ, let 𝐴(𝑦) = 𝑈0(0, 𝑦), 𝐵(𝑥) = 𝑈0(𝑥, 0)
and 𝐶(𝑦) = 𝑈0(𝛼/(2𝛼 + 1), 𝑦 − 𝛼/(2𝛼 + 1)). Clearly, 𝐴 is even. We split the re-
maining part of the proof into a few intermediate steps.
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Step 1. We start with the observation that for any 𝑥 ≥ 0 and 𝑦 ∈ ℝ,

𝑈0(𝑥, 𝑦 + 𝛿) ≤ 𝑈0(𝑥, 𝑦) + 𝛿. (4.51)

To see this, take (𝑓, 𝑔) as in the definition of 𝑈0(𝑥, 𝑦+ 𝛿), and observe that by the
triangle inequality,

𝔼
[∣𝑔𝑛∣ −𝐾𝑓𝑛 log

+ 𝑓𝑛
] ≤ 𝔼

[∣(𝑔𝑛 − 𝛿)∣ −𝐾𝑓𝑛 log
+ 𝑓𝑛

]
+ 𝛿 ≤ 𝑈0(𝑥, 𝑦) + 𝛿

and it suffices to take the supremum over (𝑓, 𝑔).

Step 2. We will establish the bound

𝐵 (𝐾/(𝐾 − 1)) ≥ −𝐾/(𝐾 − 1). (4.52)

To this end we introduce the function 𝑊 : [1,∞)× ℝ→ ℝ by the formula

𝑊 (𝑥, 𝑦) = inf
𝜆>1/𝑥

[𝑈0(𝜆𝑥, 𝜆𝑦)/𝜆 +𝐾𝑥 log𝜆].

This function enjoys 1∘, 2∘ (with obvious restriction to the domain of 𝑊 ) and is
finite. Indeed, 1∘ is a consequence of the fact that for any 𝑥 ≥ 1 and 𝜆 > 1/𝑥,

𝑈0(𝜆𝑥, 𝜆𝑦)/𝜆 +𝐾𝑥 log𝜆 ≥ ∣𝑦∣ −𝐾𝜆𝑥 log(𝜆𝑥) +𝐾𝑥 log𝜆 = 𝑉 (𝑥, 𝑦).

To prove 2∘, one shows that for any (𝑥, 𝑦) ∈ (1,∞) × ℝ and any 𝜀 > 0 there is
𝛿 > 0 such that if 𝑎 ∈ (0, 𝛿) and 𝑥− 𝑎 ≥ 1, then

𝑊 (𝑥, 𝑦) ≥ (𝑊 (𝑥 + 𝑎, 𝑦 ± 𝑎) +𝑊 (𝑥− 𝑎, 𝑦 ∓ 𝑎))/2− 𝜀.

Furthermore, 𝑊 has the following homogeneity-type property: for any 𝑥 ≥ 1, 𝑦 ∈
ℝ and 𝜇 ≥ 1/𝑥,

𝑊 (𝜇𝑥, 𝜇𝑦) = 𝜇𝑊 (𝑥, 𝑦)−𝐾𝜇𝑥 log𝜇. (4.53)

By properties 1∘ and 2∘, we have, for 𝑥 = 𝐾/(𝐾 − 1),

𝑊 (𝑥, 0) ≥ 𝐾𝛿

𝑥+𝐾𝛿
𝑊 (1, 𝑥− 1) + 𝑥

𝑥+𝐾𝛿
𝑊 (𝑥+ 𝛿,−𝛿)

≥ 𝐾𝛿

𝑥+𝐾𝛿
(𝑥− 1) + 𝑥

𝑥+𝐾𝛿
𝑊 (𝑥+ 𝛿,−𝛿)

(4.54)

and

𝑊 (𝑥+ 𝛿,−𝛿) ≥ 𝐾𝛿

𝑥+ 2𝛿
𝑊

(
(𝐾 − 1)(𝑥+ 2𝛿)

𝐾
,
𝑥+ 2𝛿

𝐾

)

+
𝑥+ 2𝛿 −𝐾𝛿

𝑥+ 2𝛿
𝑊 (𝑥+ 2𝛿, 0)

≥ 𝐾𝛿

𝑥+ 2𝛿

[
𝑥+ 2𝛿

𝐾
− (𝐾 − 1)(𝑥+ 2𝛿) log

(
(𝐾 − 1)(𝑥+ 2𝛿)

𝐾

)]

+
𝑥+ 2𝛿 −𝐾𝛿

𝑥+ 2𝛿
𝑊 (𝑥+ 2𝛿, 0)
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=
𝐾𝛿

𝑥+ 2𝛿

[
𝑥+ 2𝛿

𝐾
− (𝐾 − 1)(𝑥+ 2𝛿) log

(
(𝐾 − 1)(𝑥+ 2𝛿)

𝐾

)]

+
𝑥+ 2𝛿 −𝐾𝛿

𝑥+ 2𝛿

[
𝑥+ 2𝛿

𝑥
𝑊 (𝑥, 0)−𝐾(𝑥+ 2𝛿) log

(
1 +
2𝛿

𝑥

)]
,

where in the last passage we have exploited (4.53). Insert this into (4.54), sub-
tract 𝑊 (𝑥, 0) from both sides, divide throughout by 𝛿 and let 𝛿 → 0. We obtain
𝑊 (𝑥, 0) ≥ −𝐾/(𝐾−1). The final observation is that𝑊 (𝑥, 0) ≤ 𝑈0(𝑥, 0), so (4.52)
follows.

Step 3. Now we will prove that

𝐵(𝑐+ 1) ≥ −𝑐𝛼− (𝛼 + 1)/(2𝛼+ 1). (4.55)

To this end, note that by the properties 1∘ and 2∘, for any 𝑥 ≥ 1,

𝐵(𝑥) ≥ 𝛿

𝑥− 1 + 𝛿
𝑈(1, 𝑥− 1) + 𝑥− 1

𝑥− 1 + 𝛿
𝑈(𝑥+ 𝛿,−𝛿)

≥ 𝛿(𝑥− 1)
(𝑥− 1 + 𝛿)

+ (𝑥− 1)𝑈(𝑥+ 𝛿,−𝛿)

𝑥− 1 + 𝛿

and

𝑈(𝑥+ 𝛿,−𝛿) ≥ 𝛿

𝑥− 1 + 2𝛿𝑈(1,−(𝑥− 1 + 2𝛿)) + 𝑥− 1 + 𝛿

𝑥− 1 + 2𝛿𝐵(𝑥 + 2𝛿)

≥ 𝛿 + (𝑥− 1)𝐵 𝑥+ 2𝛿

𝑥− 1 + 𝛿
.

Combining these two estimates we obtain, after some manipulations,

𝐵(𝑥)

𝑥− 1 ≥
𝐵(𝑥+ 2𝛿)

𝑥+ 2𝛿 − 1 +
2𝛿

𝑥− 1 −
𝛿2𝑥

(𝑥− 1 + 𝛿)(𝑥− 1) ,

so, by induction,

𝐵(𝑥)

𝑥− 1 ≥
𝐵(𝑥+ 2𝑁𝛿)

𝑥+ 2𝑁𝛿 − 1 +
𝑁−1∑
𝑘=0

[
2𝛿

𝑥+ 2𝑘𝛿 − 1 −
𝛿2(𝑥+ 2𝑘𝛿)

(𝑥+ (2𝑘 + 1)𝛿 − 1)(𝑥+ 2𝑘𝛿 − 1)
]
.

Now set 𝑥 = 𝑐+ 1, 𝛿 = ( 𝐾
𝐾−1

− 𝑐− 1)/(2𝑁) and let 𝑁 →∞ to obtain
𝐵(𝑐+ 1) ≥ 𝑐(𝐾 − 1)𝐵(𝐾/(𝐾 − 1))− 𝑐 log(𝑐(𝐾 − 1)),

as the sum converges to the integral
∫ 𝐾/(𝐾−1)

𝑐+1
(𝑥 − 1)−1d𝑥 = log(𝑐(𝐾 − 1)). Now

(4.55) follows from (4.52) and (4.42).

Step 4. The next step is to establish the bound

𝐵(𝑐− (2𝛼+ 1)−1) ≥ 𝛼+ 1

𝑐(2𝛼+ 1) + 𝛼
𝐴(𝑐− (2𝛼+ 1)−1)

+
𝑐(2𝛼+ 1)− 1
𝑐(2𝛼+ 1) + 𝛼

[
−𝑐𝛼+

𝛼(𝛼 + 1)

2𝛼+ 1
+
(𝛼+ 1)2

𝑐(2𝛼+ 1)2

]
.

(4.56)
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We proceed as previously. Using the concavity of 𝑡 �→ 𝑈0(𝑡, 𝑐 − (2𝛼 + 1)−1 − 𝑡)
and 𝑡 �→ 𝑈0(𝑡, 𝑐+ 1− 𝑡) we can bound 𝐵(𝑐− (2𝛼+ 1)−1) from below by a convex
combination of 𝐴(𝑐 − (2𝛼+ 1)−1), 𝐵(𝑐 + 1) and 𝑈0(1, 𝑐). It suffices to use (4.55)
and 𝑈0(1, 𝑐) ≥ 𝑉 (1, 𝑐) = 𝑐 to obtain the desired inequality.

Step 5. Now we will deal with the estimate

𝐴(𝑐− (2𝛼+1)−1) ≥ 𝑐+
2𝛼2 + 2𝛼− 1
2𝛼+ 1

− 2𝛼(𝛼+ 1)
𝑐(2𝛼+ 1)2

+
𝐵(𝑐− (2𝛼+ 1)−1)

𝑐(2𝛼+ 1)
. (4.57)

This is the most elaborate part. We will show the inequality only for 𝛼 > 0; the
case 𝛼 = 0 can be treated similarly. Use 2∘ to obtain, for any 𝑦 ≥ 𝑐− (2𝛼+ 1)−1

and 0 < 𝛿 < 𝛼,

𝐴(𝑦) ≥ 𝑈0(𝛿, 𝑦 + 𝛼𝛿) ≥ (2𝛼+ 1)𝛿𝐶(𝑦 + (𝛼+ 1)𝛿)/𝛼
+ (𝛼− (2𝛼+ 1)𝛿)𝐴(𝑦 + (𝛼+ 1)𝛿)/𝛼.

(4.58)

Similarly, using (iv) and (i), one gets

𝐶(𝑦 + (𝛼 + 1)𝛿) ≥ (2𝛼+ 1)𝛿𝑦/(2 + (2𝛼+ 1)𝛿) + 𝛿/2

+
(2𝛼+ 1)(𝛼+ 1)𝛿

𝛼(2 + (2𝛼+ 1)𝛿)
𝐴(𝑦) +

2𝛼− (2𝛼+ 1)(𝛼+ 1)𝛿
𝛼(2 + (2𝛼+ 1)𝛿)

𝐶(𝑦).

(4.59)

Multiply both sides of (4.58) by

𝜆 =
(
2𝛼+ 3 +

√
(2𝛼+ 1)2 − 4𝛿(2𝛼+ 1))/(4 + 2𝛿(2𝛼+ 1)).

and add it to (4.59) to obtain, after some manipulations,

(𝐴(𝑦)− 𝑦)𝛾1 − (𝐶(𝑦)− 𝑦)𝛾2 ≥𝑟[(𝐴(𝑦 + (𝛼+ 1)𝛿)− (𝑦 + (𝛼+ 1)𝛿))𝛾1
− (𝐶(𝑦 + (𝛼+ 1)𝛿)− (𝑦 + (𝛼 + 1)𝛿))𝛾2]
+ (𝜆− 1)(𝛼+ 1)𝛿 + 𝛿/2,

(4.60)

where

𝛾1 = 𝜆− 𝛿
(𝛼+ 1)(2𝛼+ 1)

𝛼(2 + 𝛿(2𝛼+ 1))
, 𝛾2 =

2𝛼− (𝛼 + 1)(2𝛼+ 1)𝛿
𝛼(2 + 𝛿(2𝛼+ 1))

and

𝑟 =
(2 + 𝛿(2𝛼+ 1))(𝛼− 𝜆(2𝛼+ 1)𝛿)

2𝛼− (𝛼+ 1)(2𝛼+ 1)𝛿 = 1− 𝛿
(2𝛼+ 1)(2𝜆− (2𝛼+ 1))

2𝛼
+ 𝑜(𝛿).

By induction, (4.60) gives, for any integer 𝑁 ≥ 1,
(𝐴(𝑦)− 𝑦)𝛾1 − (𝐶(𝑦) − 𝑦)𝛾2 ≥ 𝑟𝑁 [(𝐴(𝑦 +𝑁(𝛼+ 1)𝛿)− (𝑦 +𝑁(𝛼+ 1)𝛿))𝛾1

− (𝐶(𝑦 +𝑁(𝛼+ 1)𝛿)− (𝑦 +𝑁(𝛼+ 1)𝛿))𝛾2]

+ [(𝜆− 1)(𝛼+ 1)𝛿 + 𝛿/2] (𝑟𝑁 − 1)/(𝑟 − 1).
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Now fix 𝑧 > 𝑦, set 𝛿 = (𝑧−𝑦)/𝑁 (here𝑁 is sufficiently large, so that 𝛿 < 𝛼/(2𝛼+1))
and let 𝑁 → ∞. Then 𝛾1 → 𝛼 + 1, 𝛾2 → 1 and 𝑟𝑁 → exp[(𝑦 − 𝑧) 2𝛼+1

2𝛼(𝛼+1) ], so we

obtain, after some computations,

(𝐴(𝑦)− 𝑦)(𝛼+ 1)− (𝐶(𝑦)− 𝑦) ≥ exp
[
(𝑦 − 𝑧)

2𝛼+ 1

2𝛼(𝛼+ 1)

] [
(𝐴(𝑧)− 𝑧)(𝛼+ 1)

− (𝐶(𝑧)− 𝑧)− 𝛼(2𝛼(𝛼 + 1) + 1)/(2𝛼+ 1)
]

+ 𝛼(2𝛼(𝛼 + 1) + 1)/(2𝛼+ 1).

Now let 𝑧 → ∞. Since 𝐴(𝑧) = 𝑈0(0, 𝑧) ≥ 𝑉 (0, 𝑧) = 𝑧 and, by (4.51), 𝐶(𝑧) ≤
𝐶(0) + 𝑧, we obtain

(𝐴(𝑦)− 𝑦)(𝛼+ 1)− (𝐶(𝑦) − 𝑦) ≥ 𝛼(2𝛼(𝛼 + 1) + 1)/(2𝛼+ 1). (4.61)

Take 𝑦 = 𝑐− (2𝛼+ 1)−1 and use the following consequence of 2∘:

𝐶(𝑐− (2𝛼+1)−1) ≥ 𝛼𝐵(𝑐− (2𝛼+ 1)−1)

𝑐(2𝛼+ 1)− 1 +
𝑐(2𝛼+ 1)− (𝛼+ 1)

𝑐(2𝛼+ 1)− 1 𝐴(𝑐− (2𝛼+1)−1).

As a result, we obtain (4.57).

Step 6. The last inequality we need is

(𝛼 + 2)𝑈0(0, 0) ≥ (𝛼+ 1)𝐴(𝑐− (2𝛼+ 1)−1) +𝐵(𝑐− (2𝛼+ 1)−1). (4.62)

Fix a positive integer 𝑁 and let 𝛿 = (𝑐− (2𝛼+1)−1)/𝑁 , 𝑘 < 𝑁 . Arguing as above,
one can establish the inequalities

𝐴(𝑘(𝛼 + 1)𝛿) ≥ 𝑘(𝛼+ 1) + 𝛼

(𝑘 + 1)(𝛼+ 1)
𝐴((𝑘 + 1)(𝛼+ 1)𝛿) +

𝐵((𝑘 + 1)(𝛼+ 1)𝛿)

(𝑘 + 1)(𝛼+ 1)
(4.63)

and

𝐵(𝑘(𝛼 + 1)𝛿) ≥ 2𝑘(𝛼+ 1) + 𝛼

(2𝑘 + 1)(𝑘 + 1)(𝛼+ 1)
𝐴((𝑘 + 1)(𝛼+ 1)𝛿)

+

[
1

(2𝑘 + 1)(𝑘 + 1)(𝛼+ 1)
+

𝑘

𝑘 + 1

]
𝐵((𝑘 + 1)(𝛼+ 1)𝛿).

(4.64)

Multiply (4.63) throughout by 𝛼+1− (2𝑘+1)−1 and add it to (4.64). After some
manipulations, one obtains

(𝛼+ 1)[𝐴(𝑘(𝛼+ 1)𝛿)−𝐴((𝑘 + 1)(𝛼+ 1)𝛿)] +𝐵(𝑘(𝛼+ 1)𝛿)−𝐵((𝑘 + 1)(𝛼+ 1)𝛿)

≥ (𝐴(𝑘(𝛼 + 1)𝛿)−𝐴((𝑘 + 1)(𝛼+ 1)𝛿)
)
/(2𝑘 + 1) ≥ (𝛼+ 1)𝛿/(2𝑘 + 1),

where the latter inequality follows from (4.51). Write the above estimate for 𝑘 =
0, 1, 2, . . . , 𝑁 − 1 and add the obtained inequalities to get

(𝛼+ 1)𝐴(0) +𝐵(0) ≥ (𝛼+ 1)𝐴(𝑐− (2𝛼+ 1)−1) +𝐵(𝑐− (2𝛼+ 1)−1)

+ (𝛼 + 1)𝛿
𝑁−1∑
𝑘=0

(2𝑘 + 1)−1.
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It suffices to let 𝑁 → ∞ to obtain (4.62); the last term in the estimate above
tends to 0, as it is of order 𝑁−1 log𝑁 .

Step 7. Combine (4.56) and (4.57) to get

𝐴(𝑐− (2𝛼+ 1)−1) ≥ 𝑐− (2𝛼+ 1)−1 + 𝛼+ (𝛼+ 1)/(𝑐(2𝛼+ 1)2),

𝐵(𝑐− (2𝛼+ 1)−1) ≥ 𝛼+ 1− 𝑐𝛼.

Plugging this into (4.62) yields 𝑈0(0, 0) ≥ 𝐿(𝐾,𝛼). Now use 3∘ with 𝑥 = 𝑦 = 0 to
complete the proof. □

On the search of a suitable majorant. Some arguments will be similar to those
used in the analogous search in the martingale setting: see Subsection 3.6.2 in
Chapter 3 above. However, the reasoning will be much more complicated. We shall
focus on the case 1 < 𝐾 < 𝐾0 and 𝛼 ∈ (0, 1]. We let 𝑉 (𝑥, 𝑦) = ∣𝑦∣ −𝐾𝑥 log+ 𝑥
and consider the function

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛)},

where the supremum is taken over appropriate parameters. Clearly, it suffices to
find the special function on the first quadrant [0,∞)× [0,∞).

Step 1. Let us try to gain some understanding of what the set {𝑈0 = 𝑉 }
should look like. As in the martingale setting, it is natural to conjecture that it is
of the form {(𝑥, 𝑦) : ∣𝑦∣ ≥ 𝛾(𝑥)} for some curve 𝛾. However, it readily turns out
that it is not exactly the case. Namely, because the function 𝑥 �→ 𝑥 log+ 𝑥 is not
differentiable at 𝑥 = 1, it can be seen that if ∣𝑦∣ is sufficiently large, then 𝑈0(𝑥, 𝑦) =
𝑉 (𝑥, 𝑦). Loosely speaking, it is not possible to increase ∣∣𝑔∣∣1 with keeping 𝔼𝑓 log+ 𝑓
small at the same time. This gives rise to the following assumption.

(A1) There is 𝑐 = 𝑐(𝐾,𝛼) such that 𝑈(𝑥, 𝑦) = 𝑉 (𝑥, 𝑦) for ∣𝑦∣ ≥ 𝑐. Furthermore,
there is 𝛾 : (1,∞) → ℝ such that for 𝑥 > 1 we have 𝑈(𝑥, 𝑦) = 𝑉 (𝑥, 𝑦) if
and only if ∣𝑦∣ ≥ 𝛾(𝑥).

Step 2. Further assumptions. As usual, we shall impose a kind of a regularity
condition on 𝑈 . However, since 𝑉 is not of class 𝐶1, because of the line 𝑥 = 1, it
seems plausible to assume that

(A2) The function 𝑈 is continuous on [0,∞)×ℝ. Furthermore, it is of class 𝐶1

on the set (0,∞)× ℝ ∖
[{1} × ((−∞,−𝑐] ∪ [𝑐,∞))].

Now it is time for structural assumptions. After many experiments and calcula-
tions, one conjectures that the set [0,∞) × [0,∞) should be divided into regions
𝐷0 −𝐷6 which look similarly to those on the upper part of Figure 4.1. Here we
do not specify any parameters of these domains: we only take the “peak” of 𝐷4

to be equal to (1, 𝑐). Next, some further experimentation leads to

(A3) 𝑈 is linear along line segments of slope −1 contained in 𝐷1, 𝐷2, 𝐷5 and
𝐷6, and linear along line segments of slope 1 contained in 𝐷3 and 𝐷4.
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Furthermore, as in the case of the weak type estimate for nonnegative submartin-
gales, we impose the condition

(A4) 𝑈𝑥(0+, 𝑦) + 𝛼𝑈𝑦(0, 𝑦) = 0 for 𝑦 ≥ 0.
We have that

∂𝐷2 ∩ ∂𝐷3 = {𝑏} × [𝑐+ 𝑏− 1,∞)
for some 𝑏 ∈ (0, 1). In order to determine 𝑏, we need additional information on
𝑈 : the above conditions (A1)–(A4) do not help. Namely, one requires additional
smoothness of 𝑈 at the boundary ∂𝐷2 ∩ ∂𝐷3. To state the assumption, we need
the function 𝐺 : [−𝑏, 1− 𝑏]→ ℝ, given by 𝐺(𝑠) = 𝑈(𝑏+ 𝑠, 𝑦 − 𝑠) (𝑦 > 𝑐+ 𝑏− 1 is
fixed). Note that according to (A3), 𝐺 is linear on [−𝑏, 0] for any such 𝑦.

(A5) For any 𝑦 > 𝑐+ 𝑏− 1, 𝐺′′(0) = 0.

Step 3. Determining of 𝛾 and 𝑈 on 𝐷5∪𝐷6. This is similar to the analogous
calculation in the martingale setting: in fact, the formula for 𝛾, and the formula
for 𝑈 on 𝐷6 turn out to be the same.

Step 4. Determining of 𝑈 on 𝐷2 ∪ 𝐷3. Let 𝐴(𝑦) = 𝑈(0, 𝑦) and 𝐶(𝑦) =
𝑈(𝑏, 𝑦 − 𝑏), 𝑦 ∈ ℝ. The assumption (A3) gives

𝑈(𝑥, 𝑦) =
𝑥

𝑏
𝐶(𝑥+ 𝑦) +

𝑏− 𝑥

𝑏
𝐴(𝑥 + 𝑦), (4.65)

for (𝑥, 𝑦) ∈ 𝐷2, and

𝑈(𝑥, 𝑦) =
𝑥− 𝑏

1− 𝑏
𝑈(1,−𝑥+ 𝑦 + 1) +

1− 𝑥

1− 𝑏
𝐶(𝑦 − 𝑥+ 2𝑏)

=
𝑥− 𝑏

1− 𝑏
(−𝑥+ 𝑦 + 1) +

1− 𝑥

1− 𝑏
𝐶(𝑦 − 𝑥+ 2𝑏)

(4.66)

for (𝑥, 𝑦) ∈ 𝐷3. Here we have used the first part of (A1). Now, (A5) combined
with (4.66) yields the differential equation

𝐶′′(𝑦 + 𝑏) =
1− 𝐶 ′(𝑦 + 𝑏)

1− 𝑏
, 𝑦 > 𝑐+ 𝑏− 1,

from which it follows that

𝐶(𝑦 + 𝑏) = 𝑦 +𝐾1 exp

(
− 𝑦

1− 𝑏

)
+𝐾2, 𝑦 ≥ 𝑐+ 𝑏− 1,

for some constants 𝐾1 and 𝐾2. Next, by (A2) we have 𝑈𝑥(𝑏−, 𝑦) = 𝑈𝑥(𝑏+, 𝑦) for
𝑦 ≥ 𝑐+ 𝑏− 1, which gives

2𝐶 ′(𝑦 + 𝑏) =
𝐴(𝑦 + 𝑏)− 𝐶(𝑦 + 𝑏)

𝑏
+
1− 𝑏+ 𝑦 − 𝐶(𝑦 + 𝑏)

1− 𝑏
,
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or

𝐴(𝑦 + 𝑏) = 𝐾1
1− 2𝑏
1− 𝑏

exp

(
− 𝑦

1− 𝑏

)
+ 𝑦 + 𝑏+

𝐾2

1− 𝑏
.

Finally, (A4) and (4.65) imply the differential equation

𝐶(𝑦)−𝐴(𝑦)

𝑏
+ (𝛼+ 1)𝐴′(𝑦) = 0,

and plugging the above formulas for 𝐴 and 𝐶 gives

𝑏 =
𝛼

2𝛼+ 1
and 𝐾2 =

𝛼(𝛼 + 1)

2𝛼+ 1
.

Next, by (A2), we get the connection between 𝐾1 and 𝑐, by means of the equal-
ity 𝑈𝑥(1−, 𝑐) = 𝑈𝑥(1+, 𝑐). By the formula for 𝑈 on 𝐷5, which we have already
obtained in the previous step, we get

𝐾1 = (−𝛼+ log(𝑐(𝐾 − 1)) +𝐾) ⋅ 𝛼+ 1

2𝛼+ 1
exp

(
−1 + 2𝛼+ 1

𝛼+ 1
𝑐

)
.

Step 5. Determining of 𝑈 on 𝐷1. Arguing as in the proof of the weak type
estimate, we compute that 𝑈 is given on 𝐷1 by

𝑈(𝑥, 𝑦) = 𝑎1(𝑥+ ∣𝑦∣)1/(𝛼+1)(−(𝛼+ 1)𝑥+ ∣𝑦∣) + 𝑎2,

where 𝑎1, 𝑎2 are some constants. Using (A2) and the formula for 𝑈 on 𝐷2, we get

𝑎1 =
2𝛼+ 1−𝐾 − log(𝑐(𝐾 − 1))

𝛼+ 2

(
𝑐− 1

2𝛼+ 1

)−1/(𝛼+1)

and

𝑎2 =
[ − 𝛼+ log(𝑐(𝐾 − 1)) +𝐾

]( 1

2𝛼+ 1
+
1

𝛼+ 2

(
𝑐− 1

2𝛼+ 1

))

+
1

𝛼+ 2

(
𝑐− 1

2𝛼+ 1

)
− 1

2𝛼+ 1
.

Step 6. Determining of 𝑈 on 𝐷4 and the value of 𝑐. The formula for 𝑈 on
𝐷4 is obtained by the arguments used previously (for example, we can derive the
differential equation for 𝑈(⋅, 0) on (𝑐− (2𝛼+1)−1, 𝑐)). The only thing which needs
to be explained is how we get the equation (4.42), since, so far, the expressions
for 𝑈 on 𝐷1 ∪𝐷2 ∪𝐷3 ∪𝐷4 depend on 𝑐. This is simple: by (A2) and (A3),

𝑈𝑥

(
0, 𝑐− 1

2𝛼+ 1

)
− 𝑈𝑦

(
0, 𝑐− 1

2𝛼+ 1

)
= 𝑈𝑥

(
𝑐+

𝛼

2𝛼+ 1
,

𝛼+ 1

2𝛼+ 1

)

+ 𝑈𝑥

(
𝑐+

𝛼

2𝛼+ 1
,

𝛼+ 1

2𝛼+ 1

)
,
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which follows from the fact that the points (0, 𝑐− 1
2𝛼+1 ) and (𝑐+

𝛼
2𝛼+1 ,− 𝛼+1

2𝛼+1 ) lie

on the line segment of slope −1, contained in 𝐷1 ∪ −𝐷5. The left-hand side and
the right-hand side of the equality above can be computed by the formulas for 𝑈
on 𝐷1 and 𝐷5, which we have already provided. We obtain

𝐾 + log(𝑐(𝐾 − 1))− 2𝛼− 1 = 1− (log 𝑐+𝐾 + log(𝐾 − 1))−
(

𝑐− 𝛼+ 1

2𝛼+ 1

)
⋅ 2
𝑐
,

which, after simple manipulations, becomes precisely (4.42). This completes the
search. □

4.6.3 Proof of Theorem 4.13

Proof of (4.45). We simply extend one of the special functions used in the proof
of (4.44) to a function on the whole ℝ×ℝ. Specifically, let 𝑉 : ℝ×ℝ→ ℝ be given
by 𝑉 (𝑥, 𝑦) = 𝑉𝐾(∣𝑥∣, 𝑦) = ∣𝑦∣ −𝐾∣𝑥∣ log+ ∣𝑥∣. The corresponding special function
𝑈 : ℝ× ℝ→ ℝ is given by 𝑈(𝑥, 𝑦) = 𝑈𝐾,0(∣𝑥∣, 𝑦), where 𝑈𝐾,0 was defined above.
Then the function 𝑈 satisfies 1∘ and the appropriate versions of the conditions
2∘ and 3∘. This follows immediately from the analysis presented in the previous
subsection and the fact that (𝑈𝐾,0)𝑥(0+, 𝑦) = 0 for all 𝑦. Thus, (4.45) follows. □

Sharpness. This can be shown in a similar manner as previously. We omit the
details and refer the interested reader to [149]. □

4.7 Inequalities for bounded sub- and supermartingales

4.7.1 Formulation of the results

Theorem 4.14. Let 𝛼 ∈ [0, 1]. Suppose 𝑓 is a submartingale satisfying ∣∣𝑓 ∣∣∞ ≤ 1
and 𝑔 is an adapted sequence of real-valued random variables which is 𝛼-subord-
inate to 𝑓 . Then for 𝜆 > 0 we have the sharp inequality

ℙ(∣𝑔∣∗ ≥ 𝜆) ≤ 𝑈𝜆(−1, 1), (4.67)

where 𝑈𝜆 is given by (4.72), (4.73) or (4.75), depending on whether 𝜆 ∈ (0, 2],
𝜆 ∈ (2, 4) or 𝜆 ≥ 4. In particular, for 𝜆 ≥ 4,

ℙ(∣𝑔∣∗ ≥ 𝜆) ≤ 𝛾𝑒−𝜆/(2𝛼+2), (4.68)

where

𝛾 =
1 + 𝛼

2𝛼+ 4

(
𝛼+ 1 + 2−

𝛼+2
𝛼+1

)
exp

( 2

𝛼+ 1

)
.

We turn to the Φ-inequalities for 𝛼-subordinates of bounded submartingales.
To be consistent with the literature, we present the results in the case when the
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dominating processes 𝑓 are nonnegative, but an easy argument can be used to
transfer these to general bounded 𝑓 . See Remark 4.4 below.

Let Φ be a nondecreasing convex function on [0,∞), which is twice differen-
tiable on (0,∞) and such that Φ′ is convex on (0,∞) and Φ(0) = Φ′(0+) = 0.

Theorem 4.15. Let 𝛼 be a fixed nonnegative number. Assume that 𝑓 is a non-
negative submartingale bounded from above by 1 and 𝑔 is an adapted sequence of
ℋ-valued random variables which is 𝛼-subordinate to 𝑓 . Then for Φ as above,

sup
𝑛

𝔼Φ

( ∣𝑔𝑛∣
𝛼+ 1

)
≤ 1 + 𝛼

2 + 𝛼

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡. (4.69)

The inequality is sharp, even if ℋ = ℝ.

For Φ as above, but Φ′ is concave on (0,∞), the optimal constants are not
known. However, we will establish a partial result in this direction: the following
sharp 𝐿1 inequality.

Theorem 4.16. Let 𝛼 be a fixed nonnegative number. Assume that 𝑓 is a nonneg-
ative submartingale bounded from above by 1 and let 𝑔 be an adapted sequence of
real-valued random variables which is 𝛼-subordinate to 𝑓 . Then

∣∣𝑔∣∣1 ≤ (𝛼+ 1)(2𝛼
2 + 3𝛼+ 2)

(2𝛼+ 1)(𝛼+ 2)
(4.70)

and the bound is the best possible.

4.7.2 Proof of Theorem 4.14

Proof of (4.67). The special function corresponding to our problem admits three
different formulas, depending on the value of 𝜆. Let 𝑆 denote the strip [−1, 1]×ℝ

and consider the following subsets of 𝑆. For 0 < 𝜆 ≤ 2,
𝐴𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ ≥ 𝑥+ 𝜆− 1},
𝐵𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 1− 𝑥 ≤ ∣𝑦∣ < 𝑥+ 𝜆− 1},
𝐶𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ < 1− 𝑥 and ∣𝑦∣ < 𝑥+ 𝜆− 1}.

For 𝜆 ∈ (2, 4), define
𝐴𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ ≥ 𝛼𝑥 + 𝜆− 𝛼},
𝐵𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 𝛼𝑥+ 𝜆− 𝛼 > ∣𝑦∣ ≥ 𝑥− 1 + 𝜆},
𝐶𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 𝑥− 1 + 𝜆 > ∣𝑦∣ ≥ 1− 𝑥},
𝐷𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 1− 𝑥 > ∣𝑦∣ ≥ −𝑥− 3 + 𝜆 and ∣𝑦∣ < 𝑥− 1 + 𝜆},
𝐸𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : −𝑥− 3 + 𝜆 > ∣𝑦∣}.

Finally, for 𝜆 ≥ 4, let
𝐴𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ ≥ 𝛼𝑥 + 𝜆− 𝛼},
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𝐴𝛾

𝐴𝛾

𝐴𝛾

𝐵𝛾

𝐵𝛾

𝐵𝛾

𝐶𝛾

𝐶𝛾

𝐶𝛾

𝐷𝛾

𝐷𝛾 𝐸𝛾

𝐸𝛾

Figure 4.2: The sets 𝐴𝜆 − 𝐸𝜆, intersected with ℝ2
+, in the case 𝜆 ≤ 2

(left picture), 2 < 𝜆 < 4 (middle picture) and 𝜆 ≥ 4 (right picture).

𝐵𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 𝛼𝑥+ 𝜆− 𝛼 > ∣𝑦∣ ≥ 𝑥− 1 + 𝜆},
𝐶𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 𝑥− 1 + 𝜆 > ∣𝑦∣ ≥ −𝑥− 3 + 𝜆},
𝐷𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : −𝑥− 3 + 𝜆 > ∣𝑦∣ ≥ 1− 𝑥},
𝐸𝜆 = {(𝑥, 𝑦) ∈ 𝑆 : 1− 𝑥 > ∣𝑦∣}.

Let 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥𝜆} for (𝑥, 𝑦) ∈ 𝑆. Let 𝐻 : 𝑆 × (−1,∞) → ℝ be the
function given by

𝐻(𝑥, 𝑦, 𝑧) =
1

𝛼+ 2

[
1 +
(𝑥+ 1 + ∣𝑦∣)1/(𝛼+1)((𝛼+ 1)(𝑥+ 1)− ∣𝑦∣)

(1 + 𝑧)(𝛼+2)/(𝛼+1)

]
. (4.71)

Now let us define the special functions 𝑈𝜆 : 𝑆 → ℝ. For 0 < 𝜆 ≤ 2, let

𝑈𝜆(𝑥, 𝑦) =

⎧⎨
⎩
1 if (𝑥, 𝑦) ∈ 𝐴𝜆,

2−2𝑥
1+𝜆−𝑥−∣𝑦∣ if (𝑥, 𝑦) ∈ 𝐵𝜆,

1− (𝜆−1+𝑥−∣𝑦∣)(𝜆−1+𝑥+∣𝑦∣)
𝜆2 if (𝑥, 𝑦) ∈ 𝐶𝜆.

(4.72)
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For 2 < 𝜆 < 4, set

𝑈𝜆(𝑥, 𝑦) =

⎧⎨
⎩

1 if (𝑥, 𝑦) ∈ 𝐴𝜆,

1− (𝛼(𝑥 − 1)− ∣𝑦∣+ 𝜆) ⋅ 2𝜆−4
𝜆2 if (𝑥, 𝑦) ∈ 𝐵𝜆,

2−2𝑥
1+𝜆−𝑥−∣𝑦∣ − 2(1−𝑥)(1−𝛼)(𝜆−2)

𝜆2 if (𝑥, 𝑦) ∈ 𝐶𝜆,
2(1−𝑥)

𝜆

[
1− (1−𝛼)(𝜆−2)

𝜆

]
− (1−𝑥)2−∣𝑦∣2

𝜆2 if (𝑥, 𝑦) ∈ 𝐷𝜆,

𝑎𝜆𝐻(𝑥, 𝑦, 𝜆− 3) + 𝑏𝜆 if (𝑥, 𝑦) ∈ 𝐸𝜆,

(4.73)

where

𝑎𝜆 = −2(1 + 𝛼)(𝜆 − 2)2
𝜆2

, 𝑏𝜆 = 1− 4(𝜆− 2)(1− 𝛼)

𝜆2
. (4.74)

For 𝜆 ≥ 4, set

𝑈𝜆(𝑥, 𝑦) =

⎧⎨
⎩

1 if (𝑥, 𝑦) ∈ 𝐴𝜆,

1− 𝛼(𝑥−1)−∣𝑦∣+𝜆
4

if (𝑥, 𝑦) ∈ 𝐵𝜆,
2−2𝑥

1+𝜆−𝑥−∣𝑦∣ − (1−𝑥)(1−𝛼)
4 if (𝑥, 𝑦) ∈ 𝐶𝜆,

(1−𝑥)(1+𝛼)
4 exp

(
3+𝑥+∣𝑦∣−𝜆

2(𝛼+1)

)
if (𝑥, 𝑦) ∈ 𝐷𝜆,

𝑎𝜆𝐻(𝑥, 𝑦, 1) + 𝑏𝜆 if (𝑥, 𝑦) ∈ 𝐸𝜆,

(4.75)

where

𝑎𝜆 = −𝑏𝜆 = − (1 + 𝛼)

2
exp

( 4− 𝜆

2𝛼+ 2

)
. (4.76)

Now let us study the properties of 𝑈𝜆. For the sake of clarity, we have decided
to group these into two lemmas.

Lemma 4.5. For 𝜆 > 2, let 𝜙𝜆, 𝜓𝜆 denote the partial derivatives of 𝑈𝜆 with respect
to 𝑥, 𝑦 on the interiors of 𝐴𝜆, 𝐵𝜆, 𝐶𝜆, 𝐷𝜆, 𝐸𝜆, extended continuously to the
whole of these sets. The following statements hold.

(i) The functions 𝑈𝜆, 𝜆 > 2, are continuous on 𝑆 ∖ {(1,±𝜆)}.
(ii) Let

𝑆𝜆 = {(𝑥, 𝑦) ∈ [−1, 1]× ℝ : ∣𝑦∣ ∕= 𝛼𝑥+ 𝜆− 𝛼 and ∣𝑦∣ ∕= 𝑥+ 𝜆− 1}.

Then

𝜙𝜆, 𝜓𝜆, 𝜆 > 2, are continuous on 𝑆𝜆. (4.77)

(iii) For any (𝑥, 𝑦) ∈ 𝑆, the function 𝜆 �→ 𝑈𝜆(𝑥, 𝑦), 𝜆 > 0, is left-continuous.

(iv) For any 𝜆 > 2 we have the inequality

𝜙𝜆 ≤ −𝛼∣𝜓𝜆∣. (4.78)

(v) For 𝜆 > 2 and any (𝑥, 𝑦) ∈ 𝑆 we have 𝑉 (𝑥, 𝑦) ≤ 𝑈𝜆(𝑥, 𝑦) ≤ 1.
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Proof. We start by computing the derivatives. Let 𝑦′ = 𝑦/∣𝑦∣ stand for the sign of
𝑦, with 𝑦′ = 0 if 𝑦 = 0. For 𝜆 ∈ (2, 4) we have

𝜙𝜆(𝑥, 𝑦) =

⎧⎨
⎩

0 if (𝑥, 𝑦) ∈ 𝐴𝜆,

− (2𝜆−4)𝛼
𝜆2 if (𝑥, 𝑦) ∈ 𝐵𝜆,

− 2𝜆−2∣𝑦∣
(1+𝜆−𝑥−∣𝑦∣)2 +

(2𝜆−4)(1−𝛼)
𝜆2 if (𝑥, 𝑦) ∈ 𝐶𝜆,

− 2
𝜆

[
1− (1−𝛼)(𝜆−2)

𝜆

]
+ 2(1−𝑥)

𝜆2 if (𝑥, 𝑦) ∈ 𝐷𝜆,

−𝑐𝜆(𝑥+ ∣𝑦∣+ 1)−𝛼/(𝛼+1)(𝑥 + 1 + 𝛼
𝛼+1 ∣𝑦∣) if (𝑥, 𝑦) ∈ 𝐸𝜆,

𝜓𝜆(𝑥, 𝑦) =

⎧⎨
⎩

0 if (𝑥, 𝑦) ∈ 𝐴𝜆,
2𝜆−4
𝜆2 𝑦′ if (𝑥, 𝑦) ∈ 𝐵𝜆,

2−2𝑥
(1+𝜆−𝑥−∣𝑦∣)2 𝑦

′ if (𝑥, 𝑦) ∈ 𝐶𝜆,
2𝑦
𝜆2 if (𝑥, 𝑦) ∈ 𝐷𝜆,

𝑐𝜆(𝑥+ ∣𝑦∣+ 1)−𝛼/(𝛼+1) 𝑦
1+𝛼 if (𝑥, 𝑦) ∈ 𝐸𝜆,

where
𝑐𝜆 = 2(1 + 𝛼)(𝜆 − 2)𝛼/(𝛼+1)𝜆−2.

Finally, for 𝜆 ≥ 4, we have

𝜙𝜆(𝑥, 𝑦) =

⎧⎨
⎩

0 if (𝑥, 𝑦) ∈ 𝐴𝜆,

−𝛼
4 if (𝑥, 𝑦) ∈ 𝐵𝜆,

− 2𝜆−2∣𝑦∣
(1+𝜆−𝑥−∣𝑦∣)2 +

1−𝛼
4

if (𝑥, 𝑦) ∈ 𝐶𝜆,

−𝑥+1+2𝛼
8 exp

(
𝑥+∣𝑦∣+3−𝜆

2(𝛼+1)

)
if (𝑥, 𝑦) ∈ 𝐷𝜆,

−𝑐𝜆(𝑥+ ∣𝑦∣+ 1)−𝛼/(𝛼+1)(𝑥 + 1 + 𝛼
𝛼+1 ∣𝑦∣) if (𝑥, 𝑦) ∈ 𝐸𝜆,

𝜓𝜆(𝑥, 𝑦) =

⎧⎨
⎩

0 if (𝑥, 𝑦) ∈ 𝐴𝜆,
1
4𝑦

′ if (𝑥, 𝑦) ∈ 𝐵𝜆,
2−2𝑥

(1+𝜆−𝑥−∣𝑦∣)2 𝑦
′ if (𝑥, 𝑦) ∈ 𝐶𝜆,

(1−𝑥)
8
exp

(
𝑥+∣𝑦∣+3−𝜆

2(𝛼+1)

)
𝑦′ if (𝑥, 𝑦) ∈ 𝐷𝜆,

𝑐𝜆(𝑥+ ∣𝑦∣+ 1)−𝛼/(𝛼+1) 𝑦
1+𝛼 if (𝑥, 𝑦) ∈ 𝐸𝜆,

where

𝑐𝜆 = (1 + 𝛼)2−(2𝛼+3)/(𝛼+1) exp
( 4− 𝜆

2(𝛼+ 1)

)
.

Now the properties (i), (ii), (iii) follow by straightforward computation. To prove
(iv), note first that for any 𝜆 > 2 the condition (4.78) is clearly satisfied on the sets
𝐴𝜆 and𝐵𝜆. Suppose (𝑥, 𝑦) ∈ 𝐶𝜆. Then 𝜆−∣𝑦∣ ∈ [0, 4], 1−𝑥 ≤ min{𝜆−∣𝑦∣, 4−𝜆+∣𝑦∣}
and (4.78) takes the form

−2(𝜆− ∣𝑦∣) + 2𝜆− 4
𝜆2
(1− 𝛼)(1 − 𝑥+ 𝜆− ∣𝑦∣)2 + 2𝛼(1− 𝑥) ≤ 0,
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or

−2(𝜆− ∣𝑦∣) + 1− 𝛼

4
⋅ (1− 𝑥+ 𝜆− ∣𝑦∣)2 + 2𝛼(1− 𝑥) ≤ 0, (4.79)

depending on whether 𝜆 < 4 or 𝜆 ≥ 4. As (2𝜆 − 4)/𝜆2 ≤ 1
4 , it suffices to show

(4.79). If 𝜆− ∣𝑦∣ ≤ 2, then, as 1− 𝑥 ≤ 𝜆− ∣𝑦∣, the left-hand side does not exceed
−2(𝜆−∣𝑦∣)+(1−𝛼)(𝜆−∣𝑦∣)2+2𝛼(𝜆−∣𝑦∣)=(𝜆−∣𝑦∣)(−2+(1−𝛼)(𝜆−∣𝑦∣)+2𝛼)

≤(𝜆−∣𝑦∣)(−2+2(1−𝛼)+2𝛼)=0.

Similarly, if 𝜆−∣𝑦∣ ∈ (2, 4], then we use the bound 1−𝑥 ≤ 4−𝜆+ ∣𝑦∣ and conclude
that the left-hand side of (4.79) is not greater than

−2(𝜆− ∣𝑦∣) + 4(1− 𝛼) + 2𝛼(4 − 𝜆+ ∣𝑦∣) = −2(𝜆− ∣𝑦∣ − 2)(1 + 𝛼) ≤ 0
and we are done with the case (𝑥, 𝑦) ∈ 𝐶𝜆.

Assume that (𝑥, 𝑦) ∈ 𝐷𝜆. For 𝜆 ∈ (2, 4), the inequality (4.78) is equivalent to

− 2
𝜆

[
1− (1 − 𝛼)(𝜆 − 2)

𝜆

]
+
2− 2𝑥

𝜆2
≤ −2𝛼∣𝑦∣

𝜆2
,

or, after some simplifications, 𝛼∣𝑦∣+ 1− 𝑥 ≤ 2 + 𝛼𝜆− 2𝛼. It is easy to check that
𝛼∣𝑦∣ + 1 − 𝑥 attains its maximum for 𝑥 = −1 and ∣𝑦∣ = 𝜆 − 2 and then we have
equality. If (𝑥, 𝑦) ∈ 𝐷𝜆 and 𝜆 ≥ 4, then (4.78) takes the form −(2𝛼 + 1 + 𝑥) ≤
−𝛼(1 − 𝑥), or (𝑥 + 1)(𝛼 + 1) ≥ 0. Finally, on the set 𝐸𝜆, the inequality (4.78) is
obvious.

(v) By (4.78), we have 𝜙𝜆 ≤ 0, so 𝑈𝜆(𝑥, 𝑦) ≥ 𝑈𝜆(1, 𝑦) = 𝜒{∣𝑦∣≥𝜆}. Further-
more, as 𝑈𝜆(𝑥, 𝑦) = 1 for ∣𝑦∣ ≥ 𝜆 and 𝜓𝜆(𝑥, 𝑦)𝑦′ ≥ 0 on 𝑆𝜆, the second estimate
follows. □
Lemma 4.6. Let 𝑥, ℎ, 𝑦, 𝑘 be fixed real numbers, satisfying 𝑥, 𝑥+ ℎ ∈ [−1, 1] and
∣𝑘∣ ≤ ∣ℎ∣. Then for any 𝜆 > 2 and 𝛼 ∈ [0, 1),

𝑈𝜆(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈𝜆(𝑥, 𝑦) + 𝜙𝜆(𝑥, 𝑦)ℎ+ 𝜓𝜆(𝑥, 𝑦)𝑘. (4.80)

Proof. It suffices to show that the function

𝐺(𝑡) = 𝐺𝑥,𝑦,ℎ,𝑘(𝑡) = 𝑈𝜆(𝑥+ 𝑡ℎ, 𝑦 + 𝑡𝑘),

defined on the set {𝑡 : ∣𝑥 + 𝑡ℎ∣ ≤ 1}, satisfies 𝐺′′(0) ≤ 0 if the derivative exists,
and 𝐺′(0−) ≥ 𝐺′(0+) otherwise. Clearly, we may assume that ℎ ≥ 0, changing
the signs of both ℎ and 𝑘 if necessary. Due to the symmetry of 𝑈𝜆, it suffices to
consider 𝑦 ≥ 0 only.

We start from the observation that 𝐺′′(0) = 0 on the interior of 𝐴𝜆 and
𝐺′

+(0) ≤ 𝐺′
−(0) for (𝑥, 𝑦) ∈ 𝐴𝜆 ∩ 𝐵𝜆. The latter inequality holds since 𝑈𝜆 ≡ 1

on 𝐴𝜆 and 𝑈𝜆 ≤ 1 on 𝐵𝜆. For the remaining inequalities, we consider the cases
𝜆 ∈ (2, 4), 𝜆 ≥ 4 separately.
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The case 𝜆 ∈ (2, 4). The inequality 𝐺′′(0) ≤ 0 is clear for (𝑥, 𝑦) lying in the
interior of 𝐵𝜆. On 𝐶𝜆, we have

𝐺′′(0) = −4(ℎ+ 𝑘)(ℎ(𝜆 − 𝑦)− 𝑘(1− 𝑥))

(1 − 𝑥− 𝑦 + 𝜆)3
≤ 0, (4.81)

which follows from ∣𝑘∣ ≤ ℎ and the fact that 𝜆−𝑦 ≥ 1−𝑥. For (𝑥, 𝑦) in the interior
of 𝐷𝜆,

𝐺′′(0) =
−ℎ2 + 𝑘2

𝜆2
≤ 0,

as ∣𝑘∣ ≤ ℎ. Finally, on 𝐸𝜆, the concavity follows from the fact that the function 𝐻
has this property: see the proof of the weak type estimate (4.12).

It remains to check the inequalities for one-sided derivatives. By Lemma 4.5
(ii), the points (𝑥, 𝑦) for which 𝐺 is not differentiable at 0 do not belong to 𝑆𝜆.
Since we excluded the set 𝐴𝜆 ∩ 𝐵𝜆, they lie on the line 𝑦 = 𝑥 − 1 + 𝜆. For such
points (𝑥, 𝑦), the left derivative equals

𝐺′
−(0) = −

2𝜆− 4
𝜆2
(𝛼ℎ− 𝑘),

while the right one is given by

𝐺′
+(0) =

−ℎ+ 𝑘

2(𝜆− 𝑦)
+
(2𝜆− 4)(1− 𝛼)ℎ

𝜆2
,

or

𝐺′
+(0) = −

2ℎ

𝜆

[
1− (1− 𝛼)(𝜆 − 2)

𝜆

]
+
2(1− 𝑥)ℎ+ 2𝑦𝑘

𝜆2
,

depending on whether 𝑦 ≥ 1 − 𝑥 or 𝑦 < 1 − 𝑥. In the first case, the inequality
𝐺′

+(0) ≤ 𝐺′
−(0) reduces to

(ℎ− 𝑘)
( 1

2(𝜆− 𝑦)
− 2(𝜆− 2)

𝜆2

)
≥ 0,

while in the remaining one

2

𝜆2
(ℎ− 𝑘)(𝑦 − (𝜆− 2)) ≥ 0.

Both inequalities follow from the estimate 𝜆− 𝑦 ≤ 2 and the condition ∣𝑘∣ ≤ ℎ.

The case 𝜆 ≥ 4. On the set 𝐵𝜆 the concavity is clear. For 𝐶𝜆, (4.81) holds.
If (𝑥, 𝑦) lies in the interior of 𝐷𝜆, then

𝐺′′(0) =
1

8
exp

(3 + 𝑥+ 𝑦 − 𝜆

2(𝛼+ 1)

)[ 1− 𝑥

2(𝛼+ 1)
⋅(−ℎ2+𝑘2)−

(
2− 1− 𝑥

𝛼+ 1

)
(ℎ2+ℎ𝑘)

]
≤ 0,

since ∣𝑘∣ ≤ ℎ and (1 − 𝑥)/(𝛼 + 1) ≤ 2. The concavity on 𝐸𝜆 is a consequence of
the appropriate property of 𝐻 . It remains to check the inequality for one-sided
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derivatives. By Lemma 4.5 (ii), we may assume 𝑦 = 𝑥+ 𝜆− 1, and the inequality
𝐺′

+(0) ≤ 𝐺′
−(0) reads

1

2
(ℎ− 𝑘)

( 1

𝜆− 𝑦
− 1
2

)
≥ 0,

which is obvious, as 𝜆− 𝑦 ≤ 2. □

Now we are ready to establish the inequality (4.67). We have checked that
the functions 𝑈𝜆, 𝑉𝜆 satisfy 1

∘ and 2∘. Furthermore, we have that 𝑈𝑦 ≥ 0 for
𝑦 ≥ 0 and 𝑈𝑥 ≤ 0 on 𝑆. Consequently, we have the following version of the initial
condition:

3∘ 𝑈𝜆(𝑥, 𝑦) ≤ 𝑈𝜆(−1, 1) if ∣𝑦∣ ≤ ∣𝑥∣.
This establishes (4.67). □

4.7.3 Sharpness of (4.67)

We will deal only with the case 𝜆 ≥ 4, since the remaining cases can be studied
in a similar manner. Let

𝑈0(𝑥, 𝑦) = supℙ(∣𝑔𝑛∣ ≥ 𝜆),

where the supremum is taken over all 𝑛 and all appropriate 𝑓 and 𝑔. Let 𝐴(𝑦) =
𝑈0(−1, 𝑦) and 𝐵(𝑥) = 𝑈0(𝑥, 0) for all 𝑥 ∈ [−1, 1] and 𝑦 ∈ ℝ. Note that 𝑈0(1, 𝑦) =
1{∣𝑦∣≥𝜆}, directly from the definition.

Step 1. First we will show that

𝐴(𝜆− 2) ≥ 𝛼+ 1

2
. (4.82)

This follows immediately from 2∘, if 𝛼 = 1: 𝐴(𝜆 − 2) ≥ 𝑈0(1, 𝜆) = 1. If 𝛼 < 1,
then, for 𝛿 < (1 − 𝛼)/(1 + 𝛼),

𝐴(𝜆 − 2) ≥ 𝑈0(−1 + 𝛿, 𝜆− 2 + 𝛼𝛿)

≥
(
1− 𝛿

2

)
𝐴(𝜆− 2 + (𝛼+ 1)𝛿) + 𝛿

2
𝑈0(1, 𝜆− 3 + (𝛼+ 1)𝛿)

=

(
1− 𝛿

2

)
𝐴(𝜆− 2 + (𝛼+ 1)𝛿)

≥
(
1− 𝛿

2

)
𝑈0

(
−1 + 𝛼+ 1

1− 𝛼
𝛿, 𝜆− 2 + (𝛼+ 1)𝛿 + 𝛼

𝛼+ 1

1 − 𝛼
𝛿

)

≥
(
1− 𝛿

2

)[
(𝛼+ 1)𝛿

2(1− 𝛼)
𝑈0(1, 𝜆) +

(
1− (𝛼+ 1)𝛿
2(1− 𝛼)

)
𝐴(𝜆 − 2)

]

=

(
1− 𝛿

2

)[
(𝛼+ 1)𝛿

2(1− 𝛼)
+

(
1− (𝛼+ 1)𝛿
2(1− 𝛼)

)
𝐴(𝜆− 2)

]
.

Subtract 𝐴(𝜆−2) from both sides, divide throughout by 𝛿 and let 𝛿 → 0 to obtain
(4.82).
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Step 2. Now we will prove that

𝐴(2) ≥ 𝛼+ 1

2
exp

(
− 𝜆− 4
2𝛼+ 2

)
. (4.83)

To do this, note that for any 𝑦 ∈ [2, 𝜆− 2] and 𝛿 < 1,

𝐴(𝑦) ≥
(
1− 𝛿

2

)
𝐴(𝑦 + (𝛼+ 1)𝛿)

(see the above chain of equalities and inequalities for the case 𝑦 = 𝜆). Let 𝑁 be
a positive integer and put 𝛿 = (𝜆 − 4)/(𝑁(𝛼 + 1)): here 𝑁 must be so large that
𝛿 < 1. The above inequality, by induction, gives

𝐴(2) ≥
(
1− 𝛿

2

)𝑁

𝐴(𝜆 − 2)

and letting 𝑁 →∞ yields (4.83).
Step 3. The next move is to establish the bound

𝐵(𝑦 − 1) ≥ (𝛼+ 1)(𝐴(2)−𝐴(𝑦)), ∣𝑦∣ ≤ 2. (4.84)

To do this, we repeat the arguments leading to (4.21); however, we replace 𝐵(𝑦)
by 𝐵(𝑦 − 1) there, and obtain the bound

(𝛼+1)
[
𝐴(𝑦+(𝛼+1)𝛿)−𝐴(𝑦)

]
+𝐵(𝑦+(𝛼+1)𝛿)−𝐵(𝑦)≤ 𝛿

𝐴(𝑦 + (𝛼 + 1)𝛿)−𝐴(𝑦)

2𝑦 + (𝛼+ 1)𝛿
.

Now, if 𝑁 is a (large) positive integer and we let 𝛿 = (2 − 𝑦)/((𝛼 + 1)𝑁), then
writing this inequality for 𝑦, 𝑦 + (𝛼+ 1)𝛿, 𝑦 + 2(𝛼+ 1)𝛿, . . ., 𝑦 + (𝑁 − 1)(𝛼+ 1)𝛿
and summing the obtained estimates, we get

(𝛼+ 1)(𝐴(𝑦)−𝐴(2)) +𝐵(𝑦 − 1)−𝐵(1)

≥ 𝛿

𝑁−1∑
𝑘=0

𝐴(𝑦 + (𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑦 + 𝑘(𝛼+ 1)𝛿)

2𝑦 + (𝛼+ 1)𝛿

We have 𝐵(1) = 0 and letting 𝑁 → ∞ we easily check that the sum on the
right-hand side converges to 0. This yields (4.84).

Step 4. This is the final step. Let 𝑦 ∈ [1, 2]. By 2∘, we have

𝐴(𝑦) ≥ 𝑈0(−1 + 𝛿, 𝑦 + 𝛼𝛿) ≥ 𝛿

𝑦
𝐵(𝑦 + (𝛼+ 1)𝛿 − 1) +

(
1− 𝛿

𝑦

)
𝐴(𝑦 + (𝛼+ 1)𝛿),

which, combined with (4.84), gives

𝐴(𝑦) ≥ 𝛿

𝑦(𝛼+ 2)
𝐴(2) +

(
1− (𝛼+ 2)𝛿

𝑦

)
𝐴(𝑦 + (𝛼+ 1)𝛿).



192 Chapter 4. Sub- and Supermartingale Inequalities in Discrete Time

This can be rewritten in the equivalent form

𝐴(𝑦)− 𝛼+ 1

𝛼+ 2
𝐴(2) ≥

(
1− (𝛼+ 2)𝛿

𝑦

)(
𝐴(𝑦 + (𝛼+ 1)𝛿)− 𝛼+ 1

𝛼+ 2
𝐴(2)

)
.

Assume that 𝛿 = (𝑁(𝛼+1))−1, where 𝑁 is a large positive integer, and apply this
inequality to 𝑦 = 1, 𝑦 = 1 + (𝛼 + 1)𝛿, . . ., 𝑦 = 1 + (𝑁 − 1)(𝛼 + 1)𝛿. Multiplying
the obtained estimates gives

𝐴(1)− 𝛼+ 1

𝛼+ 2
𝐴(2) ≥

𝑁−1∏
𝑘=0

(
1− (𝛼+ 2)𝛿

1 + 𝑘(𝛼+ 1)𝛿

)
⋅
(

𝐴(2)− 𝛼+ 1

𝛼+ 2
𝐴(2)

)
.

Now if we let 𝑁 → ∞, a straightforward analysis gives that the product above
converges to 2−(𝛼+2)/(𝛼+1). Consequently,

𝐴(1) ≥ 𝛼+ 1

𝛼+ 2
𝐴(2) + 2−(𝛼+2)/(𝛼+1) ⋅ 𝐴(2)

𝛼+ 2
.

Note that after applying (4.83), the right-hand side above coincides with the right-
hand side of (4.68); thus the claim follows, directly from the definition of 𝐴 and 𝑈0.

On the search of the suitable majorant. This is more or less analogous to the
search in the martingale case. By experimentation, one splits the strip [−1, 1]×ℝ

into regions 𝐴𝜆, 𝐵𝜆, . . . and conjectures linearity of the special function along the
lines of slope −1 or 1. We omit the details: however, see the papers by Hammack
[87] and the author [127]. The examples constructed there can be used to derive
𝑈0 directly. □

4.7.4 Proof of Theorem 4.15

Proof of (4.69). Let 𝑆 = [0, 1] × ℋ and consider 𝑉 : 𝑆 → ℝ given by 𝑉 (𝑥, 𝑦) =

Φ
(

∣𝑦∣
𝛼+1

)
. The special function 𝑈 : 𝑆 → ℝ, corresponding to the Φ-inequality, is

defined by the following formula. If 𝑥+ ∣𝑦∣ ≤ 1, then

𝑈(𝑥, 𝑦) =

[
𝛼+ 1

𝛼+ 2
+
1

𝛼+ 2
(∣𝑦∣ − (𝛼+ 1)𝑥)(𝑥+ ∣𝑦∣)1/(𝛼+1)

]
Ψ(1),

while for 𝑥+ ∣𝑦∣ > 1,

𝑈(𝑥, 𝑦) = (1− 𝑥)Ψ

(
𝑥+ ∣𝑦∣+ 𝛼

𝛼+ 1

)
+ 𝑥Φ

(
𝑥+ ∣𝑦∣+ 𝛼

𝛼+ 1
− 1
)

.

Here, for 𝑡 ≥ 1,
Ψ(𝑡) = 𝑒𝑡

∫ ∞

𝑡

Φ(𝑠− 1)𝑒−𝑠d𝑠.
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Lemma 4.7. Let 𝐹 (𝑡) = Ψ(𝑡)− Φ(𝑡− 1), 𝑡 ≥ 1. Then 𝐹 ′(1+) = 𝐹 (1) = Ψ′(1+) =
Ψ(1) > 0, 𝐹 (𝑡) > 0, 𝐹 ′(𝑡) > 0, 𝐹 ′′(𝑡) ≥ 0 and 𝐹 (𝑡) ≤ 𝑡𝐹 ′(𝑡) for 𝑡 > 1.

Proof. The first assertion is evident. The next three inequalities follow from the
fact that Φ, Φ′ Φ′′ are increasing, applied to the identities

Ψ′(𝑡) = 𝑒𝑡
∫ ∞

𝑡

Φ′(𝑠− 1)d𝑠, Ψ′′(𝑡) = 𝑒𝑡
∫ ∞

𝑡

Φ′′(𝑠− 1)d𝑠.

Finally, we observe that lim𝑡↓1 𝑡𝐹 ′(𝑡) − 𝐹 (𝑡) = 𝐹 ′(1+) − 𝐹 (1) = 0 and (𝑡𝐹 ′(𝑡) −
𝐹 (𝑡))′ = 𝑡𝐹 ′′(𝑡) ≥ 0: this establishes the last inequality. □

Lemma 4.8. The function 𝑈 is of class 𝐶1 in the interior of 𝑆.

Proof. We compute that

𝑈𝑥(𝑥, 𝑦) =

⎧⎨
⎩
−Ψ(1)

(
𝑥+ 2𝛼+𝛼2

(𝛼+1)(𝛼+2)
∣𝑦∣
)
(𝑥+ ∣𝑦∣)−𝛼/(𝛼+1) if 𝑥+ ∣𝑦∣ < 1,

− 𝛼
𝛼+1Ψ

′
(
𝑥+∣𝑦∣+𝛼

𝛼+1

)
− 𝑥

𝛼+1𝐹
′
(
𝑥+∣𝑦∣+𝛼

𝛼+1

)
if 𝑥+ ∣𝑦∣ > 1

and

𝑈𝑦(𝑥, 𝑦) =

{
1

𝛼+1Ψ(1)(𝑥+ ∣𝑦∣)−𝛼/(𝛼+1)𝑦 if 𝑥+ ∣𝑦∣ < 1,[
1

𝛼+1Ψ
′
(
𝑥+∣𝑦∣+𝛼

𝛼+1

)
− 𝑥

𝛼+1𝐹
′
(
𝑥+∣𝑦∣+𝛼

𝛼+1

)]
𝑦′ if 𝑥+ ∣𝑦∣ > 1.

It remains to note that the partial derivatives match at the boundary {(𝑥, 𝑦) ∈ 𝑆 :
𝑥+ ∣𝑦∣ = 1}. Furthermore, observe that 𝑈𝑥 and 𝑈𝑦 can be extended to continuous
functions on the whole strip: denote the extensions by 𝐴 and 𝐵, respectively. □

Now let us verify the conditions 1∘, 2∘ and 3∘. Since 𝑈𝑥 < 0 (see the formula
above), we have

𝑈(𝑥, 𝑦) ≥ 𝑈(1, 𝑦) = Φ

( ∣𝑦∣
𝛼+ 1

)
= 𝑉 (𝑥, 𝑦).

To show 2∘, observe that

𝐴(𝑥, 𝑦) + 𝛼∣𝐵(𝑥, 𝑦)∣ =
{−Ψ(1)𝑥(𝑥+ ∣𝑦∣)−𝛼/(𝛼+1) if 𝑥+ ∣𝑦∣ ≤ 1,
−𝑥𝐹 ′

(
𝑥+∣𝑦∣+𝛼

𝛼+1

)
if 𝑥+ ∣𝑦∣ > 1

is nonpositive. Now, fix 𝑥 ∈ [0, 1], ℎ ≥ 0 and 𝑦, 𝑘 ∈ ℋ and consider the function
𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 defined as usually. Then 𝐺 is of class 𝐶1, satisfies 𝐺′′(0) ≤ 0 if
𝑥+ ∣𝑦∣ < 1 (see (4.15)) and, for 𝑥+ ∣𝑦∣ > 1,

𝐺′′(0) = 𝐼 + 𝐼𝐼 + 𝐼𝐼𝐼 + 𝐼𝑉,
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where

𝐼=− 1

𝛼+1
𝐹 ′
(

𝑥+ ∣𝑦∣+𝛼

1+𝛼

)
(ℎ2−∣𝑘∣2),

𝐼𝐼=− 𝛼

(𝛼+1)2
𝐹 ′
(

𝑥+ ∣𝑦∣+𝛼

1+𝛼

)
(ℎ+𝑦′ ⋅𝑘)2,

𝐼𝐼𝐼=− 𝑥

(1+𝛼)2
𝐹 ′′
(

𝑥+ ∣𝑦∣+𝛼

1+𝛼

)
(ℎ+𝑦′ ⋅𝑘)2,

𝐼𝑉 =− 1

(1+𝛼)∣𝑦∣
[
(𝑥+ ∣𝑦∣)𝐹 ′

(
𝑥+ ∣𝑦∣+𝛼

1+𝛼

)
−𝐹

(
𝑥+ ∣𝑦∣+𝛼

1+𝛼

)]
(∣𝑘∣2−(𝑦′ ⋅𝑘)2).

Thus, 𝐺′′(0) ≤ 0 if ∣𝑘∣ ≤ ∣ℎ∣; to see that the expression in the square brackets in
𝐼𝑉 is nonnegative, use the last inequality from Lemma 4.7:

𝐹

(
𝑥+ ∣𝑦∣+ 𝛼

1 + 𝛼

)
≤ 𝑥+ ∣𝑦∣+ 𝛼

1 + 𝛼
𝐹 ′
(

𝑥+ ∣𝑦∣+ 𝛼

1 + 𝛼

)
≤ (𝑥+ ∣𝑦∣)𝐹 ′

(
𝑥+ ∣𝑦∣+ 𝛼

1 + 𝛼

)
.

Consequently, 2∘ follows. Applying this condition yields 3∘:

𝑈(𝑥, 𝑦) ≤ 𝑈(0, 0) +𝐴(0, 0)𝑥+𝐵(0, 0)𝑦 ≤ 𝑈(0, 0) =
1 + 𝛼

2 + 𝛼

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡.

The necessary integrability holds and therefore (4.69) is established. □

Sharpness. Let 𝑈0 : 𝑆 → ℝ be given by

𝑈0(𝑥, 𝑦) = sup𝔼Φ

( ∣𝑔𝑛∣
1 + 𝛼

)
,

where the supremum is taken over all 𝑛 and all appropriate processes 𝑓 , 𝑔. Denote
𝐴(𝑦) = 𝑈0(0, 𝑦) and 𝐵(𝑥) = 𝑈0(𝑥, 0) for all 𝑥 ∈ [0, 1] and 𝑦 ∈ ℝ.

Step 1. First we will establish the bound

𝐴(1) ≥
∫ ∞

0

𝑒−𝑠Φ(𝑠)d𝑠. (4.85)

To do this, suppose that 𝑦 > 1 and 𝛿 < 1. We have, by 2∘,

𝐴(𝑦) ≥ 𝑈0(𝛿, 𝑦 + 𝛼𝛿) ≥ (1 − 𝛿)𝐴(𝑦 + (𝛼+ 1)𝛿) + 𝛿𝑈0(1, 𝑦 + (𝛼+ 1)𝛿 − 1)

= (1 − 𝛿)𝐴(𝑦 + (𝛼+ 1)𝛿) + 𝛿Φ

(
𝑦 + (𝛼 + 1)𝛿 − 1

1 + 𝛼

)
,

since there are no nontrivial submartingales bounded by 1 starting from 1. Con-
sequently, by induction,

𝐴(1) ≥ (1− 𝛿)𝑁𝐴(1 +𝑁(𝛼+ 1)𝛿) + 𝛿

𝑁∑
𝑘=1

(1− 𝛿)𝑘−1Φ(𝑘𝛿).
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Therefore, if we set 𝛿 = 𝑦/𝑁 and let 𝑁 →∞, we get

𝐴(1) ≥ 𝑒−𝑦𝐴(1 + (𝛼+ 1)𝑦) +

∫ 𝑦

0

𝑒−𝑠Φ(𝑠)d𝑠 ≥
∫ 𝑦

0

𝑒−𝑠Φ(𝑠)d𝑠.

Letting 𝑦 →∞, we obtain (4.85).
Step 2. Now we will prove that

𝐴(0) ≥ 𝛼+ 1

𝛼+ 2
𝐴(1), (4.86)

which, together with (4.85) and the definition of 𝐴 and 𝑈0 will give the claim.
We apply the inequality which appears right below (4.21), let 𝑁 →∞ and obtain
(𝛼 + 1)𝐴(1) + 𝐵(1) − (𝛼 + 2)𝐴(0) ≤ 0. Since 𝐵(1) = 𝑈0(1, 0) = Φ(0) = 0, the
inequality (4.86) follows. □

On the search of the suitable majorant. Define 𝑈0 : [0, 1]×ℝ→ ℝ by the formula

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (∣𝑔𝑛∣)},

where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀 sub(𝑥, 𝑦) such that 𝑓
takes values in [0, 1]. Of course, we have 𝑈0(1, 𝑦) = 𝑉 (∣𝑦∣), since there is only one
submartingale bounded by 1 and starting from 1. Some experimentation lead to
the following assumptions (as usual, we switch from 𝑈0 to 𝑈):

(A1) 𝑈 is continuous on the strip [0, 1]× ℝ and of class 𝐶1 in its interior.

(A2) When restricted to [0, 1] × [0,∞), 𝑈 is linear along the line segments of
slope −1.

(A3) 𝑈𝑥(0+, 𝑦) + 𝛼𝑈𝑦(0, 𝑦) = 0.

These three conditions lead to the special function used above. We shall not present
the calculations since they are completely analogous to those used in the previous
estimates. □
Remark 4.4. To obtain a related estimate in the case when 𝑓 takes values in
[−1, 1], use the special function 𝑈 : [−1, 1]×ℋ → ℝ given by

𝑈(𝑥, 𝑦) = 𝑈

(
𝑥+ 1

2
,
𝑦

2

)
,

where 𝑈 is defined above. Obviously, the function 𝑈 satisfies the majorization

𝑈(𝑥, 𝑦) ≥ Φ(∣𝑦∣/2)

and enjoys 2∘. Furthermore, 3∘ takes the form

𝑈(𝑥, 𝑦) ≤ 𝛼+ 1

𝛼+ 2
+
2−(𝛼+2)/(𝛼+1)

𝛼+ 2

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡
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provided ∣𝑦∣ ≤ ∣𝑥∣: this is due to the fact that the right-hand side equals

sup
∣𝑦∣≤∣𝑥∣

𝑈

(
𝑥+ 1

2
,
𝑦

2

)
.

Thus, the function 𝑈 leads to the estimate

sup
𝑛≥0

𝔼Φ

( ∣𝑔𝑛∣
2(𝛼+ 1)

)
≤ 𝛼+ 1

𝛼+ 2
+
2−(𝛼+2)/(𝛼+1)

𝛼+ 2

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡,

if 𝑔 is 𝛼-subordinate to a submartingale 𝑓 taking values in [−1, 1].
Similar reasoning can be applied to transfer the results from [0, 1]-valued case

to [−1, 1]-valued case, or in the reverse direction.

4.7.5 Proof of Theorem 4.16

Proof of (4.70). Let 𝑉 : [0, 1] × ℝ → ℝ be given by 𝑉 (𝑥, 𝑦) = ∣𝑦∣. To define the
corresponding 𝑈 , consider the following subsets of [0, 1]× ℝ:

𝐷1 =

{
(𝑥, 𝑦) : 𝑥 ≤ 𝛼

2𝛼+ 1
, 𝑥+ ∣𝑦∣ > 𝛼

2𝛼+ 1

}
,

𝐷2 =

{
(𝑥, 𝑦) : 𝑥 ≥ 𝛼

2𝛼+ 1
, −𝑥+ ∣𝑦∣ > − 𝛼

2𝛼+ 1

}
,

𝐷3 =

{
(𝑥, 𝑦) : 𝑥 ≥ 𝛼

2𝛼+ 1
, −𝑥+ ∣𝑦∣ ≤ − 𝛼

2𝛼+ 1

}
,

𝐷4 =

{
(𝑥, 𝑦) : 𝑥 ≤ 𝛼

2𝛼+ 1
, 𝑥+ ∣𝑦∣ ≤ 𝛼

2𝛼+ 1

}
.

Let 𝐻 : ℝ2 → ℝ be defined by

𝐻(𝑥, 𝑦) = (∣𝑥∣+ ∣𝑦∣)1/(𝛼+1)((𝛼 + 1)∣𝑥∣ − ∣𝑦∣)
and, finally, introduce 𝑈 : [0, 1]× ℝ→ ℝ by

𝑈(𝑥, 𝑦) = −𝛼𝑥+ ∣𝑦∣+ 𝛼+ exp
[
− 2𝛼+ 1

𝛼+ 1

(
𝑥+ ∣𝑦∣ − 𝛼

2𝛼+ 1

)](
𝑥+

1

2𝛼+ 1

)
if (𝑥, 𝑦) ∈ 𝐷1,

𝑈(𝑥, 𝑦) = −𝛼𝑥+ ∣𝑦∣+ 𝛼+ exp
[
− 2𝛼+ 1

𝛼+ 1

(
− 𝑥+ ∣𝑦∣+ 𝛼

2𝛼+ 1

)]
(1− 𝑥)

if (𝑥, 𝑦) ∈ 𝐷2,

𝑈(𝑥, 𝑦) = −(1− 𝑥) log
[2𝛼+ 1

𝛼+ 1
(1 − 𝑥+ ∣𝑦∣)

]
+ (𝛼+ 1)(1− 𝑥) + ∣𝑦∣
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if (𝑥, 𝑦) ∈ 𝐷3 and

𝑈(𝑥, 𝑦) = − 𝛼2

(2𝛼+ 1)(𝛼+ 2)

[
1 +

(2𝛼+ 1
𝛼

)(𝛼+2)/(𝛼+1)

𝐻(𝑥, 𝑦)
]
+
2𝛼2

2𝛼+ 1
+ 1

if (𝑥, 𝑦) ∈ 𝐷4.

It suffices to verify the conditions 1∘, 2∘, 3∘ and check the necessary inte-
grability (which is easy, since 𝑓 , and hence also each 𝑔𝑛, are bounded). The first
and the third condition are relatively simple, and the concavity property was in
fact verified in the proof of the logarithmic inequality (4.44): there are many sim-
ilarities between the above 𝑈 and the special function used there. We omit the
details. □

Sharpness of (4.70). If 𝛼 = 0, then we take the constant processes 𝑓 = 𝑔 ≡
(1, 1, 1, . . .): then the two sides of (4.70) are equal. Thus, from now on, 𝛼 > 0. Let

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑔𝑛∣},

where the supremum is taken over all 𝑛 and appropriate 𝑓 , 𝑔. Let 𝐴(𝑦) = 𝑈0(0, 𝑦),
𝐵(𝑥) = 𝑈0(𝑥, 0) and 𝐶(𝑦) = 𝑈0(𝛼/(2𝛼+ 1), 𝑦 − 𝛼/(2𝛼+ 1)).

Now we split the reasoning into three steps.

Step 1. First we observe that, by the diagonal concavity of 𝑈0 and the fact
that 𝑈0(1, 𝑦) = ∣𝑦∣ for all 𝑦,

𝐵

(
𝛼

2𝛼+ 1

)
≥ 𝛼+ 1

2𝛼+ 1
𝐴

(
𝛼

2𝛼+ 1

)
+

𝛼

2𝛼+ 1
𝑈0

(
0,− 𝛼+ 1

2𝛼+ 1

)

=
𝛼+ 1

2𝛼+ 1
𝐴

(
𝛼

2𝛼+ 1

)
+

𝛼(𝛼 + 1)

(2𝛼+ 1)2
.

(4.87)

Step 2.Next we observe that (4.61) holds; indeed, all the arguments leading to
it are valid, since 𝑈0(1, 𝑦) = ∣𝑦∣ for all 𝑦. Applying this inequality for 𝑦 = 𝛼/(2𝛼+1)
yields[

𝐴

(
𝛼

2𝛼+ 1

)
− 𝛼

2𝛼+ 1

]
(𝛼+ 1)− 𝐶

(
𝛼

2𝛼+ 1

)
+

𝛼

2𝛼+ 1
≥ 2𝛼

3 + 2𝛼2 + 𝛼

2𝛼+ 1
,

which can be rewritten as

(𝛼+ 1)𝐴

(
𝛼

2𝛼+ 1

)
−𝐵

(
𝛼

2𝛼+ 1

)
≥ 𝛼(𝛼+ 1), (4.88)

since 𝐵
(

𝛼
2𝛼+1

)
= 𝐶

(
𝛼

2𝛼+1

)
. Combining this with (4.87) gives

𝐴

(
𝛼

2𝛼+ 1

)
≥ 2𝛼

2 + 2𝛼+ 1

2𝛼+ 1
(4.89)
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and plugging this into (4.87) yields

𝐵

(
𝛼

2𝛼+ 1

)
≥ (𝛼+ 1)

2

2𝛼+ 1
(4.90)

Step 3. Let 𝑁 be a fixed positive integer and let 𝛿 = 𝛼/((2𝛼 + 1)𝑁). Note
that we may use the inequality (4.21): the reasoning which gives this estimate is
still working. So, write this bound for any 𝑘 = 0, 1, 2, . . . , 𝑁 − 1 and sum the
obtained estimates to get

(𝛼+ 1)

[
𝐴

(
𝛼

2𝛼+ 1

)
−𝐴(0)

]
+𝐵

(
𝛼

2𝛼+ 1

)
−𝐵(0)

≤
𝑁−1∑
𝑘=0

𝐴((𝑘 + 1)(𝛼+ 1)𝛿)−𝐴(𝑘(𝛼 + 1)𝛿)

2𝑘 + 1
.

(4.91)

Note that for any 𝑦 and 𝑑 we have

∣𝐴(𝑦 + 𝑑)−𝐴(𝑦)∣ ≤ ∣𝑑∣, (4.92)

in view of triangle inequality. Indeed, if 𝑓 , 𝑔 are as in the definition of 𝑈0(0, 𝑦),
then 𝔼∣𝑔𝑛∣ ≤ 𝔼∣𝑔𝑛 + 𝑑∣ + ∣𝑑∣ ≤ 𝑈0(0, 𝑦 + 𝑑) + ∣𝑑∣, so taking the supremum over
𝑓 , 𝑔 and 𝑛 gives 𝐴(𝑦) − 𝐴(𝑦 + 𝑑) ≤ ∣𝑑∣; replacing 𝑑 by −𝑑 and 𝑦 by 𝑦 + 𝑑 gives
𝐴(𝑦 + 𝑑)− 𝐴(𝑦) ≤ ∣𝑑∣ and (4.92) follows. Consequently, if 𝑁 goes to ∞, then the
right-hand side of (4.91) converges to 0 and we get

(𝛼+ 2)𝐴(0) ≥ (𝛼+ 1)𝐴
(

𝛼

2𝛼+ 1

)
+𝐵

(
𝛼

2𝛼+ 1

)
,

since 𝐴(0) = 𝐵(0). Finally, applying (4.89) and (4.90) gives

𝐴(0) ≥ (𝛼+ 1)(2𝛼
2 + 3𝛼+ 2)

(2𝛼+ 1)(𝛼+ 2)
,

which yields the claim. Indeed, there is a pair (𝑓, 𝑔) starting from (0, 0) such that
𝑓 is a nonnegative submartingale bounded by 1 and 𝑔 is 𝛼-subordinate to 𝑓 such
that ∣∣𝑔∣∣1 is arbitrarily close to the right-hand side of (4.70). □

On the search of the suitable majorant. Essentially, one needs to repeat the argu-
mentation from Step 4 in the analogous search corresponding to the logarithmic
inequality (4.44); then one gets the formula for the special function on 𝐷1 ∪ 𝐷2.
To deal with the set 𝐷4, use the argumentation from the search corresponding to
the inequality (4.12). Finally, the formula on set 𝐷3 is obtained by exploiting the
assumption

(A) When restricted to 𝐷3 ∩ {𝑦 ≥ 0}, 𝑈 is linear along the line segments of
slope 1.

We omit the details. □
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4.8 On the optimal control of nonnegative
submartingales

4.8.1 Formulation of the result

Throughout, the function 𝑈 : [0,∞)× ℝ→ ℝ is given by (4.98) below.

Theorem 4.17. Let 𝑓 be a nonnegative submartingale starting from 𝑥 ≥ 0 and let
𝑔 be a sequence starting from 𝑦 ∈ ℝ such that

∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣ and ∣𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)∣ ≤ 𝔼(𝑑𝑓𝑛∣ℱ𝑛−1) for all 𝑛 ≥ 1. (4.93)

Then

ℙ(𝑔∗ ≥ 0) ≤ ∣∣𝑓 ∣∣1 + 𝑈(𝑥, 𝑦) (4.94)

and the inequality is sharp.

This leads to the following result on the optimal control of submartingales.
Let 𝐿 : [0,∞)× ℝ× [0, 1]→ ℝ be given by (4.113) below.

Theorem 4.18. Let 𝑓 be a nonnegative submartingale starting from 𝑥 ≥ 0 and let
𝑔 start from 𝑦 ∈ ℝ. Suppose that (4.93) holds. If 𝑔 satisfies the one-sided estimate

ℙ(𝑔∗ ≥ 𝛽) ≥ 𝑡, (4.95)

where 𝑡 ∈ [0, 1] is a fixed number, then

∣∣𝑓 ∣∣1 ≥ 𝐿(𝑥, 𝑦 − 𝛽, 𝑡) (4.96)

and the bound is the best possible. In particular, if 𝑔 is strongly differentially sub-
ordinate to 𝑓 , then we have a sharp inequality

∣∣𝑓 ∣∣1 ≥ 𝐿(𝑥, 𝑥− 𝛽, 𝑡). (4.97)

Finally, Theorem 4.17 leads to the following one-sided weak type inequality.

Theorem 4.19. Assume that 𝑓 is a nonnegative submartingale and 𝑔 is strongly
differentially subordinate to 𝑓 . Then for any 𝜆 > 0 we have

𝜆ℙ(𝑔∗ ≥ 𝜆) ≤ 8
3
∣∣𝑓 ∣∣1

and the constant 8/3 is the best possible.



200 Chapter 4. Sub- and Supermartingale Inequalities in Discrete Time

4.8.2 Proof of Theorem 4.17

Proof of (4.94). Let 𝑓 , 𝑔 be as in the statement. By the stopping time argument,
it suffices to establish the bound

ℙ(𝑔𝑛 ≥ 0)− 𝔼𝑓𝑛 ≤ 𝑈(𝑥, 𝑦), 𝑛 = 0, 1, 2, . . . .

Let 𝑉 : [0,∞) × ℝ → ℝ be given by 𝑉 (𝑥, 𝑦) = 1{𝑦≥0} − 𝑥. To introduce the
corresponding special function, consider first the following subsets of [0,∞)× ℝ:

𝐷0 = {(𝑥, 𝑦) : 𝑥+ 𝑦 ≥ 0},
𝐷1 = {(𝑥, 𝑦) : (𝑥− 8)/3 ≤ 𝑦 < −𝑥},
𝐷2 = {(𝑥, 𝑦) : 𝑥− 4 < 𝑦 < (𝑥− 8)/3},
𝐷3 =

(
[0,∞)× ℝ

)
∖ (𝐷0 ∪𝐷1 ∪𝐷2).

Let 𝑈 : [0,∞)× ℝ→ ℝ be given by

𝑈(𝑥, 𝑦) =

⎧⎨
⎩
1− 𝑥 if (𝑥, 𝑦) ∈ 𝐷0,
1
16 (3𝑥+ 3𝑦 + 8)

1/3(−5𝑥+ 3𝑦 + 8) if (𝑥, 𝑦) ∈ 𝐷1,

− 1
4𝑥(6𝑥− 6𝑦 − 16)1/3 if (𝑥, 𝑦) ∈ 𝐷2,

2𝑥
𝑥−𝑦 − 𝑥 if (𝑥, 𝑦) ∈ 𝐷3.

(4.98)

In addition, we introduce 𝐴, 𝐵 : [0,∞)× ℝ→ ℝ by

𝐴(𝑥, 𝑦) =

⎧⎨
⎩
−1 if (𝑥, 𝑦) ∈ 𝐷0,
1
4
(3𝑥+ 3𝑦 + 8)−2/3(−5𝑥− 3𝑦 − 8) if (𝑥, 𝑦) ∈ 𝐷1,

1
2 (6𝑥− 6𝑦 − 16)−2/3(−4𝑥+ 3𝑦 + 8) if (𝑥, 𝑦) ∈ 𝐷2,

− 2𝑦
(𝑥−𝑦)2 − 1 if (𝑥, 𝑦) ∈ 𝐷3

and

𝐵(𝑥, 𝑦) =

⎧⎨
⎩
0 if (𝑥, 𝑦) ∈ 𝐷0,
1
4 (3𝑥+ 3𝑦 + 8)

−2/3(𝑥+ 3𝑦 + 8) if (𝑥, 𝑦) ∈ 𝐷1,
1
2
𝑥(6𝑥− 6𝑦 − 16)−2/3 if (𝑥, 𝑦) ∈ 𝐷2,
2𝑥

(𝑥−𝑦)2 if (𝑥, 𝑦) ∈ 𝐷3.

It is straightforward to check that 𝑈 is continuous and of class 𝐶1 on 𝐸 = {(𝑥, 𝑦) :
𝑥 > 0, 𝑥 + 𝑦 ∕= 0}; in addition, 𝐴 = 𝑈𝑥 and 𝐵 = 𝑈𝑦 on this set. Let us verify
that 𝑈 and 𝑉 satisfy the conditions 1∘, 2∘′ (property 3∘ is not required here,
due to the form of the problem). The majorization is easy: for a fixed 𝑥, the
function 𝑦 �→ 𝑈(𝑥, 𝑦) is nondecreasing (since 𝐵 ≥ 0), lim𝑦→−∞ 𝑈(𝑥, 𝑦) = −𝑥 and
𝑈(𝑥, 𝑦) = 1 − 𝑥 for sufficiently large 𝑦. Let us turn to 2∘′. Fix 𝑥 ≥ 0, 𝑦 ∈ ℝ,
𝑎 ∈ [−1, 1] and consider the function 𝐺 = 𝐺𝑥,𝑦,𝑎 : [−𝑥,∞) → ℝ given by 𝐺(𝑡) =



4.8. On the optimal control of nonnegative submartingales 201

𝑈(𝑥+ 𝑡, 𝑦+𝑎𝑡). We must prove that 𝐺 is concave and nonincreasing. Observe that
𝐺′

𝑥,𝑦,𝑎(−𝑥+) ≤ 0: this follows directly from the estimate 𝐴(0, 𝑦) + ∣𝐵(0, 𝑦)∣ ≤ 0
for all 𝑦 (which is straightforward to check). Consequently, 2∘′ will be established
if we show the concavity of 𝐺, which, as we already know, reduces to verifying
the inequalities 𝐺′′(0) ≤ 0 for (𝑥, 𝑦) ∈ 𝐷∘

𝑖 and 𝐺′(0−) ≥ 𝐺′(0+) for (𝑥, 𝑦) /∈ 𝐸. If
(𝑥, 𝑦) lies in 𝐷∘

0 , then 𝐺′′(0) = 0. For (𝑥, 𝑦) ∈ 𝐷∘
1 , a little calculation yields

𝐺′′(0) =
1

4
(3𝑥+ 3𝑦 + 8)−5/3(𝑎+ 1)

[
(𝑎− 3)(−𝑥+ 3𝑦 + 8) + 8(𝑎− 1)𝑥],

which is nonpositive: this follows from ∣𝑎∣ ≤ 1 and −𝑥+ 3𝑦 + 8 ≥ 0, coming from
the definition of 𝐷1. If (𝑥, 𝑦) ∈ 𝐷∘

2 , then

𝐺′′(0) = 2(1− 𝑎)(6𝑥− 6𝑦 − 16)−5/3
[− 𝑥(𝑎+ 1) + (−𝑥+ 3𝑦 + 8)

] ≤ 0,
since −𝑥+ 3𝑦+8 ≤ 0, by the definition of 𝐷2. Finally, if (𝑥, 𝑦) belongs to 𝐷∘

3 , we
have

𝐺′′(0) = 4(1− 𝑎)(𝑥− 𝑦)−3
[− (𝑎+ 1)𝑥+ (𝑥+ 𝑦)

] ≤ 0,
because 𝑥 + 𝑦 ≤ 0. It remains to check the inequality for one-sided derivatives.
The condition 𝑥 > 0, (𝑥, 𝑦) /∈ 𝐸 is equivalent to 𝑥 > 0 and 𝑥 + 𝑦 = 0. If (𝑥, 𝑦) ∈
∂𝐷0 ∩ ∂𝐷1 (so 𝑦 = −𝑥 ∈ [−2, 0)), then after some straightforward computations,

𝐺′(0−) = 1
8
[(𝑎+ 1)𝑦 + 4𝑎− 4] ≥ 1

4
(𝑎+ 1)− 1 ≥ −1 = 𝐺′(0+).

On the other hand, if (𝑥, 𝑦) ∈ ∂𝐷3 ∩ ∂𝐷0 and 𝑥 > 2, then

𝐺′(0−) = 𝑎+ 1

8𝑥
− 1 ≥ −1 = 𝐺′(0+)

and we are done. Thus, all that remains is to verify the required integrability; but
this follows immediately from the easy estimates

∣𝑈(𝑥, 𝑦)∣ ≤ 1 + 𝑥, ∣𝐴(𝑥, 𝑦)∣ ≤ 1, ∣𝐵(𝑥, 𝑦)∣ ≤ 1,
valid for all 𝑥 ≥ 0 and 𝑦 ∈ ℝ. Thus, Burkholder’s method guarantees that (4.94)
holds true. □

Sharpness. Let 𝛿 > 0 be a fixed small number, to be specified later. Consider a
Markov family (𝑓𝑛, 𝑔𝑛) on [0,∞)× ℝ, with the transitions described as follows:

(i) The states {(𝑥, 𝑦) : 𝑦 ≥ 0} and {(0, 𝑦) : 𝑦 ≤ −8/3} are absorbing.
(ii) For −𝑥 ≤ 𝑦 < 0, the state (𝑥, 𝑦) leads to (𝑥 + 𝑦, 0) or to (𝑥 − 𝑦, 2𝑦), with
probabilities 1/2.

(iii) The state (𝑥, 𝑦) ∈ 𝐷1, 𝑥 > 0, leads to (0, 𝑦+𝑥) or to (3𝑥+3𝑦
4 +2+𝛿, 𝑥+𝑦

4 −2−𝛿),
with probabilities 𝑝1 and 1−𝑝1, where 𝑝1 = (−𝑥+3𝑦+8+4𝛿)/(3𝑥+3𝑦+8+4𝛿).

(iv) The state (𝑥, 𝑦) ∈ 𝐷2, 𝑥 > 0, leads to (0, 𝑦 − 𝑥) or to (3𝑥−3𝑦
2 − 4, 𝑥−𝑦

2 − 4),
with probabilities 𝑝2 and 1− 𝑝2, where 𝑝2 = (𝑥− 3𝑦 − 8)/(3𝑥− 3𝑦 − 8).
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(v) The state (𝑥, 𝑦) ∈ 𝐷3, 𝑥 > 0, leads to (0, 𝑦 − 𝑥) or to (𝑥−𝑦
2 , 𝑦−𝑥

2 ), with
probabilities 𝑝3 and 1− 𝑝3, where 𝑝3 = −(𝑥+ 𝑦)/(𝑥− 𝑦).

(vi) The state (0, 𝑦), 𝑦 ∈ (−8/3, 0), leads to (0 + 2𝛿, 𝑦 + 2𝛿).
Let 𝑥 ≥ 0 and 𝑦 ∈ ℝ. It is not difficult to check that under the probability

measure ℙ𝑥,𝑦 = ℙ(⋅∣(𝑓0, 𝑔0) = (𝑥, 𝑦)), the sequence 𝑓 is a nonnegative submartin-
gale and 𝑔 satisfies 𝑑𝑔𝑛 = ±𝑑𝑓𝑛 for 𝑛 ≥ 1 (so (4.93) holds). In fact, the steps
described in (i)–(v) are martingale moves in the sense that

𝔼𝑥,𝑦

(
(𝑓𝑛+1, 𝑔𝑛+1)∣(𝑓𝑛, 𝑔𝑛) = (𝑥

′, 𝑦′)
)
= (𝑥′, 𝑦′),

provided the conditioning event has nonzero probability and (𝑥′, 𝑦′) belongs to
one of the sets from (i)–(v). Set

𝑃 𝛿(𝑥, 𝑦) = ℙ𝑥,𝑦(𝑔
∗ ≥ 0), 𝑀 𝛿(𝑥, 𝑦) = lim

𝑛→∞𝔼𝑥,𝑦𝑓𝑛. (4.99)

Usually we will omit the upper index and write 𝑃 , 𝑀 instead of 𝑃 𝛿, 𝑀 𝛿, but it
should be kept in mind that these functions do depend on 𝛿. We will prove that if
this parameter is sufficiently small, then

𝑃 (𝑥, 𝑦)−𝑀(𝑥, 𝑦) is arbitrarily close to 𝑈(𝑥, 𝑦). (4.100)

This will clearly yield the claim. It is convenient to split the remaining part of the
proof into a few steps.

1∘. The case 𝑦 ≥ 0. Here (4.100) is trivial: 𝑃 (𝑥, 𝑦) = 1, 𝑀(𝑥, 𝑦) = 𝑥 for all 𝛿,
and 𝑈(𝑥, 𝑦) = 1− 𝑥.

2∘. The case 𝑥 = 0, 𝑦 ≤ −8/3. Again, (4.100) is obvious: 𝑃 (𝑥, 𝑦) =𝑀(𝑥, 𝑦) = 0
for all 𝛿, and 𝑈(𝑥, 𝑦) = 0.

3∘. The case −𝑥 ≤ 𝑦 < 0. For any 𝛿 > 0 and 𝑛 ≥ 1, it is easy to see that
ℙ𝑥,𝑦(𝑔𝑛 ≥ 0) = 1− 2−𝑛 and 𝔼𝑥,𝑦𝑓𝑛 = 𝑥. Letting 𝑛 →∞, we get 𝑃 (𝑥, 𝑦) = 1
and 𝑀(𝑥, 𝑦) = 𝑥, which yields (4.100), since 𝑈(𝑥, 𝑦) = 1− 𝑥.

4∘. The case {(𝑥, 𝑦) : 𝑦 = 𝑥/3− 8/3, 𝑥 ∈ (0, 2)} ∪ {(𝑥, 𝑦) : 𝑥 = 0, 𝑦 ∈ (−8/3, 0)}.
This is the most technical part. Let us first deal with

𝐴(𝑥) := 𝑃 (𝑥, 𝑥/3− 8/3), and 𝐵(𝑥) := 𝑃 (0, 4𝑥/3− 8/3)

for 0 < 𝑥 < 2. We will prove that

lim
𝛿→0

𝐴(𝑥) =
2

3

(𝑥

2

)1/3
+
1

3

(𝑥

2

)4/3
, lim

𝛿→0
𝐵(𝑥) =

4

3

(𝑥

2

)1/3
− 1
3

(𝑥

2

)4/3
. (4.101)

This will be done by showing that

lim
𝛿→0

[
𝐴(𝑥) +𝐵(𝑥)

]
= 2(𝑥/2)1/3, lim

𝛿→0
[2𝐴(𝑥)−𝐵(𝑥)] = (𝑥/2)4/3. (4.102)
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To get the first statement above, note that by (iii) and the Markov property, we
have

𝑃

(
𝑥,

𝑥

3
− 8
3

)
=

𝑥

𝑥+ 𝛿
𝑃

(
𝑥+ 𝛿,

𝑥

3
− 8
3
− 𝛿

)
+

𝛿

𝑥+ 𝛿
𝑃

(
0,
4

3
𝑥− 8
3

)
,

which can be rewritten in the form

𝐴(𝑥) =
𝑥

𝑥+ 𝛿
𝑃

(
𝑥+ 𝛿,

𝑥

3
− 8
3
− 𝛿

)
+

𝛿

𝑥+ 𝛿
𝐵(𝑥). (4.103)

Similarly, using (iv) and the Markov property, we get

𝑃

(
𝑥+ 𝛿,

𝑥

3
− 8
3
− 𝛿

)
=

𝑥+ 𝛿

𝑥+ 3𝛿
𝐴(𝑥+ 3𝛿) +

2𝛿

𝑥+ 3𝛿
𝑃

(
0,−2
3
𝑥− 8
3
− 2𝛿

)

=
𝑥+ 𝛿

𝑥+ 3𝛿
𝐴(𝑥+ 3𝛿),

where in the last passage we have used 2∘. Plugging this into (4.103) yields

𝐴(𝑥) =
𝑥

𝑥+ 3𝛿
𝐴(𝑥+ 3𝛿) +

𝛿

𝑥+ 𝛿
𝐵(𝑥). (4.104)

Analogous argumentation, with the use of (iii), (vi) and the Markov property,
leads to the equation

𝐵(𝑥) =
2𝛿

𝑥+ 3𝛿
𝐴(𝑥 + 3𝛿) +

𝑥+ 𝛿

𝑥+ 3𝛿
𝐵(𝑥 + 3𝛿). (4.105)

Adding (4.104) to (4.105) gives

𝐴(𝑥)+
𝑥

𝑥+ 𝛿
𝐵(𝑥) =

𝑥+ 2𝛿

𝑥+ 3𝛿

[
𝐴(𝑥+ 3𝛿) +

𝑥+ 3𝛿

𝑥+ 4𝛿
𝐵(𝑥+ 3𝛿)

]
+𝑐(𝑥, 𝛿)⋅𝛿2, (4.106)

where

𝑐(𝑥, 𝛿) = − 2𝐵(𝑥+ 3𝛿)

(𝑥+ 3𝛿)(𝑥+ 4𝛿)
,

which can be bounded in absolute value by 2/𝑥2. Now we use (4.106) several times:
if 𝑁 is the largest integer such that 𝑥+ 3𝑁𝛿 < 2, then

𝐴(𝑥) +
𝑥

𝑥+ 𝛿
𝐵(𝑥) =

𝑥+ 2𝛿

𝑥+ 3𝛿
⋅ 𝑥+ 5𝛿
𝑥+ 6𝛿

⋅ ⋅ ⋅ ⋅ ⋅ 𝑥+ 3𝑁𝛿 − 𝛿

𝑥+ 3𝑁𝛿
(4.107)

×
[
𝐴(𝑥 + 3𝑁𝛿) +

𝑥+ 3𝑁𝛿

𝑥+ 3𝑁𝛿 + 𝛿
𝐵(𝑥+ 3𝑁𝛿)

]
+ 𝑐𝑁𝛿2,

where ∣𝑐∣ < 2/𝑥2. Now we will study the limit behavior of the terms on the right
as 𝛿 → 0. First, note that for any 𝑘 = 1, 2, . . . , 𝑁 ,

𝑥+ 3𝑘𝛿 − 𝛿

𝑥+ 3𝑘𝛿
= exp

(
− 𝛿

𝑥+ 3𝑘𝛿

)
⋅ exp(𝑑(𝑘)𝛿2),
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where ∣𝑑(𝑘)∣ ≤ 1/𝑥2; consequently,

𝑁∏
𝑘=1

𝑥+ 3𝑘𝛿 − 𝛿

𝑥+ 3𝑘𝛿
= exp

(
−

𝑁∑
𝑘=1

𝛿

𝑥+ 3𝑘𝛿

)
exp(𝑑𝑁𝛿2), (4.108)

for some 𝑑 satisfying ∣𝑑∣ ≤ 1/𝑥2. Since 𝑁 = 𝑂(1/𝛿) for small 𝛿, we conclude that

the product in (4.108) converges to exp(− 1
3

∫ 2

𝑥 𝑡−1d𝑡) = (𝑥/2)1/3 as 𝛿 → 0.
The next step is to show that the expression in the square brackets in (4.107)

converges to 2 as 𝛿 → 0. First observe that

𝐵(𝑥+ 3𝑁𝛿) = 𝑃

(
0, 4𝑥/3 + 4𝑁𝛿 − 8

3

)
= 𝑃

(
2𝛿, 4𝑥/3 + 4𝑁𝛿 − 8

3
+ 2𝛿

)
= 1,

where in the first passage we have used the definition of 𝐵, in the second we
have exploited (vi), and the latter is a consequence of 1∘ and 3∘. To show that
𝐴(𝑥+ 3𝑁𝛿) converges to 1, use (4.103), with 𝑥 replaced by 𝑥+ 3𝑁𝛿, to get

𝐴(𝑥+3𝑁𝛿) =
𝑥+ 3𝑁𝛿

𝑥+ 3𝑁𝛿 + 3𝛿
𝑃

(
𝑥+ 3𝑁𝛿 + 𝛿,

𝑥+ 3𝑁𝛿

3
− 8
3
− 𝛿

)
+

𝛿

𝑥+ 3𝑁𝛿 + 𝛿
.

Note that, by the definition of 𝑁 , the point under 𝑃 lies in 𝐷3, and arbitrarily
close to the line 𝑦 = −𝑥, if 𝛿 is sufficiently small. Thus, by (v) and 2∘,

𝑃

(
𝑥+ 3𝑁𝛿 + 𝛿,

𝑥+ 3𝑁𝛿

3
− 8
3
− 𝛿

)

can be made arbitrary close to 1, provided 𝛿 is small enough. Summarizing, letting
𝛿 → 0 in (4.107) yields the first limit in (4.102). To get the second one, multiply
both sides of (4.105) by 1/2, subtract it from (4.104) and proceed as previously.

Next we show that 𝐶(𝑥) := 𝑀(𝑥, 𝑥/3 − 8/3), 𝐷(𝑥) := 𝑀(0, 4𝑥/3 − 8/3),
𝑥 ∈ (0, 2), satisfy

lim
𝛿→0

𝐶(𝑥) =
2

3

(𝑥

2

)1/3
+
4

3

(𝑥

2

)4/3
, lim

𝛿→0
𝐷(𝑥) =

4

3

(𝑥

2

)1/3
− 4
3

(𝑥

2

)4/3
. (4.109)

We proceed in a similar manner: arguing as before, 𝐶 and 𝐷 satisfy the same
system of equations as 𝐴 and 𝐵, that is, (4.104) and (4.105). The only difference
in the further considerations is that 𝐶(𝑥 + 3𝑁𝛿) → 2 and 𝐷(𝑥 + 3𝑁𝛿) → 0 as
𝛿 → 0.

The final step is to combine (4.101) and (4.109). We get

lim
𝛿→0

[
𝐴(𝑥) − 𝐶(𝑥)

]
= 𝑈 (𝑥, 𝑥/3− 8/3) , lim

𝛿→0

[
𝐵(𝑥) −𝐷(𝑥)

]
= 𝑈 (0, 4𝑥/3− 8/3) ,

as desired.

5∘. The remaining (𝑥, 𝑦)’s. Now (4.100) is easily deduced from the previous
cases using the Markov property: the point (𝑥, 𝑦) leads, in at most two steps, to
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the state for which we have already calculated the (limiting) values of 𝑃 and 𝑀 .
For example, if (𝑥, 𝑦) ∈ 𝐷3, we have

𝑃 (𝑥, 𝑦) = 𝑝3𝑃 (0, 𝑦 − 𝑥) + (1− 𝑝3)𝑃

(
𝑥− 𝑦

2
,
𝑦 − 𝑥

2

)
= 1− 𝑝3 =

2𝑥

𝑥− 𝑦
,

𝑀(𝑥, 𝑦) = 𝑝3𝑀(0, 𝑦 − 𝑥) + (1− 𝑝3)𝑀

(
𝑥− 𝑦

2
,
𝑦 − 𝑥

2

)
= 𝑥,

in view of 1∘ and 3∘. Since 𝑈(𝑥, 𝑦) = 𝑃 (𝑥, 𝑦)−𝑀(𝑥, 𝑦), (4.100) follows. The other
states are checked similarly. The proof of the sharpness is complete.

We conclude this section with an observation which follows immediately from
the above considerations. It will be needed later in the proof of Theorem 4.18.

Remark 4.5. The function 𝑄 : [0,∞)× ℝ→ [0, 1], given by

𝑄(𝑥, 𝑦) = lim
𝛿→0

𝑃 (𝑥, 𝑦),

is continuous.

4.8.3 Proof of Theorem 4.18

We start with the following auxiliary fact.

Lemma 4.9.

(i) Suppose that

𝑦 < −𝑥 < 0 and

(
4𝑥

𝑥− 3𝑦
)1/3

2𝑥− 2𝑦
𝑥− 3𝑦 < 𝑡 < 1. (4.110)

Then there is a unique positive number 𝐶0 = 𝐶0(𝑥, 𝑦, 𝑡) satisfying 𝐶0 ≤
8/(𝑥− 3𝑦) (equivalently, (𝐶0𝑥,𝐶0𝑦) ∈ 𝐷1) and

1

16
𝐶2

0 (𝑥+ 𝑦)(5𝑥− 3𝑦) + 𝐶0(𝑥+ 𝑦) + 4 = 𝑡(3𝐶0(𝑥+ 𝑦) + 8)2/3. (4.111)

(ii) Suppose that

𝑦 < −𝑥 < 0 and
2𝑥

𝑥− 𝑦
< 𝑡 ≤

(
4𝑥

𝑥− 3𝑦
)1/3

2𝑥− 2𝑦
𝑥− 3𝑦 . (4.112)

Then there is a unique positive number 𝐶1 = 𝐶1(𝑥, 𝑦, 𝑡) such that 8/(𝑥−3𝑦) ≤
𝐶1 ≤ 4/(𝑥− 𝑦) (equivalently, (𝐶1𝑥,𝐶1𝑦) ∈ 𝐷2) and

𝐶2
1𝑥(𝑥− 𝑦) = 2𝑡(6𝐶1(𝑥− 𝑦)− 16)2/3.
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Proof. We will only prove (i), since the second part can be established essentially
in the same manner. Let

𝐹 (𝐶) =
1

16
𝐶2(𝑥+ 𝑦)(5𝑥− 3𝑦) + 𝐶(𝑥 + 𝑦) + 4− 𝑡(3𝐶(𝑥+ 𝑦) + 8)2/3.

It can be readily verified that 𝐹 ′ is convex and satisfies 𝐹 ′(0+) = (𝑥+ 𝑦)(1− 𝑡) <
0: thus 𝐹 is either decreasing on (0, 8/(𝑥 − 3𝑦)), or decreasing on (0, 𝑥0) and
increasing on (𝑥0, 8/(𝑥 − 3𝑦) for some 𝑥0 from (0, 8/(𝑥− 3𝑦)). It suffices to note
that 𝐹 (0) = 4− 4𝑡 > 0 and

𝐹

(
8

𝑥− 3𝑦
)
= 4

(
4𝑥

𝑥− 3𝑦
)2/3

[(
4𝑥

𝑥− 3𝑦
)1/3

2𝑥− 2𝑦
𝑥− 3𝑦 − 𝑡

]
< 0.

The claim is proved. □

Let 𝐿 : [0,∞)× ℝ× [0, 1]→ ℝ be given by

𝐿(𝑥, 𝑦, 𝑡) =

⎧⎨
⎩

(𝑥− 𝑦)/2 if 𝑡 = 1,
𝑡
𝐶0
− (3𝐶0(𝑥+ 𝑦) + 8)1/3(−5𝑥+3𝑦

16 + 1
2𝐶0
) if (4.110) holds,

𝑡
𝐶1
+ 𝐶1𝑥

4

(
𝑥(𝑥−𝑦)

2𝑡

)1/2
if (4.112) holds,

𝑥 if 𝑡 ≤ 2𝑥
𝑥−𝑦 .

(4.113)

Proof of (4.96) and (4.97). Clearly, it suffices to prove the inequality for 𝛽 = 0,
replacing (𝑓, 𝑔) by (𝑓, 𝑔−𝛽), if necessary. Let 𝐶 > 0 be an arbitrary constant. Ap-
plication of (4.94) to the sequences 𝐶𝑓 , 𝐶𝑔 yields ℙ(𝑔∗ ≥ 0)−𝐶∣∣𝑓 ∣∣1 ≤ 𝑈(𝐶𝑥,𝐶𝑦),
which, by (4.95), leads to the bound

∣∣𝑓 ∣∣1 ≥ 𝑡− 𝑈(𝐶𝑥,𝐶𝑦)

𝐶
. (4.114)

If one maximizes the right-hand side over 𝐶, one gets precisely 𝐿(𝑥, 𝑦, 𝑡). This
follows from a straightforward but lengthy analysis of the derivative with the aid
of the previous lemma. We omit the details. To get (4.97), note that for fixed 𝑥 and
𝑡, the function 𝐿(𝑥, ⋅, 𝑡) is nonincreasing. This follows immediately from (4.114)
and the fact that 𝑈(𝑥, ⋅) is nondecreasing, which we have already exploited. □

Sharpness of (4.96). As previously, we may restrict ourselves to 𝛽 = 0. Fix 𝑥 ≥ 0,
𝑦 ∈ ℝ and 𝑡 ∈ [0, 1]. If 𝑥 + 𝑦 ≥ 0, then the examples studied in 1∘ and 3∘ in
the preceding section give equality in (4.96). Hence we may and do assume that
𝑥+ 𝑦 < 0. Consider three cases.

(i) Suppose that 𝑡 ≤ 2𝑥/(𝑥 − 𝑦). Take 𝐶 > 0 such that (𝐶𝑥,𝐶𝑦) ∈ 𝐷3 and
take the Markov pair (𝑓, 𝑔), with (𝑓0, 𝑔0) = (𝐶𝑥,𝐶𝑦), from the previous section.
Then the pair (𝑓/𝐶, 𝑔/𝐶) gives equality in (4.96) (see 5∘).
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(ii) Let 2𝑥(𝑥 − 𝑦) < 𝑡 < 1 and take 0 < 𝜀 < 1 − 𝑡. Recall the function 𝑄
defined in Remark 4.5. First we will show that

𝑄(𝐶𝑥,𝐶𝑦) = 𝑡+ 𝜀 for some 𝐶 = 𝐶(𝜀, 𝑡) > 0. (4.115)

Indeed, for large 𝐶 we have (𝐶𝑥,𝐶𝑦) ∈ 𝐷3, so 𝑃 (𝐶𝑥,𝐶𝑦) = 2𝑥/(𝑥− 𝑦) regardless
of the value of 𝛿 (see 5∘), and, in consequence, 𝑄(𝐶𝑥,𝐶𝑦) = 2𝑥/(𝑥− 𝑦). Similarly,
𝑃 (0, 0) = 1 for any 𝛿, so 𝑄(0, 0) = 1. Thus (4.115) follows from Remark 4.5.
Another observation, to be needed at the end of the proof, is that

lim inf
𝜀→0

𝐶(𝜀, 𝑡) > 0. (4.116)

Otherwise, we would have a contradiction with (4.115), Remark 4.5 and the equal-
ity 𝑄(0, 0) = 1.

Now fix 𝛿 > 0 and consider the Markov pair (𝑓, 𝑔), starting from (𝐶𝑥,𝐶𝑦),
studied in the previous section. If 𝛿 is taken sufficiently small, then the follow-
ing two conditions are satisfied: first, by (4.100), we have ℙ(𝑔∗ ≥ 0) − ∣∣𝑓 ∣∣1 ≥
𝑈(𝐶𝑥,𝐶𝑦)−𝜀; second, by the definition of 𝑄, ℙ(𝑔∗ ≥ 0) = 𝑃 (𝐶𝑥,𝐶𝑦) ∈ (𝑡, 𝑡+2𝜀).
In other words, for this choice of 𝛿, the pair (𝑓/𝐶, 𝑔/𝐶) starts from (𝑥, 𝑦), satisfies
(4.93), we have ℙ((𝑔/𝐶)∗ ≥ 0) ≥ 𝑡 and

∣∣𝑓/𝐶∣∣1 ≤ (𝑡− 𝑈(𝐶𝑥,𝐶𝑦) + 3𝜀)/𝐶 ≤ 𝐿(𝑥, 𝑦, 𝑡) + 3𝜀/𝐶.

To get the claim, it suffices to note that 𝜀 was arbitrary and that (4.116) holds.

(iii) Finally, assume that 𝑡 = 1. Then the following Markov pair (𝑓, 𝑔), start-
ing from (𝑥, 𝑦), gives equality in (4.96):

∙ For 𝑦 ≥ 0, the state (0, 𝑦) is absorbing.
∙ if 𝑥 ∕= 0, then (𝑥, 𝑦) leads to (0, 𝑦+𝑥) and (2𝑥, 𝑦−𝑥), with probabilities 1/2.

∙ if 𝑦 < 0, the state (0, 𝑦) leads to (−𝑦/2, 𝑦/2).

The analysis is similar to the one presented in the case 3∘ in the previous section.
The details are left to the reader. □

We turn to the proof of the weak type inequality from Theorem 4.19.

4.8.4 Proof of Theorem 4.19

Fix 𝜆 > 0 and apply Theorem 4.17 to the martingales 8𝑓/(3𝜆) and 8𝑔/(3𝜆)− 8/3,
conditionally on ℱ0. Taking expectation of both sides, we get

ℙ(𝑔∗ ≥ 𝜆) = ℙ

((
8𝑔

3𝜆
− 8
3

)∗
≥ 0
)
≤
∣∣∣∣
∣∣∣∣8𝑓3𝜆

∣∣∣∣
∣∣∣∣
1

+ 𝔼𝑈

(
8𝑓0
3𝜆

,
8𝑔0
3𝜆

− 8
3

)
.
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Therefore, the theorem will be established if we show that for all points (𝑥, 𝑦) ∈
[0,∞)× ℝ satisfying ∣𝑦∣ ≤ ∣𝑥∣ we have

𝑈

(
𝑥, 𝑦 − 8

3

)
≤ 0

and that the equality holds for at least one such point. This is straightforward: as
already mentioned above, the function 𝑦 �→ 𝑈(𝑥, 𝑦) is nondecreasing, so

𝑈

(
𝑥, 𝑦 − 8

3

)
≤ 𝑈

(
𝑥, 𝑥− 8

3

)
≤ 𝑈

(
0,−8
3

)
= 0,

because for any 𝑦, the function 𝑡 �→ 𝑈(𝑡, 𝑦 + 𝑡), 𝑡 ≥ 0, is nonincreasing.

4.9 Escape inequalities

As in the martingale setting, the weak type (1, 1) inequalities above lead to inter-
esting escape estimates. For any ℋ-valued sequence 𝑥 = (𝑥𝑛), recall the counting
function 𝐶𝜀(𝑥).

4.9.1 Formulation of the results.

We start with a theorem for general sub- and supermartingales.

Theorem 4.20. Assume that 𝑓 is a sub- or supermartingale and 𝑔 is an adapted
sequence of integrable, ℋ-valued random variables which is 𝛼-subordinate to 𝑓 .
Then for any positive integer 𝑗 we have

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 𝐶𝛼∣∣𝑓 ∣∣1
𝜀𝑗1/2

.

If 𝛼 ∈ [0, 1], then both the constant 𝐶𝛼 and the exponent 1/2 are the best possible.

Under additional assumption on the sign of the dominating process, we have
the following.

Theorem 4.21. Assume that 𝑓 is a nonnegative submartingale and 𝑔 is an adapted
sequence of integrable, ℋ-valued random variables which is 𝛼-subordinate to 𝑓 .
Then for any positive integer 𝑗 we have

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ (𝛼 + 2)∣∣𝑓 ∣∣1
𝜀𝑗1/2

.

If 𝛼 ∈ [0, 1], then both the constant 𝛼+2 and the exponent 1/2 are the best possible.
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Theorem 4.22. Assume that 𝑓 is a nonnegative supermartingale and 𝑔 is an
adapted sequence of integrable, ℋ-valued random variables which is 𝛼-subordinate
to 𝑓 . Then for any positive integer 𝑗 we have

ℙ(𝐶𝜀(𝑔) ≥ 𝑗) ≤ 2∣∣𝑓 ∣∣1
𝜀𝑗1/2

.

If 𝛼 ∈ [0, 1], then both the constant 2 and the exponent 1/2 are the best possible.

4.9.2 Proof

The reasoning leading to the announced inequalities is the same as in the martin-
gale setting, using the random variable 𝑆(𝑔, 𝜏) and the corresponding sequence ℎ
taking values in the enlarged Hilbert space ℓ2(ℋ). To see that the constants 𝐶𝛼,
𝛼 + 2 and 2 are the best possible, simply write the inequalities for 𝜀 = 𝑗 = 1
and note that for any 𝛿 > 0 we have ℙ(∣𝑔∣∗ ≥ 1 + 𝛿) ≤ ℙ(𝐶𝜀(𝑔) ≥ 1). Thus the
sharpness follows from the optimality of the constants in the corresponding weak
type inequalities. To show that the exponent 1/2 is the best possible, consider a
symmetric random walk 𝑓 over integers, starting from 1 and stopped at 0. Then
∣∣𝑓 ∣∣1 = 1 and

ℙ(𝐶1(𝑓) ≥ 𝑗) = ℙ(𝑓1 > 0, 𝑓2 > 0, . . . , 𝑓𝑗 > 0) = 𝑂(𝑗−1/2)

as 𝑗 →∞. This proves the claim. □

4.10 Notes and comments

Section 4.1. The notion of strong subordination appeared first in the special case
𝛼 = 1 in the paper [34] of Burkholder, motivated by related domination of Itô
processes (see [33]). Then it was extended to an arbitrary 𝛼 ≥ 0 by Choi [45] (see
also [47]). The concept of 𝛼-subordination considered above in the discrete-time
setting seems to be new; however, its continuous-time version was used by Wang
in [200] (for 𝛼 = 1) and by the author in [132] (for general 𝛼).

Section 4.2. Theorems 4.4 and 4.5 in the case 𝛼 ∈ [0, 1] are due to Hammack
[88]. The result for 𝛼 > 1 is new, but a corresponding result for continuous-time
processes was obtained by the author in [150].

Section 4.3. Theorems 4.7 and 4.8 for 𝛼 = 1 first appeared in Burkholder’s
paper [33] and concerned Itô processes. The more general statement (still with
𝛼 = 1, but this time dealing with discrete-time submartingales and their 1-strong
subordinates) can be found in [34]. Theorem 4.7 under strong 𝛼-subordination,
𝛼 ≥ 0, was established by Choi in [47] (the special function was used by Choi [49]
in the proof of a related result concerning nonnegative subharmonic functions).

Section 4.4. Theorem 4.10 was proved by Burkholder in [34] in the particular
case 𝛼 = 1; a related estimate for Itô processes can be found in [33]. The result for
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𝛼 ∈ [0, 1] is due to Choi [45] (see also Choi [46] for a related result for Itô processes
and Choi [48] for a version concerning nonnegative subharmonic functions; both
papers deal with the case 0 ≤ 𝛼 ≤ 1). The above extension to the general values
of 𝛼 ≥ 0 is new.

Section 4.5. The results presented in that section are taken from the author’s
paper [137].

Section 4.6. The logarithmic estimates presented above were established by
the author in [149].

Section 4.7. Theorem 4.14 was established by Hammack [87] in the particular
case 𝛼 = 1. The above statement for 𝛼 ∈ [0, 1] is due to the author [127]. It is
worth to mention here that both papers contain the proof of a slightly stronger
fact. Namely, it is shown that for a fixed 𝛼 ∈ [0, 1] and 𝜆 ≥ 0, the above function
𝑈𝜆 satisfies

𝑈𝜆(𝑥, 𝑦) = sup{ℙ(∣𝑔∣∗ ≥ 𝜆)},
where the supremum is taken over all 𝑓 , 𝑔 such that 𝑓 is a submartingale satisfying
𝑓0 ≡ 𝑥 and ∣∣𝑓 ∣∣∞ ≤ 1, while 𝑔 starts from 𝑦 and

∣𝑑𝑔𝑛∣ ≤ ∣𝑑𝑓𝑛∣, ∣𝔼(𝑑𝑔𝑛∣ℱ𝑛−1)∣ ≤ 𝛼𝔼(𝑑𝑓𝑛∣ℱ𝑛−1), 𝑛 = 1, 2, . . . .

Theorem 4.15 was proved by Burkholder in [34] in the case when 𝛼 = 1. The
inequality (4.69) for 𝛼 ∈ [0, 1) appears in the paper [107] by Kim and Kim, but its
sharpness is not established there. The above version of the theorem, for general
𝛼 and with the proof of the optimality of the constant, seems to be new. Theorem
4.16 comes from the author’s paper [129].

Section 4.8. The contents of this section are taken from [140].

Section 4.9. The escape inequalities studied above were proved by Burkholder
in [34] (for 𝛼 = 1, but the results carry over to general 𝛼 essentially with no changes
in the reasoning).



Chapter 5

Inequalities in Continuous Time

It is natural to ask whether the inequalities studied in the previous chapters can
be transferred to continuous-time processes. The answer is affirmative. First let us
extend the notions of differential subordination and strong differential subordina-
tion.

5.1 Dominations in the continuous-time case

Let (Ω,ℱ ,ℙ) be a complete probability space s filtered by a nondecreasing right-
continuous family (ℱ𝑡)𝑡≥0 of sub-𝜎-fields of ℱ . Assume that ℱ0 contains all the
events of probability 0. Suppose that 𝑋 = (𝑋𝑡)𝑡≥0, 𝑌 = (𝑌𝑡)𝑡≥0 are adapted
semimartingales taking values in a certain separable Hilbert space. Assume also
that these processes have right-continuous paths with left limits. Let 𝐻 = (𝐻𝑡)𝑡≥0

be an adapted predictable real-valued process. Then the Itô integral of 𝐻 with
respect to 𝑋 , that is,

𝑌𝑡 =

∫ 𝑡

0

𝐻𝑠d𝑋𝑠, 𝑡 ≥ 0,
denoted by 𝑌 = 𝐻 ⋅𝑋 , is precisely the continuous-time analogue of a transform.
Furthermore, the condition of being ±1-transform corresponds here to the as-
sumption 𝐻𝑠 ∈ {−1, 1} for all 𝑠 ≥ 0. Similarly, if one considers 𝐻 taking values
in the interval [0, 1], then one obtains the continuous version of a nonsymmetric
transform.

Next we turn to the extension of differential subordination. Note that in
discrete time this domination can be rewritten in the following form:

𝑆2
𝑛(𝑓)− 𝑆2

𝑛(𝑔) is nondecreasing and nonnegative as a function of 𝑛, (5.1)

where 𝑆𝑛(𝑓) =
(∑𝑛

𝑘=0 ∣𝑑𝑓𝑘∣2
)1/2
is the 𝑛th term of the square function of 𝑓 . This

formulation suggests how to extend the domination to the continuous time: simply
replace the square function by its continuous counterpart, the square bracket. To
recall this notion, let us state here the following classical result.

     DOI 10.1007/978-3-0348-0370-0_5, © Springer Basel 2012 
A. Os kowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 211
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Lemma 5.1. Let 𝑋 be a cadlag semimartingale taking values in ℋ. Then there is a
family of nonnegative functions [𝑋,𝑋 ] = ([𝑋,𝑋 ]𝑡)𝑡≥0 such that [𝑋,𝑋 ]0 = ∣𝑋0∣2,
the function [𝑋,𝑋 ]𝑡 is ℱ𝑡-measurable for all 𝑡 ≥ 0, the function 𝑡 �→ [𝑋,𝑋 ]𝑡(𝜔)
is right-continuous and nondecreasing on [0,∞) for all 𝜔 ∈ Ω, and [𝑋,𝑋 ]𝑡 is the
limit in probability of the sums 𝑄𝑛,𝑡 as 𝑛 →∞ for all 𝑡 ≥ 0, where

𝑄𝑛,𝑡 = ∣𝑋0∣2 +
2𝑛−1∑
𝑘=0

∣𝑋𝑡(𝑘+1)2−𝑛 −𝑋𝑡𝑘2−𝑛 ∣2.

This was established by Doléans [69] for real martingales, but the proof ex-
tends to Hilbert-space-valued martingales with no essential changes. Motivated by
(5.1), we give the following definition.

Definition 5.1. We say that a semimartingale 𝑌 is differentially subordinate to
a semimartingale 𝑋 , if the process ([𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡)𝑡≥0 is nondecreasing and
nonnegative as a function of 𝑡.

Remark 5.1. Let us repeat that this definition is consistent with that in the
discrete-time setting. If we treat the martingales 𝑓 = (𝑓𝑛)𝑛≥0 and 𝑔 = (𝑔𝑛)𝑛≥0 as
as continuous-time processes (setting 𝑋𝑡 = 𝑓⌊𝑡⌋ and 𝑌𝑡 = 𝑔⌊𝑡⌋, 𝑡 ≥ 0), then the
above condition is equivalent to saying that ∣𝑑𝑓𝑛∣2 − ∣𝑑𝑔𝑛∣2 ≥ 0 for all 𝑛.

As an example, suppose that 𝑋 is a semimartingale, 𝐻 is a predictable pro-
cess taking values in [−1, 1] and let 𝑌 = 𝐻 ⋅ 𝑋 . Then 𝑌 is differentially sub-
ordinate to 𝑋 , which follows immediately from the equality [𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡 =∫ 𝑡

0
∣𝐻𝑠∣2d[𝑋,𝑋 ]𝑠 for all 𝑡 ≥ 0.
We will now extend the notion of 𝛼-strong subordination to the continuous-

time setting. Suppose that 𝑋 is a real-valued semimartingale and let

𝑋𝑡 = 𝑋0 +𝑀𝑡 +𝐴𝑡, 𝑡 ≥ 0, (5.2)

be Doob-Meyer decomposition of 𝑋 :𝑀 is a local martingale, 𝐴 is a finite variation
process and both processes start from 0. In general, the decomposition is not
unique; however, if 𝑋 is assumed to be a sub- or supermartingale, then there is
unique predictable process 𝐴 in (5.2). In what follows, whenever the dominating
process 𝑋 is a sub- or supermartingale, we will consider this particular Doob-
Meyer decomposition only. If 𝑋 takes values in a separable Hilbert space (say, ℓ2),
then we may give meaning to (5.2), simply by using the decomposition for each
coordinate separately. Let 𝑌 be a semimartingale taking values in ℋ and let

𝑌𝑡 = 𝑌0 +𝑁𝑡 +𝐵𝑡, 𝑡 ≥ 0, (5.3)

be its Doob-Meyer decomposition. In the statement below, ∣𝐴𝑡∣ denotes the total
variation of 𝐴 on the interval [0, 𝑡].
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Definition 5.2. Let 𝛼 be a fixed nonnegative number and let 𝑋 , 𝑌 be two semi-
martingales as above. Let 𝑋 be a general semimartingale. We say that 𝑌 is 𝛼-
strongly subordinate to 𝑋 if 𝑌 is differentially subordinate to 𝑋 and there are
decompositions (5.2) and (5.3) such that the process (𝛼∣𝐴𝑡∣ − ∣𝐵𝑡∣)𝑡≥0 is nonde-
creasing as a function of 𝑡.

Remark 5.2. This generalizes 𝛼-subordination from the discrete time. Indeed, sup-
pose that 𝑔 = (𝑔𝑛)𝑛≥0 is 𝛼-subordinate to 𝑓 = (𝑓𝑛)𝑛≥0, and treat both sequences
as continuous-time processes by taking 𝑋𝑡 = 𝑓⌊𝑡⌋ and 𝑌𝑡 = 𝑔⌊𝑡⌋ for 𝑡 ≥ 0. Then 𝑌
is 𝛼-subordinate to 𝑋 , which can be seen by considering Doob-Meyer decomposi-
tions

𝑋𝑡 = 𝑓0 +

⌊𝑡⌋∑
𝑘=1

[
𝑑𝑓𝑘 − 𝔼(𝑑𝑓𝑘∣ℱ𝑘−1)

]
+

⌊𝑡⌋∑
𝑘=1

𝔼(𝑑𝑓𝑘∣ℱ𝑘−1),

𝑌𝑡 = 𝑔0 +

⌊𝑡⌋∑
𝑘=1

[
𝑑𝑔𝑘 − 𝔼(𝑑𝑔𝑘∣ℱ𝑘−1)

]
+

⌊𝑡⌋∑
𝑘=1

𝔼(𝑑𝑔𝑘∣ℱ𝑘−1).

Now, let us establish a useful lemma. Recall that for any semimartingale 𝑋
there is a unique continuous local martingale part 𝑋c of 𝑋 , which satisfies for all
𝑡 ≥ 0 the equality

[𝑋,𝑋 ]𝑡 = [𝑋
c, 𝑋c]𝑡 +

∑
0≤𝑠≤𝑡

∣Δ𝑋𝑠∣2,

where Δ𝑋𝑠 = 𝑋𝑠 −𝑋𝑠− denotes the jump of 𝑋 at time 𝑠 (we set 𝑋0− = 0). In
fact, [𝑋c, 𝑋c]𝑡 equals [𝑋,𝑋 ]𝑐𝑡 , the pathwise continuous part of [𝑋,𝑋 ]𝑡. A little
thought leads to the following easy statement.

Lemma 5.2. Suppose that 𝑋 and 𝑌 are semimartingales. Then 𝑌 is differentially
subordinate to 𝑋 if and only if 𝑌 c is differentially subordinate to 𝑋c and ∣Δ𝑌𝑠∣ ≤
∣Δ𝑋𝑠∣ for all 𝑠 ≥ 0.

The purpose of this chapter is to extend the inequalities from the previous
two chapters to this new, continuous-time setting. Let us introduce the strong and
weak norms of semimartingales. First, if 𝑋 , 𝑌 are sub-, super- or martingales and
1 ≤ 𝑝 ≤ ∞, we set
∣∣𝑋 ∣∣𝑝 = sup

𝑡≥0
∣∣𝑋𝑡∣∣𝑝, ∣∣𝑋 ∣∣𝑝,∞ = sup

𝑡≥0
∣∣𝑋𝑡∣∣𝑝,∞ and ∣∣𝑋 ∣∣log = sup

𝑡≥0
𝔼∣𝑋𝑡∣ log ∣𝑋𝑡∣.

For general semimartingales, we need to modify these and put

∣∣∣𝑋 ∣∣∣𝑝 = sup
𝜏∈𝒯

∣∣𝑋𝜏 ∣∣𝑝, ∣∣∣𝑋 ∣∣∣𝑝,∞ = sup
𝜏∈𝒯

∣∣𝑋𝜏 ∣∣𝑝,∞
and

∣∣∣𝑋 ∣∣∣log = sup
𝜏∈𝒯

𝔼∣𝑋𝜏 ∣ log ∣𝑋𝜏 ∣

where 𝒯 is the class of all bounded stopping times relative to (ℱ𝑡)𝑡≥0.



214 Chapter 5. Inequalities in Continuous Time

Lemma 5.3.

(i) Suppose that 𝑋 a local martingale such that ∣∣∣𝑋 ∣∣∣𝑝 < ∞ for some 1 < 𝑝 <
∞. Then 𝑋 is a martingale and we have ∣∣∣𝑋 ∣∣∣𝑝 = ∣∣𝑋 ∣∣𝑝.

(ii) Suppose that 𝑋 a local martingale satisfying ∣∣∣𝑋 ∣∣∣log < ∞. Then 𝑋 is a
martingale.

Proof. (i) Let (𝜏𝑛)𝑛≥1 be a localizing sequence for 𝑋 . By Doob’s maximal 𝐿𝑝

inequality,

∣∣𝑋∗
𝜏𝑛 ∣∣𝑝 ≤

𝑝

𝑝− 1 sup𝑡≥0
∣∣𝑋𝜏𝑛∧𝑡∣∣𝑝 ≤ 𝑝

𝑝− 1 ∣∣∣𝑋 ∣∣∣𝑝

for any 𝑛 ≥ 1. Consequently, by Fatou’s lemma, 𝑋∗ is in 𝐿1 and the martingale
property of𝑋 follows from Lebesgue’s dominated convergence theorem. It remains
to note that ∣∣𝑋 ∣∣𝑝 ≤ ∣∣∣𝑋 ∣∣∣𝑝 is obvious, while the reverse inequality follows from
Doob’s optional sampling theorem.

(ii) This can be shown in the same manner, but Doob’s inequality is replaced
by the logarithmic bound

∣∣𝑋∗
𝜏𝑛 ∣∣1 ≤ 𝐾 sup

𝑡≥0
𝔼∣𝑋𝜏𝑛∧𝑡∣ log ∣𝑋𝜏𝑛∧𝑡∣+ 𝐿 ≤ 𝐾∣∣∣𝑋 ∣∣∣log + 𝐿.

This completes the proof. □

5.2 Inequalities for stochastic integrals

and Bichteler’s theorem

Now we shall present an approximation procedure, which enables to transfer the
inequalities presented in the previous two chapters to analogous statements for
stochastic integrals. Assume for a moment that the integrator 𝑋 takes values in
ℝ. Let Z denote the collection of all processes 𝑍 = (𝑍𝑡)𝑡≥0 of the form

𝑍𝑡 = 𝑎0𝑋(0) +

𝑛∑
𝑘=1

𝑎𝑘(𝑋(𝜏𝑘 ∧ 𝑡)−𝑋(𝜏𝑘−1 ∧ 𝑡)),

where 𝑛 is a positive integer, the coefficients 𝑎𝑘 belong to [−1, 1] and (𝜏𝑘)𝑛𝑘=0 is
a nondecreasing family of simple stopping times with 𝜏0 ≡ 0 (here we have used
the notation 𝑋(𝑡) = 𝑋𝑡). If 𝑋 is a martingale (or submartingale, or nonnegative
supermartingale, etc.), then (𝑋(𝜏𝑘))

𝑛
𝑘=0 inherits this property, by means of Doob’s

optional sampling theorem.

The following statement is a direct consequence of Proposition 4.1 of Bichteler [11].

Theorem 5.1. Suppose that 𝑋 is a semimartingale and let 𝑌 be the integral, with
respect to 𝑋, of a predictable process 𝐻 bounded in absolute value by 1.
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(i) If 1 < 𝑝 < ∞ and ∣∣𝑋 ∣∣𝑝 < ∞, then there is a sequence (𝑍𝑗)𝑗≥1 in Z such
that

lim
𝑗→∞

∣∣𝑍𝑗 − 𝑌 ∣∣𝑝 = 0.

(ii) If 1 ≤ 𝑝 < ∞ and ∣∣𝑋 ∣∣𝑝 < ∞, then there is a sequence (𝑍𝑗)𝑗≥1 in Z such
that

lim
𝑗→∞

∣𝑍𝑗 − 𝑌 ∣∗ = 0 almost surely.

This theorem enables extensions of the previous results to the case of stochas-
tic integrals, both in the scalar- and vector-valued setting. We shall illustrate this
on the following two examples of inequalities.

Theorem 5.2. Suppose that 𝑋 is an ℋ-valued martingale and let 𝑌 be the integral,
with respect to 𝑋, of a predictable process 𝐻 bounded in absolute value by 1. Then

∣∣𝑌 ∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑋 ∣∣𝑝, 1 < 𝑝 < ∞,

and

∣∣𝑌 ∣∣1,∞ ≤ 2∣∣𝑋 ∣∣1.
Both estimates are sharp.

Proof. By Lebesgue’s monotone convergence theorem we may assume thatℋ = ℝ𝑑

for some positive integer 𝑑. Let us first establish the moment bound for a fixed
1 < 𝑝 < ∞. Obviously, we may restrict ourselves to those 𝑋 which are bounded
in 𝐿𝑝. For any 1 ≤ 𝑖 ≤ 𝑑, the pair (𝑋 𝑖, 𝑌 𝑖) satisfies the conditions of Theorem
5.1 and hence, for any 𝜀 > 0, there exist a nondecreasing family 𝜏 𝑖 = (𝜏 𝑖𝑘)

𝑛𝑖

𝑘=0

of simple stopping times such that 𝜏 𝑖0 ≡ 0 and a sequence (𝑎𝑖𝑘)𝑛𝑖

𝑘=0 for which the
corresponding process 𝑍𝑖 ∈ Z satisfies

∣∣𝑍𝑖 − 𝑌 𝑖∣∣𝑝 ≤ 𝜀. (5.4)

With no loss of generality, we may assume that the sequence of simple stopping
times is common for all 𝑖 = 1, 2, . . . , 𝑑, using 0 ≡ 𝜏0 ≤ 𝜏1 ≤ 𝜏2 ≤ ⋅ ⋅ ⋅ ≤ 𝜏𝑁
obtained by interlacing the sequences 𝜏 𝑖. Introduce the processes

𝑓 = (𝑋(0), 𝑋(𝜏1), 𝑋(𝜏2), . . . , 𝑋(𝜏𝑁), 𝑋(𝜏𝑁 ), . . .),

𝑔 = (𝑍(0), 𝑍(𝜏1), 𝑍(𝜏2), . . . , 𝑍(𝜏𝑁 ), 𝑍(𝜏𝑁 ), . . .),
(5.5)

where 𝑍 = (𝑍1, 𝑍2, . . . , 𝑍𝑑). Then 𝑔 is differentially subordinate to 𝑓 : indeed,

∣𝑔0∣2 =
𝑑∑

𝑘=1

∣𝑍𝑘(0)∣2 =
𝑑∑

𝑘=1

(𝑎𝑘0)
2∣𝑋𝑘(0)∣2 ≤

𝑑∑
𝑘=1

∣𝑋𝑘(0)∣2 = ∣𝑓0∣2
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and, similarly, for 𝑛 ≥ 1,

∣𝑑𝑔𝑛∣2 =
𝑑∑

𝑘=1

∣𝑍𝑘(𝜏𝑛)− 𝑍𝑘(𝜏𝑛−1)∣2

=

𝑑∑
𝑘=1

(𝑎𝑘𝑛)
2∣𝑋𝑘(𝜏𝑛)−𝑋𝑘(𝜏𝑛−1)∣2 ≤

𝑑∑
𝑘=1

∣𝑋𝑘(𝜏𝑛)−𝑋𝑘(𝜏𝑛−1)∣2 = ∣𝑑𝑓𝑛∣2.

Consequently,

∣∣𝑍∣∣𝑝 = ∣∣𝑔∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑓 ∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑋 ∣∣𝑝
and it suffices to let 𝜀 → 0 and use (5.4) to obtain the moment estimate.

The proof of the weak type estimate is slightly different. We may assume
that ∣∣𝑋 ∣∣1 < ∞. Introduce 𝑍 = (𝑍1, 𝑍2, . . . , 𝑍𝑑) as previously, but this time (5.4)
is replaced by

ℙ(∣𝑍𝑖 − 𝑌 𝑖∣∗ ≥ 𝜀) ≤ 𝜀, (5.6)

where 𝜀 is a small positive number. Next, let (𝜏𝑘)
𝑁
𝑘=0 be as previously, consider

𝜏 = inf{𝑡 : ∣𝑍𝑡∣ ≥ 1} and define 𝑓 , 𝑔 as in (5.5), but with 𝜏𝑘 replaced by 𝜏𝑘 ∧ 𝜏 ,
𝑘 = 0, 1, 2, . . . , 𝑁 . The differential subordination of 𝑔 to 𝑓 is preserved, so

ℙ(∣𝑍∣∗ ≥ 1) = ℙ(𝜏 ≤ 𝜏𝑁 ) = ℙ(∣𝑍(𝜏𝑁∧𝜏)∣ ≥ 1) = ℙ(∣𝑔𝑁 ∣ ≥ 1) ≤ 2∣∣𝑓𝑁 ∣∣1 ≤ 2∣∣𝑋 ∣∣1.

It remains to note that by (5.6) we have

ℙ(∣𝑌 ∣∗ ≥ 1−𝑁𝜀) ≥ ℙ(∣𝑍∣∗ ≥ 1)−𝑁𝜀,

so letting 𝜀 → 0 yields the claim. □

The other estimates can be obtained in a similar manner. We omit the
straightforward details. In the next section we shall present an alternative tool
to establish results of this type: but this requires some further work with corre-
sponding special functions.

5.3 Burkholder’s method in continuous time

As we shall see, the special functions used in the discrete-time case can also be
exploited in the continuous setting. To gain some intuition on how this will be
done, let us look at a typical problem. Let 𝑉 : ℋ × ℋ → ℝ be a given Borel
function and suppose that we want to show that for all bounded stopping times 𝜏
and all local martingales 𝑋 , 𝑌 such that 𝑌 is differentially subordinate to 𝑋 , we
have

𝔼𝑉 (𝑋𝜏 , 𝑌𝜏 ) ≤ 0. (5.7)
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Let 𝑈 be the corresponding special function coming from the discrete time. Then
the usual approach works, if only we find an argument which will assure that

𝔼𝑈(𝑋𝜏 , 𝑌𝜏 ) ≤ 𝔼𝑈(𝑋0, 𝑌0) (5.8)

for all 𝑋 , 𝑌 and 𝜏 as above. Note that in contrast with the discrete-time case,
here we no longer have the “step-by-step” procedure, which was the heart of the
matter: it reduced the estimate 𝔼𝑈(𝑓𝑛, 𝑔𝑛) ≤ 𝔼𝑈(𝑓0, 𝑔0) to the problem of proving
the “one-step” inequality 𝔼𝑈(𝑓1, 𝑔1) ≤ 𝔼𝑈(𝑓0, 𝑔0). To overcome this difficulty, we
will show (5.8) directly, using Itô’s formula and a convolution argument (needed
to improve the smoothness of 𝑈). A similar approach will also be successful while
studying sub- or supermartingale inequalities under 𝛼-strong subordination.

5.3.1 Local martingale inequalities under differential subordination

This subsection is devoted to the study of results which imply various versions of
(5.8), under the assumption that 𝑋 , 𝑌 are local martingales and 𝑌 is differentially
subordinate to 𝑋 . Throughout, we assume that ℋ = ℓ2. Consider the following
property, which a given function 𝑈 : ℋ×ℋ → ℝ might have:

𝑈(𝑥, 𝑦) = 𝑈((0, 𝑥1, 𝑥2, . . .), (0, 𝑦1, 𝑦2, . . .)), (5.9)

where 𝑥 = (𝑥1, 𝑥2, . . .), 𝑦 = (𝑦1, 𝑦2, . . .).

The first step in our analysis is the following fact.

Lemma 5.4. Let 𝑈 : ℋ × ℋ → ℝ be a continuous function satisfying (5.9) such
that 𝑈 is bounded on bounded sets, of class 𝐶1 on ℋ × ℋ ∖ {(𝑥, 𝑦) : ∣𝑥∣∣𝑦∣ = 0}
and of class 𝐶2 on 𝐷𝑖, 𝑖 ≥ 1, where (𝐷𝑖) is a sequence of open connected sets
such that the union of the closures of 𝐷𝑖 is ℋ × ℋ. Suppose that for each 𝑖 ≥ 1
there is a measurable 𝑐𝑖 : 𝐷𝑖 → [0,∞) satisfying the following condition: for any
(𝑥, 𝑦) ∈ 𝐷𝑖 with ∣𝑥∣∣𝑦∣ ∕= 0 and any ℎ, 𝑘 ∈ ℋ,

(ℎ𝑈𝑥𝑥(𝑥, 𝑦), ℎ)+2(ℎ𝑈𝑥𝑦(𝑥, 𝑦), 𝑘)+ (𝑘𝑈𝑦𝑦(𝑥, 𝑦), 𝑘) ≤ −𝑐𝑖(𝑥, 𝑦)(∣ℎ∣2−∣𝑘∣2). (5.10)

Assume further that for each 𝑛 ≥ 1 there exists 𝑀𝑛 such that

sup 𝑐𝑖(𝑥, 𝑦) ≤ 𝑀𝑛 < ∞, (5.11)

where the supremum is taken over all (𝑥, 𝑦) ∈ 𝐷𝑖 such that 1/𝑛2 ≤ ∣𝑥∣2+ ∣𝑦∣2 ≤ 𝑛2

and then over all 𝑖 ≥ 1. Let 𝑋, 𝑌 be two bounded martingales with bounded
quadratic variations. If 𝑌 is differentially subordinate to 𝑋, then for all 0 ≤ 𝑠 ≤ 𝑡,

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈(𝑋𝑠, 𝑌𝑠). (5.12)

Remark 5.3. Before we turn to the proof, let us make here an important obser-
vation. It is clear that the key assumption above is the inequality (5.10); all the
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other conditions are rather technical. This assumption is closely related to the
concavity of the function 𝐺(𝑡) = 𝑈(𝑥 + 𝑡ℎ, 𝑦 + 𝑡𝑘), 𝑡 ∈ ℝ, where 𝑥, 𝑦, ℎ, 𝑘 ∈ ℋ,
∣𝑘∣ ≤ ∣ℎ∣. In fact, (5.10) is slightly stronger, since it imposes an upper bound for
the second derivative of 𝐺 also when ∣𝑘∣ > ∣ℎ∣.
Proof of Lemma 5.4. It suffices to show the claim for 𝑠 = 0. By the boundedness
condition, there is an integer 𝐿 such that

∣∣𝑋 ∣∣∞ + ∣∣𝑌 ∣∣∞ + [𝑋,𝑋 ]∞ + [𝑌, 𝑌 ]∞ ≤ 𝐿− 2.
Therefore, given 𝜀 > 0, there is an integer 𝑑 = 𝑑(𝜀) satisfying∑

𝑚≥𝑑

(
[𝑋𝑚, 𝑋𝑚]∞ + [𝑌 𝑚, 𝑌 𝑚]∞

) ≤ 𝜀/𝐿. (5.13)

Now, let 𝑎 > 2/𝐿 and

𝑋(𝑑) = (𝑎,𝑋1, 𝑋2, . . . , 𝑋𝑑−1, 0, 0, . . .), 𝑌 (𝑑) = (𝑎, 𝑌 1, 𝑌 2, . . . , 𝑌 𝑑−1, 0, 0, . . .)

and 𝑍(𝑑) = (𝑋(𝑑), 𝑌 (𝑑)). Let 𝑔 : ℝ𝑑 × ℝ𝑑 → [0,∞) be a 𝐶∞ function, supported
on a unit ball of ℝ𝑑 × ℝ𝑑 and satisfying

∫
ℝ𝑑×ℝ𝑑 𝑔 = 1. For a given integer ℓ > 𝐿,

define 𝑈 ℓ : ℝ𝑑 × ℝ𝑑 → ℝ by the convolution

𝑈 ℓ(𝑥, 𝑦) =

∫
ℝ𝑑×ℝ𝑑

𝑈(𝑥+ 𝑢/ℓ, 𝑦 + 𝑣/ℓ)𝑔(𝑢, 𝑣)d𝑢d𝑣.

Here by 𝑈(𝑥+ 𝑢/ℓ, 𝑦+ 𝑣/ℓ) we mean 𝑈((𝑥+ 𝑢/ℓ, 0, 0, . . .), (𝑦 + 𝑣/ℓ, 0, 0, . . .). The
function 𝑈 ℓ is of class 𝐶∞, so we may apply Itô’s formula to obtain

𝑈 ℓ(𝑍
(𝑑)
𝑡 ) = 𝐼0 + 𝐼1 + 𝐼2 +

1

2
𝐼3, (5.14)

where

𝐼0 = 𝑈 ℓ(𝑍
(𝑑)
0 ),

𝐼1 =

∫ 𝑡

0+

𝑈 ℓ
𝑥(𝑍

(𝑑)
𝑠− )d𝑋

(𝑑)
𝑠 +

∫ 𝑡

0+

𝑈 ℓ
𝑦(𝑍

(𝑑)
𝑠− )d𝑌

(𝑑)
𝑠 ,

𝐼2 =
𝑑−1∑

𝑚,𝑛=1

[ ∫ 𝑡

0+

𝑈 ℓ
𝑥𝑚𝑥𝑛

(𝑍
(𝑑)
𝑠− )d[𝑋

𝑚c, 𝑋𝑛c]𝑠

+ 2

∫ 𝑡

0+

𝑈 ℓ
𝑥𝑚𝑦𝑛

(𝑍
(𝑑)
𝑠− )d[𝑋

𝑚c, 𝑌 𝑛c]𝑠 +

∫ 𝑡

0+

𝑈 ℓ
𝑦𝑚𝑦𝑛
(𝑍

(𝑑)
𝑠− )d[𝑌

𝑚c, 𝑌 𝑛c]𝑠

]
,

𝐼3 =
∑

0<𝑠≤𝑡

[
𝑈 ℓ(𝑍(𝑑)

𝑠 )− 𝑈 ℓ(𝑍
(𝑑)
𝑠− )−∇𝑈 ℓ(𝑍

(𝑑)
𝑠− ) ⋅Δ𝑍(𝑑)

𝑠

]
.

(5.15)

We will deal with each of the terms 𝐼1, 𝐼2 and 𝐼3 separately. Since 𝑈 is of class 𝐶1

on ℋ×ℋ∖{∣𝑥∣∣𝑦∣ = 0} and the martingales 𝑋(𝑑), 𝑌 (𝑑) are bounded and bounded
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away from 0, both stochastic integrals in 𝐼1 are martingales and, consequently,
𝔼𝐼1 = 0. To handle 𝐼2, integrate by parts to get, for ∣𝑥∣ ≥ 𝑎, ∣𝑦∣ ≥ 𝑎,

𝑈 ℓ
𝑥𝑥(𝑥, 𝑦) =

∫
ℝ𝑑×ℝ𝑑

𝑈𝑥𝑥(𝑥+ 𝑢/ℓ, 𝑦 + 𝑣/ℓ)𝑔(𝑢, 𝑣)d𝑢d𝑣

and, similarly,

𝑈 ℓ
𝑥𝑦(𝑥, 𝑦) =

∫
ℝ𝑑×ℝ𝑑

𝑈𝑥𝑦(𝑥+ 𝑢/ℓ, 𝑦 + 𝑣/ℓ)𝑔(𝑢, 𝑣)d𝑢d𝑣,

𝑈 ℓ
𝑦𝑦(𝑥, 𝑦) =

∫
ℝ𝑑×ℝ𝑑

𝑈𝑦𝑦(𝑥+ 𝑢/ℓ, 𝑦 + 𝑣/ℓ)𝑔(𝑢, 𝑣)d𝑢d𝑣.

Thus, by (5.10), if ∣𝑥∣ ≥ 𝑎, ∣𝑦∣ ≥ 𝑎, then

(ℎ𝑈 ℓ
𝑥𝑥(𝑥, 𝑦), ℎ) + 2(ℎ𝑈 ℓ

𝑥𝑦(𝑥, 𝑦), 𝑘) + (𝑘𝑈 ℓ
𝑦𝑦(𝑥, 𝑦), 𝑘) ≤ −𝑐(𝑥, 𝑦)(∣ℎ∣2 − ∣𝑘∣2), (5.16)

with

𝑐(𝑥, 𝑦) =
∑
𝑖≥1

∫
ℝ𝑑×ℝ𝑑

𝑐𝑖(𝑥+ 𝑢/ℓ, 𝑦 + 𝑣/ℓ)𝑔(𝑢, 𝑣)d𝑢d𝑣

(we extend 𝑐𝑖 to the whole ℋ × ℋ setting 𝑐𝑖(𝑥, 𝑦) = 0 for (𝑥, 𝑦) /∈ 𝐷𝑖). Let
0 ≤ 𝑠0 < 𝑠1 ≤ 𝑡. For any 𝑗 ≥ 0, let (𝜂𝑗𝑖 )1≤𝑖≤𝑖𝑗 be a sequence of nondecreasing finite

stopping times with 𝜂𝑗0 = 𝑠0, 𝜂𝑗𝑖𝑗 = 𝑠1 such that lim𝑗→∞max1≤𝑖≤𝑖𝑗−1 ∣𝜂𝑗𝑖+1−𝜂𝑗𝑖 ∣ =
0. Keeping 𝑗 fixed, we apply, for each 𝑖 = 0, 1, 2, . . . , 𝑖𝑗, the inequality (5.16) to

𝑥 = 𝑋
(𝑑)
𝑠0−, 𝑦 = 𝑌

(𝑑)
𝑠0− and ℎ = ℎ𝑗

𝑖 = 𝑋
(𝑑)c

𝜂𝑗
𝑖+1

−𝑋
(𝑑)c

𝜂𝑗
𝑖

, 𝑘 = 𝑘𝑗
𝑖 = 𝑌

(𝑑)c

𝜂𝑗
𝑖+1

−𝑌
(𝑑)c

𝜂𝑗
𝑖

. Summing

the obtained 𝑖𝑗 + 1 inequalities and letting 𝑗 →∞ yields
𝑑∑

𝑚=1

𝑑∑
𝑛=1

[
𝑈 ℓ
𝑥𝑚𝑥𝑛

(𝑍
(𝑑)
𝑠0−)[(𝑋

(𝑑)c)𝑚,(𝑋(𝑑)c)𝑛]𝑠1𝑠0+2𝑈
ℓ
𝑥𝑚𝑦𝑛
(𝑍

(𝑑)
𝑠0−)[(𝑋

(𝑑)c)𝑚,(𝑌 (𝑑)c)𝑛]𝑠1𝑠0

+𝑈 ℓ
𝑦𝑚𝑦𝑛
(𝑍

(𝑑)
𝑠0−)[(𝑌

(𝑑)c)𝑚,(𝑌 (𝑑)c)𝑛]𝑠1𝑠0

]

≤−𝑐(𝑍
(𝑑)
𝑠0−)

𝑑∑
𝑚=1

(
[(𝑋(𝑑)c)𝑚,(𝑋(𝑑)c)𝑚]𝑠1𝑠0− [(𝑌 (𝑑)c)𝑚,(𝑌 (𝑑)c)𝑚]𝑠1𝑠0

)

=−𝑐(𝑍
(𝑑)
𝑠0−)

𝑑−1∑
𝑚=1

(
[𝑋𝑚c,𝑋𝑚c]𝑠1𝑠0− [𝑌 𝑚c,𝑌 𝑚c]𝑠1𝑠0

)

where we have used the notation [𝑆, 𝑇 ]𝑠1𝑠0 = [𝑆, 𝑇 ]𝑠1 − [𝑆, 𝑇 ]𝑠0 . By approximation,
this yields

𝐼2 ≤ −
𝑑∑

𝑚=1

∫ 𝑡

0+

𝑐(𝑍
(𝑑)
𝑠− )d

(
[𝑋𝑚c, 𝑋𝑚c]𝑠 − [𝑌 𝑚c, 𝑌 𝑚c]𝑠

)
. (5.17)
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By differential subordination,

d

[
𝑑−1∑
𝑚=1

(
[𝑋𝑚c, 𝑋𝑚c]𝑠 − [𝑌 𝑚c, (𝑌 𝑚c]𝑠

)]

= d

⎡
⎣[𝑋c, 𝑋c]𝑠 − [𝑌 c, 𝑌 c]𝑠 −

∑
𝑚≥𝑑

(
[𝑋𝑚c, 𝑋𝑚c]𝑠 − [𝑌 𝑚c, 𝑌 𝑚c]𝑠

)⎤⎦
≥ −d

∑
𝑚≥𝑑

(
[𝑋𝑚𝑐, 𝑋𝑚𝑐]𝑠 + [𝑌

𝑚𝑐, 𝑌 𝑚𝑐]𝑠
)

Furthermore, 𝑐(𝑍
(𝑑)
𝑠− ) ≤ 𝑀ℓ for all 𝑠. Indeed, we have

√
2𝑎 ≤ ∣𝑍(𝑑)

𝑠− ∣ ≤ ℓ− 2, so, for
any (𝑢, 𝑣) from the unit ball of ℝ𝑑 × ℝ𝑑,

1/ℓ ≤ ∣𝑍(𝑑)
𝑠− + (𝑢/ℓ, 𝑣/ℓ)∣ ≤ ℓ

and it suffices to use (5.11). Therefore,

𝐼2 ≤ 𝑀ℓ

∑
𝑚≥𝑑

(
[𝑋𝑚c, 𝑋𝑚c]𝑡0 + [𝑌

𝑚c, 𝑌 𝑚c]𝑡0
) ≤ 𝜀,

where in the latter passage we have exploited (5.13). It remains to analyze 𝐼3. Let
𝑥, 𝑦, ℎ, 𝑘 ∈ ℋ satisfy ∣𝑥∣ ≥ 1/ℓ, ∣𝑦∣ ≥ 1/ℓ and let 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 : ℝ → ℝ be given
by 𝐺(𝑡) = 𝑈 ℓ(𝑥+𝑡ℎ, 𝑦+𝑡𝑘). By (5.16) and mean value theorem, there is 𝑡0 ∈ (0, 1)
such that

𝑈 ℓ(𝑥 + ℎ, 𝑦 + 𝑘)− 𝑈 ℓ(𝑥, 𝑦)−∇𝑈 ℓ(𝑥, 𝑦) ⋅ (ℎ, 𝑘)

= 𝐺(1)−𝐺(0)−𝐺′(0) = 𝐺′′(𝑡0) ≤ −𝑐(𝑥+ 𝑡0ℎ, 𝑦 + 𝑡0𝑘)(∣ℎ∣2 − ∣𝑘∣2).

Apply this to (𝑥, 𝑦) = 𝑍
(𝑑)
𝑠− , (ℎ, 𝑘) = Δ𝑍

(𝑑)
𝑠 to obtain

𝑈 ℓ(𝑍(𝑑)
𝑠 )− 𝑈 ℓ(𝑍

(𝑑)
𝑠− )−∇𝑈 ℓ(𝑍

(𝑑)
𝑠− ) ⋅Δ𝑍(𝑑)

𝑠

≤ −𝑐(𝑍
(𝑑)
𝑠− + 𝑡0Δ𝑍(𝑑)

𝑠 )(∣Δ𝑋(𝑑)
𝑠 ∣2 − ∣Δ𝑌 (𝑑)

𝑠 ∣2).
Using differential subordination,

∣Δ𝑋(𝑑)
𝑠 ∣2 − ∣Δ𝑌 (𝑑)

𝑠 ∣2 = ∣Δ𝑋𝑠∣2 − ∣Δ𝑌𝑠∣2 −
∑
𝑚≥𝑑

(∣Δ𝑋𝑚
𝑠 ∣2 − ∣Δ𝑌 𝑚

𝑠 ∣2)

≥ −
∑
𝑚≥𝑑

(∣Δ𝑋𝑚
𝑠 ∣2 + ∣Δ𝑌 𝑚

𝑠 ∣2).

Furthermore, by the definition of 𝑍(𝑑),

√
2𝑎 ≤ ∣𝑍(𝑑)

𝑠− + 𝑡0Δ𝑍(𝑑)
𝑠 ∣ ≤ (1− 𝑡0)∣𝑍(𝑑)

𝑠− ∣+ 𝑡0∣𝑍(𝑑)
𝑠 ∣ ≤ ℓ− 2,
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so 𝑐(𝑍
(𝑑)
𝑠− + 𝑡0Δ𝑍

(𝑑)
𝑠 ) ≤ 𝑀ℓ. Putting all these facts together yields

𝐼3 ≤ 𝑀ℓ

∑
0<𝑠≤𝑡

∑
𝑚≥𝑑

(∣Δ𝑋𝑚
𝑠 ∣2 + ∣Δ𝑌 𝑚

𝑠 ∣2) ≤ 𝜀,

where in the last inequality we have used (5.13).

Now, plug the above estimates for 𝐼𝑖 into (5.14) to get

𝔼𝑈 ℓ(𝑋
(𝑑)
𝑡 , 𝑌

(𝑑)
𝑡 ) ≤ 𝔼𝑈 ℓ(𝑋

(𝑑)
0 , 𝑌

(𝑑)
0 ) + 2𝜀.

Letting ℓ → ∞ and using the continuity of 𝑈 and boundedness of 𝑋 and 𝑌 , we
get, by Lebesgue’s dominated convergence theorem,

𝔼𝑈(𝑋
(𝑑)
𝑡 , 𝑌

(𝑑)
𝑡 ) ≤ 𝔼𝑈(𝑋

(𝑑)
0 , 𝑌

(𝑑)
0 ) + 2𝜀

(here we treat 𝑋
(𝑑)
𝑠 , 𝑌

(𝑑)
𝑠 as elements of ℋ, using the embedding (𝑋(𝑑)

𝑠 , 0, 0, . . .)

and similarly for 𝑌
(𝑑)
𝑠 ). Now let 𝑑 →∞ and 𝜀 → 0 to get
𝔼𝑈((𝑎,𝑋𝑡), (𝑎, 𝑌𝑡)) ≤ 𝔼𝑈((𝑎,𝑋0), (𝑎, 𝑌0)),

and, finally, take 𝑎 → 0 to get the claim, in view of (5.9). □

Lemma 5.4, though powerful, does not work if the local martingales have
possibly unbounded jumps and we need to strengthen this result.

Theorem 5.3. Suppose that 𝑈 satisfies the conditions of Lemma 5.4 and, in ad-
dition, that 𝑈𝑥, 𝑈𝑦 are bounded on any set of the form 1/𝑛2 ≤ ∣𝑥∣2 + ∣𝑦∣2 ≤ 𝑛2.
Let 𝑋, 𝑌 be local martingales such that 𝑌 is differentially subordinate to 𝑋. Then
there is a nondecreasing sequence (𝑇𝑛)𝑛≥1 going to ∞ such that, for any 𝑎 > 0
and 0 ≤ 𝑠 ≤ 𝑡,

𝔼
[
𝑈((𝑎,𝑋𝑇𝑛∧𝑡), (𝑎, 𝑌𝑇𝑛∧𝑡))− 𝑈((𝑎,𝑋0), (𝑎, 𝑌0))

∣∣ℱ0

] ≤ 0.
Since we do not impose any extra integrability assumptions on 𝑋 , 𝑌 , the

left-hand side may happen to be −∞ on a set of positive measure.
Proof of Theorem 5.3. The argumentation is similar to that of the previous lem-
ma. Let 𝑛 be a fixed positive integer and introduce the stopping time

𝑇𝑛 = inf{𝑡 ≥ 0 : ∣𝑋𝑡∣+ ∣𝑌𝑡∣+ [𝑋,𝑋 ]𝑡 + [𝑌, 𝑌 ]𝑡 ≥ 𝑛}.
For any fixed 𝜀 > 0, there is a positive integer 𝑑 (depending on 𝑛 and 𝜀) for which∑

𝑚≥𝑑

(
[𝑋𝑚, 𝑋𝑚]𝑇𝑛− + [𝑌

𝑚, 𝑌 𝑚]𝑇𝑛−
)

< 𝜀/(𝑛+ 2)

with probability 1. For a given 𝑎 > 0, put

𝑋(𝑑) = (𝑎,𝑋1, 𝑋2, . . . , 𝑋𝑑−1, 0, 0, . . .) and 𝑌 (𝑑) = (𝑎, 𝑌 1, 𝑌 2, . . . , 𝑌 𝑑−1, 0, 0, . . .)
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and 𝑍(𝑑) = (𝑋(𝑑), 𝑌 (𝑑)). Now let ℓ be a fixed positive integer, 𝑔 : ℝ𝑑×ℝ𝑑 → [0,∞)
be a 𝐶∞ function, supported on the unit ball and satisfying

∫
ℝ𝑑×ℝ𝑑 𝑔 = 1 and

define 𝑈 ℓ : ℝ𝑑 × ℝ
𝑑 → ℝ by the convolution

𝑈 ℓ(𝑥, 𝑦) =

∫
ℝ𝑑×ℝ𝑑

𝑈
(
(𝑥+ 𝑢/ℓ, 0, 0, . . .), (𝑦 + 𝑣/ℓ, 0, 0, . . .)

)
d𝑢d𝑣.

Let (𝜏𝑘)𝑘≥1 be a nondecreasing sequence of stopping times which simultaneously
localizes𝑋(𝑑), 𝑌 (𝑑) and the stochastic integrals 𝑈𝑥(𝑍

(𝑑))⋅𝑋(𝑑), 𝑈𝑦(𝑍
(𝑑))⋅𝑌 (𝑑). The

processes (𝑋
(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡)𝑡≥0 and (𝑌

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡)𝑡≥0 are martingales, but we cannot use the

previous lemma, since they do not have the required boundedness. Therefore, we
need some extra effort: let 𝑡 > 0 and apply Itô’s formula on the set {𝑇𝑛 > 0}.
We get

𝑈 ℓ(𝑍
(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡) = 𝐼0 + 𝐼1 +

1

2
𝐼2 + 𝐼3 + 𝐼4, (5.18)

where

𝐼0 = 𝑈 ℓ(𝑍
(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑟),

𝐼1 =

∫ 𝑇𝑛∧𝜏𝑘∧𝑡

0+

𝑈 ℓ
𝑥(𝑍

(𝑑)
𝑠− )d𝑋

(𝑑)
𝑠 +

∫ 𝑇𝑛∧𝜏𝑘∧𝑡

0+

𝑈 ℓ
𝑦(𝑍

(𝑑)
𝑠− )d𝑌

(𝑑)
𝑠 ,

𝐼2 =

𝑑−1∑
𝑚,𝑛=1

[ ∫ 𝑇𝑛∧𝜏𝑘∧𝑡

0+

𝑈 ℓ
𝑥𝑚𝑥𝑛

(𝑍
(𝑑)
𝑠− )d[𝑋

𝑚, 𝑋𝑛]c𝑠

+ 2

∫ 𝑇𝑛∧𝜏𝑘∧𝑡

0+

𝑈 ℓ
𝑥𝑚𝑦𝑛

(𝑍
(𝑑)
𝑠− )d[𝑋

𝑚, 𝑌 𝑛]c𝑠 +

∫ 𝑇𝑛∧𝜏𝑘∧𝑡

0+

𝑈 ℓ
𝑦𝑚𝑦𝑛
(𝑍

(𝑑)
𝑠− )d[𝑌

𝑚, 𝑌 𝑛]c𝑠

]
,

𝐼3 =
∑

0<𝑠<𝑇𝑛∧𝜏𝑘∧𝑡

[
𝑈 ℓ(𝑍(𝑑)

𝑠 )− 𝑈 ℓ(𝑍
(𝑑)
𝑠− )−∇𝑈 ℓ(𝑍

(𝑑)
𝑠− ) ⋅Δ𝑍(𝑑)

𝑠

]
,

𝐼4 = 𝑈 ℓ(𝑍
(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡)− 𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡−)−∇𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡−) ⋅Δ𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡.

Now, 𝐼1 = 𝐼𝑡(𝑡) is a martingale, since (𝜏𝑘)𝑘≥1 is its localizing sequence. Further-
more, 𝐼2 ≤ 𝜀 and 𝐼3 ≤ 𝜀: this is proved exactly in the same manner as in the

previous lemma. Plugging these facts into (5.18), subtracting 𝑈 ℓ(𝑍
(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡) from

both sides and taking the conditional expectation gives

𝔼

[
𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡−) +∇𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡−) ⋅Δ𝑍

(𝑑)
𝑇𝑛∧𝜏𝑘∧𝑡

∣∣ℱ0

]
≤ 𝑈 ℓ(𝑍

(𝑑)
0 ) + 2𝜀

almost surely on the set {𝑇𝑛 > 0}. Letting 𝑘 →∞ and using Lebesgue’s dominated
convergence theorem we obtain

𝔼

[
𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝑡−) +∇𝑈 ℓ(𝑍

(𝑑)
𝑇𝑛∧𝑡−) ⋅Δ𝑍

(𝑑)
𝑇𝑛∧𝑡

∣∣ℱ0

]
≤ 𝑈 ℓ(𝑍

(𝑑)
0 ) + 2𝜀
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almost surely on {𝑇𝑛 > 0}. Next we let ℓ →∞, then 𝑑 →∞, and finally 𝜀 → 0 to
get, again by Lebesgue’s dominated convergence theorem,

𝔼

[
𝑈((𝑎,𝑋𝑇𝑛∧𝑡−), (𝑎, 𝑌𝑇𝑛∧𝑡−))

+∇𝑈((𝑎,𝑋𝑇𝑛∧𝑡−), (𝑎, 𝑌𝑇𝑛∧𝑡−)) ⋅Δ((𝑎,𝑋𝑇𝑛∧𝑡), (𝑎, 𝑌𝑇𝑛∧𝑡))
∣∣ℱ0

]
≤ 𝑈((𝑎,𝑋0), (𝑎, 𝑌0))

(5.19)

on {𝑇𝑛 > 0}. Now, by (5.10), for any 𝑥, 𝑦, ℎ, 𝑘 ∈ ℋ with ∣𝑘∣ ≤ ∣ℎ∣, the func-
tion 𝐺 = 𝐺𝑥,𝑦,ℎ,𝑘 : ℝ → ℝ, given by 𝐺(𝑡) = 𝑈(𝑥 + 𝑡, 𝑦 + ℎ), is concave. This
implies 𝑈(𝑥 + ℎ, 𝑦 + 𝑘) ≤ 𝑈(𝑥, 𝑦) + 𝑈𝑥(𝑥, 𝑦) ⋅ ℎ + 𝑈𝑦(𝑥, 𝑦) ⋅ 𝑘. Using this fact for
𝑥 = (𝑎,𝑋𝑇𝑛∧𝑡−), 𝑦 = (𝑎, 𝑌𝑇𝑛∧𝑡−), ℎ = Δ(𝑎,𝑋𝑇𝑛∧𝑡) and 𝑘 = Δ(𝑎,𝑋𝑇𝑛∧𝑡), and
combining this inequality with (5.19) yields

𝔼
[
𝑈((𝑎,𝑋𝑇𝑛∧𝑡), (𝑎, 𝑌𝑇𝑛∧𝑡))1{𝑇𝑛>0}

∣∣ℱ0

] ≤ 𝑈((𝑎,𝑋0), (𝑎, 𝑌0))1{𝑇𝑛>0}.

This is precisely the claim, since

𝑈((𝑎,𝑋𝑇𝑛∧𝑡), (𝑎, 𝑌𝑇𝑛∧𝑡))− 𝑈((𝑎,𝑋0), (𝑎, 𝑌0))

=
[
𝑈((𝑎,𝑋𝑇𝑛∧𝑡), (𝑎, 𝑌𝑇𝑛∧𝑡))− 𝑈((𝑎,𝑋0), (𝑎, 𝑌0))

]
1{𝑇𝑛>0}.

The proof is complete. □

The above theorem concerns functions defined on the whole ℋ×ℋ, but the
reasoning can be easily transferred to more general situations. Suppose that 𝐷 is
a closed subset of ℋ×ℋ satisfying the following two conditions. First, if 𝑥, 𝑦, 𝑥, 𝑦
are vectors from ℋ such that ∣𝑥∣ = ∣𝑥∣, ∣𝑦∣ = ∣𝑦∣ and (𝑥, 𝑦) ∈ 𝐷, then (𝑥, 𝑦) ∈ 𝐷.
Second, for any 0 < 𝑟 < 1, there is 𝜀 > 0 such that 𝑟𝐷𝜀, the 𝜀-neighborhood of
𝑟𝐷, is contained in 𝐷.

Theorem 5.4. Suppose that 𝐷 is as above and contains the range of (𝑋,𝑌 ):
ℙ((𝑋,𝑌 )𝑡 ∈ 𝐷 for all 𝑡 ≥ 0) = 1. Assume that 𝑈 : 𝐷 → ℝ satisfies the con-
ditions from the previous theorem, restricted to 𝐷. Then there is a nondecreasing
sequence (𝑇𝑛)𝑛≥1 going to ∞ with the following property. For any 0 < 𝑟 < 1 there
is 𝑎(𝑟) > 0 such that

𝔼
[
𝑈((𝑎, 𝑟𝑋𝑇𝑛∧𝑡), (𝑎, 𝑟𝑌𝑇𝑛∧𝑡))− 𝑈((𝑎, 𝑟𝑋0), (𝑎, 𝑟𝑌0))

∣∣ℱ0

] ≤ 0
for any 𝑡 ≥ 0 and 𝑎 ∈ (0, 𝑎(𝑟)).

The proof goes along the same lines. The only change is that instead of
the truncated process 𝑋(𝑑) = (𝑎,𝑋1, 𝑋2, . . . , 𝑋𝑑−1, 0, 0, . . .), one has to consider
𝑋(𝑑,𝑟) = (𝑎, 𝑟𝑋1, 𝑟𝑋2, . . . , 𝑟𝑋𝑑−1, 0, 0, . . .) and a similar 𝑌 (𝑑,𝑟).

In some situations, the special function 𝑈 is not of class 𝐶1, but is piecewise
𝐶1: see, e.g., the special function 𝑈1 given by (3.6). Then Theorems 5.3 and
5.4 cannot be applied. Here is a modification which enables us to handle such
problems.
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Theorem 5.5. Suppose that 𝐷 is as above. Assume that a function 𝑈 : ℋ×ℋ → ℝ

is bounded on bounded sets, of class 𝐶1 on 𝐷 ∖ {∣𝑥∣∣𝑦∣ = 0} and of class 𝐶2 on
the sets 𝐷𝑖, where the union of the closures of 𝐷𝑖 is equal to 𝐷. Assume that for
any (𝑥, 𝑦) ∈ 𝐷𝑖, ∣𝑥∣∣𝑦∣ ∕= 0 and ℎ, 𝑘 ∈ ℋ,

(ℎ𝑈𝑥𝑥(𝑥, 𝑦), ℎ)+2(ℎ𝑈𝑥𝑦(𝑥, 𝑦), 𝑘)+ (𝑘𝑈𝑦𝑦(𝑥, 𝑦), 𝑘) ≤ −𝑐𝑖(𝑥, 𝑦)(∣ℎ∣2−∣𝑘∣2), (5.20)
where 𝑐𝑖 : 𝐷𝑖 → [0,∞) is measurable and such that for all 0 < 𝑟 < 1,

sup
𝑖

sup
(𝑥,𝑦)∈𝐷𝑖∩𝑟𝐷

𝑐𝑖(𝑥, 𝑦) ≤ 𝑀𝑟.

Here 𝑀𝑟 < 𝑀𝑠 < ∞ for 0 < 𝑟 < 𝑠 < 1. Assume further that

𝑈(𝑥+ ℎ, 𝑦 + 𝑘) ≤ 𝑈(𝑥, 𝑦) + 𝑈𝑥(𝑥, 𝑦) ⋅ ℎ+ 𝑈𝑦(𝑥, 𝑦) ⋅ 𝑘 (5.21)

for (𝑥, 𝑦) ∈ 𝐷 with ∣𝑥∣∣𝑦∣ ∕= 0 and ℎ, 𝑘 ∈ ℋ such that ∣𝑘∣ ≤ ∣ℎ∣. Let 𝑋 and 𝑌
be two local martingales such that 𝑌 is differentially subordinate to 𝑋 and let
𝑇 = inf{𝑡 ≥ 0 : (𝑋𝑡, 𝑌𝑡) /∈ 𝐷}. Then there is a nondecreasing sequence (𝑇𝑛)𝑛≥1

going to ∞ with the following property. For any 0 < 𝑟 < 1 there is 𝑎(𝑟) > 0 such
that

𝔼
[
𝑈((𝑎, 𝑟𝑋𝑇∧𝑇𝑛∧𝑡), (𝑎, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡))− 𝑈((𝑎, 𝑟𝑋0), (𝑎, 𝑟𝑌0))∣ℱ0

] ≤ 0 (5.22)

for all 𝑡 ≥ 0 and 𝑎 ∈ (0, 𝑎(𝑟)).
This theorem can be proved in the same manner as Theorems 5.3 and 5.4:

we use the processes 𝑋(𝑑,𝑟), 𝑌 (𝑑,𝑟) and repeat the reasoning with 𝑇𝑛 replaced by
𝑇 ∧ 𝑇𝑛. The details are left to the reader.

Before we proceed, let us formulate here a very important observation.

Remark 5.4. Sometimes we will need to establish the inequality in the case when
one or both processes 𝑋 , 𝑌 take values in ℝ. Then the above results, Lemma
5.4, Theorems 5.3, 5.4 and 5.5, are not directly applicable. Namely, we use the
fact that the Hilbert space ℋ has at least two dimensions when we replace the
processes 𝑋 , 𝑌 by (𝑎,𝑋) and (𝑎, 𝑌 ), in order to bound them away from 0 (where
we do not control the derivative of 𝑈). However, if we do control the derivative,
the replacement is not necessary and ℋ may be taken to be equal to ℝ. That is
to say, suppose that the function 𝑈 , given on ℝ × ℝ, is of class 𝐶1 on the whole
domain (or on a given subset 𝐷, depending on which theorem we focus). Then the
above results remain valid and the assertions simplify to

𝔼
[
𝑈(𝑋𝑇𝑛∧𝑡, 𝑌𝑇𝑛∧𝑡)− 𝑈(𝑋0, 𝑌0)

∣∣ℱ0

] ≤ 0
or, respectively,

𝔼
[
𝑈(𝑟𝑋𝑇𝑛∧𝑡, 𝑟𝑌𝑇𝑛∧𝑡)− 𝑈(𝑟𝑋0, 𝑟𝑌0)

∣∣ℱ0

] ≤ 0,
𝔼
[
𝑈(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡)− 𝑈(𝑟𝑋0, 𝑟𝑌0)

∣∣ℱ0

] ≤ 0,
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for some nondecreasing sequence (𝑇𝑛) going to ∞. Similarly, if 𝑈 is given on
ℝ×ℋ and is of class 𝐶1 on ℝ×ℋ∖ {(𝑥, 𝑦) : 𝑦 = 0} (or, on 𝐷 ∖ {(𝑥, 𝑦) : 𝑦 = 0},
respectively), then the above results are valid and we have

𝔼
[
𝑈(𝑋𝑇𝑛∧𝑡, (𝑎, 𝑌𝑇𝑛∧𝑡))− 𝑈(𝑋0, (𝑎, 𝑌0))

∣∣ℱ0

] ≤ 0,
with analogous statements for versions of Theorems 5.3, 5.4 and 5.5.

5.3.2 Inequalities for sub- and supermartingales
under 𝜶-strong subordination

When the dominating process 𝑋 is a sub- or supermartingale the situation is a
bit simpler, since we immediately get the reduction to the finite-dimensional case.
Indeed, if 𝑌 is ℋ-valued and 𝛼-subordinate to 𝑋 , then for any 𝑑 = 1, 2, . . . the
truncated process 𝑌 (𝑑) = (𝑌 1, 𝑌 2, . . . , 𝑌 𝑑, 0, 0, . . .) is also 𝛼-subordinate to 𝑋 ,
but takes values in ℝ𝑑. This makes the computations a bit less complex, but the
general idea is the same as in the martingale setting. In fact, all the theorems
from the previous subsection are easily transferred. We will only show the changes
which need to be implemented to obtain a submartingale version of Lemma 5.4.
Then it will be clear how to modify the remaining theorems to obtain appropriate
extensions which deal with sub- and supermartingales.

Lemma 5.5. Let 𝑈 : ℝ×ℋ → ℝ be a continuous function such that 𝑈 is bounded
on bounded sets, of class 𝐶1 on ℝ ×ℋ ∖ {(𝑥, 𝑦) : 𝑦 = 0} and of class 𝐶2 on 𝐷𝑖,
𝑖 ≥ 1, where (𝐷𝑖) is a sequence of open connected sets such that the union of the
closures of 𝐷𝑖 is ℝ×ℋ. Suppose that for each 𝑖 ≥ 1 there is a measurable function
𝑐𝑖 : 𝐷𝑖 → [0,∞) satisfying the following condition: for any (𝑥, 𝑦) ∈ 𝐷𝑖 and ℎ ∈ ℝ,
𝑘 ∈ ℋ,

𝑈𝑥𝑥(𝑥, 𝑦)ℎ2 + 2(ℎ𝑈𝑥𝑦(𝑥, 𝑦), 𝑘) + (𝑘𝑈𝑦𝑦(𝑥, 𝑦), 𝑘) ≤ −𝑐𝑖(𝑥, 𝑦)(ℎ2 − ∣𝑘∣2). (5.23)

Assume further that there is 𝛼 ≥ 0 such that for all 𝑥 ∈ ℝ, 𝑦 ∈ ℋ we have

𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ ≤ 0. (5.24)

Moreover, suppose that for each 𝑛 ≥ 1 there exists 𝑀𝑛 such that

sup 𝑐𝑖(𝑥, 𝑦) ≤ 𝑀𝑛 < ∞, (5.25)

where the supremum is taken over all (𝑥, 𝑦) ∈ 𝐷𝑖 such that 1/𝑛2 ≤ 𝑥2 + ∣𝑦∣2 ≤
𝑛2 and then over all 𝑖 ≥ 1. Let 𝑋 be a bounded submartingale and let 𝑌 be
a bounded ℋ-valued semimartingale. Assume that both processes have bounded
quadratic variations and 𝑌 is 𝛼-subordinate to 𝑋. Then for all 0 ≤ 𝑠 ≤ 𝑡,

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈(𝑋𝑠, 𝑌𝑠). (5.26)
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Proof (sketch). Clearly, we may take 𝑠 = 0. By the above argument and Lebesgue’s
dominated convergence theorem, it suffices to show the assertion for ℋ = ℝ𝑑.
Replacing 𝑌 by (𝑎, 𝑌 ) (and, at the end, letting 𝑎 → 0), we may and do assume
that 𝑌 is bounded away from 0. As in the proof of Lemma 5.4, we approximate
𝑈 by 𝐶∞ functions 𝑈 ℓ : ℝ × ℝ𝑑 → ℝ, which inherit the properties (5.23) and
(5.24) in view of the integration by parts. Let 𝑋 = 𝑋0 +𝑀 + 𝐴 be the unique
Doob-Meyer decomposition with 𝐴 predictable, and let 𝑌 = 𝑌0 + 𝑁 + 𝐵 be the
Doob-Meyer decomposition coming from 𝛼-subordination. An application of Itô’s
formula yields

𝑈 ℓ(𝑋𝑡, 𝑌𝑡) = 𝐼0 + 𝐼1 + 𝐼2 + 𝐼3 +
1

2
𝐼4,

where, this time,

𝐼0 = 𝑈 ℓ(𝑋0, 𝑌0),

𝐼1 =

∫ 𝑡

0+

𝑈 ℓ
𝑥(𝑋𝑠−, 𝑌𝑠−)d𝑀𝑠 +

∫ 𝑡

0+

𝑈 ℓ
𝑦(𝑋𝑠−, 𝑌𝑠−)d𝑁𝑠,

𝐼2 =

∫ 𝑡

0+

𝑈 ℓ
𝑥(𝑋𝑠−, 𝑌𝑠−)d𝐴𝑠 +

∫ 𝑡

0+

𝑈 ℓ
𝑦(𝑋𝑠−, 𝑌𝑠−)d𝐵𝑠,

𝐼3 =

∫ 𝑡

0+

𝑈 ℓ
𝑥𝑥(𝑋𝑠−, 𝑌𝑠−)d[𝑋c, 𝑋c]𝑠 + 2

𝑑∑
𝑛=1

∫ 𝑡

0+

𝑈 ℓ
𝑥𝑦𝑛
(𝑋𝑠−, 𝑌𝑠−)d[𝑋c, 𝑌 𝑛c]𝑠

+

𝑑∑
𝑚,𝑛=1

∫ 𝑡

0+

𝑈 ℓ
𝑦𝑚𝑦𝑛
(𝑋𝑠−, 𝑌𝑠−)d[𝑌 𝑚c, 𝑌 𝑛c]𝑠,

𝐼4 =
∑

0<𝑠≤𝑡

[
𝑈 ℓ(𝑋𝑠, 𝑌𝑠)− 𝑈 ℓ(𝑋𝑠−, 𝑌𝑠−)−∇𝑈 ℓ(𝑋𝑠−, 𝑌𝑠−) ⋅Δ(𝑋𝑠, 𝑌𝑠)

]
.

The difference in comparison with (5.15) is that the term 𝐼1 appearing there has
been split into 𝐼1 and 𝐼2 above. Note that the terms 𝐼1, 𝐼3 and 𝐼4 can be dealt
with in exactly the same manner as in the proof of Lemma 5.4. To handle 𝐼2, we
make use of (5.24) and 𝛼-subordination to obtain

𝐼2 ≤
∫ 𝑡

0+

𝑈 ℓ
𝑥(𝑋𝑠−, 𝑌𝑠−)d𝐴𝑠 +

∫ 𝑡

0+

∣𝑈 ℓ
𝑦(𝑋𝑠−, 𝑌𝑠−)∣d∣𝐵𝑠∣

≤
∫ 𝑡

0+

𝑈 ℓ
𝑥(𝑋𝑠−, 𝑌𝑠−)d𝐴𝑠 +

∫ 𝑡

0+

∣𝑈 ℓ
𝑦(𝑋𝑠−, 𝑌𝑠−)∣d(𝛼𝐴𝑠)

=

∫ 𝑡

0+

[
𝑈 ℓ
𝑥(𝑋𝑠−, 𝑌𝑠−) + 𝛼∣𝑈 ℓ

𝑦(𝑋𝑠−, 𝑌𝑠−)∣
]
d𝐴𝑠 ≤ 0.

(5.27)

This completes the proof. □

Therefore, we see that, in comparison with the martingale setting there are
two essential changes in the formulation. The first one is the technical assumption
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that 𝑈 is differentiable at the 𝑦-axis: this is due to the fact that 𝑋 is real valued,
see Remark 5.4 above. However, this condition can be omitted if 𝑋 is assumed
to be nonnegative, by replacing 𝑋 with 𝑋 + 𝑎 for some 𝑎 > 0; in such a case,
it suffices to assume that 𝑈 : [0,∞) × ℝ → ℝ is continuous and of class 𝐶1 on
(0,∞) × ℝ (and of class 𝐶2 on the sets 𝐷𝑖, and so on). The second additional
assumption is the condition (5.24). Note that we had a similar situation in the
discrete-time setting, where we also added this assumption to make Burkholder’s
method for submartingales work.

In the same manner, adding (5.24), one obtains the submartingale versions
of Theorems 5.3, 5.4 and 5.5. The formulations are clear and the details are left
to the reader.

We conclude this subsection by noting that if the dominating process 𝑋 is
assumed to be a supermartingale, then (5.24) should be replaced by

−𝑈𝑥(𝑥, 𝑦) + 𝛼∣𝑈𝑦(𝑥, 𝑦)∣ ≤ 0.
This can be seen by modifying (5.27) accordingly.

5.4 Inequalities for continuous-time martingales

Theorem 5.6. Let 𝑈1, 𝑈∞ : ℋ×ℋ → ℝ be the functions given by (3.6) and (3.12),
respectively. Let 𝑋 be a martingale and let 𝑌 be a local martingale such that 𝑌 is
differentially subordinate to 𝑋.

(i) For any 𝑡 ≥ 0 we have
𝔼𝑈1(𝑋𝑡, 𝑌𝑡) ≤ 0.

(ii) If 𝑋 is square-integrable, then for any 𝑡 ≥ 0,
𝔼𝑈∞(𝑋𝑡, 𝑌𝑡) ≤ 0. (5.28)

Proof. Let 𝐷 = {(𝑥, 𝑦) ∈ ℋ ×ℋ : ∣𝑥∣ + ∣𝑦∣ ≤ 1} and introduce the stopping time
𝑇 = inf{𝑠 ≥ 0 : (𝑋𝑠, 𝑌𝑠) /∈ 𝐷}.

(i) Observe that

𝔼𝑈1(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡). (5.29)

To see this, we use the inequality 𝑈1(𝑥, 𝑦) ≤ 1 − 2∣𝑥∣, established in the proof of
(3.4). By the conditional Jensen inequality, we get

𝔼𝑈1(𝑋𝑡, 𝑌𝑡)1{𝑇<𝑡} ≤ 𝔼(1− 2∣𝑋𝑡∣)1{𝑇<𝑡}
= 𝔼

[
1{𝑇<𝑡}𝔼

(
1− 2∣𝑋𝑡∣

∣∣ℱ𝑇∧𝑡

)]
≤ 𝔼

[
1{𝑇<𝑡}(1 − 2∣𝑋𝑇∧𝑡∣)

]
= 𝔼𝑈1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇<𝑡}

and it suffices to add the trivial equality

𝔼𝑈1(𝑋𝑡, 𝑌𝑡)1{𝑇≥𝑡} = 𝔼𝑈1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇≥𝑡}.
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Now let us apply Theorem 5.5 to the stopped martingales (𝑋𝑡∧𝑠)𝑠≥0 and (𝑌𝑡∧𝑠)𝑠≥0,
with 𝐷 given above and 𝐷1 = 𝐷∘. It is obvious that the function 𝑈1 satisfies
(5.20) with 𝑐1 = 1 on 𝐷1. Furthermore, the condition (5.21) has been verified in
the proof of (3.4). Thus, (5.22) holds for some nondecreasing sequence (𝑇𝑛)𝑛≥1.
Now let 𝑎 → 1 and 𝑟 → 1. Since ∣𝑈(𝑥, 𝑦)∣ ≤ 𝐴∣𝑥∣+𝐵 for some absolute constants
𝐴, 𝐵 > 0, we may apply Lebesgue’s dominated convergence theorem to get that
for any 𝑛 ≥ 1,

𝔼𝑈1(𝑋𝑇∧𝑇𝑛∧𝑡, 𝑌𝑇∧𝑇𝑛∧𝑡) ≤ 𝔼𝑈1(𝑋0, 𝑌0) ≤ 0.
Here we have used the fact that 𝑈1(𝑥, 𝑦) ≤ 0 if ∣𝑦∣ ≤ ∣𝑥∣. Since

𝑈(𝑋𝑇∧𝑇𝑛∧𝑡, 𝑌𝑇∧𝑇𝑛∧𝑡) ≥ −1− 2∣𝑋𝑇∧𝑡∣,
the use of Fatou’s lemma is permitted and we obtain

𝔼𝑈1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 0.
It remains to combine this with (5.29).

(ii) The argumentation is similar, but first we show that 𝑌 is in 𝐿2. To do
this, let 𝜏 be any bounded stopping time and apply Theorem 5.3 to the function
𝑈(𝑥, 𝑦) = ∣𝑦∣2 − ∣𝑥∣2 and processes 𝑋 , 𝑌 𝜏 = (𝑌𝜏∧𝑡)𝑡≥0. We obtain

𝔼∣𝑌𝑇𝑛∧𝜏∧𝑡∣2 ≤ 𝔼∣𝑋𝑇𝑛∧𝑡∣2 ≤ ∣∣𝑋 ∣∣22, 𝑡 ≥ 0,
for some nondecreasing sequence (𝑇𝑛)𝑛≥1 converging to ∞. Now let 𝑛 → ∞ and
𝑡 →∞ and use Fatou’s lemma to get 𝔼∣𝑌𝜏 ∣2 ≤ ∣∣𝑋 ∣∣22. Thus ∣∣∣𝑌 ∣∣∣2 < ∞ and hence
𝑌 is a martingale, by virtue of Lemma 5.3. A similar reasoning, conditionally on
ℱ𝑇∧𝑡, shows that

𝔼(∣𝑌𝑡∣2 − ∣𝑋𝑡∣2) ≤ 𝔼(∣𝑌𝑇∧𝑡∣2 − ∣𝑋𝑇∧𝑡∣2), (5.30)

where 𝑇 was introduced at the beginning of the proof. The next move is to show
that for any 𝑡 ≥ 0,

𝔼𝑈∞(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈∞(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡). (5.31)

We have 𝑈∞(𝑥, 𝑦) ≥ (∣𝑦∣−1)2−∣𝑥∣2 for all 𝑥, 𝑦 ∈ ℋ (see the proof of Lemma 3.1).
Therefore, by Jensen’s inequality and (5.30),

𝔼𝑈∞(𝑋𝑡, 𝑌𝑡)1{𝑇<𝑡} ≤ 𝔼
[
(∣𝑌𝑡∣ − 1)2 − ∣𝑋𝑡∣2

]
1{𝑇<𝑡}

= 𝔼
[∣𝑌𝑡∣2 − ∣𝑋𝑡∣2 − 2∣𝑌𝑡∣+ 1

]
1{𝑇<𝑡}

≤ 𝔼
[∣𝑌𝑇∧𝑡∣2 − ∣𝑋𝑇∧𝑡∣2 − 2∣𝑌𝑇∧𝑡∣+ 1]1{𝑇<𝑡}

= 𝔼𝑈∞(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇<𝑡}

and it suffices to add the trivial estimate

𝔼𝑈∞(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇≥𝑡} = 𝔼𝑈∞(𝑋𝑡, 𝑌𝑡)1{𝑇≥𝑡}

to get (5.31). Apply Theorem 5.5 to the stopped martingales (𝑋𝑇∧𝑡)𝑡≥0 and
(𝑌𝑇∧𝑡)𝑡≥0 and 𝐷, 𝐷1 as above. The conditions (5.20) and (5.21) hold (for the
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second of them, see Lemma 3.1). Thus (5.22) is valid: we let 𝑎 → 0, 𝑟 → 1 and
𝑛 →∞ and use Lebesgue’s dominated convergence theorem. Here the majorant is
given by (∣𝑌 ∣∗)2 + (∣𝑋 ∣∗)2 + 1, which is integrable by Doob’s maximal inequality.
As the result, we obtain

𝔼𝑈∞(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝔼𝑈∞(𝑋0, 𝑌0) ≤ 0
and the use of (5.31) completes the proof. □

Thus, the inequalities for basis functions 𝑈1 and 𝑈∞ are valid. By Fubini’s
theorem and localization, all the inequalities of Chapter 3 which were established
using the integration method are also valid in the continuous-time setting. Let us
gather these results in the three theorems below.

Theorem 5.7. Suppose that 𝑋, 𝑌 are ℋ-valued local martingales such that 𝑌 is
differentially subordinate to 𝑋. Then

∣∣∣𝑌 ∣∣∣𝑝 ≤ (𝑝∗ − 1)∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < ∞,

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐶𝑝,𝑞∣∣∣𝑋 ∣∣∣𝑞, 1 ≤ 𝑝 < 𝑞 < ∞,

∣∣∣𝑌 ∣∣∣𝑞,∞ ≤ 𝑐𝑝,𝑞∣∣∣𝑋 ∣∣∣𝑝, 0 ≤ 𝑝, 𝑞 < ∞,

∣∣∣𝑌 ∣∣∣1 ≤ 𝐾∣∣∣𝑋 ∣∣∣log + 𝐿(𝐾)

(5.32)

and all the inequalities are sharp.

Proof. For example, to establish the first inequality, we may assume that ∣∣∣𝑋 ∣∣∣𝑝 <
∞ (otherwise the inequality is trivial). Thus 𝑋 is a martingale, by Lemma 5.3.
Let 𝑇𝑛 = inf{𝑡 ≥ 0 : ∣𝑋𝑡∣ + ∣𝑌𝑡∣ ≥ 𝑛} and let 𝜏 be a bounded stopping time. We
have, by Lemma 5.2,

∣𝑌𝑇𝑛∧𝜏∧𝑡∣ ≤ ∣𝑌0∣+ 𝑛+ ∣Δ𝑌𝑇𝑛∧𝜏∧𝑡∣ ≤ ∣𝑋0∣+ 𝑛+ ∣Δ𝑋𝑇𝑛∧𝑡∣,
so 𝑌𝑇𝑛∧𝜏∧𝑡 ∈ 𝐿𝑝. Thus we may apply the integration method to the processes 𝑋
and (𝑌𝑇𝑛∧𝜏∧𝑡)𝑡≥0 and we get

∣∣𝑌𝑇𝑛∧𝜏∧𝑡∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑋 ∣∣𝑝.
It suffices to let 𝑡 → ∞ and 𝑛 → ∞ and apply Fatou’s lemma to obtain ∣∣𝑌𝜏 ∣∣𝑝 ≤
(𝑝∗−1)∣∣𝑋 ∣∣𝑝. This is what we need, since 𝜏 was arbitrary. The remaining estimates
are proved in a similar manner. □

Analogously, one shows the following result for nonnegative local martingales.

Theorem 5.8. Assume that 𝑋, 𝑌 are local martingales such that 𝑌 is differentially
subordinate to 𝑋. Then

(i) If 𝑋 ≥ 0 and 𝑌 is ℋ-valued, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐶𝑝+,𝑝∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < ∞,

∣∣∣𝑌 ∣∣∣𝑝,∞ ≤ 𝑐+𝑝,𝑝∣∣∣𝑋 ∣∣∣𝑝, 1 ≤ 𝑝 < ∞.
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(ii) If 𝑋 is ℋ-valued and 𝑌 ≥ 0, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐶𝑝,𝑝+∣∣∣𝑋 ∣∣∣𝑝.

All the inequalities are sharp.

Now we turn to the estimates in the case when the dominating process 𝑋 is
bounded. Let Φ be an increasing convex function on [0,∞), such that Φ(0) = 0,
Φ′(0+) = 0 and Φ is twice differentiable on (0,∞).
Theorem 5.9. Assume that 𝑋, 𝑌 are ℋ-valued local martingales such that 𝑌 is
differentially subordinate to 𝑋 and ∣∣∣𝑋 ∣∣∣∞ ≤ 1.
(i) We have, for any 𝜆 > 0,

ℙ(∣𝑌 ∣∗ ≥ 𝜆) ≤ 𝑃 (𝜆),

where 𝑃 (𝜆) is given in (3.102).

(ii) If Φ′ is convex, then for any bounded stopping time 𝜏 ,

sup
𝑡

𝔼Φ(∣𝑌𝜏∧𝑡∣) ≤ 1
2

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡.

(iii) If Φ′ is concave, then for any bounded stopping time 𝜏 ,

sup
𝑡

𝔼Φ(∣𝑌𝜏∧𝑡∣) ≤ Φ(1).

All the estimates above are sharp.

Proof. (i) For 𝜆 ≤ 2 we repeat the argumentation from the discrete-time case.
Hence, let 𝜆 > 2 be fixed. It suffices to show that for any 𝑡 ≥ 0,

ℙ(∣𝑌𝑡∣ ≥ 1) ≤ 𝑃 (𝜆).

Here the situation is a bit more complicated, as the function 𝑈𝜆 defined by (3.106)
is not of class 𝐶1 on (−1, 1) × (−𝜆, 𝜆), so the argument with the stopping time
𝑇 = inf{𝑡 ≥ 0 : ∣𝑌𝑡∣ ≥ 𝜆} and Theorem 5.5 is not applicable. Thus we need some
extra effort. The key observation is that the function 𝑈𝜆 : {(𝑥, 𝑦) ∈ ℋ×ℋ : ∣𝑥∣ ≤
1} → ℝ, given by

𝑈𝜆(𝑥, 𝑦) =

{
𝑈𝜆(𝑥, 𝑦) on 𝐷0 ∪𝐷1 ∪𝐷2 ∪𝐷3,

1− (𝜆2 − 1− ∣𝑦∣2 + ∣𝑥∣2)(4(𝜆− 1))−1 on 𝐷4

is an alternative special function leading to (3.102) for 𝜆 > 2. To see this, note
that 𝑈𝜆 ≥ 𝑈𝜆, so 𝑈𝜆 has the majorization property. Furthermore, since 𝑈𝜆 is of
class 𝐶1 on 𝐷3∪𝐷4 and the dependence on 𝑥 and 𝑦 on the set 𝐷4 is only through
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∣𝑦∣2−∣𝑥∣2, the function has the concavity property as well. Introduce the stopping
time 𝑇 = inf{𝑡 : (𝑋𝑡, 𝑌𝑡) ∈ 𝐷3 ∪𝐷4}. The next step is to show that

ℙ(∣𝑌𝑡∣ ≥ 𝜆) ≤ 𝔼𝑈𝜆(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡). (5.33)

To establish this bound note that {∣𝑌𝑡∣ ≥ 1} ⊆ {𝑇 ≤ 𝑡}, so by Chebyshev’s
inequality,

ℙ(∣𝑌𝑡∣ ≥ 1) ≤ 𝔼

[
1− 𝜆2 − 1− ∣𝑌𝑡∣2 + ∣𝑋𝑡∣2

4(𝜆− 1)
]
1{𝑇≤𝑡}.

Now plug (5.30) to obtain (5.33). The final step is to apply Theorem 5.5 to the
function 𝑈𝜆 and the set 𝐷0 ∪𝐷1 ∪𝐷2. We get

𝔼𝑈𝜆(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝑃 (𝜆)

which is the claim.

(ii) Follows from the integration argument.

(iii) Evident from simplicity of the special function. □

The inequalities for “nonsymmetric differentially subordinate martingales”
studied in Section 3.9 also extend to the continuous-time setting. Recall the con-
stants 𝐾𝑝,∞, 𝐿𝑛𝑠(𝐾) and 𝑐𝑝 given there.

Theorem 5.10. Assume that 𝑋, 𝑌 are local martingales such that −𝑋/2 + 𝑌 is
differentially subordinate to 𝑋/2.

(i) If 𝑋 and 𝑌 are ℋ-valued, then

∣∣∣𝑌 ∣∣∣𝑝,∞ ≤ 𝐾𝑝,∞∣∣∣𝑋 ∣∣∣𝑝, 1 ≤ 𝑝 < ∞
and

∣∣∣𝑌 ∣∣∣1 ≤ 𝐾 sup
𝑡

𝔼∣𝑋𝑡∣ log ∣𝑋𝑡∣+ 𝐿𝑛𝑠(𝐾).

Both inequalities are sharp.

(ii) If 𝑋 and 𝑌 are real-valued, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝑐𝑝∣∣∣𝑋 ∣∣∣𝑝
and the constant 𝑐𝑝 is the best possible.

Proof. (i) By Theorem 5.6, we have that if 𝑋 is a martingale, then we have
𝔼𝑈1(𝑋𝑡/2,−𝑋𝑡/2 + 𝑌𝑡) ≤ 0 and if, in addition, 𝑋 ∈ 𝐿2, then we also have
𝔼𝑈∞(𝑋𝑡/2,−𝑋𝑡/2 + 𝑌𝑡) ≤ 0. These two basic inequalities combined with the
integration argument lead to the announced estimates: see the discrete-time set-
ting.

(ii) We will exploit Theorem 5.3. Using an additional trick, we will not deal
with the explicit formula for Choi’s special function; it will be enough for us
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that such a function exists. Let ℳ(𝑥, 𝑦) denote the class of all pairs (𝑓, 𝑔) of
simple martingales starting from (𝑥, 𝑦) satisfying the following condition: there is
a deterministic sequence 𝜃 = (𝜃𝑛)𝑛≥0 with terms in [0, 1] such that for 𝑛 ≥ 1,
𝑑𝑔𝑛 = 𝜃𝑛𝑑𝑓𝑛. Introduce the function 𝑉 : ℝ × ℝ → ℝ by 𝑉𝑝(𝑥, 𝑦) = ∣𝑦∣𝑝 − 𝑐𝑝𝑝∣𝑥∣𝑝.
Then the following lemma is clear (see Chapter 2).

Lemma 5.6. Let 𝑈𝑝 : ℝ
2 → ℝ2 be given by

𝑈𝑝(𝑥, 𝑦) = sup𝔼𝑉𝑝(𝑓𝑛, 𝑔𝑛),

where the supremum is taken over all 𝑛 and all pairs (𝑓, 𝑔) ∈ ℳ(𝑥, 𝑦). Then
𝑈𝑝 ≥ 𝑉𝑝 and 𝑈𝑝 is concave along any line of slope belonging to [0, 1]. Furthermore,
𝑈𝑝 is homogeneous of order 𝑝.

The next auxiliary fact is the following.

Lemma 5.7. Let 𝑈𝑝 be as in the previous lemma. Then for any 𝑥 ∈ ℝ and 1 < 𝑝 <
∞, the function 𝑈𝑝(𝑥, ⋅) : 𝑡 �→ 𝑈𝑝(𝑥, 𝑡) is convex.

Proof. Let 𝑦1, 𝑦2 ∈ ℝ and 𝜆 ∈ (0, 1). For any (𝑓, 𝑔) ∈ ℳ(𝑥, 0), we have, by the
convexity of the function 𝑡 �→ ∣𝑡∣𝑝,

𝔼𝑉𝑝(𝑓𝑛, 𝜆𝑦1 + (1 − 𝜆)𝑦2 + 𝑔𝑛) ≤ 𝜆𝔼𝑉𝑝(𝑓𝑛, 𝑦1 + 𝑔𝑛) + (1− 𝜆)𝔼𝑉𝑝(𝑓𝑛, 𝑦2 + 𝑔𝑛)

≤ 𝜆𝔼𝑈𝑝(𝑥, 𝑦1) + (1− 𝜆)𝔼𝑈𝑝(𝑥, 𝑦2),

since (𝑓, 𝑦𝑖 + 𝑔) ∈ ℳ(𝑥, 𝑦𝑖) for 𝑖 = 1, 2. It suffices to take the supremum over all
𝑛 and (𝑓, 𝑔) ∈ℳ(𝑥, 0) to complete the proof. □

Now we come back to the proof of the moment inequality. We cannot verify
(5.10) (or its nonsymmetric version), since we do not know whether 𝑈𝑝 is suffi-
ciently smooth. To overcome this problem, let 𝜀 > 0 and 𝑔 : ℝ2 → [0,∞) be a 𝐶∞

function satisfying
∫
ℝ2 𝑔 = 1, supported on the ball of radius 1 and center (0, 0).

Define 𝑈𝑝, 𝑉 𝑝 : ℝ
2 → ℝ by the convolutions

𝑈𝑝(𝑥, 𝑦) =

∫
ℝ2

𝑈𝑝(𝑥+ 𝜀𝑢, 𝑦 + 𝜀𝑣)𝑔(𝑢, 𝑣)d𝑢d𝑣

and

𝑉 𝑝(𝑥, 𝑦) =

∫
ℝ2

𝑉𝑝(𝑥+ 𝜀𝑢, 𝑦 + 𝜀𝑣)𝑔(𝑢, 𝑣)d𝑢d𝑣.

Since 𝑈𝑝 ≥ 𝑉𝑝, we have that 𝑈𝑝 majorizes 𝑉 𝑝. The function 𝑈𝑝 is of class 𝐶∞

and inherits the convexity and concavity properties described in the two lemmas
above. In particular,

𝑈𝑝𝑥𝑥 + 2𝑈𝑝𝑥𝑦 + 𝑈𝑝𝑦𝑦 ≤ 0, 𝑈𝑝𝑥𝑥 ≤ 0, −𝑈𝑝𝑦𝑦 ≤ 0. (5.34)
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We will prove that 𝑈 : ℝ×ℝ→ ℝ given by 𝑈(𝑥, 𝑦) = 𝑈𝑝(2𝑥, 𝑥+𝑦) satisfies (5.10)
with

𝑐(𝑥, 𝑦) = −2(𝑈𝑝𝑥𝑥(2𝑥, 𝑥+ 𝑦) + 𝑈𝑝𝑥𝑦(2𝑥, 𝑥 + 𝑦)),

which is nonnegative due to (5.34). To do this, note that the first two inequalities
in (5.34) can be rewritten in the form

±(2𝑈𝑝𝑥𝑦 + 𝑈𝑝𝑦𝑦) ≤ − (2𝑈𝑝𝑥𝑥 + 2𝑈𝑝𝑥𝑦 + 𝑈𝑝𝑦𝑦

)
.

Therefore,

𝑈𝑥𝑥(𝑥, 𝑦)ℎ2 + 2𝑈𝑥𝑦(𝑥, 𝑦)ℎ𝑘 + 𝑈𝑦𝑦(𝑥, 𝑦)𝑘2

=
[
4𝑈𝑝𝑥𝑥(2𝑥, 𝑥+ 𝑦) + 4𝑈𝑝𝑥𝑦(2𝑥, 𝑥+ 𝑦) + 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)

]
ℎ2

+ 2
[
2𝑈𝑝𝑥𝑦(2𝑥, 𝑥+ 𝑦) + 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)

]
ℎ𝑘 + 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)𝑘2

≤ [4𝑈𝑝𝑥𝑥(2𝑥, 𝑥+ 𝑦) + 4𝑈𝑝𝑥𝑦(2𝑥, 𝑥+ 𝑦) + 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)
]
ℎ2

− [2𝑈𝑝𝑥𝑥(2𝑥, 𝑥+ 𝑦) + 2𝑈𝑝𝑥𝑦(2𝑥, 𝑥+ 𝑦) + 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)
]
(ℎ2 + 𝑘2)

+ 𝑈𝑝𝑦𝑦(2𝑥, 𝑥+ 𝑦)𝑘2

= −𝑐(𝑥, 𝑦)(ℎ2 − 𝑘2).

The remaining part of the proof is straightforward. We may assume that ∣∣∣𝑋 ∣∣∣𝑝 <
∞, which implies that ∣∣∣𝑌 ∣∣∣𝑝 < ∞ (by Burkholder’s estimate for differentially
subordinate martingales). We have that ∣𝑈𝑝(𝑥, 𝑦)∣ ≤ 𝜅(∣𝑥∣𝑝 + ∣𝑦∣𝑝) for all 𝑥, 𝑦 and
some absolute constant 𝜅: indeed, 𝑈𝑝(𝑥, 𝑦) ≥ ∣𝑦∣𝑝− 𝑐𝑝𝑝∣𝑥∣𝑝 and 𝑈𝑝 can be bounded
from above by Burkholder’s function (𝑥, 𝑦) �→ 𝛼𝑝(∣𝑦∣ − (𝑝∗ − 1)∣𝑥∣)(∣𝑥∣ + ∣𝑦∣)𝑝−1,
directly from the definition of 𝑈𝑝. Thus, a similar bound is valid for 𝑈𝑝 and, in
turn, for 𝑈 :

∣𝑈(𝑥, 𝑦)∣ ≤ 𝜅̄(∣𝑥∣𝑝 + ∣𝑦∣𝑝) (5.35)

Consequently, by Theorem 5.3 and Remark 5.4,

𝔼
[
𝑈(𝑋𝑇𝑛∧𝑡/2,−𝑋𝑇𝑛∧𝑡/2 + 𝑌𝑇𝑛∧𝑡)− 𝑈(𝑋0/2,−𝑋0/2 + 𝑌0)

∣∣ℱ0

] ≤ 0, 𝑡 ≥ 0,
for some nondecreasing sequence (𝑇𝑛) going to ∞. Now we use (5.35) with the
condition 𝑋, 𝑌 ∈ 𝐿𝑝 to obtain

𝔼𝑈(𝑋𝑡/2,−𝑋𝑡/2 + 𝑌𝑡) ≤ 𝔼𝑈(𝑋0/2,−𝑋0/2 + 𝑌0),

by Lebesgue’s dominated convergence theorem (the majorant is 𝜅̄((∣𝑋 ∣∗)𝑝 +
(∣𝑌 ∣∗)𝑝), which is integrable thanks to Doob’s inequality). That is,

𝔼𝑈𝑝(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈𝑝(𝑋0, 𝑌0),

and, consequently, 𝔼𝑉 𝑝(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈𝑝(𝑋0, 𝑌0). Now we let 𝜀 → 0 (𝜀 was the
parameter used in the convolution) to get

𝔼𝑉𝑝(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈𝑝(𝑋0, 𝑌0) ≤ 0,
which yields the claim. □
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Finally, we turn to the results concerning optimal control of martingales.

Theorem 5.11. Assume that 𝑋, 𝑌 are real-valued martingales such that 𝑋0 ≡ 𝑥,
𝑌 is differentially subordinate to 𝑋 and ℙ(sup𝑡 𝑌𝑡 ≥ 0) ≥ 𝑡. Then

∣∣∣𝑋 ∣∣∣𝑝 ≥ 𝐿𝑝(𝑥, ∣𝑥∣, 𝑡), 1 ≤ 𝑝 < ∞,

and the inequality is sharp.

Theorem 5.12. Assume that 𝑋, 𝑌 are real-valued local martingales such that 𝑌 is
differentially subordinate to 𝑋. Then

ℙ(sup
𝑡

𝑌𝑡 ≥ 1) ≤ 𝐾𝑝,∞∣∣∣𝑋 ∣∣∣𝑝, 1 ≤ 𝑝 < ∞,

and the constant is the best possible.

Proof. As in the discrete-time case, the key ingredient in the proof of both these
estimates is the inequality

ℙ(𝑌 ∗ ≥ 0) ≤ ∣∣∣𝑋 ∣∣∣𝑝𝑝 + 𝑈𝑝(𝑥, 𝑦), (5.36)

where 𝑋 , 𝑌 are real-valued local martingales starting from 𝑥 and 𝑦, respectively,
such that the process ([𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡)𝑡≥0 is nondecreasing as a function of 𝑡
(this is not differential subordination: this process may take negative values). We
consider two cases 𝑝 > 1 and 𝑝 = 1 separately.

The case 𝑝 > 1. In fact we will focus on the case 1 < 𝑝 < 2; for 𝑝 ≥ 2
the reasoning is similar. With no loss of generality, we take ∣∣∣𝑋 ∣∣∣𝑝 < ∞: this
implies that ∣∣∣𝑌 ∣∣∣𝑝 is also finite. We will apply Theorem 5.5 combined with Re-
mark 5.4. Let 𝑉𝑝(𝑥, 𝑦) = 1{𝑦≥0}− ∣𝑥∣𝑝 and let 𝑈𝑝 be the function coming from the
discrete-time setting. Finally, set 𝐷 = ℝ× (−∞, 0). Then 𝑈𝑝 satisfies the assump-
tions of Theorem 5.5: the inequality (5.20) can be extracted from the inequalities
(3.159)–(3.162), while (5.21) was established directly in the discrete-time case. The
remaining properties are easy to verify. Consequently, we have

𝔼𝑈𝑝(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡) ≤ 𝔼𝑈𝑝(𝑟𝑋0, 𝑟𝑌0) = 𝑈𝑝(𝑟𝑥, 𝑟𝑦)

and letting 𝑟 → 1, 𝑛 →∞ we get

𝔼𝑉𝑝(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝔼𝑈𝑝(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝑈𝑝(𝑥, 𝑦),

by Lebesgue’s dominated convergence theorem. This yields (5.36) by the stopping
time argument.

The case 𝑝 = 1. We may assume that ∣∣∣𝑋 ∣∣∣1 < ∞ and, by localizing, that
𝑋 is a martingale. We cannot use “the real-valued version” of Theorem 5.5, since
𝑈1, given by (3.142), is not differentiable on the set {(0, 𝑦) : 𝑦 < −2}. On the



5.4. Inequalities for continuous-time martingales 235

other hand, we know that 𝑈1 is diagonally concave and, as one easily checks, the
function 𝑈1(𝑥, ⋅) is convex on (−∞, 0] for any 𝑥 ∈ ℝ. Introduce the function

𝑈1(𝑥, 𝑦) =

∫
ℝ2

𝑈1(𝑥+ 𝜀𝑢, 𝑦 + 𝜀𝑣)𝑔(𝑢, 𝑣)d𝑢d𝑣, (𝑥, 𝑦) ∈ ℝ
2,

where 𝑔 and 𝜀 are as usual (assume also that 𝜀 < −𝑦). Then 𝑈1 is also diagonally
concave and 𝑈1(𝑥, ⋅) is convex on (−∞,−𝜀] for any 𝑥 ∈ ℝ. This gives

±2𝑈1𝑥𝑦 ≤ −𝑈1𝑥𝑥 − 𝑈1𝑦𝑦 on ℝ2

and
𝑈1𝑦𝑦 ≥ 0 on ℝ× (−∞,−𝜀]. (5.37)

Thus, for any 𝑥, 𝑦, ℎ and 𝑘 ∈ ℝ,

𝑈1𝑥𝑥(𝑥, 𝑦)ℎ2 + 2𝑈1𝑥𝑦(𝑥, 𝑦)ℎ𝑘 + 𝑈1𝑦𝑦(𝑥, 𝑦)𝑘2

≤ 𝑈1𝑥𝑥(𝑥, 𝑦)ℎ2 − 1
2
Δ𝑈1(𝑥, 𝑦)(ℎ2 + 𝑘2) + 𝑈1𝑦𝑦(𝑥, 𝑦)𝑘2

= −(𝑈1𝑦𝑦(𝑥, 𝑦)− 𝑈1𝑥𝑥(𝑥, 𝑦))(ℎ2 − 𝑘2)

= − 𝑐(𝑥, 𝑦)(ℎ2 − 𝑘2).

Now, if (𝑥, 𝑦) ∈ 𝐷 = ℝ× (−∞,−𝜀), then 𝑐(𝑥, 𝑦) ≥ 0 in virtue of (5.37). Thus, 𝑈1

satisfies the assumptions of Theorem 5.5 (with ℋ = ℝ) and hence

𝔼𝑈1(𝑋𝑇∧𝑇𝑛∧𝑡, 𝑌𝑇∧𝑇𝑛∧𝑡) ≤ 𝑈(𝑥, 𝑦), (5.38)

where 𝑇 is the exit time of 𝐷 and (𝑇𝑛) is a certain nondecreasing sequence going to
∞. Since 𝑈(𝑥, 𝑦) ≥ 1− ∣𝑥∣, 𝑈1 also satisfies an inequality of this type: 𝑈1(𝑥, 𝑦) ≥
−𝜅(1 + ∣𝑥∣) for some universal constant 𝜅. By (5.38),

𝔼
[
𝜅+ 𝜅∣𝑋𝑇∧𝑇𝑛∧𝑡∣+ 𝑈1(𝑋𝑇∧𝑇𝑛∧𝑡, 𝑌𝑇∧𝑇𝑛∧𝑡)

] ≤ 𝑈(𝑥, 𝑦) + 𝜅+ 𝜅𝔼∣𝑋𝑇∧𝑇𝑛∧𝑡∣
≤ 𝑈(𝑥, 𝑦) + 𝜅+ 𝜅𝔼∣𝑋𝑇∧𝑡∣.

where in the second passage we have used Doob’s optional sampling theorem. If
we let 𝑛 →∞ and then 𝜀 → 0, we obtain, by Fatou’s lemma,

𝔼𝑈1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝑈1(𝑥, 𝑦).

Hence 𝔼𝑉1(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝑈1(𝑥, 𝑦), which yields (5.36) by the stopping time ar-
gument. □
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5.5 Inequalities for continuous-time sub- and
supermartingales

Now we will focus on the inequalities where the dominating process is a sub- or a
supermartingale.

5.5.1 Weak type inequalities for local submartingales

We start from the generalization of Theorems 4.4 and 4.5. For any 𝛼 ≥ 0, let 𝐶𝛼,
𝐾𝛼 be the constants defined there.

Theorem 5.13. Let 𝛼 ≥ 0. Assume that 𝑋 is a local submartingale and 𝑌 is 𝛼-
subordinate to 𝑋. Then

ℙ(∣𝑌 ∣∗ ≥ 1) ≤ 𝐾𝛼∣∣∣𝑋+∣∣∣1 − (𝐶𝛼 −𝐾𝛼)𝔼𝑋0 (5.39)

and
ℙ(∣𝑌 ∣∗ ≥ 1) ≤ 𝐶𝛼∣∣∣𝑋 ∣∣∣1. (5.40)

Both inequalities are sharp.

Proof. Sharpness is clear, since the constant 𝐶𝛼 is already optimal in the discrete-
time case. Thus we will be done if we establish the first estimate, since ∣∣∣𝑋+∣∣∣1 ≤
∣∣∣𝑋 ∣∣∣1 and −𝔼𝑋0 ≤ ∣∣𝑋0∣∣1 ≤ ∣∣∣𝑋 ∣∣∣1. By localization, we may and do assume
that 𝑋 is a submartingale. Recall the function 𝑈𝛼, given by (4.6), and some of its
properties. This function is of class 𝐶1 on the set

𝐷 =

{
(𝑥, 𝑦) ∈ ℝ×ℋ : ∣𝑦∣ − 1

𝛼 ∨ 1 < 𝑥 < 1− ∣𝑦∣
}

and of class 𝐶2 on 𝐷 ∖ {(𝑥, 𝑦) : 𝑦 = 0}. Furthermore, it satisfies (5.20) and
(5.21) on 𝐷 (see (4.8)) as well as the inequality 𝑈𝛼𝑥 + 𝛼∣𝑈𝛼𝑦∣ ≤ 0, due to (4.7).
Consequently, applying the submartingale version of Theorem 5.5 yields

𝔼
[
𝑈𝛼(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡)− 𝑈𝛼(𝑟𝑋0, 𝑟𝑌0)

] ≤ 0,
for some nondecreasing sequence (𝑇𝑛)𝑛≥0 going to ∞.

By (4.9) we have 𝑈𝛼(𝑟𝑋0, 𝑟𝑌0) ≤ −𝑟(𝛼 + 1)𝑋0, whence

𝔼𝑈𝛼(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡) ≤ −𝑟(𝛼+ 1)𝔼𝑋0 = −𝑟(𝐶𝛼 −𝐾𝛼)𝔼𝑋0.

Now we let 𝑛 go to ∞ and 𝑟 go to 1. Observe that 𝑈𝛼(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡) ≥
−1−𝐾𝛼∣𝑟𝑋𝑇∧𝑡∣, so by Fatou’s lemma,

𝔼𝑈𝛼(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ −(𝐶𝛼 −𝐾𝛼)𝔼𝑋0.

Thus, using the majorization property of 𝑈𝛼, we get

ℙ(𝑌𝑇∧𝑡 ≥ 1) ≤ 𝐾𝛼𝔼𝑋+
𝑇∧𝑡 − (𝐶𝛼 −𝐾𝛼)𝔼𝑋0 ≤ 𝐾𝛼∣∣∣𝑋 ∣∣∣1 − (𝐶𝛼 −𝐾𝛼)𝔼𝑋0,

which yields the claim by the stopping time argument. □
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5.5.2 Weak type and moment inequalities for
nonnegative local submartingales

Theorem 5.14. Let 𝛼 ≥ 0. Assume that 𝑋 is a nonnegative local submartingale
and 𝑌 is 𝛼-subordinate to 𝑋. Then

ℙ(∣𝑌 ∣∗ ≥ 1) ≤ (𝛼+ 2)∣∣∣𝑋 ∣∣∣1 (5.41)

and
∣∣∣𝑌 ∣∣∣𝑝 ≤ (𝑝∗𝛼 − 1)∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < ∞. (5.42)

Both inequalities are sharp.

Proof. It suffices to prove inequalities (5.41) and (5.42); their sharpness has been
already established in the discrete-time setting. First we focus on the weak type
estimate. Let 𝑈 be the special function given by (4.14) and let 𝑇 be the first exit
time from the set 𝐷 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1 − ∣𝑦∣}. By (4.16) and Doob’s optional
sampling theorem,

𝔼𝑈(𝑋𝑡, 𝑌𝑡)1{𝑇<𝑡} ≤ 𝔼(1 − (𝛼+ 2)𝑋𝑡)1{𝑇<𝑡}
≤ 𝔼(1 − (𝛼+ 2)𝑋𝑇∧𝑡)1{𝑇<𝑡}
= 𝔼𝑈(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇<𝑡}

and adding this to the trivial equality 𝔼𝑈(𝑋𝑡, 𝑌𝑡)1{𝑇≥𝑡} = 𝔼𝑈(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡)1{𝑇≥𝑡},
we obtain

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡). (5.43)

Now we shall use the submartingale version of Theorem 5.5, with 𝑈 and 𝐷 as
above. The assumptions are satisfied: the inequality (5.10) follows from (4.15) and
(5.21) was established in the discrete-time setting. Consequently, we obtain

𝔼𝑈(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, (𝑎, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡)) ≤ 𝔼𝑈(𝑟𝑋0, (𝑎, 𝑟𝑌0))

for some nondecreasing sequence (𝑇𝑛)𝑛≥1 going to ∞. We have that
∣𝑈(𝑟𝑋0, (𝑎, 𝑟𝑌0))∣ ≤ 1 + (𝛼+ 2)𝑋0

and
∣𝑈(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, (𝑎, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡))∣ ≤ 2 + (𝛼+ 2)𝑋𝑇∧𝑡,

so letting 𝑛 →∞, 𝑎 → 0 and 𝑟 → 1 yields, by Lebesgue’s dominated convergence
theorem,

𝔼𝑈(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 𝔼𝑈(𝑋0, 𝑌0) ≤ 0.
Combining this with (5.43) gives

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 0, (5.44)

which implies the weak type estimate by the stopping time argument.
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We turn to the moment estimate. We may and do assume that ∣∣∣𝑋 ∣∣∣𝑝 < ∞.
Let 𝑁 be a positive integer and let 𝜏 = inf{𝑡 : ∣𝑌𝑡∣ ≥ 𝑁}. Then the stopped
process 𝑌 = (𝑌𝜏∧𝑡)𝑡≥0 is 𝛼-subordinate to 𝑋 and satisfies ∣∣∣𝑌 ∣∣∣𝑝 < ∞, because

∣𝑌𝜏∧𝑡∣ ≤ ∣𝑌𝜏∧𝑡−∣+ ∣Δ𝑌𝜏∧𝑡∣ ≤ 𝑁 + ∣Δ𝑋𝜏∧𝑡∣.

Now, if 𝑝 < (𝛼 + 2)/(𝛼 + 1), we exploit the integration argument and (5.44),
obtaining

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 0,
where 𝑈 is given by (4.26). By the majorization property, this implies

∣∣𝑌𝜏∧𝑡∣∣𝑝 ≤ (𝑝∗𝛼 − 1)∣∣∣𝑋 ∣∣∣𝑝

and it suffices to let 𝑡 → ∞ and 𝑁 → ∞. For the remaining values of 𝑝 we make
use of the submartingale version of Theorem 5.5 and obtain

𝔼𝑈(𝑎+𝑋𝑇𝑛∧𝑡, 𝑌𝑇𝑛∧𝜏∧𝑡) ≤ 𝔼𝑈(𝑎+𝑋0, 𝑌0) ≤ 0,

where (𝑇𝑛)𝑛≥1 is a certain nondecreasing sequence of stopping times (here 𝑈 is
the corresponding special function). It suffices to use the inequality ∣𝑈(𝑥, 𝑦)∣ ≤
𝑐(𝑥𝑝 + ∣𝑦∣𝑝), valid for all 𝑥 ≥ 0, 𝑦 ∈ ℋ and some absolute constant 𝑐. Then
Lebesgue’s dominated convergence theorem yields

𝔼𝑈(𝑋𝑡, 𝑌𝜏∧𝑡) ≤ 0,

which, as previously, immediately yields the claim. □

5.5.3 Weak type and moment inequalities for
nonnegative local supermartingales

Theorem 5.15. Let 𝛼 ≥ 0. Assume that 𝑋 is a nonnegative local supermartingale
and 𝑌 is 𝛼-subordinate to 𝑋. Then

ℙ(∣𝑌 ∣∗ ≥ 1) ≤ 2𝑝∣∣∣𝑋 ∣∣∣𝑝𝑝, 0 < 𝑝 ≤ 1, (5.45)

and, for 𝛽𝑝 as in Theorem 4.11

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝛽𝑝∣∣∣𝑋 ∣∣∣𝑝, 𝑝 < 1. (5.46)

Both inequalities are sharp.

Proof. This is established exactly in the same manner as the previous theorem.
We leave the details to the reader. □



5.5. Inequalities for continuous-time sub- and supermartingales 239

5.5.4 Logarithmic estimates for nonnegative local submartingales

Theorem 5.16. Let 𝛼 ∈ [0, 1]. Assume that 𝑋 is a nonnegative local submartingale
and 𝑌 a real-valued semimartingale which is 𝛼-subordinate to 𝑋. Then for 𝐾 > 1,

∣∣∣𝑌 ∣∣∣1 ≤ 𝐾∣∣∣𝑋 ∣∣∣log+ + 𝐿(𝐾,𝛼). (5.47)

The constant is the best possible.

Proof. We may and do assume that ∣∣∣𝑋 ∣∣∣log+ < ∞. For a fixed 𝛼 and 𝐾, let 𝑈
be the corresponding function considered in the discrete-time case. This function
is concave along the lines of slope belonging to the interval [−1, 1]. Furthermore,
when 𝑦 ∈ ℝ and ∣𝛾∣ ≤ 𝛼, then the function 𝑡 �→ 𝑈(𝑡, 𝑦 + 𝛼𝑡) is nonincreasing;
finally, for any 𝑥 ≥ 0 the function 𝑈(𝑥, ⋅) is convex. These properties are inherited
by the function 𝑈 : [𝜀,∞)× ℝ→ ℝ, given by

𝑈(𝑥, 𝑦) =

∫
ℝ2

𝑈(𝑥− 𝜀𝑢, 𝑦 − 𝜀𝑣)𝑔(𝑢, 𝑣)d𝑢d𝑣,

where 𝜀 > 0 and 𝑔 : ℝ2 → ℝ are as usual. Now, arguing as in the proof of
Theorem 5.11, we show that 𝑈 satisfies 1∘ (with 𝑉 obtained from 𝑉 (𝑥, 𝑦) =
∣𝑦∣ − 𝐾𝑥 log+ 𝑥 by the appropriate convolution) and 2∘. Consequently, by the
submartingale version of Theorem 5.3, if 𝑎 > 2𝜀 and 𝑡 ≥ 0,

𝔼𝑈(𝑎+𝑋𝑇𝑛∧𝑡, 𝑌𝑇𝑛∧𝑡) ≤ 𝔼𝑈(𝑎+𝑋0, 𝑌0)

for some nondecreasing sequence (𝑇𝑛) going to ∞. This implies

𝔼𝑉 (𝑎+𝑋𝑇𝑛∧𝑡, 𝑌𝑇𝑛∧𝑡) ≤ 𝔼𝑈(𝑎+𝑋0, 𝑌0) ≤ 𝐿(𝐾,𝛼).

Here in the latter passage we have used the inequality 𝑈(𝑥, 𝑦) ≤ 𝐿(𝐾,𝛼) for
∣𝑦∣ ≤ ∣𝑥∣ and the fact that ∣𝑎 + 𝑥+ 𝑢𝜀∣ ≥ ∣𝑦 + 𝑣𝜀∣ for any (𝑢, 𝑣) belonging to the
unit ball of ℝ2. Obviously, we have

∣𝑉 (𝑥, 𝑦)∣ ≤ ∣𝑦∣+𝐾(𝑥+ 𝜀) log+(𝑥+ 𝜀) ≤ 𝜅(𝑥 log+ 𝑥+ 1)

for some absolute constant 𝜅 (not depending on 𝜀). Therefore, by Lebesgue’s dom-
inated convergence theorem, if we let 𝑁 →∞, 𝜀 → 0 and then 𝑎 → 0, we obtain

𝔼∣𝑌𝑡∣ ≤ 𝐾𝔼𝑋𝑡 log
+ 𝑋𝑡 + 𝐿(𝐾,𝛼) ≤ 𝐾∣∣∣𝑋 ∣∣∣log+ + 𝐿(𝐾,𝛼).

Now if pick a bounded stopping time 𝜏 and replace 𝑌 with (𝑌𝜏∧𝑡)𝑡≥0, we get,
taking sufficiently large 𝑡,

𝔼∣𝑌𝜏 ∣ ≤ 𝐾∣∣∣𝑋 ∣∣∣log+ + 𝐿(𝐾,𝛼).

This yields the claim, since 𝜏 was arbitrary. □



240 Chapter 5. Inequalities in Continuous Time

5.5.5 Inequalities for bounded local submartingales

Finally, we formulate the results in the case when the dominating process is a
continuous-time submartingale bounded by 1. The reasoning is similar to that
presented above and we leave the details to the interested reader.

Theorem 5.17. Let 𝛼 ∈ [0, 1]. Assume that 𝑋 is a local submartingale satisfying
∣∣∣𝑋 ∣∣∣∞ ≤ 1 and 𝑌 is an adapted process which is 𝛼-subordinate to 𝑋. Then for
𝜆 > 0 we have the sharp inequality

ℙ(∣𝑌 ∣∗ ≥ 𝜆) ≤ 𝑈𝜆(−1, 1), (5.48)

where 𝑈𝜆 is given by (4.72), (4.73) or (4.75), depending on whether 𝜆 ∈ (0, 2],
𝜆 ∈ (2, 4) or 𝜆 ≥ 4. In particular, for 𝜆 ≥ 4,

ℙ(∣𝑌 ∣∗ ≥ 𝜆) ≤ 𝛾𝑒−𝜆/(2𝛼+2), (5.49)

where

𝛾 =
1 + 𝛼

2𝛼+ 4

(
𝛼+ 1 + 2−

𝛼+2
𝛼+1
)
exp

( 2

𝛼+ 1

)
.

Let Φ be a nondecreasing convex function on [0,∞), which is twice differen-
tiable on (0,∞) and such that Φ′ is convex on (0,∞) and Φ(0) = Φ′(0+) = 0.

Theorem 5.18. Let 𝛼 ≥ 0. Assume that 𝑋 is a nonnegative submartingale bounded
from above by 1 and let 𝑌 be an ℋ-valued process which is 𝛼-subordinate to 𝑋.
Then for Φ as above and any bounded stopping time 𝜏 ,

𝔼Φ

( ∣𝑌𝜏 ∣
𝛼+ 1

)
≤ 1 + 𝛼

2 + 𝛼

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡.

The inequality is sharp, even if ℋ = ℝ.

Theorem 5.19. Let 𝛼 ≥ 0 be a fixed number. Assume that 𝑋 is a nonnegative
submartingale bounded from above by 1 and let 𝑌 be a real-valued process which is
𝛼-subordinate to 𝑋. Then

∣∣𝑌 ∣∣1 ≤ (𝛼 + 1)(2𝛼
2 + 3𝛼+ 2)

(2𝛼+ 1)(𝛼+ 2)
.

The constant on the right is the best possible.
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5.6 Inequalities for smooth functions on
Euclidean domains

The estimates for continuous-time processes studied above yield interesting bounds
for smooth functions defined on subdomains of ℝ𝑛.

5.6.1 Inequalities for harmonic functions

Let 𝐷 be an open connected set of points 𝑥 = (𝑥1, 𝑥2, . . . , 𝑥𝑛) ∈ ℝ𝑛, where
𝑛 is a fixed positive integer. Let ℋ be a separable Hilbert space. Suppose that
𝑢 : 𝐷 → ℋ is harmonic: the partial derivatives 𝑢𝑘 =

∂𝑢
∂𝑥𝑘
and 𝑢𝑗𝑘 =

∂2𝑢
∂𝑥𝑗∂𝑥𝑘

exist and are continuous, and Δ𝑢 =
∑𝑛

𝑘=1 𝑢𝑘𝑘 = 0, the zero vector of ℋ. Then
𝑢𝑘(𝑥) ∈ ℋ and we put

∣∇𝑢(𝑥)∣ =
(

𝑛∑
𝑘=1

∣𝑢𝑘(𝑥)∣2
)1/2

.

Fix a point 𝜉 ∈ 𝐷 and let 𝐷0 be a bounded subdomain of 𝐷 satisfying 𝜉 ∈ 𝐷0 ⊂
𝐷0 ∪ ∂𝐷0 ⊂ 𝐷. Denote by 𝜇𝜉

𝐷0
the harmonic measure on ∂𝐷0 with respect to 𝜉.

If 1 ≤ 𝑝 < ∞, let

∣∣𝑢∣∣𝑝 = sup
(∫

∂𝐷0

∣𝑢(𝑥)∣𝑝𝜇𝜉
𝐷0
(d𝑥)

)1/𝑝

be the strong 𝑝th norm of 𝑢: here the supremum is taken over all 𝐷0 as above.
The norm ∣∣𝑢∣∣∞ is defined by the essential supremum of 𝑢, as usual. Similarly, let

∣∣𝑢∣∣𝑝,∞ = sup
𝐷0

sup
𝜆>0

𝜆
[
𝜇𝜉
𝐷0
({𝑥 ∈ ∂𝐷0 : ∣𝑢(𝑥)∣ ≥ 𝜆})]1/𝑝

denote the corresponding weak 𝑝th norm. Now let 𝑣 : 𝐷 → ℋ be another harmonic
function.

Definition 5.3. We say that 𝑣 is differentially subordinate to 𝑢 if, for all 𝑥 ∈ 𝐷,
∣∇𝑣(𝑥)∣ ≤ ∣∇𝑢(𝑥)∣.

For example, if 𝑛 = 2, 𝐷 is the unit disc of ℝ2 and 𝑢, 𝑣 are conjugate
harmonic functions on 𝐷, then 𝑣 is differentially subordinate to 𝑢. This follows
immediately from the Cauchy-Riemann equations.

The key fact which connects the differential subordination of harmonic func-
tions with that of martingales is the following. Suppose that 𝜉 ∈ 𝐷, 𝑢 and 𝑣 are
as above and that 𝑣 is differentially subordinate to 𝑢. Assume, in addition, that
∣𝑣(𝜉)∣ ≤ ∣𝑢(𝜉)∣. If 𝐵 = (𝐵𝑡)𝑡≥0 is a Brownian motion in ℝ𝑛, started at 𝜉 and
stopped at the exit time of 𝐷, then 𝑋 = (𝑢(𝐵𝑡))𝑡≥0 and 𝑌 = (𝑣(𝐵𝑡))𝑡≥0 are
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continuous-time martingales such that 𝑌 is differentially subordinate to 𝑋 . This
follows immediately from the identity

[𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡 = ∣𝑢(𝜉)∣2 − ∣𝑣(𝜉)∣2 +
∫ 𝑡

0+

∣∇𝑢(𝐵𝑠)∣2 − ∣∇𝑣(𝐵𝑠)∣2 d𝑠.

Moreover, we have ∣∣𝑋 ∣∣𝑝 = ∣∣𝑢∣∣𝑝, ∣∣𝑋 ∣∣𝑝,∞ = ∣∣𝑢∣∣𝑝,∞ and similarly for 𝑌 and 𝑣.
Consequently, the inequalities studied in Section 5.3 above immediately give corre-
sponding results for harmonic functions under differential subordination. However,
it should be stressed here that in general, these new estimates may, but need not
remain sharp.

For example, we have the following result, concerning the strong type (𝑝, 𝑝)
and weak type (1, 1) estimate.

Theorem 5.20. Suppose that 𝑢, 𝑣 are harmonic functions on 𝐷 such that 𝑣 is
differentially subordinate to 𝑢 and ∣𝑣(𝜉)∣ ≤ ∣𝑢(𝜉)∣. Then

∣∣𝑣∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑢∣∣𝑝, 1 < 𝑝 < ∞.

It is not known whether the first inequality is sharp (except for the trivial case
𝑝 = 2). Furthermore,

∣∣𝑣∣∣1,∞ ≤ 2∣∣𝑢∣∣1
and the constant 2 is the best possible, even if 𝑛 = 1 and ℋ = ℝ.

Proof. In view of the remarks preceding the theorem, it suffices to establish the
sharpness of the weak type estimate. Consider𝐷 = (−1, 3), 𝜉 = 0 and 𝑢(𝑥) = 1+𝑥,
𝑣(𝑥) = 1 − 𝑥. Then the assumptions on 𝑢 and 𝑣 are satisfied. Furthermore, if
−1 < 𝑎 < 0 < 𝑏 < 3 and 𝐷0 = (𝑎, 𝑏), then the harmonic measure on ∂𝐷0 with
respect to 0 is given by

𝜇0
𝐷0
({𝑎}) = 𝑏/(𝑏− 𝑎), 𝜇0

𝐷0
({𝑏}) = −𝑎/(𝑏− 𝑎).

Consequently, ∣∣𝑢∣∣1 = 1 and, when 𝜆 < 2,

lim
𝜆↑2
sup
𝐷0

𝜆𝜇(∣𝑣∣ ≥ 𝜆) = lim
𝜆↑2

𝜆 = 2.

This completes the proof. □

5.6.2 Inequalities for smooth functions

All that was said in the previous subsection can be easily extended to a much wider
setting. Suppose that 𝑢, 𝑣 : 𝐷 → ℋ are continuous functions with continuous first-
and second-order partial derivatives. In particular, they need not be harmonic.

Definition 5.4. Let 𝛼 be a fixed nonnegative number. We say that 𝑣 is 𝛼-subord-
inate to 𝑢, if 𝑣 is differentially subordinate to 𝑢 and for any 𝑥 ∈ 𝐷 we have

∣Δ𝑣(𝑥)∣ ≤ 𝛼∣Δ𝑢(𝑥)∣. (5.50)
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Assuming that 𝑢 is sub- or superharmonic (and hence real-valued), we may
transfer the results of Section 5.4 above to this new setting. This is again based on
the observation that composition of such functions with Brownian motion leads to
continuous-time processes for which the 𝛼-subordination is satisfied. Indeed, the
Doob-Meyer decomposition we consider is given by

𝑋𝑡 = 𝑢(𝜉) +

∫ 𝑡

0+

∇𝑢(𝐵𝑠)d𝐵𝑠 +
1

2

∫ 𝑡

0+

Δ𝑢(𝐵𝑠)d𝑠,

𝑌𝑡 = 𝑣(𝜉) +

∫ 𝑡

0+

∇𝑣(𝐵𝑠)d𝐵𝑠 +
1

2

∫ 𝑡

0+

Δ𝑣(𝐵𝑠)d𝑠

and (5.50) implies that the process(
𝛼

2

∫ 𝑡

0+

∣Δ𝑢(𝐵𝑠)∣d𝑠− 1
2

∫ 𝑡

0+

∣Δ𝑣(𝐵𝑠)∣d𝑠
)

𝑡≥0

is nonnegative and nondecreasing. We omit the further details. See also Chapter 6
for related results under an additional orthogonality property.

5.7 Notes and comments

Section 5.1. The notion of differential subordination in the continuous-time case
is due to Bañuelos and Wang [8] and Wang [200]. The extension of the strong
differential subordination in the particular case 𝛼 = 1 can also be found in [200];
for the general case, see [132].

Section 5.2. The results described in this part are taken from [200].

Section 5.3. The weak type estimates (for 1 ≤ 𝑝 ≤ 2) as well as the moment
and tail inequalities were established by Wang in [200]. The weak type inequality
for 𝑝 ≥ 2, in the real-valued case, was proved by Suh [189]. The above-simplified
approach, based on the integration argument, is entirely new (but see [151]).

Section 5.4. The results presented there are new, except for Theorems 5.13
and 5.16 (see [150] and [149], respectively).

Section 5.5. Differential subordination of harmonic functions appeared first in
Burkholder’s paper [29] and was studied in many subsequent works: see Bañuelos
and Wang [8], Burkholder [32], [34], [36], Choi [48], [49], [50], Hammack [88],
Janakiraman [103], Suh [189], and the author [125], [126], [130], [133], [156]
and [161].



Chapter 6

Inequalities for Orthogonal
Semimartingales

This chapter can be seen as a continuation of the previous one: we shall study the
estimates for continuous-time semimartingales under an additional orthogonality
assumption. However, we have decided to gather the results in a separate chapter.
This is due to their close connection to the classical inequalities for conjugate
harmonic functions on the unit disc of the complex plane.

6.1 Orthogonality and modification of
Burkholder’s method

Throughout this chapter we assume that ℋ = ℓ2. This can be done with no loss
of generality and will be very convenient for our purposes.

Definition 6.1. Let 𝑋 , 𝑌 be two semimartingales taking values in ℋ. We say that
𝑋 and 𝑌 are orthogonal, if for any nonnegative integers 𝑖, 𝑗 the process [𝑋 𝑖, 𝑌 𝑗 ] is
constant (here 𝑋 𝑖, 𝑌 𝑗 denote the 𝑖th and 𝑗th coordinate of𝑋 and 𝑌 , respectively).

For example, if 𝐵1 and 𝐵2 are independent Brownian motions, then they
are orthogonal (we treat them as ℓ2-valued martingales using the embedding
(𝐵1

𝑡 , 0, 0, . . .), (𝐵
2
𝑡 , 0, 0, . . .), 𝑡 ≥ 0). Another very important example is the fol-

lowing. Let 𝐵 be a 𝑑-dimensional Brownian motion and let 𝐻 , 𝐾 be ℝ𝑑-valued
predictable processes satisfying the condition 𝐻𝑠 ⋅𝐾𝑠 = 0 for all 𝑠 > 0 (here ⋅ is
the scalar product in ℝ𝑑). Then the processes

𝑋𝑡 = 𝑋0 +

∫ 𝑡

0+

𝐻𝑠d𝐵𝑠, 𝑌𝑡 = 𝑌0 +

∫ 𝑡

0+

𝐾𝑠d𝐵𝑠

are orthogonal: [𝑋,𝑌 ]𝑡 = 𝑋0𝑌0 +
∫ 𝑡

0+
𝐻𝑠 ⋅ 𝐾𝑠d𝑠 = 𝑋0𝑌0. This example can be

easily modified to give vector-valued orthogonal processes.

Let us make here an important observation.

     DOI 10.1007/978-3-0348-0370-0_6, © Springer Basel 2012 
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Remark 6.1. If 𝑌 is differentially subordinate to 𝑋 and both processes are orthog-
onal, then 𝑌 has continuous paths. This follows immediately from ∣Δ𝑌𝑠∣ ≤ ∣Δ𝑋𝑠∣
(see Lemma 5.2) and the equality Δ𝑋 𝑖

𝑠 ⋅ Δ𝑌 𝑗
𝑠 = 0 for all 𝑖, 𝑗, which is a direct

consequence of orthogonality.

In this chapter we will work with continuous-time semimartingales under the
assumptions of (strong) differential subordination and orthogonality. Burkholder’s
method can be transfered to this more restrictive setting as follows. Consider the
“orthogonal version” of Lemma 5.4.

Theorem 6.1. Let 𝑈 be a continuous function on ℋ×ℋ satisfying (5.9), bounded
on bounded sets and 𝐶1 on ℋ × ℋ ∖ ({∣𝑥∣ ∕= 0} ∪ {∣𝑦∣ ∕= 0}), whose first-order
derivative is bounded on bounded sets not containing 0, the origin of ℋ × ℋ.
Moreover, assume that 𝑈 is 𝐶2 on 𝐷𝑖, 𝑖 ≥ 1, where 𝐷𝑖 is a sequence of open
connected sets, such that the union of the closures of the 𝐷𝑖 is ℋ × ℋ. Suppose
that for each 𝑖 ≥ 1, there exists a nonnegative measurable function 𝑐𝑖 defined on
𝐷𝑖 such that for (𝑥, 𝑦) ∈ 𝐷𝑖 with ∣𝑥∣∣𝑦∣ ∕= 0,

(ℎ𝑈𝑥𝑥(𝑥, 𝑦), ℎ) + (𝑘𝑈𝑦𝑦(𝑥, 𝑦), 𝑘) ≤ −𝑐𝑖(𝑥, 𝑦)(∣ℎ∣2 − ∣𝑘∣2) (6.1)

for all ℎ, 𝑘 ∈ ℋ. Assume that 𝑈 satisfies

𝑈(𝑥+ ℎ, 𝑦)− 𝑈(𝑥, 𝑦)− 𝑈𝑥(𝑥, 𝑦) ⋅ ℎ ≤ 0 (6.2)

for all 𝑥, 𝑦, ℎ ∈ ℋ such that ∣𝑥∣∣𝑦∣ ∕= 0. Assume further that there exists a nonde-
creasing sequence (𝑀𝑛)𝑛≥1 such that

sup 𝑐𝑖(𝑥, 𝑦) < 𝑀𝑛 < ∞, (6.3)

where the supremum is taken over all (𝑥, 𝑦) ∈ 𝐷𝑖 such that 1/𝑛2 ≤ ∣𝑥∣2+ ∣𝑦∣2 ≤ 𝑛2

and all 𝑖 > 1. Let 𝑋 and 𝑌 be bounded ℋ-valued orthogonal martingales with
bounded quadratic variations such that 𝑌 is differentially subordinate to 𝑋. Then
for any 0 ≤ 𝑠 ≤ 𝑡 we have

𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈(𝑋𝑠, 𝑌𝑠). (6.4)

The proof goes along the same lines. Note that the condition (5.10) from
Lemma 5.4 is replaced above by the two inequalities (6.1) and (6.2). The reason
for this change comes from a slightly different form of the terms 𝐼2 and 𝐼3 defined
in (5.15). Due to the orthogonality, we have [𝑋𝑚, 𝑌 𝑛] = 0 for all 𝑚, 𝑛, so

𝐼2 =

𝑑−1∑
𝑚,𝑛=1

[ ∫ 𝑡

0+

𝑈 ℓ
𝑥𝑚𝑥𝑛

(𝑍
(𝑑)
𝑠− )d[𝑋

𝑚c, 𝑋𝑛c]𝑠 +

∫ 𝑡

0+

𝑈 ℓ
𝑦𝑚𝑦𝑛
(𝑍

(𝑑)
𝑠− )d[𝑌

𝑚c, 𝑌 𝑛c]𝑠

]
.

Second, 𝑌 has continuous paths, and so

𝐼3 =
∑

0<𝑠≤𝑡

[
𝑈 ℓ(𝑋(𝑑)

𝑠 , 𝑌 (𝑑)
𝑠 )− 𝑈 ℓ(𝑋

(𝑑)
𝑠− , 𝑌 (𝑑)

𝑠 )− 𝑈 ℓ
𝑥(𝑋

(𝑑)
𝑠− , 𝑌 (𝑑)

𝑠 ) ⋅Δ𝑋(𝑑)
𝑠

]
.
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It is clear that (6.1) and (6.2) control the above two terms; all the remaining
arguments are essentially the same as those used in the proof of Lemma 5.4.

Theorems 5.3, 5.4 and 5.5 can be analogously transferred to the orthogonal
setting. The further extensions to the case when the dominating process 𝑋 is
a sub- or supermartingale are also easy to obtain. We omit the straightforward
details.

6.2 Weak type inequalities for martingales

6.2.1 Formulation of the result

As usual, we start with the weak type estimates.

Theorem 6.2. Assume that the real-valued local martingales 𝑋 and 𝑌 are orthog-
onal. Then for 1 ≤ 𝑝 ≤ 2 we have

∣∣∣𝑌 ∣∣∣𝑝,∞ ≤ 𝐾𝑝∣∣∣𝑋 ∣∣∣𝑝, (6.5)

where

𝐾𝑝
𝑝 =

1

Γ(𝑝+ 1)
⋅ 𝜋𝑝−1

2𝑝−1
⋅ 1 + 1

32 +
1
52 +

1
72 + ⋅ ⋅ ⋅

1− 1
3𝑝+1 +

1
5𝑝+1 − 1

7𝑝+1 + ⋅ ⋅ ⋅
. (6.6)

The constant is the best possible.

Before we turn to the proof, let us make here some important observations.
First, the above theorem concerns real-valued processes. We do not know the best
constants in the case when the martingales are Hilbert-space-valued and it seems
that these values are different (see the moment estimates in the next section).
Secondly, we do not know the best constant in the case 𝑝 > 2, even in the real-
valued case.

6.2.2 Proof of Theorem 6.2

Let 𝐻 = {(𝛼, 𝛽) : 𝛽 > 0} denote the upper half-plane and define 𝒲 : 𝐻 → ℝ as
the Poisson integral

𝒲(𝛼, 𝛽) =
2𝑝

𝜋𝑝+1

∫ ∞

−∞

𝛽∣ log ∣𝑡∣∣𝑝
(𝛼 − 𝑡)2 + 𝛽2

d𝑡.

Clearly, 𝒲 is harmonic on 𝐻 . Furthermore, we have

lim
(𝛼,𝛽)→(𝑡,0)

𝒲(𝛼, 𝛽) =

∣∣∣∣ 2𝜋 log ∣𝑡∣
∣∣∣∣
𝑝

for 𝑡 ∕= 0. Consider the conformal map 𝜙 on 𝑆 = {(𝑥, 𝑦) : ∣𝑦∣ < 1}, defined by

𝜙(𝑥, 𝑦) = 𝜙(𝑧) = 𝑖𝑒𝜋𝑧/2 =
(
−𝑒𝜋𝑥/2 sin(𝜋𝑦/2), 𝑒𝜋𝑥/2 cos(𝜋𝑦/2)

)
.
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It is easy to check that 𝜙 maps 𝑆 onto 𝐻 . Introduce 𝑉, 𝑈 : ℝ × ℝ → ℝ by
𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1} −𝐾𝑝

𝑝 ∣𝑥∣𝑝 and

𝑈(𝑥, 𝑦) =

{
1−𝐾𝑝

𝑝 ∣𝑥∣𝑝 if ∣𝑦∣ ≥ 1,
1−𝐾𝑝

𝑝𝒲(𝜙(𝑥, 𝑦)) if ∣𝑦∣ < 1. (6.7)

Note that when ∣𝑦∣ ≤ 1, the substitution 𝑠 = 𝑒−𝜋𝑥/2𝑡 yields

𝑈(𝑥, 𝑦) = 1− 𝐾𝑝
𝑝

𝜋

∫
ℝ

cos(𝜋𝑦/2)
∣∣ 2
𝜋
log ∣𝑠∣+ 𝑥

∣∣𝑝
(sin(𝜋𝑦/2) + 𝑠)

2
+ cos2(𝜋𝑦2 )

d𝑠. (6.8)

Let us study the key properties of 𝑈 .

Lemma 6.1.

(i) The function 𝑈 satisfies

𝑈(𝑥, 𝑦) = 𝑈(𝑥,−𝑦) = 𝑈(−𝑥, 𝑦) on ℝ
2.

(ii) For any (𝑥, 𝑦) ∈ ℝ2 with ∣𝑦∣ < 1 we have 𝑈𝑥𝑥(𝑥, 𝑦) ≤ 0 and 𝑈𝑦𝑦(𝑥, 𝑦) ≥ 0.
(iii) If (𝑥, 𝑦) ∈ (0,∞)× (0, 1), then 𝑈𝑥𝑥𝑥(𝑥, 𝑦) ≥ 0.
(iv) For any 𝑥, 𝑦 ∈ ℝ such that ∣𝑦∣ ≤ ∣𝑥∣ we have 𝑈(𝑥, 𝑦) ≤ 0.
(v) We have

𝑈(𝑥, 𝑦) ≥ 1{∣𝑦∣≥1} −𝐾𝑝
𝑝 ∣𝑥∣𝑝 for all 𝑥, 𝑦 ∈ ℝ. (6.9)

Proof. (i) Substitute 𝑠 := −𝑠 and 𝑠 := 1/𝑠 in (6.8).

(ii) Since 𝑈 is harmonic in the strip, it suffices to deal with the first estimate.
Using Fubini’s theorem we verify that

𝑈𝑥𝑥(𝑥, 𝑦) = −𝑝(𝑝− 1)𝐾𝑝
𝑝

𝜋

∫
ℝ

cos(𝜋
2
𝑦)
∣∣ 2
𝜋
log ∣𝑠∣+ 𝑥

∣∣𝑝−2

(sin(𝜋
2
𝑦) + 𝑠)2 + cos2(𝜋

2
𝑦)
d𝑠

and it is evident that the expression on the right is nonpositive.

(iii) We have

𝑈𝑥(𝑥, 𝑦) = 𝑐

∫
ℝ

cos(𝜋2 𝑦)
∣∣ 2
𝜋 log ∣𝑠∣+ 𝑥

∣∣𝑝−2 ( 2
𝜋 log ∣𝑠∣+ 𝑥

)
(𝑠− sin(𝜋2 𝑦))2 + cos2(𝜋2 𝑦)

d𝑠,

where 𝑐 = −𝑝𝐾𝑝
𝑝/𝜋. Therefore, for 𝜀 ∈ (0, 𝑥) we have

2𝑈𝑥(𝑥, 𝑦)− 𝑈𝑥(𝑥 − 𝜀, 𝑦)− 𝑈𝑥(𝑥+ 𝜀, 𝑦) = 𝑐

∫
ℝ

𝑓𝑥,𝜀
(
2
𝜋 log ∣𝑠∣

)
cos(𝜋2 𝑦)

(𝑠− sin(𝜋
2
𝑦))2 + cos2(𝜋

2
𝑦)
d𝑠 = 𝐼,

where

𝑓𝑥,𝜀(ℎ) = 2∣𝑥+ℎ∣𝑝−2(𝑥+ℎ)− ∣𝑥− 𝜀+ℎ∣𝑝−2(𝑥− 𝜀+ℎ)− ∣𝑥+ 𝜀+ℎ∣𝑝−2(𝑥+ 𝜀+ℎ).
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The expression 𝐼, after splitting it into integrals over the nonpositive and nonneg-
ative half-line, and substitution 𝑠 = ±𝑒𝑟, can be rewritten in the form

𝐼 = 𝑐

∫ ∞

−∞
𝑓𝑥,𝜀

(
2

𝜋
𝑟

)
𝑔𝑦(𝑟)d𝑟,

where

𝑔𝑦(𝑟) =
cos(𝜋2 𝑦)𝑒𝑟

(𝑒𝑟 − sin(𝜋2 𝑦))2 + cos2(𝜋2 𝑦)
+

cos(𝜋2 𝑦)𝑒𝑟

(𝑒𝑟 + sin(𝜋2 𝑦))2 + cos2(𝜋2 𝑦)
.

Observe that 𝑓𝑥,𝜀(ℎ) ≥ 0 for ℎ ≥ −𝑥, due to the concavity of the function 𝑡 �→ 𝑡𝑝−1

on (0,∞). Moreover, note that we have 𝑓𝑥,𝜀(−𝑥 + ℎ) = −𝑓𝑥,𝜀(−𝑥 − ℎ) for all ℎ.
Finally, 𝑔𝑦 is even and, for 𝑟 > 0,

(𝑔𝑦)′(𝑟) =
cos(𝜋2 𝑦)𝑒𝑟(1− 𝑒𝑟)

[(𝑒𝑟 − sin(𝜋
2
𝑦))2 + cos2(𝜋

2
𝑦)]2
+

cos(𝜋2 𝑦)𝑒𝑟(1 − 𝑒𝑟)

[(𝑒𝑟 + sin(𝜋
2
𝑦))2 + cos2(𝜋

2
𝑦)]2

≤ 0.

This implies 𝐼 ≤ 0 and, since 𝜀 ∈ (0, 𝑥) was arbitrary, the function 𝑈𝑥(⋅, 𝑦) : 𝑥 �→
𝑈𝑥(𝑥, 𝑦) is convex on (0,∞).

(iv) The inequality is clear if ∣𝑦∣ ≥ 1, so we may assume that ∣𝑦∣ < 1. By the
symmetry of 𝑈 (see (i)), it suffices to deal with positive 𝑥 and 𝑦 only. First we
show that

𝑈𝑥𝑦(𝑥, 𝑦) ≤ 0 for 𝑥 ≥ 0, 𝑦 ∈ (0, 1). (6.10)

Since 𝑈 is harmonic on the stripℝ×[−1, 1], so is 𝑈𝑥 and hence we have 𝑈𝑥𝑦𝑦(𝑥, 𝑦) =
−𝑈𝑥𝑥𝑥(𝑥, 𝑦) ≤ 0 for 𝑥 ≥ 0 and 𝑦 ∈ (0, 1). Since 𝑈𝑦(𝑥, 0) = 0, which is a conse-
quence of (i), we see that 𝑈𝑥𝑦(𝑥, 0) = 0 and therefore (6.10) follows.

Let 0 ≤ 𝑦 ≤ 𝑥 ≤ 1 and consider the function Φ(𝑡) = 𝑈(𝑡𝑥, 𝑡𝑦), 𝑡 ∈ [−1, 1].
Then Φ is even and, by (ii) and (6.10),

Φ′′(𝑡) = 𝑥2𝑈𝑥𝑥(𝑡𝑥, 𝑡𝑦) + 2𝑥𝑦𝑈𝑥𝑦(𝑡𝑥, 𝑡𝑦) + 𝑦2𝑈𝑦𝑦(𝑡𝑥, 𝑡𝑦)

≤ 𝑥2Δ𝑈(𝑡𝑥, 𝑡𝑦) + 2𝑥𝑦𝑈𝑥𝑦(𝑡𝑥, 𝑡𝑦) ≤ 0
for 𝑡 ∈ (−1, 1). This implies

𝑈(𝑥, 𝑦) = Φ(1) ≤ Φ(0) = 𝑈(0, 0) = 1−𝐾𝑝
𝑝𝒲(0, 1)

= 1−𝐾𝑝
𝑝 ⋅
2𝑝+1

𝜋𝑝+1

∫ ∞

0

∣ log 𝑡∣𝑝
𝑡2 + 1

d𝑡

= 1−𝐾𝑝
𝑝 ⋅
2𝑝+1

𝜋𝑝+1

∫ ∞

−∞

∣𝑠∣𝑝𝑒𝑠
𝑒2𝑠 + 1

d𝑠

= 1−𝐾𝑝
𝑝 ⋅
2𝑝+2

𝜋𝑝+1

∫ ∞

0

𝑠𝑝𝑒−𝑠
∞∑
𝑘=0

(−𝑒−2𝑠)𝑘d𝑠

= 1−𝐾𝑝
𝑝 ⋅
2𝑝+2

𝜋𝑝+1
Γ(𝑝+ 1)

∞∑
𝑘=0

(−1)𝑘
(2𝑘 + 1)𝑝+1

= 1− 1 = 0,
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where in the latter passage we have exploited the well-known identity

𝜋2

8
= 1 +

1

32
+
1

52
+
1

72
+ ⋅ ⋅ ⋅ .

(v) It suffices to deal with ∣𝑦∣ < 1. First, one can easily verify that for all
𝑥, 𝑦 ∈ ℝ we have

∣𝑥+ 𝑦∣𝑝 + ∣𝑥− 𝑦∣𝑝 ≤ 2∣𝑥∣𝑝 + 2∣𝑦∣𝑝. (6.11)

Consequently, using (i),

2𝑈(𝑥, 𝑦) + 2𝐾𝑝
𝑝 ∣𝑥∣𝑝 = 𝑈(𝑥, 𝑦) + 𝑈(−𝑥, 𝑦) + 2𝐾𝑝

𝑝 ∣𝑥∣𝑝

= 2− 𝐾𝑝
𝑝

𝜋

∫
ℝ

cos(𝜋𝑦2 )(
sin(𝜋𝑦2 ) + 𝑠

)2
+ cos2(𝜋𝑦2 )

×
[∣∣∣∣ 2𝜋 log ∣𝑠∣+ 𝑥

∣∣∣∣
𝑝

+

∣∣∣∣ 2𝜋 log ∣𝑠∣ − 𝑥

∣∣∣∣
𝑝

− 2∣𝑥∣𝑝
]
d𝑠

≥ 2− 2𝐾
𝑝
𝑝

𝜋

∫
ℝ

cos(𝜋𝑦2 )
∣∣ 2
𝜋 log ∣𝑠∣

∣∣𝑝(
sin(𝜋𝑦2 ) + 𝑠

)2
+ cos2(𝜋𝑦2 )

d𝑠

= 2𝑈(0, 𝑦) ≥ 2𝑈(0, 0) = 0.
Here in the latter inequality we used the fact that 𝑦 �→ 𝑈(0, 𝑦) is even and convex
on [−1, 1]: see (i) and (ii). □

Proof of (6.5). By localizing, we may assume that 𝑋 and 𝑌 are martingales. Fur-
thermore, we may restrict ourselves to 𝑋 ∈ 𝐿𝑝, since otherwise the inequality
is obvious. Let 𝜂 > 0 and set 𝐷 = [−𝜂, 𝜂] × [−1, 1], 𝐷1 = 𝐷∘ and 𝑇 = inf{𝑡 :
(𝑋𝑡, 𝑌𝑡) /∈ 𝐷}. Apply Burkholder’s method (“orthogonal” version of Theorem 5.5)
to 𝑋 , 𝑌 and the function 𝑈 . This function is of class 𝐶∞ on 𝐷1. Since 𝑈(⋅, 𝑦) is
concave for any fixed ∣𝑦∣ < 1 (see part (ii) of Lemma 6.1), we have

𝑈(𝑥+ ℎ, 𝑦) ≤ 𝑈(𝑥, 𝑦) + 𝑈𝑥(𝑥, 𝑦)ℎ.

For any (𝑥, 𝑦) ∈ 𝐷1 and ℎ, 𝑘 ∈ ℝ,

𝑈𝑥𝑥(𝑥, 𝑦)ℎ2 + 𝑈𝑦𝑦(𝑥, 𝑦)𝑘2 = −𝑈𝑦𝑦(𝑥, 𝑦)(ℎ2 − 𝑘2)

and 𝑈𝑦𝑦(𝑥, 𝑦) is nonnegative and bounded on any 𝑟𝐷, 𝑟 ∈ (0, 1). Thus there is a
sequence (𝑇𝑛)𝑛≥1 such that for all 𝑟 ∈ (0, 1),

𝔼𝑈(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡) ≤ 𝔼𝑈(𝑟𝑋0, 𝑟𝑌0) ≤ 0.
We have, by (6.9),

𝑈(𝑟𝑋𝑇∧𝑇𝑛∧𝑡, 𝑟𝑌𝑇∧𝑇𝑛∧𝑡) +𝐾𝑝
𝑝 ∣𝑋𝑇∧𝑇𝑛∧𝑡∣𝑝 ≥ 0,

so letting 𝑟 → 1 and 𝑛 →∞ we get, by Fatou’s lemma,
𝔼𝑈(𝑋𝑇∧𝑡, 𝑌𝑇∧𝑡) ≤ 0.

It suffices to apply (6.9) to get the claim. □
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Sharpness. Let 𝐵 = ((𝐵1
𝑡 , 𝐵

2
𝑡 ))𝑡≥0 be a standard two-dimensional Brownian mo-

tion starting from 0 and let 𝑇 = inf{𝑡 : ∣𝐵2
𝑡 ∣ = 1}. Let 𝑝′ > 𝑝. Then 𝑇 ∈ 𝐿𝑝′/2,

since it is even exponentially integrable and, by the Burkholder-Davis-Gundy in-
equality, 𝐵 ∈ 𝐿𝑝′ . Now, apply Itô’s formula to 𝐵 stopped at 𝑇 and the function
𝑈 . We get

𝔼𝑈(𝐵𝑇∧𝑡) = 𝔼𝑈(𝐵0) = 0

(the left-hand side is integrable, by (6.9)). By Doob’s maximal inequality, ∣𝐵∣∗ ∈
𝐿𝑝′ , so, using Lebesgue’s dominated convergence theorem, we let 𝑡 →∞ to obtain
𝔼𝑈(𝐵𝑇 ) = 0, or ℙ(∣𝐵2

𝑇 ∣ ≥ 1) = 𝐾𝑝
𝑝𝔼∣𝐵1

𝑇 ∣𝑝. It remains to note that the martin-
gales 𝑋 = (𝐵1

𝑇∧𝑡)𝑡≥0 and 𝑌 = (𝐵2
𝑇∧𝑡)𝑡≥0 are orthogonal and 𝑌 is differentially

subordinate to 𝑋 : [𝑋,𝑋 ]𝑡 = 𝑇 ∧ 𝑡 = [𝑌, 𝑌 ]𝑡. □

On the search of the suitable majorant. In comparison with the continuous-time
inequalities considered so far, we are in a more difficult situation: the weak type
estimate (6.5) does not have its discrete-time counterpart, for which we have ap-
propriate tools. However, let us try to proceed as in the discrete-time setting and
define

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑌∞∣ ≥ 1)− 𝛽𝑝
𝑝𝔼∣𝑋∞∣𝑝},

where the supremum is taken over all pairs (𝑋,𝑌 ) of orthogonal real-valued pro-
cesses starting from (𝑥, 𝑦) such that the process ([𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡)𝑡≥0 is nonde-
creasing as a function of 𝑡. Arguing as in previous weak type estimates, we see
that 𝑈0(𝑥, 𝑦) = 1 − 𝛽𝑝

𝑝 ∣𝑥∣𝑝 if ∣𝑦∣ ≥ 1. What about the values inside the strip
𝑆 = ℝ × [−1, 1]? In the discrete setting at this step we did apply the concavity-
type property 2∘: we did split the domain into a number of regions and for each
of them, we have conjectured linearity of 𝑈 along the line segments of slope −1 or
of slope 1. Here the analogue of 2∘ is played by the condition (6.1), which in the
real-valued case reads

𝑈𝑥𝑥(𝑥, 𝑦)ℎ2 + 𝑈𝑦𝑦(𝑥, 𝑦)𝑘2 ≤ −𝑐(𝑥, 𝑦)(ℎ2 − 𝑘2).

The key observation here is that if 𝑈 is harmonic and satisfies 𝑈𝑦𝑦 ≥ 0, then the
inequality above holds with 𝑐 = 𝑈𝑦𝑦. Thus, we conjecture that on 𝑆, 𝑈 is the
harmonic lift of 𝑉 (𝑥, 𝑦) = 1{∣𝑦∣≥1}−𝛽𝑝

𝑝 ∣𝑥∣𝑝 and choose 𝛽 so that 𝑈(0, 0) = 0. This
leads to the function given by (6.7). □

Remark 6.2. Let us mention here that the above formula for 𝑈 does not work
for 𝑝 > 2: the majorization property does not hold for any point of the 𝑥-axis,
different from (0, 0). To see this, we use (6.8) and note that

𝑈(𝑥, 0) = 1− 𝐾𝑝
𝑝

𝜋

∫
ℝ

∣∣ 2
𝜋 log ∣𝑠∣+ 𝑥

∣∣𝑝
𝑠2 + 1

d𝑠

= 1− 𝐾𝑝
𝑝

2𝜋

[∫
ℝ

∣∣ 2
𝜋 log ∣𝑠∣+ 𝑥

∣∣𝑝
𝑠2 + 1

d𝑠+

∫
ℝ

∣∣− 2
𝜋 log ∣𝑠∣+ 𝑥

∣∣𝑝
𝑠2 + 1

d𝑠

]
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< 1− 𝐾𝑝
𝑝

2𝜋

[∫
ℝ

2
∣∣ 2
𝜋 log ∣𝑠∣

∣∣𝑝
𝑠2 + 1

d𝑠+

∫
ℝ

2 ∣𝑥∣𝑝
𝑠2 + 1

d𝑠

]

= 𝑈(0, 0)−𝐾𝑝
𝑝 ∣𝑥∣𝑝 = −𝐾𝑝

𝑝 ∣𝑥∣𝑝.

Here in the second equation we have used the substitution 𝑠 := 1/𝑠 and in the
above inequality we have exploited the bound

∣𝑎+ 𝑏∣𝑝 + ∣𝑎− 𝑏∣𝑝 < 2∣𝑎∣𝑝 + 2∣𝑏∣𝑝, 𝑎, 𝑏 ∈ ℝ, 𝑎 ∕= 𝑏,

which holds for 𝑝 > 2.

6.3 𝑳𝒑 inequalities for local martingales

6.3.1 Formulation of the result

We turn to the moment estimates. Recall that 𝑝∗ = max{𝑝, 𝑝/(𝑝 − 1)} for 1 <
𝑝 < ∞.
Theorem 6.3. Let 𝑋, 𝑌 be two orthogonal local real-valued martingales such that
𝑌 is differentially subordinate to 𝑋. Then

∣∣∣𝑌 ∣∣∣𝑝 ≤ cot
(

𝜋

2𝑝∗

)
∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < ∞, (6.12)

and the inequality is sharp. Furthermore, if 1 < 𝑝 ≤ 2, then 𝑋 may be taken to be
ℋ-valued. If 𝑝 ≥ 2, then 𝑌 may be taken to be ℋ-valued. Finally, if 𝑝 ≥ 3, then 𝑋
also may be taken to be ℋ-valued.

What happens if 1 < 𝑝 < 3 and both processes are Hilbert-space valued?
Quite surprisingly, the constants do change; such phenomenon did not take place in
the nonorthogonal setting. Let 𝑧𝑝 denote the largest positive root of the parabolic
cylinder function of parameter 𝑝 (see Appendix).

Theorem 6.4. Let 𝑋, 𝑌 be two orthogonal local martingales taking values in ℋ
such that 𝑌 is differentially subordinate to 𝑋. Then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐶𝑝∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < 3, (6.13)

where

𝐶𝑝 =

{
𝑧−1
𝑝 if 1 < 𝑝 ≤ 2,

𝑧𝑝 if 2 ≤ 𝑝 ≤ 3.
The constant 𝐶𝑝 is the best possible.
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6.3.2 On the method of proof

There are many similarities in the proofs of the above moment inequalities corre-
sponding to different values of 𝑝 and ranges of the processes. For clarity, we have
decided to include here an outline of the reasoning which is common for all of
them. This will be useful also in the later estimates presented in this chapter.

Suppose that 𝑋 , 𝑌 are local martingales taking values in an appropriate
Hilbert space (that is, in ℋ or ℝ). We may and do assume that ∣∣∣𝑋 ∣∣∣𝑝 < ∞
and hence also ∣∣∣𝑌 ∣∣∣𝑝 < ∞, by Burkholder’s 𝐿𝑝-inequality. Thus, 𝑋 and 𝑌 are
martingales and all we need is to show that

𝔼𝑉 (𝑋𝑡, 𝑌𝑡) ≤ 0 for all 𝑡 ≥ 0,
where 𝑉 (𝑥, 𝑦) = ∣𝑦∣𝑝−𝐶𝑝

𝑝 ∣𝑥∣𝑝. We search for the majorant 𝑈𝑝 of 𝑉𝑝 in the class of
functions of the form

𝑈𝑝(𝑥, 𝑦) =𝑊𝑝(∣𝑥∣, ∣𝑦∣), (6.14)

where 𝑊𝑝 : [0,∞)× [0,∞)→ ℝ satisfies

∣𝑊𝑝(𝑥, 𝑦)∣ ≤ 𝑐𝑝(𝑥
𝑝 + 𝑦𝑝) (6.15)

for all 𝑥, 𝑦 ≥ 0 and some 𝑐𝑝 depending only on 𝑝. The latter condition immediately
implies the integrability of sup𝑠 ∣𝑊𝑝(∣𝑋𝑠∣, ∣𝑌𝑠∣)∣, by means of Doob’s inequality,
and will enable us to use Lebesgue’s dominated convergence theorem in the limit
procedure. We will use the orthogonal version of Theorem 5.3. Let us rephrase
the requirements (6.1) and (6.2) in terms of the function 𝑊𝑝. We start with the
second condition. It can be rewritten as follows: for all (𝑥, 𝑦) ∈ ∪𝑖 𝐷𝑖 and ℎ ∈ ℋ,[

𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)
∣𝑥∣

]
(𝑥′ ⋅ ℎ)2 + 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 ≤ 0. (6.16)

The formula (6.14) transforms (6.1) into the following: for (𝑥, 𝑦) ∈ 𝑆𝑖 with ∣𝑥∣∣𝑦∣ ∕=
0 and any ℎ, 𝑘 ∈ ℋ,[

𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)
∣𝑥∣

]
(𝑥′ ⋅ ℎ)2

+

[
𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣
]
(𝑦′ ⋅ 𝑘)2

+
𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)∣ℎ∣2

∣𝑥∣ +
𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)∣𝑘∣2

∣𝑦∣ ≤ −𝑐𝑖(𝑥, 𝑦)(∣ℎ∣2 − ∣𝑘∣2).

(6.17)

Furthermore, 𝑊 must satisfy the following conditions: the initial

𝑊𝑝(𝑥, 𝑦) ≤ 0 for all 𝑥 ≥ 𝑦 ≥ 0 (6.18)

and the majorization

𝑊𝑝(𝑥, 𝑦) ≥ 𝑦𝑝 − 𝐶𝑝
𝑝𝑥

𝑝 for all 𝑥, 𝑦 ≥ 0. (6.19)
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Having constructed such a 𝑊𝑝, we let 𝑈𝑝 be defined by (6.14). Then Theorem
5.3, together with limiting arguments similar to those presented in the previous
chapter, implies

𝔼𝑉𝑝(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈𝑝(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈𝑝(𝑋0, 𝑌0) ≤ 0,

as claimed.

Summarizing, in order to establish the inequality (6.13), we need to construct
a sufficiently smooth function 𝑊𝑝 : [0,∞) × [0,∞) → ℝ, which satisfies (6.15),
(6.16), (6.17), (6.18), (6.19) and for which the corresponding functions 𝑐𝑖 obey the
bound (6.3).

6.3.3 Proof of Theorem 6.3

Proof of (6.12) in the case 1 < 𝑝 ≤ 2. We may assume that ∣∣∣𝑋 ∣∣∣𝑝 < ∞; then
also ∣∣∣𝑌 ∣∣∣𝑝 < ∞, due to the moment estimate for differentially subordinate local
martingales. Let 𝑊𝑝 : [0,∞)× [0,∞)→ ℝ be given by

𝑊𝑝(𝑥, 𝑦) =

{
𝛼𝑝𝑅

𝑝 cos(𝑝𝜃) if 𝜃 ≤ 𝜋
2𝑝 ,

𝑦𝑝 − tan𝑝 𝜋
2𝑝𝑥

𝑝 if 𝜋
2𝑝 < 𝜃 ≤ 𝜋

2 ,
(6.20)

where

𝛼𝑝 = −
sin𝑝−1

(
𝜋
2𝑝

)
cos
(

𝜋
2𝑝

) ,

𝑥 = 𝑅 cos 𝜃, 𝑦 = 𝑅 sin 𝜃 and 𝜃 ∈ [0, 𝜋/2]. Let 𝑈𝑝 : ℋ× ℝ → ℝ be given by (6.14)
and let

𝐷1 = {(𝑥, 𝑦) ∈ ℋ × ℝ : 0 < ∣𝑦∣ < 𝐶𝑝∣𝑥∣},
𝐷2 = {(𝑥, 𝑦) ∈ ℋ × ℝ : ∣𝑦∣ > 𝐶𝑝∣𝑥∣ > 0}.

We shall now verify the properties listed in the previous subsection.

1. Regularity. It is easy to see that 𝑊𝑝 is continuous, of class 𝐶
1 on (0,∞)×

(0,∞) and of class 𝐶2 on (0,∞) × (0,∞) ∖ {(𝑥, 𝑦) : 𝑦 = tan(𝜋/(2𝑝))𝑥}. Fur-
thermore, 𝑊𝑝𝑦(𝑥, 0+) = 0 for all 𝑥 ≥ 0, which implies that 𝑈𝑝 is of class 𝐶1 on
{ℋ× ℝ ∖ {(𝑥, 𝑦) : 𝑥 = 0}.

2. The growth condition (6.15). This is obvious.

3. The inequality (6.16). Assume first that 𝜃 < 𝜋/(2𝑝). We easily derive that

𝑊𝑝𝑥(𝑥, 𝑦) = 𝑝𝛼𝑝𝑅
𝑝−1 cos((𝑝− 1)𝜃), 𝑊𝑝𝑥𝑥(𝑥, 𝑦) = 𝑝(𝑝− 1)𝛼𝑝𝑅

𝑝−2 cos((𝑝− 2)𝜃)

and the condition can be rewritten in the form

𝑝𝛼𝑝𝑅
𝑝−2

[
(𝑝− 1) cos((𝑝− 2)𝜃)(𝑥′ ⋅ ℎ)2 + cos((𝑝− 1)𝜃)

cos 𝜃
(∣ℎ∣2 − (𝑥′ ⋅ ℎ)2)

]
≤ 0.
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This is clear: 𝛼𝑝 < 0 and both summands in the square bracket are nonnegative.
Now suppose that 𝜃 > 𝜋/(2𝑝). Then (6.16) is equivalent to

−𝑝𝐶𝑝
𝑝𝑥

𝑝−2
[
(𝑝− 1)(𝑥′ ⋅ ℎ)2 + (∣ℎ∣2 − (𝑥′ ⋅ ℎ)2)] ≤ 0,

which is obvious.

4. The concavity property (6.17). The process 𝑌 is real-valued, so ⟨𝑦′⋅𝑘⟩2 = 𝑘2

for 𝑦 ∕= 0. If 𝜃 < 𝜋/(2𝑝), then the left-hand side of (6.17) equals 𝐼 + 𝐼𝐼, where

𝐼 = −𝑐1(𝑥, 𝑦)(∣ℎ∣2 − 𝑘2) = 𝑝(𝑝− 1)𝛼𝑝𝑅
𝑝−2 cos((𝑝− 2)𝜃)(∣ℎ∣2 − 𝑘2),

𝐼𝐼 = 𝑝𝛼𝑝𝑅
𝑝−2(∣ℎ∣2 − (𝑥′ ⋅ ℎ)2)

[
cos((𝑝− 1)𝜃)
cos 𝜃

− (𝑝− 1) cos((𝑝− 2)𝜃)
]
.

Therefore, it suffices to prove that 𝐼𝐼 is nonpositive, or

cos((𝑝− 1)𝜃) ≥ (𝑝− 1) cos((𝑝− 2)𝜃) cos 𝜃.

This is equivalent to (2 − 𝑝) cos((𝑝 − 2)𝜃) cos 𝜃 + sin((2 − 𝑝)𝜃) sin 𝜃 ≥ 0, which is
trivial. Finally, if 𝜃 > 𝜋/(2𝑝), the left-hand side of (6.17) equals

−𝐶𝑝
𝑝

(
𝑝(𝑝− 2)𝑥𝑝−2(𝑥′ ⋅ ℎ)2 + 𝑝𝑥𝑝−2∣ℎ∣2)+ 𝑝(𝑝− 1)𝑦𝑝−2𝑘2.

This does not exceed

−𝑝𝐶2
𝑝(𝐶𝑝𝑥)

𝑝−2∣ℎ∣2 + 𝑝(𝑝− 1)𝑦𝑝−2∣𝑘∣2 ≤ −𝑝(𝑝− 1)𝑦𝑝−2(∣ℎ∣2 − 𝑘2),

where we have used the inequality 𝑦 > 𝐶𝑝𝑥 (that is, 𝜃 > 𝜋/(2𝑝)) and the trivial
bound 𝐶2

𝑝 = tan
2(𝜋/(2𝑝)) ≥ 1 ≥ 𝑝 − 1. Thus (6.17) holds, with 𝑐2(𝑥, 𝑦) = 𝑝(𝑝 −

1)𝑦𝑝−2.

5. The initial condition. The inequality 𝑥 ≥ 𝑦 ≥ 0 implies 𝜃 ≤ 𝜋
4 ≤ 𝜋

2𝑝 . Then

cos(𝑝𝜃) ≥ 0 and 𝑊𝑝(𝑥, 𝑦) ≤ 0.
6. The majorization. It suffices to focus on the case when 0 ≤ 𝜃 ≤ 𝜋

2𝑝
. The

majorization is equivalent to

− sin𝑝−1
(

𝜋
2𝑝

)(
cos
(

𝜋
2𝑝

))−1

𝑅𝑝 cos(𝑝𝜃)− sin𝑝 𝜃

cos𝑝 𝜃
≥ − tan𝑝

(
𝜋

2𝑝

)
.

Denoting the left-hand side by 𝐹 , we derive that 𝐹 (𝜋/(2𝑝)) = 0, so the inequality
𝑈 ≥ 𝑉 will be established if we show that 𝐹 ′(𝜃) ≤ 0 for 𝜃 ∈ (0, 𝜋/(2𝑝)). To do
this, note that

𝐹 ′(𝜃) =
𝑝 sin((𝑝− 1)𝜃)
cos𝑝+1 𝜃

⎡
⎣ sin𝑝−1

(
𝜋
2𝑝

)
cos
(

𝜋
2𝑝

) − sin𝑝−1 𝜃

sin((𝑝− 1)𝜃)

⎤
⎦
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and the expression in the square bracket is nonpositive. Indeed, it vanishes at
𝜃 = 𝜋/(2𝑝) and

(
sin𝑝−1 𝜃

sin((𝑝− 1)𝜃)
)′
=
(𝑝− 1) sin𝑝−2 𝜃 sin((𝑝− 2)𝜃)

sin2((𝑝− 1)𝜃) ≤ 0.

Thus, the majorization holds.

7. The bound (6.3). This is evident from the formulas for 𝑐1 and 𝑐2 obtained
in the proof of item 4 above. □

Proof of (6.12) in the case 2 < 𝑝 < ∞. Let 𝑊𝑝 : [0,∞) × [0,∞) → ℝ be defined
as follows:

𝑊𝑝(𝑥, 𝑦) =

{
𝛼𝑝𝑅

𝑝 cos
(
𝑝
(
𝜋
2 − 𝜃

))
if 𝜃 ≥ 𝜋/2− 𝜋/(2𝑝),

𝑦𝑝 − cot𝑝
(

𝜋
2𝑝

)
𝑥𝑝 if 𝜃 < 𝜋/2− 𝜋/(2𝑝).

Here

𝛼𝑝 =
cos𝑝−1

(
𝜋
2𝑝

)
sin 𝜋

2𝑝

and, as previously, we have used polar coordinates: 𝑥 = 𝑅 cos 𝜃, 𝑦 = 𝑅 sin 𝜃, with
𝜃 ∈ [0, 𝜋/2]. Let 𝑈𝑝 be given by (6.14); we assume that this function is given on
ℋ×ℋ when 𝑝 ≥ 3 and on ℝ×ℋ when 2 < 𝑝 < 3. Finally, let

𝐷1 = {(𝑥, 𝑦) : ∣𝑦∣ > 𝐶𝑝∣𝑥∣ > 0}, 𝐷2 = {(𝑥, 𝑦) : 0 < ∣𝑦∣ < 𝐶𝑝∣𝑥∣},

be subsets of ℋ×ℋ or ℝ×ℋ, depending on the value of 𝑝.
Some properties of 𝑊𝑝 are gathered in the lemma below.

Lemma 6.2.

(i) For any 𝑥, 𝑦 > 0 with 𝑦 > cot(𝜋/(2𝑝))𝑥 > 0 we have

𝑊𝑝𝑦𝑦(𝑥, 𝑦)𝑦 ≥ 𝑊𝑝𝑦(𝑥, 𝑦) (6.21)

and, if 𝑝 ≥ 3,
𝑊𝑝𝑥𝑥(𝑥, 𝑦)𝑥 ≥ 𝑊𝑝𝑥(𝑥, 𝑦). (6.22)

(ii) For any 𝑥, 𝑦 > 0 with 𝑦 < cot(𝜋/(2𝑝))𝑥 we have

𝑊𝑝𝑥𝑥(𝑥, 𝑦)𝑥 ≤ 𝑊𝑝𝑥(𝑥, 𝑦), (6.23)

𝑊𝑝𝑦𝑦(𝑥, 𝑦)𝑦 ≥ 𝑊𝑝𝑦(𝑥, 𝑦) (6.24)

and

𝑥𝑊𝑝𝑦𝑦(𝑥, 𝑦) +𝑊𝑝𝑥(𝑥, 𝑦) ≤ 0. (6.25)
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Proof. (i) We have

𝑊𝑝𝑦(𝑥, 𝑦) = 𝑝𝛼𝑝𝑅
𝑝−1 cos

(
(𝑝− 1)

(𝜋

2
− 𝜃
))

and
𝑊𝑝𝑦𝑦(𝑥, 𝑦) = 𝑝(𝑝− 1)𝛼𝑝𝑅

𝑝−2 cos
(
(𝑝− 2)

(𝜋

2
− 𝜃
))

,

so (6.21) can be rewritten in the form

(𝑝−2) cos
(
(𝑝− 2)

(𝜋

2
− 𝜃
))
cos
(𝜋

2
− 𝜃
)
+sin

(
(𝑝− 2)

(𝜋

2
− 𝜃
))
sin
(𝜋

2
− 𝜃
)
≥ 0,

for 𝜃 ∈ (𝜋/2 − 𝜋/(2𝑝), 𝜋/2). Denoting the left-hand side by 𝐹 (𝜃), we easily check
that

𝐹 ′(𝜃) = (𝑝− 1)(𝑝− 3) sin
(
(𝑝− 2)

(𝜋

2
− 𝜃
))
sin 𝜃.

To show that 𝐹 is nonnegative, suppose first that 2 < 𝑝 < 3. Then 𝐹 is decreasing
and it suffices to note that 𝐹 (𝜋/2) = 𝑝− 2 > 0. On the other hand, if 𝑝 ≥ 3, then
𝐹 is nondecreasing and

𝐹

(
𝜋

2
− 𝜋

2𝑝
−
)
= (𝑝− 3) cos

(
(𝑝− 2) 𝜋

2𝑝

)
cos

𝜋

2𝑝
+ cos

(
(𝑝− 3) 𝜋

2𝑝

)
≥ 0,

so (6.21) follows. To show (6.22), we derive that

𝑊𝑝𝑥(𝑥, 𝑦) = −𝛼𝑝𝑝𝑅
𝑝−1 sin

(
(𝑝− 1)

(𝜋

2
− 𝜃
))

and
𝑊𝑝𝑥𝑥(𝑥, 𝑦) = −𝛼𝑝𝑝(𝑝− 1)𝑅𝑝−2 cos

(
(𝑝− 2)

(𝜋

2
− 𝜃
))

, (6.26)

so (6.22) is equivalent to

−(𝑝− 1) cos
(
(𝑝− 2)

(𝜋

2
− 𝜃
))
sin
(𝜋

2
− 𝜃
)
+ sin

(
(𝑝− 1)

(𝜋

2
− 𝜃
))

≥ 0,

or

−(𝑝−2)cos
(
(𝑝−2)

(𝜋

2
−𝜃
))
sin
(𝜋

2
−𝜃
)
+sin

(
(𝑝−2)

(𝜋

2
−𝜃
))
cos
(𝜋

2
−𝜃
)
≥0

for 𝜃 ∈ (𝜋/2 − 𝜋/(2𝑝), 𝜋/2). This holds true, since the two sides are equal for
𝜃 = 𝜋/2 and the derivative of the left-hand side equals

(3 − 𝑝)(𝑝− 1) sin
(
(𝑝− 2)

(𝜋

2
− 𝜃
))
sin
(𝜋

2
− 𝜃
)
≤ 0.

This yields the claim. Note that (6.22) does not hold for 2 < 𝑝 < 3. This is
the reason why the constant cot(𝜋/(2𝑝)) is no longer sufficient in (6.12) for these
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values of 𝑝 in the case when both processes are ℋ-valued: this will become clear
from the reasoning below.

(ii) If 𝑦 < cot(𝜋/(2𝑝))𝑥, then

𝑥𝑊𝑝𝑥𝑥(𝑥, 𝑦)−𝑊𝑝𝑥(𝑥, 𝑦) = −𝑝(𝑝− 2) cot𝑝
(

𝜋

2𝑝

)
𝑥𝑝−1 ≤ 0

and
𝑦𝑊𝑝𝑦𝑦(𝑥, 𝑦) −𝑊𝑝𝑦(𝑥, 𝑦) = 𝑝(𝑝− 2)𝑦𝑝−1 ≥ 0.

Furthermore,

𝑥𝑊𝑝𝑦𝑦(𝑥, 𝑦) +𝑊𝑝𝑥(𝑥, 𝑦) = 𝑝𝑥

[
(𝑝− 1)𝑦𝑝−2 − cot𝑝

(
𝜋

2𝑝

)
𝑥𝑝−2

]

≤ 𝑝𝑥𝑦𝑝−2

(
𝑝− 1− cot2 𝜋

2𝑝

)

= 𝑝𝑥𝑦𝑝−2

[
𝑝−

(
sin

𝜋

2𝑝

)−2
]

and the expression in the square brackets is nonpositive. This follows immediately
from the elementary inequality

sin2
(𝜋

2
𝑥
)
≤ 𝑥, 𝑥 ∈ [0, 1/2],

which can be verified readily. □

1. Regularity. It is easily checked that 𝑊𝑝 is continuous, of class 𝐶1 on
(0,∞) × (0,∞) and of class 𝐶2 on (0,∞) × (0,∞) ∖ {(𝑥, 𝑦) : 𝑦 = 𝐶𝑝𝑥}. Fur-
thermore, 𝑊𝑝𝑦(𝑥, 0) = 0 for any 𝑥 ≥ 0 and 𝑊𝑝𝑥(𝑥, 0) = 0 for any 𝑥 ≥ 0. This
implies that 𝑈𝑝, given by (6.14), is of class 𝐶1.

2. The growth condition (6.15). This is evident.

3. The inequality (6.16). If (𝑥, 𝑦) ∈ ℋ×ℋ satisfies ∣𝑦∣ > cot(𝜋/(2𝑝))∣𝑥∣ > 0,
then by (6.22) and (6.26) we have that[
𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣
]
(𝑥′ ⋅ℎ)2+𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 ≤ 𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)∣ℎ∣2 ≤ 0.

On the other hand, if 0 < ∣𝑦∣ < cot(𝜋/(2𝑝))∣𝑥∣, then, by (6.23),[
𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣
]
(𝑥′ ⋅ ℎ)2 + 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2

≤ 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)
∣𝑥∣ ∣ℎ∣2 = −𝑝𝐶𝑝

𝑝 ∣𝑥∣𝑝−2∣ℎ∣2 ≤ 0,

as needed.
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4. The condition (6.17). Suppose first that 2 < 𝑝 < 3. Then 𝑋 takes values
in ℝ, so the inequality simplifies. On the set {(𝑥, 𝑦) ∈ ℝ2

+ : 𝑦 > cot(𝜋/(2𝑝)𝑥}, the
function 𝑊𝑝 is harmonic, so for (𝑥, 𝑦) ∈ 𝐷1,

𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)∣ℎ∣2 +
[
𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣
]
(𝑦′ ⋅ 𝑘)2 + 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)∣𝑘∣2

∣𝑦∣
≤ −𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)∣ℎ∣2 +𝑊𝑝𝑦𝑦(𝑥, 𝑦)∣𝑘∣2 = −𝑐(𝑥, 𝑦)(∣ℎ∣2 − ∣𝑘∣2), (6.27)

where in the latter passage we have used (6.21). This is the desired bound, since
𝑐 = 𝑊𝑝𝑦𝑦 > 0. If we have 0 < ∣𝑦∣ < cot(𝜋/(2𝑝))∣𝑥∣, then by (6.23), (6.24) and
(6.25) the left-hand side is not larger than

𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)
∣𝑥∣ ∣ℎ∣2 +𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)∣𝑘∣2 ≤ −𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)(∣ℎ∣2 − ∣𝑘∣2). (6.28)

Now let 𝑝 ≥ 3. If ∣𝑦∣ > cot(𝜋/(2𝑝))∣𝑥∣ > 0, then by (6.22) and (6.21), the left-hand
side of (6.17) does not exceed

𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)∣ℎ∣2 +𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)∣𝑘∣2 ≤ 𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)(∣ℎ∣2 − ∣𝑘∣2), (6.29)

since 𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣) ≤ 0 and 𝑊𝑝 is harmonic on {(𝑥, 𝑦) : 𝑦 > cot(𝜋/(2𝑝)𝑥 > 0}. If
(𝑥, 𝑦) ∈ 𝐷2, then we repeat the reasoning from the case 2 < 𝑝 < 3.

5. The condition (6.18). This is obvious: for 𝑥 ≥ 𝑦 ≥ 0 we have

𝑊𝑝(𝑥, 𝑦) = 𝑦𝑝 − cot𝑝
(

𝜋

2𝑝

)
𝑥𝑝 ≤ 𝑥𝑝

(
1− cot𝑝

(
𝜋

2𝑝

))
≤ 0.

6. The majorization (6.19). Clearly, it suffices to show this inequality on the
set {(𝑥, 𝑦) : 𝜃 > 𝜋/2− 𝜋/(2𝑝)}, where it can be rewritten in the form

sin𝑝 𝜃 − cot𝑝
(

𝜋

2𝑝

)
cos𝑝 𝜃 ≤

cos𝑝−1
(

𝜋
2𝑝

)
sin 𝜋

2𝑝

cos
(
𝑝
(𝜋

2
− 𝜃
))

or, after the substitution 𝛽 = 𝜋/2− 𝜃 ∈ [0, 𝜋/(2𝑝)),

cos𝑝 𝛽 − cot𝑝(𝜋/(2𝑝)) sin𝑝 𝛽

cos(𝑝𝛽)
≤
cos𝑝−1

(
𝜋
2𝑝

)
sin 𝜋

2𝑝

.

Since the two sides become equal to one another when we let 𝛽 → 𝜋/(2𝑝), it
suffices to show that the left-hand side, as a function of 𝛽, is nondecreasing on
(0, 𝜋/(2𝑝)). Differentiating, we see that this is equivalent to

cot𝑝−1 𝛽

cot((𝑝− 1)𝛽) ≥ cot
𝑝

(
𝜋

2𝑝

)
.
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The two sides above are equal to one another for 𝛽 = 𝜋/(2𝑝), so we will be done
if we show that the left-hand side is decreasing as a function of 𝛽 ∈ (0, 𝜋/(2𝑝)).
If we calculate the derivative, we see that this is equivalent to the inequality
sin(2𝛽) < sin(2(𝑝− 1)𝛽). But this follows immediately from the bounds 0 ≤ 2𝛽 ≤
2(𝑝− 1)𝛽 < 𝜋 − 2𝛽.

7. The bound (6.3). It suffices to look at (6.27), (6.28) and (6.29): it is clear
that the estimate (6.3) is satisfied. □

Sharpness. We will only deal with the case 1 < 𝑝 ≤ 2, for remaining 𝑝’s the argu-
mentation is similar. Let 𝜅 be a fixed positive number smaller than tan(𝜋/(2𝑝)).

Consider a two-dimensional Brownian motion 𝐵 = (𝐵
(1)
𝑡 , 𝐵

(2)
𝑡 )𝑡≥0 starting from

(1, 0) and let 𝜏 be the first exit time of 𝐵 from the set 𝐸 = {(𝑥, 𝑦) : ∣𝑦∣ ≤ 𝜅∣𝑥∣}; it
is well known that 𝜏 < ∞ with probability 1. Put 𝑈𝑝(𝑥, 𝑦) = 𝑊𝑝(𝑥, ∣𝑦∣) for 𝑥 ≥ 0
and 𝑦 ∈ ℝ, where 𝑊𝑝 is given by (6.20). We have that 𝑈𝑝 is harmonic on the
complement of 𝐸 and thus, by Itô’s formula,

𝑈𝑝(1, 0) = 𝔼𝑈𝑝(𝐵
(1)
𝜏∧𝑡, 𝐵

(2)
𝜏∧𝑡) = 𝔼

[
(𝐵

(1)
𝜏∧𝑡)

𝑝𝑈𝑝(1, 𝐵
(2)
𝜏∧𝑡/𝐵

(1)
𝜏∧𝑡)

] ≤ 𝑈𝑝(1, 𝜅)𝔼(𝐵
(1)
𝜏∧𝑡)

𝑝.

Here we have used the fact that 𝑈𝑝(1, ⋅) is increasing on [0,∞). We see that
𝑈𝑝(1, 𝜅) < 0, so the above estimate can be rewritten in the form

𝔼(𝐵
(1)
𝜏∧𝑡)

𝑝 ≤ 𝑈𝑝(1, 0)/𝑈𝑝(1, 𝜅).

Now let 𝑋𝑡 = 𝐵
(1)
𝜏∧𝑡 and 𝑌𝑡 = 𝐵

(2)
𝜏∧𝑡. Then 𝑌 is differentially subordinate to 𝑋 and

both processes are orthogonal. By the last inequality, we have ∣∣𝑋 ∣∣𝑝 < ∞ and, by
(6.12), ∣∣𝑌 ∣∣𝑝 < ∞. The final observation is that, by the definition of 𝜏 ,

∣∣𝑌 ∣∣𝑝 = ∣∣𝐵(2)
𝜏 ∣∣𝑝 = 𝜅∣∣𝐵(1)

𝜏 ∣∣𝑝 = 𝜅∣∣𝑋 ∣∣𝑝.
But 𝜅 can be taken arbitrarily close to tan(𝜋/(2𝑝)). Thus the inequality (6.12) is
sharp. □

On the search of the suitable majorant. As usual, we restrict ourselves to ℋ = ℝ.
Furthermore, we focus on the case 1 < 𝑝 ≤ 2; for 𝑝 > 2 the reasoning is essentially
the same. Suppose that the optimal constant in the moment estimate equals 𝛽𝑝

and set 𝑉 (𝑥, 𝑦) = ∣𝑦∣𝑝 − 𝛽𝑝∣𝑥∣𝑝. It is instructive to come back to the moment
estimate for differentially subordinated martingales (without the orthogonality
assumption). Recall the least special function corresponding to this inequality:
when 1 < 𝑝 ≤ 2, then

𝑈(𝑥, 𝑦) =

{
𝑐𝑝(∣𝑦∣ − (𝑝− 1)−1∣𝑥∣)(∣𝑥∣ + ∣𝑦∣)𝑝−1 if ∣𝑦∣ ≤ (𝑝− 1)−1∣𝑥∣,
∣𝑦∣𝑝 − (𝑝− 1)−𝑝∣𝑥∣𝑝 if ∣𝑦∣ > (𝑝− 1)−1∣𝑥∣,

for some appropriate constant 𝑐𝑝. It is natural to conjecture that the special func-
tion 𝑈𝑝 in the orthogonal case should also be of this form: that is, we impose the
condition

(A1) 𝑈(𝑥, 𝑦) = 𝑉 (𝑥, 𝑦) when ∣𝑦∣ ≥ 𝛽𝑝∣𝑥∣.
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The second assumption is the regularity condition

(A2) 𝑈 is of class 𝐶1 on (0,∞)× (0,∞).
What about the value 𝑈(𝑥, 𝑦) on the set 𝐷 = {(𝑥, 𝑦) : ∣𝑦∣ < 𝛾𝑝∣𝑥∣}? Arguing as in
the case of the weak type inequality, we guess that

(A3) 𝑈 is harmonic inside 𝐷

(in particular, by (A2), 𝑈 is of class 𝐶1 on (0,∞)×ℝ). Finally, since 𝑉 is homo-
geneous of order 𝑝, we assume that

(A4) 𝑈(𝜆𝑥, 𝜆𝑦) = ∣𝜆∣𝑝𝑈(𝑥, 𝑦) for 𝑥, 𝑦, 𝜆 ∈ ℝ.

The three conditions above lead to the special function above. To see this, note
that by (A4), 𝑈 has the form

𝑈(𝑥, 𝑦) = 𝑅𝑝𝑔(𝜃),

where 𝑅 and 𝜃 are the corresponding polar coordinates as above and 𝑔 is an even
function on [−𝜋/2, 𝜋/2]. The assumption (A3) is equivalent to 𝑔′′(𝜃) + 𝑝2𝑔(𝜃) =
0 on the interval [− arctan𝛾𝑝, arctan 𝛾𝑝], so 𝑔(𝜃) = 𝑎 sin(𝑝𝜃) + 𝑏 cos(𝑝𝜃) there.
Since 𝑔 is even, we have 𝑎 = 0. In addition, by (A1), 𝑈(𝑥, 𝛽𝑝𝑥) = 0 and hence
cos(𝑝 arctan𝛽𝑝) = 0. Since 𝑝 arctan𝛽𝑝 < 𝜋, we deduce that 𝛽𝑝 = tan(𝜋/(2𝑝)) and
by (A2),

𝑏 = −
sin𝑝−1

(
𝜋
2𝑝

)
cos
(

𝜋
2𝑝

) .

This gives the function 𝑈𝑝 considered in the above proof. □

6.3.4 Proof of Theorem 6.4

We shall need here some information on the parabolic cylinder functions: it can
be found in the Appendix below.

Proof of (6.13) for 1 < 𝑝 ≤ 2. Let 𝜙𝑝 be given by (A.4) in the Appendix. Intro-
duce 𝑊𝑝 : [0,∞)× [0,∞)→ ℝ by the formula

𝑊𝑝(𝑥, 𝑦) =

{
𝛼𝑝𝑦

𝑝𝜙𝑝(𝑥/𝑦) if 𝑦 ≤ 𝑧−1
𝑝 𝑥,

𝑦𝑝 − 𝑧−𝑝
𝑝 𝑥𝑝 if 𝑦 ≥ 𝑧−1

𝑝 𝑥,

where
𝛼𝑝 = −(𝑧𝑝𝜙𝑝−1(𝑧𝑝))

−1. (6.30)

Furthermore, let

𝐷1 = {(𝑥, 𝑦) ∈ ℋ ×ℋ : ∣𝑦∣ > 𝑧−1
𝑝 ∣𝑥∣ > 0}

and
𝐷2 = {(𝑥, 𝑦) ∈ ℋ×ℋ : 0 < ∣𝑦∣ < 𝑧−1

𝑝 ∣𝑥∣}.
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Next we verify the necessary properties of 𝑊𝑝.

1. Regularity. It is easy to see that 𝑊𝑝 is continuous, of class 𝐶1 on the set
(0,∞)× (0,∞) and of class 𝐶2 on the set (0,∞) × (0,∞) ∖ {(𝑥, 𝑦) : 𝑦 = 𝑧−1

𝑝 𝑥}.
In consequence, the function 𝑈𝑝 defined by (3.153) has the required smoothness.
It can also be verified readily that the first-order derivative of 𝑈𝑝 is bounded on
bounded sets not containing 0 ∈ ℋ×ℋ.

2. The growth condition (6.15). This follows immediately from the asymp-
totics (A.7).

3. The condition (6.16). If 𝑧𝑝∣𝑦∣ > ∣𝑥∣ > 0, then we have[
𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣
]
(𝑥′ ⋅ ℎ)2 = 𝑝(2− 𝑝)𝑧−𝑝

𝑝 ∣𝑥∣𝑝−2(𝑥′ ⋅ ℎ)2

≤ 𝑝(2− 𝑝)𝑧−𝑝
𝑝 ∣𝑥∣𝑝−2∣ℎ∣2

(6.31)

and
𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 = −𝑝𝑧−𝑝
𝑝 ∣𝑥∣𝑝−2∣ℎ∣2, (6.32)

so (6.2) is valid. When ∣𝑥∣ > 𝑧𝑝∣𝑦∣ > 0, we compute that[
𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣
]
(𝑥′ ⋅ ℎ)2= 𝛼𝑝∣𝑦∣𝑝−2

[
𝜙′′
𝑝 (𝑟) − 𝑟−1𝜙′

𝑝 (𝑟)
]
(𝑥′ ⋅ ℎ)2

≤ 𝛼𝑝∣𝑦∣𝑝−2
[
𝜙′′
𝑝 (𝑟) − 𝑟−1𝜙′

𝑝 (𝑟)
] ∣ℎ∣2,
(6.33)

where we have used the notation 𝑟 = ∣𝑥∣/∣𝑦∣. Furthermore,
𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 = 𝛼𝑝∣𝑦∣𝑝−2𝑟−1𝜙′
𝑝 (𝑟) ∣ℎ∣2. (6.34)

Adding this to (6.33) yields (6.2), since 𝜙′′
𝑝(𝑟) ≥ 0: see Lemma A.11 (v).

4. The condition (6.17). If 𝑧𝑝∣𝑦∣ > ∣𝑥∣ > 0, then[
𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣
]
(𝑦′ ⋅ 𝑘)2 = 𝑝(𝑝− 2)∣𝑦∣𝑝−2(𝑦′ ⋅ 𝑘)2 ≤ 0

and
𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣ ∣𝑘∣2 = 𝑝∣𝑦∣𝑝−2∣𝑘∣2.

Therefore, combining this with (6.31) and (6.32) we see that the left-hand side of
(6.17) is not larger than

−𝑝∣𝑦∣𝑝−2(∣ℎ∣2 − ∣𝑘∣2)− 𝑝[(𝑝− 1)𝑧−𝑝
𝑝 ∣𝑥∣𝑝−2 − ∣𝑦∣𝑝−2]∣ℎ∣2 ≤ −𝑝∣𝑦∣𝑝−2(∣ℎ∣2 − ∣𝑘∣2),

(6.35)
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as needed. Here in the last passage we have used the estimates 𝑧−1
𝑝 ∣𝑥∣ < ∣𝑦∣ and

𝑧2𝑝 ≤ 𝑝−1 (see Corollary 3 in the Appendix). On the other hand, if 0 < 𝑧𝑝∣𝑦∣ < ∣𝑥∣,
then consider the function 𝐹𝑝 given by (A.9). A little calculation yields[

𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)
∣𝑦∣

]
(𝑦′ ⋅ 𝑘)2 = 𝛼𝑝∣𝑦∣𝑝−2𝐹𝑝(𝑟)(𝑦

′ ⋅ 𝑘)2,

which is nonpositive thanks to Lemma A.12 (here 𝑟 = ∣𝑥∣/∣𝑦∣, as before). Further-
more, by (A.5),

𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)
∣𝑦∣ = 𝛼𝑝∣𝑦∣𝑝−2

[
𝑝𝜙𝑝(𝑟)− 𝑟𝜙′

𝑝(𝑟)
] ∣𝑘∣2 = −𝛼𝑝∣𝑦∣𝑝−2𝜙′′

𝑝(𝑟)∣𝑘∣2,

which, combined with (6.33) and (6.34) implies that the left-hand side of (6.17)
does not exceed

𝛼𝑝∣𝑦∣𝑝−2𝜙′′
𝑝(𝑟)(∣ℎ∣2 − ∣𝑘∣2).

5. The inequality (6.18). Note that 𝜙𝑝 is increasing (by Lemma A.11 (v)) and
𝑧𝑝 ≤ 1 (by Corollary 3). Thus, for 0 < 𝑦 ≤ 𝑥,

𝑊𝑝(𝑥, 𝑦) = 𝛼𝑝𝑦
𝑝𝜙𝑝(𝑥/𝑦) ≤ 𝛼𝑝𝑦

𝑝𝜙𝑝(1) ≤ 0.

6. The inequality (6.19). This is obvious for 𝑦 ≥ 𝑧−1
𝑝 𝑥, so we focus on the

case 𝑦 < 𝑧−1
𝑝 𝑥. Then the majorization is equivalent to

𝛼𝑝𝜙𝑝(𝑠) ≤ 1− 𝑧−𝑝
𝑝 𝑠𝑝 for 𝑠 > 𝑧𝑝.

Both sides are equal when 𝑠 = 𝑧𝑝, so it suffices to establish an appropriate estimate
for the derivatives: 𝛼𝑝𝜙

′
𝑝(𝑠) ≤ −𝑝𝑧−𝑝

𝑝 𝑠𝑝−1 for 𝑠 > 𝑧𝑝. We see that again the two
sides are equal to one another when 𝑠 = 𝑧𝑝; thus we will be done if we show that
the function 𝑠 �→ 𝜙′

𝑝(𝑠)/𝑠
𝑝−1 is nondecreasing on (𝑧𝑝,∞). After differentiation,

this is equivalent to

𝜙′′
𝑝(𝑠)𝑠− (𝑝− 1)𝜙′

𝑝(𝑠) ≥ 0 on (𝑧𝑝,∞),
or, by Lemma A.11 (i), 𝜙′′′

𝑝 (𝑠) ≤ 0 for 𝑠 > 𝑧𝑝. This is shown in the part (v) of that
lemma.

7. The bound (6.3). In view of the above reasoning, we have to take 𝑐1(𝑥, 𝑦) =
𝑝∣𝑦∣𝑝−2 and 𝑐2(𝑥, 𝑦) = −𝛼𝑝∣𝑦∣𝑝−2𝜙′′

𝑝(𝑟). It is evident that the estimate (6.3) is valid
for this choice of 𝑐𝑖, 𝑖 = 1, 2. □

Proof of (6.13) for 2 < 𝑝 < 3. Consider 𝜙𝑝 given by (A.4) below. Let𝑊𝑝 : [0,∞)×
[0,∞)→ ℝ be given by

𝑊𝑝(𝑥, 𝑦) =

{
𝛼𝑝𝑥

𝑝𝜙𝑝(𝑦/𝑥) if 𝑦 ≥ 𝑧𝑝𝑥,

𝑦𝑝 − 𝑧𝑝𝑝𝑥
𝑝 if 𝑦 ≤ 𝑧𝑝𝑥,
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where

𝛼𝑝 = (𝑧𝑝𝜙𝑝−1(𝑧𝑝))
−1.

Let

𝐷1 = {(𝑥, 𝑦) ∈ ℋ×ℋ : 0 < ∣𝑦∣ < 𝑧𝑝∣𝑥∣}
and

𝐷2 = {(𝑥, 𝑦) ∈ ℋ×ℋ : ∣𝑦∣ > 𝑧𝑝∣𝑥∣ > 0}.
As in the previous case, we will verify that 𝑊𝑝 enjoys the requirements listed in
Subsection 3.2 above.

1. Regularity. Clearly, we have that𝑊𝑝 is continuous, of class 𝐶
1 on (0,∞)×

(0,∞) and of class 𝐶2 on (0,∞)× (0,∞)∖ {(𝑥, 𝑦) : 𝑦 = 𝑧𝑝𝑥}. Hence the function
𝑈𝑝 given by (3.153) has the necessary smoothness. In addition, it is easy to see
that the first-order derivative of 𝑈𝑝 is bounded on bounded sets.

2. The growth condition (6.15). This is guaranteed by the asymptotics (A.7).

3. The condition (6.16). Note that if 0 < ∣𝑦∣ < 𝑧𝑝∣𝑥∣, then[
𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣
]
(𝑥′ ⋅ ℎ)2 = −𝑝(𝑝− 2)𝑧𝑝𝑝 ∣𝑥∣𝑝−2(𝑥′ ⋅ ℎ)2 ≤ 0 (6.36)

and
𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 = −𝑝𝑧𝑝𝑝∣𝑥∣𝑝−2∣ℎ∣2 ≤ 0, (6.37)

so (6.2) follows. Suppose then that ∣𝑦∣ > 𝑧𝑝∣𝑥∣ > 0 and recall the function 𝐹𝑝

introduced in Lemma A.12. By means of this lemma, after some straightforward
computations, one gets[

𝑊𝑝𝑥𝑥(∣𝑥∣, ∣𝑦∣)− 𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)
∣𝑥∣

]
(𝑥′ ⋅ ℎ)2 = 𝛼𝑝∣𝑥∣𝑝−2𝐹𝑝 (𝑟) (𝑥

′ ⋅ ℎ)2 ≤ 0, (6.38)

where we have set 𝑟 = ∣𝑦∣/∣𝑥∣. Moreover, by (A.5),
𝑊𝑝𝑥(∣𝑥∣, ∣𝑦∣)

∣𝑥∣ ∣ℎ∣2 = 𝛼𝑝

[
𝑝𝜙𝑝 (𝑟)− 𝑟𝜙′

𝑝 (𝑟)
] ∣𝑥∣𝑝−2∣ℎ∣2

= −𝛼𝑝𝜙
′′
𝑝 (𝑟) ∣𝑥∣𝑝−2∣ℎ∣2

(6.39)

is nonpositive; this completes the proof of (6.2).

4. The condition (6.17). If 0 < ∣𝑦∣ < 𝑧𝑝∣𝑥∣, then[
𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣) − 𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣
]
(𝑦′ ⋅ 𝑘)2 = 𝑝(𝑝− 2)∣𝑦∣𝑝−2(𝑦′ ⋅ 𝑘)2

≤ 𝑝(𝑝− 2)∣𝑦∣𝑝−2∣𝑘∣2
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and
𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣ ∣𝑘∣2 = 𝑝∣𝑦∣𝑝−2∣𝑘∣2.

Combining this with (6.36) and (6.37) we see that the left-hand side of (6.17) can
be bounded from above by

𝑝(𝑝− 1)∣𝑦∣𝑝−2∣𝑘∣2 − 𝑝𝑧𝑝𝑝∣𝑥∣𝑝−2∣ℎ∣2 ≤ 𝑝(𝑝− 1)𝑧𝑝−2
𝑝 ∣𝑥∣𝑝−2∣𝑘∣2 − 𝑝𝑧𝑝𝑝 ∣𝑥∣𝑝−2∣ℎ∣2

≤ −𝑝𝑧𝑝𝑝∣𝑥∣𝑝−2(∣ℎ∣2 − ∣𝑘∣2). (6.40)

Here in the latter passage we have used Corollary 3. If ∣𝑦∣ > 𝑧𝑝∣𝑥∣ > 0, then, again
using the notation 𝑟 = ∣𝑦∣/∣𝑥∣,[

𝑊𝑝𝑦𝑦(∣𝑥∣, ∣𝑦∣)− 𝑉𝑝𝑦(∣𝑥∣, ∣𝑦∣)
∣𝑦∣

]
(𝑦′ ⋅ 𝑘)2 = 𝛼𝑝∣𝑥∣𝑝−2

[
𝜙′′
𝑝 (𝑟) − 𝑟−1𝜙′

𝑝 (𝑟)
]
(𝑦′ ⋅ 𝑘)2

≤ 𝛼𝑝∣𝑥∣𝑝−2
[
𝜙′′
𝑝 (𝑟) − 𝑟−1𝜙′

𝑝 (𝑟)
] ∣𝑘∣2

and
𝑊𝑝𝑦(∣𝑥∣, ∣𝑦∣)

∣𝑦∣ ∣𝑘∣2 = 𝛼𝑝∣𝑥∣𝑝−2𝑟−1𝜙′
𝑝(𝑟)∣𝑘∣2.

Combining this with (6.38) and (6.39), we get that the left-hand side of (6.17)
does not exceed −𝛼𝑝∣𝑥∣𝑝−2𝜙′′

𝑝(𝑟)(∣ℎ∣2 − ∣𝑘∣2).
5. The inequality (6.18). This is obvious: 𝑊𝑝(𝑥, 𝑦) ≤ 𝑥𝑝(1 − 𝑧𝑝𝑝) ≤ 0 if 𝑥 ≥

𝑦 ≥ 0.
6. The majorization (6.19). This can be established exactly in the same

manner as in the previous case. The details are left to the reader.

7. The bound (6.3). By the above considerations, we are forced to take
𝑐1(𝑥, 𝑦) = 𝑝𝑧𝑝𝑝∣𝑥∣𝑝−2 and 𝑐2(𝑥, 𝑦) = 𝛼𝑝∣𝑥∣𝑝−2𝜙′′

𝑝(𝑟) and it is clear that the con-
dition is satisfied. □

Sharpness. We shall show that (6.12) yields some moment inequalities for stopping
times of Brownian motion. Suppose first that 1 < 𝑝 ≤ 2 and let 𝐵 = (𝐵(1), 𝐵(2)) be
a standard two-dimensional Brownian motion. Fix a positive integer 𝑛, a stopping
time 𝜏 of 𝐵 satisfying 𝜏 ∈ 𝐿𝑝/2 and consider the martingales 𝑋 , 𝑌 given by

𝑋𝑡 = (𝐵
(1)
𝜏∧𝑡, 0, 0, . . .) and

𝑌
(𝑛)
𝑡 = (𝐵

(2)
𝜏∧𝑡∧2−𝑛 , 𝐵

(2)
𝜏∧𝑡∧(2⋅2−𝑛) −𝐵

(2)
𝜏∧𝑡∧2−𝑛 , 𝐵

(2)
𝜏∧𝑡∧(3⋅2−𝑛) −𝐵

(2)
𝜏∧𝑡∧(2⋅2−𝑛), . . .)

(6.41)

for 𝑡 ≥ 0. That is, the 𝑘th coordinate of 𝑌
(𝑛)
𝑡 is equal to the increment

𝐵
(2)
𝜏∧𝑡∧(𝑘⋅2−𝑛) −𝐵

(2)
𝜏∧𝑡∧((𝑘−1)⋅2−𝑛),

for 𝑘 = 1, 2, . . .. Obviously, 𝑋 and 𝑌 (𝑛) are orthogonal, since 𝐵(1) and 𝐵(2) are
independent. In addition, 𝑌 is differentially subordinate to 𝑋 , because [𝑋,𝑋 ]𝑡 =
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[𝑌, 𝑌 ]𝑡 = 𝜏 ∧ 𝑡 for all 𝑡 ≥ 0. Therefore, we infer from the inequality (6.13) that for
any 𝑡 ≥ 0,

∣∣𝑌 (𝑛)
𝑡 ∣∣𝑝 ≤ 𝐶𝑝∣∣𝑋𝑡∣∣𝑝. (6.42)

On the other hand, it is well known (see, e.g., proof of Theorem 1.3 in [182]) that
for any 𝑡 ≥ 0,

∣𝑌 (𝑛)
𝑡 ∣2 =

∞∑
𝑘=1

∣𝐵(2)
𝜏∧𝑡∧(𝑘⋅2−𝑛) −𝐵

(2)
𝜏∧𝑡∧((𝑘−1)⋅2−𝑛)∣2

𝑛→∞−−−−→ [𝐵(2), 𝐵(2)]𝜏∧𝑡 = 𝜏 ∧ 𝑡

in 𝐿2. Therefore, letting 𝑛 →∞ in (6.42) yields
∣∣(𝜏 ∧ 𝑡)1/2∣∣𝑝 ≤ 𝐶𝑝∣∣𝐵(1)

𝜏∧𝑡∣∣𝑝 ≤ 𝐶𝑝∣∣𝐵(1)
𝜏 ∣∣𝑝

and, consequently,
∣∣𝜏1/2∣∣𝑝 ≤ 𝐶𝑝∣∣𝐵(1)

𝜏 ∣∣𝑝. (6.43)

This implies 𝐶𝑝 ≥ 𝑧−1
𝑝 : see Davis [59]. The case 2 < 𝑝 < 3 is dealt with exactly in

the same manner. □

On the search of the suitable majorant. We will focus on the case 1 < 𝑝 ≤ 2. The
function 𝑈𝑝 considered for ℝ-valued processes 𝑌 does not work if we allow vector-
valued processes. This gives the following hint: to obtain the optimal constant in
the moment inequality in the Hilbert-space-valued setting, we should take 𝑌 “as
infinite-dimensional as possible”. This immediately suggests the processes of the
form (6.41) and letting 𝑛 →∞ leads to the estimate (6.43). This can be rephrased
in the language of optimal stopping theory. Namely, let 𝛽𝑝 be a fixed positive
number. Put 𝐺(𝑡, 𝑥) = 𝑡𝑝/2 − 𝛽𝑝

𝑝 ∣𝑥∣𝑝 and let
𝑈(𝑡, 𝑥) = sup

𝜏
𝔼𝐺(𝑡+ 𝜏, 𝑥+𝐵𝜏 ),

be the corresponding value function. Here 𝐵 is a standard Brownian motion in ℝ,
starting from 0, and the supremum is taken over all stopping times 𝜏 of 𝐵, which
satisfy the condition 𝔼𝜏𝑝/2 < ∞. The question is: what is the smallest possible
value of 𝛽𝑝 such that 𝑈(0, 0) ≤ 0? And, for this particular value of 𝛽𝑝, what is the
explicit formula for 𝑈?

We begin by observing that the function 𝑈 satisfies the homogeneity condi-
tion

𝑈(𝜆2𝑡, 𝜆𝑥) = ∣𝜆∣𝑝𝑈(𝑡, 𝑥), for (𝑡, 𝑥) ∈ [0,∞)× ℝ, 𝜆 ∕= 0, (6.44)

which follows from scaling properties of Brownian motion. Next, recalling the form
of the special function in the real-valued setting (see the previous subsection), we
conjecture the following.

(A1) 𝑈 is of class 𝐶1 on (0,∞)× ℝ,

(A2) 𝑈(𝑡, 𝑥) = 𝐺(𝑡, 𝑥) when 𝑡1/2 ≥ 𝛽𝑝∣𝑥∣,
(A3) 𝑈𝑡 +

1
2𝑈𝑥𝑥 = 0 when 𝑡1/2 < 𝛽𝑝∣𝑥∣.
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Some remarks, which relate (A1), (A2) and (A3) to the theory of optimal stopping,
are in order. From the general theory of optimal stopping of Markov processes (see,
e.g., [170]), the state space [0,∞) × ℝ is split into two sets: the stopping region
𝑈 = 𝐺 and the continuation set 𝑈 > 𝐺. Furthermore, on the continuation set, the
value function 𝑈 lies in the null set of the infinitesimal operator of the underlying
Markov process. These two facts are precisely the assumptions (A2) and (A3): in
the mean time we conjecture, using the homogeneity property, that the stopping
set is given by {(𝑡, 𝑥) : 𝑡1/2 ≥ 𝛽𝑝∣𝑥∣}. Finally, (A1) is related to the so-called
principle of smooth fit, which states that 𝑈 matches at the common boundary of
the stopping set and the continuation set in a smooth way: the partial derivatives
are continuous on the state space (see [170] for more on this).

Now we are ready to determine the formula for 𝑈 . Directly from (6.44), (A1)
and the form of the stopping problem, we infer that

𝑈(𝑡, 𝑥) = 𝑡𝑝/2𝑔(𝑥𝑡−1/2),

where 𝑔 : ℝ → ℝ is a 𝐶1 even function. By (A3), it satisfies the differential
equation

𝑔′′(𝑠)− 𝑠𝑔(𝑠) + 𝑝𝑔(𝑠) = 0 for ∣𝑠∣ ≤ 1/𝛽𝑝,

which is connected to the parabolic cylinder functions: see Appendix. Furthermore,
comparing the left-hand and right-hand limits of 𝑔 and 𝑔′ at 1/𝛽𝑝, we obtain the
equalities 𝑔(1/𝛽𝑝) = 0 and 𝑔′(1/𝛽𝑝) = −𝑝𝛽𝑝. Hence, we take 1/𝛽𝑝 = 𝑧𝑝 to be the
largest zero of the parabolic cylinder function of parameter 𝑝 and, for 𝑡1/2 < 𝛽𝑝∣𝑥∣,

𝑈(𝑡, 𝑥) = 𝑡𝑝/2 ⋅ −𝑝𝛽𝑝𝜙𝑝(∣𝑥∣𝑡−1/2)

𝜙′
𝑝(𝑧𝑝)

= −𝑡𝑝/2
𝜙𝑝(∣𝑥∣𝑡−1/2)

𝑧𝑝𝜙𝑝−1(𝑧𝑝)
,

where 𝜙𝑝 is given by (A.4). This leads directly to the function 𝑊𝑝 studied above.
□

6.4 Inequalities for moments of different order

6.4.1 Formulation of the result

It is natural to ask what is the optimal constants 𝐾𝑝,𝑞 in the estimates

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐾𝑝,𝑞∣∣∣𝑋 ∣∣∣𝑞,
for real-valued orthogonal local martingales 𝑋 , 𝑌 such that 𝑌 is differentially
subordinate to 𝑋 . We will show the following partial result in this direction. Let

𝐾𝑝,∞ =

⎧⎨
⎩
1 if 1 < 𝑝 ≤ 2,[

2𝑝+2

𝜋𝑝+1Γ(𝑝+ 1)
∑∞

𝑘=0
(−1)𝑘

(2𝑘+1)𝑝+1

]1/𝑝
if 𝑝 > 2

and, for 1 < 𝑝 < ∞,
𝐾1,𝑝 = 𝐾𝑝/(𝑝−1),∞.
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Theorem 6.5. Let 𝑋 and 𝑌 be two real-valued orthogonal local martingales such
that 𝑌 is differentially subordinate to 𝑋. Then for 1 < 𝑝 < ∞,

∣∣∣𝑌 ∣∣∣1 ≤ 𝐾1,𝑝∣∣∣𝑋 ∣∣∣𝑝 (6.45)

and

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐾𝑝,∞∣∣∣𝑋 ∣∣∣∞. (6.46)

Both inequalities are sharp.

The case when 1 < 𝑝 < 𝑞 < 2 or 2 < 𝑝 < 𝑞 < ∞ seems to be much more
difficult and the corresponding best constants are not known.

6.4.2 Proof of Theorem 6.5

Proof of (6.46). First, note that we may restrict ourselves to the case 𝑝 > 2.
Indeed, if 1 ≤ 𝑝 ≤ 2, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ ∣∣∣𝑌 ∣∣∣2 ≤ ∣∣∣𝑋 ∣∣∣2 ≤ ∣∣∣𝑋 ∣∣∣∞,

and, obviously, the equality ∣∣∣𝑌 ∣∣∣𝑝 = ∣∣∣𝑋 ∣∣∣∞ holds for the constant pair (𝑋,𝑌 ) ≡
(1, 1) of orthogonal martingales. So, assume that 𝑝 > 2. The construction of an
appropriate special function 𝑈 is very similar to that presented in the proof of
the weak type estimate. Let ℋ = ℝ × (0,∞) denote the upper half-plane and let
𝒰 = 𝒰𝑝 : ℋ → ℝ be given by the Poisson integral

𝒰(𝛼, 𝛽) =
2𝑝

𝜋𝑝+1

∫ ∞

−∞

𝛽 ∣log ∣𝑡∣∣𝑝
(𝛼− 𝑡)2 + 𝛽2

d𝑡.

The function 𝒰 is harmonic on ℋ and satisfies

lim
(𝛼,𝛽)→(𝑧,0)

𝒰(𝛼, 𝛽) =

∣∣∣∣ 2𝜋 log ∣𝑧∣
∣∣∣∣
𝑝

, 𝑧 ∕= 0.

Let 𝑆 denote the strip (−1, 1) × ℝ and consider the conformal mapping 𝜑(𝑧) =
𝑖𝑒−𝑖𝜋𝑧/2, or

𝜑(𝑥, 𝑦) =
(
𝑒𝜋𝑦/2 sin

(𝜋

2
𝑥
)

, 𝑒𝜋𝑦/2 cos
(𝜋

2
𝑥
))

, (𝑥, 𝑦) ∈ ℝ
2.

One easily verifies that 𝜑 maps 𝑆 onto ℋ. Define 𝑈 = 𝑈𝑝 on 𝑆 by

𝑈(𝑥, 𝑦) = 𝒰(𝜑(𝑥, 𝑦)).

The function 𝑈 is harmonic on 𝑆 and can be extended to a continuous function
on the closure 𝑆 of 𝑆 by 𝑈(±1, 𝑦) = ∣𝑦∣𝑝.
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Further properties of 𝑈 are investigated in the lemma below.

Lemma 6.3.

(i) The function 𝑈 satisfies 𝑈(𝑥, 𝑦) = 𝑈(−𝑥, 𝑦) on 𝑆.

(ii) We have
𝑈(𝑥, 𝑦) ≥ ∣𝑦∣𝑝 for all (𝑥, 𝑦) ∈ 𝑆.

(iii) For any (𝑥, 𝑦) ∈ 𝑆 we have 𝑈𝑥𝑥(𝑥, 𝑦) ≤ 0 and 𝑈𝑦𝑦(𝑥, 𝑦) ≥ 0.
(iv) If (𝑥, 𝑦) ∈ 𝑆 and 𝑦 > 0, then 𝑈𝑦𝑦𝑦(𝑥, 𝑦) ≥ 0.
(v) For any (𝑥, 𝑦) ∈ 𝑆 such that ∣𝑦∣ ≤ ∣𝑥∣, we have 𝑈(𝑥, 𝑦) ≤ 𝐾𝑝

𝑝,∞.

(vi) For any (𝑥, 𝑦) ∈ 𝑆 we have 𝑈(𝑥, 𝑦) ≤ 2𝑝−1∣𝑦∣𝑝 + 2𝑝−1𝐾𝑝
𝑝,∞.

We omit the proof, since it is similar to that of Lemma 6.1 above. It is easy to
see that the orthogonal version of Theorem 5.4 immediately yields (6.46): indeed,
with no loss of generality we may assume that ∣∣∣𝑋 ∣∣∣∞ = 1; then ∣∣∣𝑌 ∣∣∣𝑝 < ∞ (by
Burkholder’s inequality) and 𝑌 is a martingale. Thus, for any 𝑡,

𝔼∣𝑌𝑡∣𝑝 ≤ 𝔼𝑈(𝑋𝑡, 𝑌𝑡) ≤ 𝔼𝑈(𝑋0, 𝑌0) ≤ 𝐾𝑝
𝑝,∞

and we are done. □

Proof of (6.45). Here the things are more complicated. First, we will not work
with (6.45) directly, but rather with the following modification:

∣∣∣𝑌 ∣∣∣1 ≤ ∣∣∣𝑋 ∣∣∣𝑝𝑝 + 𝐿, (6.47)

where 𝐿 is a fixed positive number. We have already seen such a recipe in the
proof of Theorem 3.6 in Chapter 3. In order to establish (6.47) we will use the
value function of the following optimal stopping problem. Let 𝐵 = (𝐵(1), 𝐵(2)) be
a two-dimensional Brownian motion starting from (0, 0) and introduce 𝑈 : ℝ2 →
(−∞,∞] by

𝑈(𝑥, 𝑦) = sup𝔼𝐺(𝑥 +𝐵(1)
𝜏 , 𝑦 +𝐵(2)

𝜏 ), (6.48)

where 𝐺(𝑥, 𝑦) = ∣𝑦∣ − ∣𝑥∣𝑝 and the supremum is taken over all stopping times of
𝐵 satisfying 𝔼𝜏𝑝/2 < ∞.

The key properties of 𝑈 are listed in the lemma below.

Lemma 6.4.

(i) The function 𝑈 is finite on ℝ2.

(ii) The function 𝑈 is a superharmonic majorant of 𝐺.

(iii) For any fixed 𝑥 ∈ ℝ, the function 𝑈(𝑥, ⋅) is convex.

(iv) If ∣𝑦∣ ≤ ∣𝑥∣, we have

𝑈(𝑥, 𝑦) ≤
(

𝐾1,𝑝

𝑝

)𝑝/(𝑝−1)

⋅ (𝑝− 1). (6.49)
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Proof. (i) Take a stopping time 𝜏 ∈ 𝐿𝑝/2 and note that the process (𝐵
(2)
𝜏∧𝑡) is

differentially subordinate and orthogonal to (𝑥 + 𝐵
(1)
𝜏∧𝑡). Therefore, by virtue of

(6.12) we have, for any 𝑡,

𝔼∣𝑦 +𝐵
(2)
𝜏∧𝑡∣ ≤ ∣𝑦∣+ 𝔼∣𝐵(2)

𝜏∧𝑡∣ ≤ ∣𝑦∣+ 𝑐+ [cot(𝜋/2𝑝∗)]−𝑝∣∣𝐵(2)
𝜏∧𝑡∣∣𝑝𝑝

≤ ∣𝑦∣+ 𝑐+ ∣∣𝑥+𝐵
(1)
𝜏∧𝑡∣∣𝑝𝑝,

where 𝑐 = [cot(𝜋/2𝑝∗)/𝑝]𝑝/(𝑝−1) ⋅ (𝑝 − 1). Since 𝜏 ∈ 𝐿𝑝/2, the Burkholder-Davis-

Gundy inequality implies that the martingales (𝐵
(1)
𝜏∧𝑡), (𝐵

(2)
𝜏∧𝑡) converge in 𝐿𝑝 to

𝐵
(1)
𝜏 and 𝐵

(2)
𝜏 , respectively. Thus, letting 𝑡 →∞ yields 𝑈(𝑥, 𝑦) ≤ ∣𝑦∣+ 𝑐.

(ii) The inequality 𝑈 ≥ 𝐺 follows immediately by considering in (6.48) the
stopping time 𝜏 ≡ 0. The superharmonicity can be established using standard
Markovian arguments (see, e.g., Chapter I in [170]).

(iii) Fix 𝑥, 𝑦1, 𝑦2 ∈ ℝ and 𝜆 ∈ (0, 1). For any 𝜏 ∈ 𝐿𝑝/2, by the triangle
inequality,

𝔼𝐺(𝑥 +𝐵(1)
𝜏 , 𝜆𝑦1 + (1− 𝜆)𝑦2 +𝐵(2)

𝜏 ) ≤ 𝜆𝔼𝐺(𝑥 +𝐵(1)
𝜏 , 𝑦1 +𝐵(2)

𝜏 )

+ (1− 𝜆)𝔼𝐺(𝑥 +𝐵(1)
𝜏 , 𝑦2 +𝐵(2)

𝜏 )

≤ 𝜆𝑈(𝑥, 𝑦1) + (1− 𝜆)𝑈(𝑥, 𝑦2).

It remains to take the supremum over 𝜏 to get the claim.

(iv) Fix a stopping time 𝜏 ∈ 𝐿𝑝/2 and 𝑡 > 0. We have

𝔼

∣∣∣𝑦 +𝐵
(2)
𝜏∧𝑡

∣∣∣ = 𝔼

(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
sgn

(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
.

Consider the martingale 𝜁𝑡 = (𝜁𝑡𝑟)𝑟≥0 given by 𝜁𝑡𝑟 = 𝔼

[
sgn

(
𝑦 +𝐵

(2)
𝜏∧𝑡

) ∣∣∣ℱ𝜏∧𝑟

]
.

There exists an ℝ2-valued predictable process 𝐴 = (𝐴
(1)
𝑟 , 𝐴

(2)
𝑟 )𝑟 such that for all 𝑟,

𝜁𝑡𝑟 = 𝔼𝜁𝑡𝑡 +

∫ 𝜏∧𝑟

0

𝐴𝑠d𝐵𝑠 = 𝔼 sgn
(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
+

∫ 𝜏∧𝑟

0

𝐴𝑠d𝐵𝑠

(see, e.g., Chapter V in Revuz and Yor [182]). Therefore, using the properties of
stochastic integrals, we may write

𝔼

∣∣∣𝑦 +𝐵
(2)
𝜏∧𝑡

∣∣∣ = 𝑦𝔼 sgn
(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
+ 𝔼𝐵

(2)
𝜏∧𝑡

∫ 𝜏∧𝑡

0

𝐴𝑠d𝐵𝑠 (6.50)

= 𝑦𝔼 sgn
(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
+ 𝔼

∫ 𝜏∧𝑡

0

(0, 1)d𝐵𝑠

∫ 𝜏∧𝑡

0

𝐴𝑠d𝐵𝑠

= 𝑦𝔼 sgn
(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
+ 𝔼

∫ 𝜏∧𝑡

0

𝐴(2)
𝑠 d𝑠

= 𝑦𝔼 sgn
(
𝑦 +𝐵

(2)
𝜏∧𝑡

)
+ 𝔼

∫ 𝜏∧𝑡

0

(1, 0)d𝐵𝑠

∫ 𝜏∧𝑡

0

(𝐴(2)
𝑠 ,−𝐴(1)

𝑠 )d𝐵𝑠
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≤ ∣𝑥∣
∣∣∣𝔼 sgn(𝑦 +𝐵

(2)
𝜏∧𝑡

)∣∣∣+ 𝔼𝐵
(1)
𝜏∧𝑡

∫ 𝜏∧𝑡

0

(𝐴(2)
𝑠 ,−𝐴(1)

𝑠 )d𝐵𝑠

= 𝔼

(
𝑥+𝐵

(1)
𝜏∧𝑡

) [
sgn𝑥

∣∣∣𝔼 sgn(𝑦 +𝐵
(2)
𝜏∧𝑡

)∣∣∣+ ∫ 𝜏∧𝑡

0

(𝐴(2)
𝑠 ,−𝐴(1)

𝑠 )d𝐵𝑠

]

≤ ∣∣𝑥+𝐵
(1)
𝜏∧𝑡∣∣𝑝

∣∣∣∣
∣∣∣∣sgn𝑥∣𝔼 sgn(𝑦 +𝐵

(2)
𝜏∧𝑡)∣+

∫ 𝜏∧𝑡

0

(𝐴(2)
𝑠 ,−𝐴(1)

𝑠 )d𝐵𝑠

∣∣∣∣
∣∣∣∣

𝑝
𝑝−1

.

Observe that the martingale

(𝜂𝑡𝑟)𝑟≥0 =

(
sgn𝑥

∣∣∣𝔼 sgn(𝑦 +𝐵
(2)
𝜏∧𝑡

)∣∣∣+ ∫ 𝜏∧𝑟

0

(𝐴(2)
𝑠 ,−𝐴(1)

𝑠 )𝑑𝐵𝑠

)
𝑟≥0

is differentially subordinate and orthogonal to 𝜁𝑡. Furthermore, we have ∣∣𝜁𝑡∣∣∞ =
∣∣sgn(𝑦 + 𝐵

(2)
𝜏∧𝑡)∣∣∞ = 1, so, by (6.46), we see that ∣∣𝜂𝑡∣∣𝑝/(𝑝−1) ≤ 𝐾𝑝/(𝑝−1),∞.

Consequently,

𝔼∣𝑦+𝐵
(2)
𝜏∧𝑡∣ ≤ 𝐾𝑝/(𝑝−1),∞∣∣𝑥+𝐵

(1)
𝜏∧𝑡∣∣𝑝 ≤ 𝔼∣𝑥+𝐵

(1)
𝜏∧𝑡∣𝑝+

(
𝐾𝑝/(𝑝−1),∞

𝑝

)𝑝/(𝑝−1)

⋅(𝑝−1)

and it suffices to let 𝑡 → ∞ to obtain (6.49), using the argument based on the
Burkholder-Davis-Gundy inequality. □

Now we are ready to establish (6.45). Fix 𝛿 > 0, 𝜀 > 𝛿
√
2, and convolve 𝐺

and 𝑈 with a nonnegative 𝐶∞ function 𝑔𝛿, supported on the ball with center (0, 0)
and radius 𝛿, satisfying ∣∣𝑔𝛿∣∣1 = 1. In this way we obtain 𝐶∞ functions 𝐺𝛿 and 𝑈 𝛿,
such that 𝐺𝛿 ≤ 𝑈 𝛿 and 𝑈 𝛿 is superharmonic. Furthermore, by Lemma 6.4 (iii), we
have 𝑈 𝛿

𝑦𝑦 ≥ 0 and, by superharmonicity, 𝑈 𝛿
𝑥𝑥 ≤ 0. Applying the orthogonal version

of Theorem 5.3 yields
𝔼𝑈 𝛿(𝑋𝑡, 𝑌𝑡) = 𝔼𝑈 𝛿(𝑋0, 𝑌0),

whence
𝔼𝐺𝛿(𝑋𝜏∧𝑡, 𝑌𝜏∧𝑡) ≤ 𝔼𝑈 𝛿(𝑋0, 𝑌0).

Obviously, we have ∣𝐺𝛿(𝑥, 𝑦)∣ ≤ ∣𝑥∣ + ∣∣𝑦∣ + 𝛿∣𝑝 ≤ 2𝑝−1(∣𝑦∣𝑝 + 𝛿𝑝). Hence, by
Lebesgue’s dominated convergence theorem, if we let 𝜀 → 0 and 𝛿 → 0, we get

𝔼∣𝑌𝜏∧𝑡∣ ≤ 𝔼∣𝑋𝜏∧𝑡∣𝑝 +
(

𝐾1,𝑝

𝑝

)𝑝/(𝑝−1)

⋅ (𝑝− 1).

By the Burkholder-Davis-Gundy inequalities, we may replace 𝜏 ∧ 𝑡 by 𝜏 in the
above estimate. Applying it to the pair (𝑋 ′, 𝑌 ′) = (𝑋/𝜆, 𝑌/𝜆) with

𝜆 =
∣∣𝑋 ∣∣𝑝𝑝1/(𝑝−1)

𝐾
1/(𝑝−1)
1,𝑝

(clearly, the differential subordination and the orthogonality remain valid) yields
(6.45). □
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Sharpness. When 𝑝 > 2 and 𝑞 = ∞, then equality is attained for the pair 𝐵 =

(𝐵
(1)
𝜏∧𝑡, 𝐵

(2)
𝜏∧𝑡), where (𝐵

(1), 𝐵(2)) is a standard Brownian motion starting from (0, 0)

and 𝜏 = inf{𝑡 ≥ 0 : ∣𝐵(1)
𝑡 ∣ = 1}. An analogous reasoning was already used in the

case of the weak type estimates, so we omit the details. If 𝑝 = 1 and 1 < 𝑞 < 2,
we use a duality argument similar to the one above. Namely, suppose that (6.45)
holds with some constant 𝐶𝑞. Let 𝐵 be as above. Then

𝔼∣𝐵(2)
𝜏∧𝑡∣𝑞/(𝑞−1) = 𝔼𝐵

(2)
𝜏∧𝑡 ⋅ ∣𝐵(2)

𝜏∧𝑡∣𝑞/(𝑞−1)−2𝐵
(2)
𝜏∧𝑡 = 𝔼𝐵

(2)
𝜏∧𝑡𝜉 = 𝔼𝐵

(1)
𝜏∧𝑡𝜁,

where (𝜉, 𝜁) is a corresponding pair of orthogonal processes starting from (0, 0) and

such that 𝜁 is differentially subordinate to 𝜉. Consequently, since 𝐵
(1)
𝜏∧𝑡 is bounded

by 1,

𝔼∣𝐵(2)
𝜏∧𝑡∣𝑞/(𝑞−1) ≤ 𝔼∣𝜁∣ ≤ 𝐶𝑞∣∣𝜉∣∣𝑞 = 𝐶𝑞

[
𝔼∣𝐵(2)

𝜏∧𝑡∣𝑞/(𝑞−1)
]1/𝑞

or ∣∣𝐵(2)
𝜏 ∣∣𝑞/(𝑞−1) ≤ 𝐶𝑞. Thus 𝐶𝑞 ≥ 𝐾𝑞/(𝑞−1),∞, as desired. □

On the search of the suitable majorant, the case 𝑞 =∞. This is straightforward:
write

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑌𝑡∣𝑝},
where the supremum is taken over all pairs (𝑋,𝑌 ) of orthogonal martingales start-
ing from (𝑥, 𝑦) such that ([𝑋,𝑋 ]𝑡 − [𝑌, 𝑌 ]𝑡)𝑡≥0 is nondecreasing and ∣∣𝑋 ∣∣∞ ≤ 1.
This makes clear which pairs should give the supremum: we take any 𝑋 and wait
until it reaches ±1; the corresponding 𝑌 satisfies [𝑌, 𝑌 ] − 𝑦2 = [𝑋,𝑋 ] − 𝑥2. By
a standard time-change argument, we may assume that 𝑋 and hence also 𝑌 , are
stopped one-dimensional Brownian motions. Hence, 𝑈0 is necessarily the harmonic
lift of the function (𝑥, 𝑦) �→ ∣𝑦∣𝑝, (𝑥, 𝑦) ∈ 𝑆. This is precisely the function used
above. □

6.5 Logarithmic estimates

The special functions considered in the preceding section can be used to obtain
the following sharp logarithmic estimate. Introduce the function Ψ : [0,∞) → ℝ

by the formula Ψ(𝑡) = (𝑡+ 1) log(𝑡+ 1)− 𝑡.

Theorem 6.6. Suppose that 𝑋, 𝑌 are orthogonal real-valued martingales such that
𝑌 is differentially subordinate to 𝑋. Then for 𝐾 > 2/𝜋,

∣∣𝑌 ∣∣1 ≤ sup
𝑡

𝔼Ψ(𝐾∣𝑋𝑡∣) + 8
∫ ∞

1

𝑡2/(𝐾𝜋) − 2 log 𝑡
𝐾𝜋 − 1

𝑡2 + 1
d𝑡. (6.51)

The inequality is sharp for each 𝐾.

For a related estimate with the more natural function Ψ(𝑡) = 𝑡 log+ 𝑡, see
[163] and the bibliographic notes at the end of this chapter.
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6.5.1 Proof of Theorem 6.6

Proof of (6.52). First we shall establish the following dual estimate. Let Φ :
[0,∞) → ℝ be defined by Φ(𝑡) = 𝑒𝑡 − 𝑡 − 1. We will show that if ∣∣𝑋 ∣∣∞ ≤ 1,
then, for 𝛾 < 𝜋/2,

sup
𝑡

𝔼Φ(𝛾∣𝑌𝑡∣) ≤ 8
∫ ∞

1

𝑡2𝛾/𝜋 − 2𝛾
𝜋 log 𝑡− 1

𝑡2 + 1
d𝑡 (6.52)

and the constant on the right is the best possible. This is straightforward. For any
𝑘 = 2, 3, . . . we have, by (6.46),

∣∣𝑌 ∣∣𝑘𝑘 ≤ 𝐾𝑘
𝑘,∞ =

2𝑘+1

𝜋𝑘+1

∫ ∞

0

∣ log ∣𝑡∣∣𝑘
𝑡2 + 1

d𝑡 =
4

𝜋

∫ ∞

1

(
2
𝜋 log 𝑡

)𝑘
𝑡2 + 1

d𝑡. (6.53)

Hence, for 𝛾 < 𝜋/2,

𝔼Φ(𝛾∣𝑌𝑡∣) =
∞∑
𝑘=2

𝛾𝑘∣∣𝑌𝑡∣∣𝑘𝑘
𝑘!

≤ 4
𝜋

∫ ∞

1

𝑡2𝛾/𝜋 − 2𝛾
𝜋 log 𝑡− 1

𝑡2 + 1
d𝑡

and it remains to take the supremum over 𝑡 to get (6.52). To see that the bound
on the right is the best possible, consider the two-dimensional Brownian motion
started at (0, 0) and stopped at the boundary of the strip [−1, 1] × ℝ. Then we
have equality in (6.53) for all 𝑘 ≥ 2 (see the previous section) and hence (6.52)
is sharp too. Now it suffices to repeat the arguments which enabled us above to
deduce (6.45) from (6.46). To do this, we need to consider an appropriate optimal
stopping problem and rewrite (6.50) accordingly. The crucial property of Φ and Ψ
is that they are conjugate in the sense that Φ′ is the inverse to Ψ′ on (0,∞). We
omit the further details, as the proof goes along the same lines. □

Sharpness. This follows from duality; see sharpness of (6.45).

6.6 Moment inequalities for nonnegative martingales

6.6.1 Formulation of the result

We shall now study the moment estimates in the particular case when both pro-
cesses are real valued and one of them is nonnegative. Let

𝐶𝑝 =

{
tan(𝜋/2𝑝) if 1 < 𝑝 ≤ 2,
(1 + cos𝑝(𝜋/𝑝))

1/𝑝
(sin(𝜋/𝑝))−1 if 2 < 𝑝 < ∞.

and

𝐸𝑝 =

⎧⎨
⎩
1 if 𝑝 = 1,[

sin𝑝−1(𝜙𝑝) sin((𝑝−1)𝜙𝑝)
1−cos𝑝−1(𝜙𝑝) cos((𝑝−1)𝜙𝑝)

]1/𝑝
if 1 < 𝑝 < 2,

cot(𝜋/2𝑝) if 2 ≤ 𝑝 < ∞.

(6.54)
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Here 𝜙𝑝 is the unique number from the interval (𝜋/4, 𝜋/2) such that

sin
(
(𝑝− 1)𝜙− 𝑝𝜋

4

)
+ sin

𝑝𝜋

4
cos𝑝−1 𝜙 = 0. (6.55)

Theorem 6.7. Let 𝑋, 𝑌 be real-valued orthogonal local martingales such that 𝑌 is
differentially subordinate to 𝑋.

(i) If 𝑋 is nonnegative, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐶𝑝∣∣∣𝑋 ∣∣∣𝑝, 1 < 𝑝 < ∞, (6.56)

and the inequality is sharp.

(ii) If 𝑌 is nonnegative, then

∣∣∣𝑌 ∣∣∣𝑝 ≤ 𝐸𝑝∣∣∣𝑋 ∣∣∣𝑝, 1 ≤ 𝑝 < ∞, (6.57)

and the inequality is sharp.

Therefore, if we compare (6.56) and (6.57) to (6.12), we see that in the case
when 𝑋 is nonnegative, the best constant in the 𝐿𝑝 inequality does not change for
1 < 𝑝 ≤ 2 and decreases for 𝑝 > 2; if 𝑌 is assumed to be nonnegative, then the
best constant remains the same for 𝑝 ≥ 2 and decreases for 1 ≤ 𝑝 < 2. Observe
that we have the same behavior of the optimal constants in the nonorthogonal
case.

6.6.2 Proof of Theorem 6.7

It suffices to establish (6.56) for 𝑝 > 2 and (6.57) for 1 < 𝑝 < 2. The reasoning is
the same as in the proof of Theorem 6.3, so we will only present the formulas for the
special functions. To prove the first estimate for 𝑝 > 2, let𝑊𝑝 : [0,∞)×[0,∞)→ ℝ

be defined by

𝑊𝑝(𝑥, 𝑦) =

⎧⎨
⎩

𝑅𝑝
[
cos(𝑝𝜋/2− 𝑝𝜃)

+ sin(𝑝𝜋/2− 𝑝𝜃) ⋅ cot(𝜋/𝑝)(cos𝑝−2(𝜋/𝑝) + 1)
]
if 𝜃 > 𝜋/2− 𝜋/𝑝

𝑦𝑝 − 𝐶𝑝
𝑝𝑥

𝑝 if 𝜃 ≤ 𝜋/2− 𝜋/𝑝,

where, as previously, 𝑅 and 𝜃 are the polar coordinates. Finally, the special func-
tion 𝑊𝑝 corresponding to (6.57) for 1 < 𝑝 < 2 is given by

𝑊𝑝(𝑥, 𝑦) =

{
𝐸𝑝

𝑝𝑅
𝑝
[
cot(𝜋𝑝/4) sin(𝑝𝜃)− cos(𝑝𝜃)] if 0 ≤ 𝜃 ≤ 𝜙𝑝,

𝑦𝑝 − 𝐸𝑝
𝑝𝑥

𝑝 if 𝜙𝑝 < 𝜃 ≤ 𝜋/2.



6.7. Weak type inequalities for submartingales 275

6.7 Weak type inequalities for submartingales

6.7.1 Formulation of the result

We will prove a statement which can be regarded as the orthogonal version of
Theorem 4.4. Let 𝑐 = 3.375 . . . be given by (6.61) below.

Theorem 6.8. Assume that 𝑋 is a submartingale such that 𝑋0 = 0 and 𝑌 is a real-
valued semimartingale which is orthogonal and strongly differentially subordinate
to 𝑋. Then

ℙ(∣𝑌 ∣∗ ≥ 1) ≤ 𝑐∣∣𝑋 ∣∣1 (6.58)

and the constant 𝑐 is the best possible.

6.7.2 Proof of Theorem 6.8

The estimate (6.58) follows from the existence of a function 𝑈 : ℝ2 → ℝ such that

(i) 𝑈 is continuous and superharmonic,

(ii) for any (𝑥, 𝑦) ∈ ℝ2, the functions 𝑡 �→ 𝑈(𝑥+ 𝑡, 𝑦 + 𝑡) and 𝑡 �→ 𝑈(𝑥+ 𝑡, 𝑦− 𝑡)
are nonincreasing on ℝ,

(iii) 𝑈 is concave along the horizontal lines,

(iv) 𝑈(0, 0) = −𝑐−1,

(v) 𝑈(𝑥, 𝑦) ≥ 𝑈(0, 0)1{∣𝑦∣<1} − 𝑥+ for all 𝑥, 𝑦 ∈ ℝ.

Indeed, convolving 𝑈 with a smooth radial function 𝑔 which has the usual prop-
erties, we see that the resulting function 𝑈𝑔 satisfies Δ𝑈𝑔 ≤ 0, 𝑈𝑔

𝑥𝑥 ≤ 0 and
𝑈𝑔
𝑥 + ∣𝑈𝑔

𝑦 ∣ ≤ 0. These conditions imply that for 𝑋 , 𝑌 as in the statement of the
theorem, the process (𝑈𝑔(𝑋𝑡, 𝑌𝑡))𝑡≥0 is a local supermartingale; then the proper-
ties (iv) and (v) play the role of the initial condition and the majorization property.
We refer the reader to [158] for the detailed explanation of this argument.

To prove the existence of a function 𝑈 satisfying (i)–(v), we will construct
some auxiliary objects first. For the sake of convenience, in the considerations
below we identify ℝ2 with the complex plane. Let 𝐷 = {𝑧 ∈ ℂ : ∣𝑧∣ < 1} be the
open unit disc of ℂ and put

𝐽 = {𝑧 ∈ ℂ : ∣Im 𝑧∣ ≤ 1, ∣Im 𝑧∣ ≤ Re 𝑧},
𝐾 = {𝑧 ∈ ℂ : ∣Re 𝑧∣ ≤ 1 or ∣Im 𝑧∣ ≤ 1}. (6.59)

Define ℎ : ∂𝐾 → ℝ by setting ℎ(𝑥,±1) = 1− ∣𝑥∣ if ∣𝑥∣ ≥ 1 and ℎ(±1, 𝑦) = ∣𝑦∣ − 1
if ∣𝑦∣ ≥ 1. Consider the function 𝐹 given by

𝐹 (𝑧) = 𝛼

∫ 𝑧

0

√
1− 𝑤4

1 + 𝑤4
d𝑤,
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where

𝛼 =
√
2𝑖

(∫ 1

0

√
1− 𝑡4

1 + 𝑡4
d𝑡

)−1

.

The function 𝐹 is a conformal mapping of𝐷 onto the interior of𝐾 and it sends the
arcs {𝑒𝑖𝜃 : ∣𝜃∣ < 𝜋/4}, {𝑒𝑖𝜃 : 𝜃 ∈ (𝜋/4, 3𝜋/4)}, {𝑒𝑖𝜃 : 𝜃 ∈ (3𝜋/4, 5𝜋/4)}, {𝑒𝑖𝜃 : 𝜃 ∈
(5𝜋/4, 7𝜋/4)} onto the sets ∂𝐾 ∩ (0,∞)2, ∂𝐾 ∩ (−∞, 0)× (0,∞), ∂𝐾 ∩ (−∞, 0)2,
∂𝐾∩(0,∞)×(−∞, 0), respectively. Finally, we have 𝐹 (𝑒±𝜋𝑖/4) = 𝐹 (𝑒±3𝜋𝑖/4) =∞.
Let 𝐺 be the inverse of 𝐹 and define 𝑢 : 𝐷 → ℝ by the Poisson integral

𝑢(𝑟𝑒𝑖𝜃) =
1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
ℎ(𝐹 (𝑒𝑖𝑡))d𝑡

for 𝑟 ∈ [0, 1) and 𝜃 ∈ [0, 2𝜋) (this is well defined, see (6.63) below). To describe
the optimal constant 𝑐 in (6.58), let 𝑅 = 0.541 . . . be the unique solution to the
equation ∫ 𝑅

0

√
1 + 𝑠4

1− 𝑠4
d𝑠 =

√
2

2

∫ 1

0

√
1− 𝑠4

1 + 𝑠4
d𝑠 (6.60)

and put

𝑐 = −
[
1

2𝜋

∫ 2𝜋

0

1−𝑅2

1− 2𝑅 cos (𝑡+ 𝜋
4

)
+𝑅2

ℎ(𝐹 (𝑒𝑖𝑡))d𝑡

]−1

. (6.61)

Computer simulations show that 𝑐 = 3.375 . . .. Finally, let

𝒰(𝑥, 𝑦) = 𝑢(𝐺(𝑥, 𝑦)) for (𝑥, 𝑦) ∈ 𝐾.

Lemma 6.5. The function 𝒰 enjoys the following properties:

(i) It is continuous on 𝐾 and harmonic in the interior of 𝐾.

(ii) The function (𝑥, 𝑦) �→ 𝒰(𝑥, 𝑦) + 𝑥 is bounded on 𝐽 .

(iii) 𝒰 has the following symmetry: if (𝑥, 𝑦) ∈ 𝐾, then

𝒰(𝑥, 𝑦) = 𝒰(𝑥,−𝑦) = 𝒰(−𝑥, 𝑦) and 𝒰(𝑥, 𝑦) = −𝒰(𝑦, 𝑥).

Proof. (i) Clearly, 𝒰 is harmonic in the interior of 𝐾, since it is the real part of
an analytic function there. To see that 𝒰 is continuous on 𝐾, observe that the
function 𝑡 �→ ℎ(𝐹 (𝑒𝑖𝑡)) is continuous on [−𝜋, 𝜋] ∖ {±𝜋/4,±3𝜋/4}. This implies
that 𝑢 is continuous on 𝐷∖ {𝑒±𝜋𝑖/4, 𝑒±3𝜋𝑖/4} and the latter set is precisely 𝐺(𝐾).

(ii) First we prove the identity

1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
𝐹 (𝑒𝑖𝑡) d𝑡 = 𝐹 (𝑟𝑒𝑖𝜃) (6.62)



6.7. Weak type inequalities for submartingales 277

for 𝑟 ∈ [0, 1), 𝜃 ∈ [0, 2𝜋). To do this, apply Fubini’s theorem to obtain
1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
𝐹 (𝑒𝑖𝑡) d𝑡

=
1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
⋅ 𝛼
∫ 𝑒𝑖𝑡

0

√
1− 𝑧4

1 + 𝑧4
d𝑧 d𝑡

=

∫ 1

0

1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
⋅ 𝛼
√
1− 𝑠4𝑒4𝑖𝑡

1 + 𝑠4𝑒4𝑖𝑡
𝑒𝑖𝑡d𝑡 d𝑠.

For any fixed 𝑠 ∈ [0, 1), the expression under the outer integral is the Poisson
formula for the function

𝑓𝑠 : 𝑧 �→ 𝛼𝑧

√
1− 𝑠4𝑧4

1 + 𝑠4𝑧4
,

which is continuous on 𝐷 and analytic on 𝐷. Thus, this expression equals 𝑓𝑠(𝑟𝑒
𝑖𝜃)

and

1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
𝐹 (𝑒𝑖𝑡) d𝑡 = 𝛼

∫ 1

0

√
1− 𝑠4𝑟4𝑒4𝑖𝑡

1 + 𝑠4𝑟4𝑒4𝑖𝑡
𝑟𝑒𝑖𝑡d𝑠

= 𝐹 (𝑟𝑒𝑖𝜃).

To see that the above use of Fubini’s theorem is permitted, note that for any fixed
𝑟 and 𝜃 as above and some positive 𝜅1, 𝜅2,

𝛼

2𝜋

∫ 2𝜋

0

∫ 1

0

∣∣∣∣∣ 1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2

√
1− 𝑠4𝑒4𝑖𝑡

1 + 𝑠4𝑒4𝑖𝑡
𝑒𝑖𝑡

∣∣∣∣∣ d𝑠d𝑡
≤ 𝜅1

∫ 2𝜋

0

∫ 1

0

1

∣1 + 𝑠4𝑒4𝑖𝑡∣d𝑠d𝑡

≤ 𝜅2

∫ 2𝜋

0

∫ 1

0

1

∣1 + 𝑠𝑒4𝑖𝑡∣d𝑠d𝑡

= 8𝜅2

∫ 𝜋/4

0

∫ 1

0

1√(
𝑠+cos 4𝑡
sin 4𝑡

)2
+ 1

d𝑠d𝑡

sin 4𝑡

= 2𝜅2

∫ 𝜋

0

log

(
1 +

1

cos(𝑡/2)

)
d𝑡 < ∞.

(6.63)

Therefore, if (𝑥, 𝑦) ∈ 𝐽 and 𝐺(𝑥, 𝑦) = 𝑟𝑒𝑖𝜃, then we may write

𝒰(𝑥, 𝑦) + 𝑥− 1
= 𝑢(𝐺(𝑥, 𝑦)) + Re𝐹 (𝐺(𝑥, 𝑦))− 1

=
1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
[
ℎ(𝐹 (𝑒𝑖𝑡)) + Re𝐹 (𝑒𝑖𝑡)− 1]d𝑡

=
1

2𝜋

∫ 3𝜋/2

0

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
[
ℎ(𝐹 (𝑒𝑖𝑡)) + Re𝐹 (𝑒𝑖𝑡)− 1]d𝑡,
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because ℎ(𝑥, 𝑦) + 𝑥 − 1 = 0 for (𝑥, 𝑦) ∈ ∂𝐾 ∩ {𝑧 ∈ ℂ : Re 𝑧 > 1}. Now if
we take (𝑥, 𝑦) ∈ 𝐽 with 𝑥 sufficiently large, say, 𝑥 ≥ 2, then 𝜃 lies in a proper
closed subinterval of (−𝜋/2, 0) and thus the Poisson kernel is bounded uniformly
in 𝑟 ∈ [0, 1) and 𝑡 ∈ [0, 3𝜋/2]. It suffices to note that, by (6.63),

∫ 3𝜋/2

0

∣∣ℎ(𝐹 (𝑒𝑖𝑡)) + Re𝐹 (𝑒𝑖𝑡)− 1∣∣d𝑡 < ∞.

(iii) We have 𝐹 (𝑖𝑧) = 𝑖𝐹 (𝑧) for any 𝑧 ∈ 𝐷, so 𝐺(𝑖𝑧) = 𝑖𝐺(𝑧) for all 𝑧 ∈ 𝐾;
that is, if (𝑥, 𝑦) ∈ 𝐾, then 𝐺(−𝑦, 𝑥) = 𝑖𝐺(𝑥, 𝑦). Consequently, if 𝐺(𝑥, 𝑦) = 𝑟𝑒𝑖𝜃 ,
then

𝒰(−𝑦, 𝑥) = 𝑢(𝑖𝐺(𝑥, 𝑦)) = 𝑢(𝑟𝑒𝑖(𝜋/2+𝜃))

=
1

2𝜋

∫ 2𝜋

0

1− 𝑟2

1− 2𝑟 cos (𝑡− 𝜋
2 − 𝜃

)
+ 𝑟2

ℎ(𝐹 (𝑒𝑖𝑡))d𝑡

=
1

2𝜋

∫ 3𝜋/2

−𝜋/2

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
ℎ(𝐹 (𝑖𝑒𝑖𝑡))d𝑡

=
1

2𝜋

∫ 3𝜋/2

−𝜋/2

1− 𝑟2

1− 2𝑟 cos(𝑡− 𝜃) + 𝑟2
ℎ(𝑖𝐹 (𝑒𝑖𝑡))d𝑡,

which is equal to −𝒰(𝑥, 𝑦), since ℎ(𝑖𝑧) = −ℎ(𝑧) for 𝑧 ∈ ∂𝐾. Therefore,

𝒰(𝑥, 𝑦) = −𝒰(−𝑦, 𝑥) = 𝒰(𝑥, 𝑦) (6.64)

and it remains to show that 𝒰(𝑥, 𝑦) = 𝒰(𝑥,−𝑦) for (𝑥, 𝑦) ∈ 𝐽 . But this follows
from the previous part: the function (𝑥, 𝑦) �→ 𝒰(𝑥, 𝑦)−𝒰(𝑥,−𝑦) is continuous and
bounded on 𝐽 , harmonic in the interior of this set and vanishes on its boundary.
Thus it is identically 0. □

In the next lemma we exhibit more properties of 𝒰 .
Lemma 6.6. If (𝑥, 𝑦) ∈ 𝐽 , then

∣𝑦∣ − 𝑥 ≤ 𝒰(𝑥, 𝑦) ≤ min{1− 𝑥, 0}, (6.65)

𝒰𝑥(𝑥, 𝑦)± 𝒰𝑦(𝑥, 𝑦) ≤ 0 (6.66)

and
𝒰𝑥𝑥 ≤ 0. (6.67)

Proof. Note that the function (𝑥, 𝑦) �→ ∣𝑦∣ − 𝑥 is subharmonic and agrees with 𝒰
on the boundary of 𝐽 . Combining this with Lemma 6.5 (ii), we obtain the lower
bound in (6.65). To show the upper bound, note that the functions (𝑥, 𝑦) �→ 1−𝑥,
(𝑥, 𝑦) �→ 0 are harmonic and majorize 𝒰 at ∂𝐽 ; it remains to apply Lemma 6.5
(ii) to get (6.65).
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We turn to (6.66). By the symmetry of 𝒰 (see part (iii) of the previous
lemma), it suffices to show that 𝒰𝑥(𝑥, 𝑦) +𝒰𝑦(𝑥, 𝑦) ≤ 0. Using the Schwarz reflec-
tion principle, 𝒰 can be extended to a continuous function on 𝐽 ∪ (𝐽 + 2𝑖) and
harmonic inside this set (here we have used the usual notation 𝐽 + 𝑤 = {𝑧 ∈ ℂ :
𝑧 − 𝑤 ∈ 𝐽} for 𝑤 ∈ ℂ). The extension is given by

𝒰(𝑥, 𝑦) = 2− 2𝑥− 𝒰(𝑥, 2 − 𝑦)

for (𝑥, 𝑦) ∈ 𝐽 + 2𝑖. Fix 𝑘 ∈ (0, 1) and define the function 𝑉 on 𝐽 by

𝑉 (𝑥, 𝑦) = 𝒰(𝑥, 𝑦)− 𝒰(𝑥 + 𝑘, 𝑦 + 𝑘).

Using (6.65) several times, one can show that 𝑉 is nonnegative on the boundary
of 𝐽 . Indeed: if 𝑦 = −𝑥 ∈ [0, 1], then 𝒰(𝑥, 𝑦) = 0 and 𝒰(𝑥 + 𝑘, 𝑦 + 𝑘) ≤ 0; if
𝑦 = 𝑥 ∈ [0, 1− 𝑘], then 𝒰(𝑥, 𝑦) = 𝒰(𝑥 + 𝑘, 𝑦 + 𝑘) = 0; if 𝑦 = 𝑥 ∈ (1 − 𝑘, 1], then
𝒰(𝑥, 𝑦) = 0 and

𝒰(𝑥+ 𝑘, 𝑦 + 𝑘) = 2− 2𝑥− 2𝑘 − 𝒰(𝑥 + 𝑘, 2− 𝑦 − 𝑘)

≤ 2− 2𝑥− 2𝑘 − (2 − 𝑦 − 𝑘 − 𝑥− 𝑘) = 0.

Next, 𝒰(𝑥,−1) = 1−𝑥 > 1−𝑥−𝑘 ≥ 𝒰(𝑥+𝑘,−1+𝑘); finally, 𝑈(𝑥, 1) = 1−𝑥 and
𝒰(𝑥+𝑘, 1+𝑘) = 2−2𝑘−2𝑥−𝒰(𝑥+𝑘, 1−𝑘)≤ 1−𝑥. Furthermore, by Lemma 6.5,
𝑉 is continuous, bounded on 𝐽 and harmonic in the interior of 𝐽 . Consequently,
𝑉 ≥ 0 and since 𝑘 ∈ (0, 1) was arbitrary, (6.66) follows.

To prove the concavity property (6.67), we proceed similarly. Fix 𝑘 ∈ (0, 1)
and consider the function 𝑉 : 𝐽 → ℝ given by

𝑉 (𝑥, 𝑦) = 2𝒰(𝑥, 𝑦)− 𝒰(𝑥+ 𝑘, 𝑦)− 𝒰(𝑥 − 𝑘, 𝑦).

It suffices to prove that 𝑉 ≥ 0 on the boundary of 𝐽 . Clearly, this is true on
[1+𝑘,∞)×{−1, 1} (𝑉 ≡ 0 there). When 𝑥 ∈ (1, 1+𝑘), then, using the symmetry
of 𝒰 and the lower bound from (6.65), we get

𝒰(𝑥 − 𝑘,±1) = −𝒰(1, 𝑥− 𝑘) ≤ 1− (𝑥− 𝑘),

so 𝑉 (𝑥,±1) ≥ 0. Similarly, by the symmetry of 𝒰 we get, for 𝑥 ∈ [0, 1],

𝑉 (𝑥,±𝑥) = −𝒰(𝑥+ 𝑘, 𝑥)− 𝒰(𝑥− 𝑘, 𝑥) = −𝒰(𝑥+ 𝑘, 𝑥) + 𝒰(𝑥, 𝑥 − 𝑘) ≥ 0,

in virtue of (6.66). This completes the proof. □

Now we are ready to prove the existence of 𝑈 . Define

𝑈(𝑥, 𝑦) =

⎧⎨
⎩
𝒰(𝑥 + 1, 𝑦) if (𝑥+ 1, 𝑦) ∈ 𝐽,

0 if ∣𝑦∣ ≤ 1 and (𝑥+ 1, 𝑦) /∈ 𝐽,

−𝑥+ if ∣𝑦∣ > 1.
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Let us verify the announced properties of this function.

(i) The continuity is straightforward. In addition, we have that 𝑈 is har-
monic in the interior of 𝐽 − 1 and 𝑈 is majorized on ℝ2 by the superharmonic
function (𝑥, 𝑦) �→ −𝑥+ (see (6.65)). Hence the mean-value inequality holds and 𝑈
is superharmonic.

(ii) Clearly, we have the monotonicity outside the set 𝐽−1; thus the property
follows from the continuity of 𝑈 and (6.66).

(iii) The concavity is evident for ∣𝑦∣ ≥ 1. When ∣𝑦∣ < 1, use (6.67) and the
estimate 𝑈(𝑥, 𝑦) ≤ 0 on 𝐽 − 1 (see the upper bound in (6.65)).

(iv) This follows immediately from the equality 𝐹 (𝑅𝑒−𝑖𝜋/4) = 1, or 𝐺(1, 0) =
𝑅𝑒−𝑖𝜋/4 (recall that 𝑅 is given by (6.60))

(v) Both sides of the estimate are equal when ∣𝑦∣ ≥ 1, so let us assume that
𝑦 ∈ (−1, 1). Then the majorization takes the form

𝑈(𝑥, 𝑦) ≥ 𝑈(0, 0)− 𝑥+.

This is clear when (𝑥, 𝑦) /∈ 𝐽 − 1: the left-hand side equals 0 and the right-hand
one is 𝑈(0, 0) = 𝒰(1, 0) ≤ 0 (see (6.65)). Next, suppose that (𝑥, 𝑦) ∈ 𝐽 − 1. Since
𝑈 is harmonic on this set, (6.67) implies that for any 𝑥 > −1 the function 𝑈(𝑥, ⋅)
is convex on {𝑦 : (𝑥, 𝑦) ∈ 𝐽 − 1} and hence 𝑈(𝑥, 𝑦) ≥ 𝑈(𝑥, 0) by the symmetry of
𝑈 . Thus, all we need is to verify that

𝑈(𝑥, 0) ≥ 𝑈(0, 0)− 𝑥+ for 𝑥 > −1.

This follows at once from the fact that the two sides are equal to one another for
𝑥 = 0 and that 𝑈𝑥(𝑥, 0) ∈ [−1, 0] for 𝑥 > −1 (to see the latter, use the concavity
of the function 𝑈(⋅, 0) and the lower bound in (6.65)).
Sharpness. The example is similar to that constructed in the proof of the sharpness
of (4.4), but, additionally, we have to take into account the orthogonality of the
pair (𝑋,𝑌 ). Let 𝐵 be a two-dimensional Brownian motion starting from (0, 0),

put 𝜏 = inf{𝑡 : 𝐵𝑡 ∈ ∂𝐽−1} and consider the (random) interval 𝐼 = [𝜏, 𝜏 −𝐵
(1)
𝜏 ] if

𝐵
(1)
𝜏 < 0, and 𝐼 = ∅ otherwise. Let 𝑋 , 𝑌 be Itô processes defined by 𝑋0 = 𝑌0 = 0
and, for 𝑡 > 0,

d𝑋𝑡 = 1{𝜏≥𝑡}d𝐵
(1)
𝑡 + 1𝐼(𝑡)d𝑡,

d𝑌𝑡 = 1{𝜏≥𝑡}d𝐵
(2)
𝑡 + sgn𝐵(2)

𝜏 1𝐼(𝑡)d𝑡.

The pair (𝑋,𝑌 ) behaves like 𝐵 until it reaches the boundary of 𝐽 − 1 at the time
𝜏 . Then if 𝑋𝜏 ≥ 0, the pair stops; if 𝑋𝜏 < 0 and 𝑌𝜏 > 0, then the pair moves along
the line segment {(𝑥 − 1, 𝑥) : 𝑥 ∈ [0, 1]} until 𝑌 reaches 1; finally, if 𝑋𝜏 < 0 and
𝑌𝜏 < 0, the pair moves along the line segment {(𝑥 − 1,−𝑥) : 𝑥 ∈ [0, 1]} until 𝑌
reaches −1. Observe that 𝑌 is strongly differentially subordinate to 𝑋 and (𝑋,𝑌 )
is constant on the interval [𝜏 + 1,∞). Now, the stopping time 𝜏 is exponentially
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integrable, so Itô’s formula yields 𝔼𝑈(𝑋𝜏 , 𝑌𝜏 ) = 𝑈(0, 0) = −𝑐−1. However, we
have ∣𝑌𝜏+1∣ ≥ 1 and

𝑈(𝑋𝜏 , 𝑌𝜏 ) = 𝑈(𝑋𝜏+1, 𝑌𝜏+1) = −𝑋+
𝜏+1 = −𝑋𝜏+1

with probability 1, so

ℙ(∣𝑌 ∣∗ ≥ 1) = 1 and 𝔼∣𝑋𝜏+1∣ = 𝑐−1.

This does not finish the proof yet, since the quantity 𝔼∣𝑋𝜏+1∣ is strictly smaller
than ∣∣𝑋 ∣∣1 (𝑋 takes negative values). To overcome this problem, we make use
of the “portioning argument”, see the proof of the sharpness of (4.4) or consult
[158]. □

On the search of the suitable majorant. Here the reasoning is the combination of
the arguments appearing in the searches corresponding to (4.4) and (6.5). We
write down the formula

𝑈0(𝑥, 𝑦) = sup{ℙ(∣𝑌𝑡∣ ≥ 1)− 𝑐𝔼𝑋+
𝑡 },

where the supremum is taken over all pairs (𝑋,𝑌 ) of orthogonal real-valued pro-
cesses such that (𝑋0, 𝑌0) ≡ (𝑥, 𝑦), 𝑋 is a submartingale and 𝑌 is strongly differ-
entially subordinate to 𝑋 . Of course, we have 𝑈0(𝑥, 𝑦) = 1−𝑥+ for all (𝑥, 𝑦) such
that ∣𝑦∣ ≥ 1. Furthermore, if 𝑥 < 0, ∣𝑦∣ < 1 and ∣𝑥∣ + ∣𝑦∣ ≤ 1, then 𝑈0(𝑥, 𝑦) = 1,
which can be seen by considering the (deterministic) processes

𝑋𝑡 = 𝑥+ 𝑡 and 𝑌𝑡 = 𝑦 + 𝑡 sgn 𝑦 for 𝑡 ≤ 1− 𝑦

(we take sgn 0 = 1). Thus it remains to determine 𝑈0 in the interior of the set 𝐽−1
(𝐽 is given in (6.59)). A little experimentation suggests that 𝑈0 should be harmonic
on this set. Thus, the function (𝑥, 𝑦) �→ 𝑈0(𝑥− 1, 𝑦)− 1 vanishes on {(𝑥, 𝑦) : 𝑥 =
∣𝑦∣ ∈ [0, 1]} and we expect it to be harmonic on 𝐽 . Thus, applying the Schwarz
reflection principle, it suffices to find the explicit formula for a continuous function
on 𝐾 which is harmonic in the interior of this set and equals ℎ on the boundary
of 𝐾. This was precisely our starting point in the above considerations. □

6.8 Moment inequalities for submartingales

Now we will establish the following moment inequality.

6.8.1 Formulation of the result

Let 𝛼 be a fixed positive number and let 𝜑 = 𝜑(𝛼) ∈ [0, 𝜋/2) be given by 𝛼 = tan𝜑.
Set 𝑝0 = 2− 2𝜑/𝜋 and

𝐶𝑝 =

{
tan 𝜋

2𝑝 if 𝑝 ≤ 𝑝0,

cot 𝜋−2𝜑
2𝑝 if 𝑝 > 𝑝0.

(6.68)
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We will establish the following 𝐿𝑝 inequality.

Theorem 6.9. Suppose that 𝛼 ≥ 0. Let 𝑋 be a nonnegative submartingale and
𝑌 be an ℝ-valued process, which is 𝛼-strongly subordinate to 𝑋. If 𝑋 and 𝑌 are
orthogonal, then, for any 1 < 𝑝 < ∞,

∣∣𝑌 ∣∣𝑝 ≤ 𝐶𝑝∣∣𝑋 ∣∣𝑝 (6.69)

and the constant 𝐶𝑝 is the best possible. Furthermore, if 𝑝 ≥ 2, then 𝑌 can be
taken to be ℋ-valued.

6.8.2 Proof of Theorem 6.9

Proof of (6.69). The reasoning is similar to the one presented in Subsection 6.3.2
above: we search for a special function 𝑈𝑝 : [0,∞)× ℝ→ ℝ or 𝑈𝑝 : [0,∞)×ℋ →
ℝ of the form 𝑈𝑝(𝑥, 𝑦) = 𝑊𝑝(𝑥, ∣𝑦∣). The only additional property which the
corresponding function 𝑊𝑝 must satisfy reads

𝑊𝑝𝑥 + 𝛼∣𝑊𝑝𝑦 ∣ ≤ 0.
This is needed to control the submartingale property; we have already seen in the
previous chapter how the above condition works.

To avoid repetition of the same arguments, we will only present the formulas
for the special functions and leave the details to the interested reader (or refer to
[132]). We consider three cases: 1 < 𝑝 < 𝑝0, 𝑝0 ≤ 𝑝 < 2 and 𝑝 ≥ 2. In the first
case, let 𝑊𝑝 be given by (6.20): this is the function used in the proof of moment
inequality for orthogonal martingales. When 𝑝0 ≤ 𝑝 < 2, the special function is
given as follows. Let 𝜓𝑝 =

𝜋
2𝑝
and 𝜙𝑝 =

𝜋
2
− 𝜋−2𝜑

2𝑝
. Note that 𝜓𝑝 ≤ 𝜙𝑝: this is

equivalent to 𝑝 ≥ 𝑝0. We define 𝑊𝑝(𝑥, 𝑦) by⎧⎨
⎩

𝑅𝑝 sin𝑝−1(𝜙𝑝) (cos𝜙𝑝)
−1 cos(𝑝(𝜋2 − 𝜃) + 𝜑) if 𝜙𝑝 ≤ 𝜃 ≤ 𝜋

2 ,

𝑦𝑝 − 𝐶𝑝
𝑝𝑥

𝑝 if 𝜓𝑝 < 𝜃 ≤ 𝜙𝑝,

𝑅𝑝(tan𝑝(𝜓)𝑝 − tan𝑝 𝜙𝑝) cos
𝑝 𝜃 −𝑅𝑝 sin𝑝−1(𝜋/2𝑝)

cos(𝜋/2𝑝) cos (𝑝𝜃) if 0 < 𝜃 ≤ 𝜓𝑝.

Finally, if 𝑝 ≥ 2, then 𝑊𝑝 : ℝ+ × ℝ+ → ℝ is defined by

𝑊𝑝(𝑥, 𝑦) =

{
sin𝑝−1(𝜙𝑝) (cos𝜙𝑝)

−1
cos(𝑝𝜃 + 𝜑) if 𝜙𝑝 ≤ 𝜙 ≤ 𝜋

2 ,

ℎ𝑝(𝜙) if 0 < 𝜙 ≤ 𝜙𝑝.

Here, as in the previous case, 𝜙𝑝 =
𝜋
2 − 𝜋−2𝜑

2𝑝 . □

Sharpness. We only study the case 𝑝 ≥ 𝑝0. Let (𝐵
(1), 𝐵(2)) be two-dimensional

Brownian motion starting from (0, 1) and let 𝐴 denote the local time of 𝐵(1) at 0.
That is, we have, for all 𝑡 ≥ 0,

∣𝐵(1)
𝑡 ∣ =

∫ 𝑡

0+

sgn(𝐵(1)
𝑠 )d𝐵

(1)
𝑠 +𝐴𝑡.
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Let 𝜏 = 𝜏𝜓 denote the exit time of 𝐵 from the cone 𝐾𝜓 = {(𝑥, 𝑦) : 𝑦 > tan𝜓∣𝑥∣}.
Fix 𝛼 ≥ 0 and, for 𝑡 ≥ 0, define

𝑋𝑡 = ∣𝐵(1)
𝜏∧𝑡∣, 𝑌𝑡 = 𝐵

(2)
𝜏∧𝑡 + 𝛼𝐴𝜏∧𝑡.

Then 𝑌 − 1 is 𝛼-strongly subordinate to 𝑋 and 𝑋 , 𝑌 − 1 are orthogonal. Now,
suppose that 𝜓 < 𝜋

2−𝜓𝑝 and fix a (small) positive number 𝑎. Consider the function
𝑓 defined on the cone {−𝑎 ≤ 𝜃 ≤ 𝜓} by

𝑓(𝑥, 𝑦) = 𝑅𝑝 ⋅ sin𝑝−1 𝜙𝑝 (cos𝜙𝑝)
−1 cos(𝑝𝜃 + 𝜑).

Then 𝑓 is harmonic in the interior of its domain and satisfies the condition

𝑓𝑥(0, 𝑦) + 𝛼𝑓𝑦(0, 𝑦) = 0 (6.70)

for all 𝑦 > 0. Applying Itô’s formula, we obtain, for any 𝑡 ≥ 0,

𝑓(𝑋𝑡, 𝑌𝑡) = 𝑓(0, 1) +

∫ 𝑡

0+

𝑓𝑥(𝑋𝑠, 𝑌𝑠)d𝑋𝑠 +

∫ 𝑡

0+

𝑓𝑦(𝑋𝑠, 𝑌𝑠)d𝑌𝑠. (6.71)

But the measure d𝐴𝑠 is concentrated on the set {𝑠 : 𝑋𝑠 = 0}. Thus, by (6.70),
we get ∫ 𝑡

0+

𝑓𝑥(𝑋𝑠, 𝑌𝑠)d𝐴𝑠 +

∫ 𝑡

0+

𝑓𝑦(𝑋𝑠, 𝑌𝑠)d(𝛼𝐴𝑠) = 0

and taking expectation in (6.71) yields

𝔼𝑓(𝑋𝑡, 𝑌𝑡) = 𝑓(0, 1). (6.72)

Since on 𝐾𝜓 we have 𝑓(𝑥, 𝑦) = 𝑈𝑝(𝑥, 𝑦) ≥ ∣𝑦∣𝑝−𝐶𝑝
𝑝𝑥

𝑝 ≥ (cot𝑝 𝜓− tan𝑝 𝜙𝑝)𝑥
𝑝, the

equation above yields

𝑓(0, 1) ≥ (cot𝑝 𝜓 − cot𝑝 𝜙𝑝)𝔼𝑋𝑝
𝑡 = (cot

𝑝 𝜓 − tan𝑝 𝜙𝑝)𝔼𝑋𝑝
𝑡 ,

so 𝔼𝑋𝑝
𝑡 ≤ 𝑓(0, 1)/(cot𝑝 𝜓 − tan𝑝 𝜙𝑝) and, consequently, 𝑋 ∈ 𝐿𝑝. Therefore, if we

let 𝑡 →∞ in (6.72), we get, by Lebesgue’s dominated convergence theorem,
𝔼𝑋𝑝

𝜏 = 𝑓(0, 1)/𝑓(1, tan𝜓).

Thus we see that if 𝜓 → 𝜋
2 − 𝜙𝑝, then ∣∣𝑋 ∣∣𝑝 →∞.

Now, by the definition of 𝜏 ,

cot𝜓∣∣𝑋 ∣∣𝑝 = cot𝜓∣∣𝑋𝜏 ∣∣𝑝 = ∣∣𝑌𝜏 ∣∣𝑝 ≤ ∣∣𝑌 − 1∣∣𝑝 + 1
and all the terms are finite. It suffices to let 𝜓 ↑ 𝜋

2 − 𝜙𝑝 to get the claim. □

On the search of the suitable majorant. This is similar to the search in the non-
orthogonal setting. See also the reasoning leading to the special functions of The-
orem 6.3.
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6.9 Inequalities for orthogonal smooth functions

Here we return to estimates for smooth functions under differential subordination
or 𝛼-subordination, initiated in Section 5.6 above. So, let 𝐷 be a domain in ℝ𝑛

and fix 𝜉 ∈ 𝐷. Let 𝑢, 𝑣 be two 𝐶2 functions on 𝐷, taking values in ℋ.
Definition 6.2. We say that 𝑢 and 𝑣 are orthogonal, if for any positive integers
𝑖, 𝑗, the gradients of 𝑢𝑖 and 𝑣𝑗 are orthogonal: ∇𝑢𝑖 ⋅ ∇𝑣𝑗 = 0 on 𝐷.

For example, this is the case when 𝐷 is a unit disc of ℝ2 and 𝑢, 𝑣 are two
real-valued harmonic functions which satisfy the Cauchy-Riemann equations. Of
course, any pair (𝑢, 𝑣) of orthogonal functions gives rise to a pair of orthogonal
semimartingales: we compose 𝑢 and 𝑣 with Brownian motion in ℝ𝑛 and apply
Itô’s formula. All the results obtained in this chapter can be easily translated to
corresponding statements for orthogonal functions. We shall formulate here only
two results: the sharp versions of inequalities of Riesz and Kolmogorov, comparing
the sizes of harmonic functions and their conjugates.

Theorem 6.10. Let 𝐷, 𝜉 be as above. Suppose that 𝑢, 𝑣 are orthogonal harmonic
functions taking values in ℋ such that 𝑣 is differentially subordinate to 𝑢 and

∣𝑣(𝜉)∣ ≤ ∣𝑢(𝜉)∣. Then for 1 < 𝑝 < ∞, ∣∣𝑣∣∣𝑝 ≤ cot
(

𝜋
2𝑝∗

)
∣∣𝑢∣∣𝑝 and for 1 ≤ 𝑝 ≤ 2,

∣∣𝑣∣∣𝑝,∞ ≤
[

1

Γ(𝑝+ 1)
⋅ 𝜋𝑝−1

2𝑝−1
⋅ 1 + 1

32 +
1
52 +

1
72 + ⋅ ⋅ ⋅

1− 1
3𝑝+1 +

1
5𝑝+1 − 1

7𝑝+1 + ⋅ ⋅ ⋅
]1/𝑝

∣∣𝑢∣∣𝑝.

Both inequalities are sharp even when 𝑛 = 2, 𝜉 = (0, 0), 𝐷 is the unit disc of ℝ2

and 𝑢, 𝑣 satisfy the Cauchy-Riemann equations.

Proof. It suffices to show the optimality of the constants. This can be easily ex-
tracted from the examples studied above. To show that cot(𝜋/(2𝑝∗)) is the best
possible, consider first the case 1 < 𝑝 ≤ 2. For any 𝜀 > 0 there is a sector 𝒜 of
the form {(𝑥, 𝑦) ∈ [0,∞)× ℝ : ∣𝑦∣ ≤ 𝑐𝑥} such that if 𝐵 = (𝐵1, 𝐵2) is a Brownian
motion started at (1, 0) and stopped at the exit of 𝒜, then

∣∣𝐵2∣∣𝑝 >
[
cot(𝜋/(2𝑝∗))− 𝜀

]∣∣𝐵1∣∣𝑝.
Let 𝐹 = (𝐹 1, 𝐹 2) be a conformal map, which maps the unit disc 𝐷 onto 𝒜 such
that 𝐹 (0, 0) = (1, 0). Then the functions 𝑢 = 𝐹 1, 𝑣 = 𝐹 2 satisfy the Cauchy-
Riemann equations on 𝐷 and

∣∣𝑣∣∣𝑝 = ∣∣𝐹 2∣∣𝑝 = ∣∣𝐵2∣∣𝑝 >
[
cot(𝜋/(2𝑝∗))− 𝜀

]∣∣𝐵1∣∣𝑝
=
[
cot(𝜋/(2𝑝∗))− 𝜀

]∣∣𝐹 1∣∣𝑝 =
[
cot(𝜋/(2𝑝∗))− 𝜀

]∣∣𝑢∣∣𝑝.
The optimality of the constant appearing in the weak type inequality is dealt with
in a similar manner: this time we use a conformal map which sends unit disc onto
the strip ℝ× [−1, 1]. We omit the further details. □
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6.10 𝑳𝒑 estimates for conformal martingales
and Bessel processes

In the final section of this chapter we discuss a slightly different setting, in which
the orthogonality does not affect the interplay between the processes𝑋 and 𝑌 , but
concerns the inner structure of the processes 𝑋 and 𝑌 . We say that an ℝ𝑑-valued,
continuous-path martingale 𝑋 is conformal (or analytic) if for any 1 ≤ 𝑖 < 𝑗 ≤ 𝑑,
the coordinates 𝑋 𝑖, 𝑋𝑗 are orthogonal and satisfy [𝑋 𝑖, 𝑋 𝑖] = [𝑋𝑗, 𝑋𝑗]. Two-
dimensional conformal martingales arise naturally from the composition of analytic
functions and Brownian motion in the complex plane. They also appear in the
martingale study of the Beurling-Ahlfors operator; see the bibliographical notes
at the end of the chapter.

Fix 𝑝 > 0 and 𝑑 > 1. We will be interested in the moment estimates

∣∣𝑌 ∣∣𝑝 ≤ 𝐶𝑝,𝑑∣∣𝑋 ∣∣𝑝, (6.73)

where 𝑋 , 𝑌 are conformal martingales, taking values in ℝ𝑑, such that 𝑌 is differ-
entially subordinate to 𝑋 . Since a two-dimensional analytic martingale is just a
time-changed planar Brownian motion, its norm is a time-changed Bessel process
of dimension 2. Recall that a real-valued process is a Bessel process of dimension
𝑑, if it satisfies the stochastic differential equation

d𝑅𝑡 = d𝐵𝑡 +
𝑑− 1
2

d𝑡

𝑅𝑡
,

where 𝐵 denotes the standard one-dimensional Brownian motion. See, e.g., [182]
for more on the subject. The above observation connecting conformal martingales
to Bessel processes leads to the extension of (6.73) to the case when 𝑑 is an
arbitrary positive number, not necessarily an integer. In fact, we will consider
an even more general setting. Let 𝑋 , 𝑌 be two nonnegative, continuous-path
submartingales and let

𝑋 = 𝑋0 +𝑀 + 𝐴, 𝑌 = 𝑌0 +𝑁 +𝐵 (6.74)

be their Doob-Meyer decompositions, uniquely determined by 𝑀0 = 𝐴0 = 𝑁0 =
𝐵0 = 0 and the further condition that 𝐴, 𝐵 are predictable. Assume that 𝑋 and
𝑌 satisfy the following condition: for a fixed 𝑑 > 1 and all 𝑡 > 0,

𝑋𝑡d𝐴𝑡 ≥ 𝑑− 1
2
d[𝑋,𝑋 ]𝑡, 𝑌𝑡d𝐵𝑡 ≤ 𝑑− 1

2
d[𝑌, 𝑌 ]𝑡. (6.75)

For example, if 𝑋 , 𝑌 are conformal martingales in ℝ
𝑑, then ∣𝑋 ∣, ∣𝑌 ∣ are sub-
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martingales and by Itô’s formula, their martingale and finite variation parts are

𝑀𝑡 =

𝑑∑
𝑗=1

∫ 𝑡

0+

𝑋
𝑗

𝑠

∣𝑋𝑠∣
d𝑋

𝑗

𝑠, 𝐴𝑡 =
𝑑− 1
2

∫ 𝑡

0+

1

∣𝑋𝑠∣
d[𝑋

1
, 𝑋

1
]𝑠,

𝑁𝑡 =

𝑑∑
𝑗=1

∫ 𝑡

0+

𝑌
𝑗

𝑠

∣𝑌 𝑠∣
d𝑌

𝑗

𝑠, 𝐵𝑡 =
𝑑− 1
2

∫ 𝑡

0+

1

∣𝑌 𝑠∣
d[𝑌

1
, 𝑌

1
]𝑠, 𝑡 ≥ 0.

Hence (6.75) is satisfied; in fact, both inequalities become equalities in this case.
To give another example, consider adapted 𝑑-dimensional Bessel processes 𝑅, 𝑆
and let 𝜏 be the stopping time; then 𝑋 = (𝑅𝜏∧𝑡)𝑡≥0, 𝑌 = (𝑆𝜏∧𝑡)𝑡≥0 enjoy the
property (6.75).

6.10.1 Formulation of the result

For a given 0 < 𝑝 < ∞ and 𝑑 > 1 such that 𝑝 + 𝑑 > 2, let 𝑧0 = 𝑧0(𝑝, 𝑑) be the
smallest root in [−1, 1) of the solution to the equation (6.80) below and let

𝐶𝑝,𝑑 =

{
1+𝑧0
1−𝑧0

, if (2− 𝑑)+ < 𝑝 ≤ 2,
1−𝑧0
1+𝑧0

, if 2 < 𝑝 < ∞.
(6.76)

Theorem 6.11. Let 𝑋, 𝑌 be two nonnegative submartingales satisfying (6.75) and
such that 𝑌 is differentially subordinate to 𝑋. Then for (2− 𝑑)+ < 𝑝 < ∞, 𝑑 > 1,
we have

∣∣𝑌 ∣∣𝑝 ≤ 𝐶𝑝,𝑑∣∣𝑋 ∣∣𝑝 (6.77)

and the constant 𝐶𝑝,𝑑 is the best possible. If 0 < 𝑝 ≤ (2 − 𝑑)+, then the moment
inequality does not hold with any finite 𝐶𝑝,𝑑.

As an application, we have the following bound for conformal martingales
and Bessel processes.

Corollary 1. Assume that 𝑋, 𝑌 are conformal martingales in ℝ𝑑, 𝑑 ≥ 2, such that
𝑌 is differentially subordinate to 𝑋. Then for any 0 < 𝑝 < ∞,

∣∣𝑌 ∣∣𝑝 ≤ 𝐶𝑝,𝑑∣∣𝑋 ∣∣𝑝 (6.78)

and the constant 𝐶𝑝,𝑑 is the best possible.

Corollary 2. Assume that 𝑅, 𝑆 are 𝑑-dimensional Bessel processes, 𝑑 > 1, driven
by the same Brownian motion. Then for any (2− 𝑑)+ < 𝑝 < ∞ and any stopping
time 𝜏 ∈ 𝐿𝑝/2, we have

∣∣𝑆𝜏 ∣∣𝑝 ≤ 𝐶𝑝,𝑑∣∣𝑅𝜏 ∣∣𝑝 (6.79)

and the constant 𝐶𝑝,𝑑 is the best possible. If 0 < 𝑝 ≤ (2 − 𝑑)+, then the moment
inequality does not hold with any finite 𝐶𝑝,𝑑.
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6.10.2 An auxiliary differential equation

We will present the proof of Theorem 6.11 only for 𝑝 ≥ 1; for the general case the
interested reader is referred to [7]. So let 1 ≤ 𝑝 < ∞, 𝑑 > 1 be given and fixed.
Consider the auxiliary differential equation

(1 − 𝑠2)𝑔′′(𝑠)− 2(𝑑− 1)𝑠𝑔′(𝑠) + 𝑝(𝑑− 1)𝑔(𝑠) = 0. (6.80)

As shown in [7], there is a continuous function 𝑔 = 𝑔𝑝,𝑑 : [−1, 1) → ℝ with
𝑔(−1) = −1, satisfying (6.80) for 𝑠 ∈ (−1, 1); furthermore, this solution is shown
to have at least one root in (−1, 1). Denoting by 𝑧0 = 𝑧0(𝑝, 𝑑) the smallest root of
𝑔𝑝,𝑑, we have the following statement.

Lemma 6.7. The function 𝑔 enjoys the following properties:

(i) If 𝑠 ∈ (−1, 𝑧0], then 𝑔′(𝑠) > 0.
(ii) If 𝑝 ≤ 2, then 𝑔 is convex on [−1, 𝑧0). If 𝑝 ≥ 2, then 𝑔 is concave on [−1, 𝑧0).

If 𝑝 ∕= 2, then the convexity/concavity is strict.

(iii) We have 𝑧0 > 0 for 𝑝 < 2, 𝑧0 = 0 for 𝑝 = 2, and 𝑧0 < 0 for 𝑝 > 2.

The proof rests on a careful analysis of the differential equation (6.80): consult
[7] for details. Next, introduce the function 𝑣 = 𝑣𝑝 : [−1, 1]→ ℝ by

𝑣(𝑠) =

(
1 + 𝑠

2

)𝑝

−
(
1 + 𝑧0
1− 𝑧0

)𝑝(
1− 𝑠

2

)𝑝

.

An easy calculation shows that

𝑣′′(𝑠) =
𝑝(𝑝− 1)
2𝑝

[
(1 + 𝑠)𝑝−2 −

(
1 + 𝑧0
1− 𝑧0

)𝑝

(1 − 𝑠)𝑝−2

]
.

For 𝑝 ∕= 2, let 𝑠1 = 𝑠1(𝑝) denote the unique root of the expression in the square
brackets above. It is easy to verify that 𝑠1 < 0 and 𝑠1 < 𝑧0, using assertion
(iii) of the above lemma. Let 𝑐 = 𝑐(𝑝) be the unique positive constant for which
𝑐𝑔′(𝑧0) = 𝑣′(𝑧0). It is readily verified that

𝑐 =
2𝑝(1 + 𝑧0)

𝑝−1

2𝑝𝑔′(𝑧0)(1 − 𝑧0)
.

Lemma 6.8.

(i) Let 1 ≤ 𝑝 ≤ 2. Then for 𝑠 ∈ [−1, 𝑧0] we have

𝑐𝑔(𝑠) ≥ 𝑣(𝑠). (6.81)

(ii) Let 𝑝 ≥ 2. Then for 𝑠 ∈ [−1, 𝑧0] we have

𝑐𝑔(𝑠) ≤ 𝑣(𝑠). (6.82)
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Proof. For 𝑝 = 2 we have 𝑐𝑔(𝑠) = 𝑣(𝑠), so both (6.81) and (6.82) are valid and
hence we may assume that 𝑝 ∕= 2. We treat (i) and (ii) in a unified manner and
show that

𝑐(2− 𝑝)𝑔(𝑠) ≥ (2− 𝑝)𝑣(𝑠)

for 𝑠 ∈ [−1, 𝑧0]. Observe that (2−𝑝)𝑣′′(𝑠) ≥ 0 for 𝑠 ∈ (−1, 𝑠1) and (2−𝑝)𝑣′′(𝑠) ≤ 0
for 𝑠 ∈ (𝑠1, 1). Since (2− 𝑝)𝑔 is a strictly convex function, we see that (6.81) holds
on [𝑠1, 𝑧0] and is strict on [𝑠1, 𝑧0). Suppose that the set {𝑠 < 𝑧0 : 𝑐𝑔(𝑠) = 𝑣(𝑠)}
is nonempty and let 𝑠0 denote its supremum. Then 𝑠0 < 𝑠1, 𝑐𝑔(𝑠0) = 𝑣(𝑠0) and
(2−𝑝)𝑐𝑔(𝑠) > (2−𝑝)𝑣(𝑠) for 𝑠 ∈ (𝑠0, 𝑧0), which implies (2−𝑝)𝑐𝑔′(𝑠0) ≥ (2−𝑝)𝑣′(𝑠0).
Hence, by (6.80),

0 < (1− 𝑠20)(2 − 𝑝)𝑐𝑔′′(𝑠0)
= (𝑑− 1)(2− 𝑝)(2𝑠0𝑐𝑔

′(𝑠0)− 𝑝𝑔(𝑠0))

≤ (𝑑− 1)(2− 𝑝)(2𝑠0𝑣
′(𝑠0)− 𝑝𝑣(𝑠0))

= −𝑝(2− 𝑝)(𝑑− 1)(1− 𝑠20)

2𝑝

[
(1 + 𝑠0)

𝑝−2 −
(
1 + 𝑧0
1− 𝑧0

)𝑝

(1− 𝑠0)
𝑝−2

]
.

This yields 𝑠0 ≥ 𝑠1 (see the definition of 𝑠1), a contradiction. □

Finally, let us list some further properties of 𝑔 that will be needed below.
Again, the proof is based on a careful analysis of the differential equation (6.80).
We omit the details and refer the reader to [7].

Lemma 6.9. Assume that 𝑠 ∈ (−1, 𝑧0].
(i) We have

(2− 𝑝)(1− 𝑠2)𝑔′′(𝑠)− 2(𝑝− 1)(𝑝− 2)𝑠𝑔′(𝑠) + 𝑝(𝑝− 1)(𝑝− 2)𝑔(𝑠) ≥ 0. (6.83)
(ii) We have

𝑠(1− 𝑠2)𝑔′′(𝑠)− [𝑝+ 𝑑− 2 + (𝑑− 𝑝)𝑠2]𝑔′(𝑠) + 𝑝(𝑑− 1)𝑠𝑔(𝑠) ≤ 0. (6.84)

(iii) If 𝑝 ≤ 2, then
𝑝𝑔(𝑠) + (1− 𝑠)𝑔′(𝑠) ≥ 0. (6.85)

(iv) If 𝑝 ≥ 2, then
𝑝𝑔(𝑠)− (1 + 𝑠)𝑔′(𝑠) ≤ 0. (6.86)

6.10.3 Proof of Theorem 6.11

Assume that 1 ≤ 𝑝 < ∞, 𝑑 > 1 are given and fixed. Recall the numbers 𝑐 = 𝑐(𝑝),
𝑧0 = 𝑧0(𝑝, 𝑑) and the constant 𝐶𝑝,𝑑 introduced in the previous two sections. We
start by defining special functions 𝑈 = 𝑈𝑝,𝑑 : ℝ

2
+ → ℝ. For 1 ≤ 𝑝 ≤ 2, let

𝑈𝑝,𝑑(𝑥, 𝑦) =

{
𝑐(𝑥+ 𝑦)𝑝𝑔𝑝,𝑑

(
𝑦−𝑥
𝑥+𝑦

)
if 𝑦 ≤ 1+𝑧0

1−𝑧0
𝑥,

𝑦𝑝 − 𝐶𝑝
𝑝,𝑑𝑥

𝑝 if 𝑦 > 1+𝑧0
1−𝑧0

𝑥,
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while for 𝑝 > 2, we put

𝑈𝑝,𝑑(𝑥, 𝑦) =

{
−𝑐𝐶𝑝

𝑝,𝑑(𝑥+ 𝑦)𝑝𝑔𝑝,𝑑

(
𝑥−𝑦
𝑥+𝑦

)
if 𝑦 ≥ 1−𝑧0

1+𝑧0
𝑥,

𝑦𝑝 − 𝐶𝑝
𝑝,𝑑𝑥

𝑝 if 𝑦 < 1−𝑧0
1+𝑧0

𝑥.

Moreover, let 𝑉𝑝,𝑑(𝑥, 𝑦) = 𝑦𝑝 − 𝐶𝑝
𝑝,𝑑𝑥

𝑝 for any 𝑝. We will skip the lower indices
and write 𝑈 , 𝑉 instead of 𝑈𝑝,𝑑, 𝑉𝑝,𝑑.

Using Lemma 6.9, one easily shows the following statement.

Lemma 6.10. For any 𝑥, 𝑦 > 0 and ℎ, 𝑘 ∈ ℝ we have[
𝑈𝑥𝑥(𝑥, 𝑦) +

(𝑑− 1)𝑈𝑥(𝑥, 𝑦)

𝑥

]
ℎ2 + 2𝑈𝑥𝑦(𝑥, 𝑦)ℎ𝑘

+

[
𝑈𝑦𝑦(𝑥, 𝑦) +

(𝑑− 1)𝑈𝑦(𝑥, 𝑦)

𝑦

]
𝑘2

≤ 𝑤(𝑥, 𝑦) ⋅ (ℎ2 − 𝑘2), (6.87)

where

𝑤(𝑥, 𝑦) = 𝑈𝑥𝑥(𝑥, 𝑦) +
(𝑑− 1)𝑈𝑥(𝑥, 𝑦)

𝑥
−
[
𝑈𝑦𝑦(𝑥, 𝑦) +

(𝑑− 1)𝑈𝑦(𝑥, 𝑦)

𝑦

]
≤ 0.

The remainder of the proof is standard. We convolve 𝑈 , 𝑉 with a smooth
function 𝑔 supported on a ball of radius 𝛿 and satisfying the usual assumptions.
Denoting the results by 𝑈 𝛿 and 𝑉 𝛿, we apply Itô’s formula to 𝑈 𝛿 and the pair (𝑋+
2𝛿, 𝑌 +2𝛿) of submartingales satisfying the assumptions of the theorem. A careful
analysis of the terms arising from the formula, combined with the inequalities
(6.75), (6.87) and the differential subordination, implies the estimate

𝔼𝑈 𝛿(2𝛿 +𝑋𝜏𝑛∧𝑡, 2𝛿 + 𝑌𝜏𝑛∧𝑡) ≤ 𝔼𝑈 𝛿(𝑋0 + 2𝛿, 𝑌0 + 2𝛿) + 𝜅(𝛿), 𝑡 ≥ 0.
Here 𝜅(𝛿) = 𝑜(1) as 𝛿 → 0 and (𝜏𝑛)𝑛≥0 is a certain nondecreasing sequence of
stopping times, depending only on 𝑋 and 𝑌 , which converges almost surely to ∞.
By (6.81) and (6.82), 𝑈𝑝,𝑑 ≥ 𝑉𝑝,𝑑 and hence 𝑈 𝛿 ≥ 𝑉 𝛿; thus, plugging this in the
preceding inequality and letting 𝛿 → 0, 𝑛 →∞ yields

𝔼∣𝑌𝑡∣𝑝 ≤ 𝐶𝑝
𝑝,𝑑𝔼∣𝑋𝑡∣𝑝,

which immediately gives the claim. □

Sharpness. We present the reasoning only in the case 𝑝 < 2; then 𝑧0 > 0 by virtue
of Lemma 6.7 (iii). It suffices to show that the constant 𝐶𝑝,𝑑 is the best in (6.79).
Suppose that 𝑅, 𝑆 are Bessel processes of dimension 𝑑, starting from 1, satisfying
the stochastic differential equations

d𝑅𝑡 = d𝐵𝑡 +
𝑑− 1
2

d𝑡

𝑅𝑡
,

d𝑆𝑡 = −d𝐵𝑡 +
𝑑− 1
2

d𝑡

𝑆𝑡

(6.88)
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(here 𝐵 is a standard one-dimensional Brownian motion). Introduce the function
𝑊 : (0,∞)× [0,∞)→ ℝ by the formula

𝑊 (𝑥, 𝑦) = (𝑥 + 𝑦)𝑝𝑔

(
𝑦 − 𝑥

𝑥+ 𝑦

)

and, for any 𝑎 ∈ (0, 𝑧0), consider the stopping time

𝜏𝑎 = inf

{
𝑡 ≥ 0 : 𝑆𝑡 ≥ 1 + 𝑎

1− 𝑎
𝑅𝑡

}
. (6.89)

Applying Itô’s formula, it is not difficult to check that (𝑊 (𝑅𝜏𝑎∧𝑡, 𝑆𝜏𝑎∧𝑡))𝑡≥0 is a
martingale. Consequently, for any 𝑡 ≥ 0,

𝑊 (1, 1) = 𝔼𝑊 (𝑅𝜏𝑎∧𝑡, 𝑆𝜏𝑎∧𝑡) ≤ sup
[−1,𝑎]

𝑔 ⋅ 𝔼(𝑅𝜏𝑎∧𝑡 + 𝑆𝜏𝑎∧𝑡)
𝑝.

But 𝑔 has no roots in [−1, 𝑎] and hence the number sup[−1,𝑎] 𝑔 is negative. This
yields

𝔼𝑅𝑝
𝜏𝑎∧𝑡 ≤ 𝑊 (1, 1)/ sup

[−1,𝑎]

𝑔 < ∞. (6.90)

By the Burkholder-Gundy inequality for Bessel processes (see [60]) we obtain that
𝜏𝑎 ∈ 𝐿𝑝/2 and 𝑅𝜏𝑎, 𝑆𝜏𝑎 ∈ 𝐿𝑝. Finally, since 𝑅, 𝑆 start from 1, we have 𝜏𝑎 > 0
almost surely and thus the expectations 𝔼𝑅𝑝

𝜏𝑎 and 𝔼𝑆𝑝
𝜏𝑎 are strictly positive. It

suffices to use the definition of 𝜏𝑎 and the fact that 𝑎 < 𝑧0 is arbitrary to conclude
that the constant 𝐶𝑝,𝑑 is indeed the best possible. □

On the search of the suitable majorant. We will describe the reasoning which
leads to the sharp version of the estimate

∣∣𝑆𝜏 ∣∣𝑝 ≤ 𝐶𝑝,𝑑∣∣𝑅𝜏 ∣∣𝑝 (6.91)

for stopped Bessel processes of dimension 𝑑. We will present the arguments only
in the case 𝑝 < 2; for 𝑝 ≥ 2 the ideas are similar. First, we assume that both 𝑅, 𝑆
start from 1. A priori, these processes satisfy the stochastic differential equations

d𝑅𝑡 = d𝐵𝑡 +
𝑑− 1
2

d𝑡

𝑅𝑡
,

d𝑆𝑡 = d𝐵𝑡 +
𝑑− 1
2

d𝑡

𝑆𝑡
,

where 𝐵, 𝐵 are two adapted one-dimensional Brownian motions. Thus, during
the search for the optimal 𝐶𝑝,𝑑, we have to deal with two questions: what is the
best choice for the pair (𝐵,𝐵) and what is the optimal stopping time 𝜏 . The key
is to look at the one-dimensional case, the solution to which follows immediately
from the study of (3.59) (or rather (5.32)) above. Namely, if 𝑋 , 𝑌 are adapted
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one-dimensional Brownian motions with 𝑋0 = 𝑌0 = 1, then for 1 < 𝑝 < 2 we have
∣∣𝑌𝜏 ∣∣𝑝 ≤ (𝑝−1)−1∣∣𝑋𝜏 ∣∣𝑝; the sharpness is obtained by taking d𝑌𝑡 = −sgn (𝑌𝑡)d𝑋𝑡

and the stopping time 𝜎𝑎 = inf{𝑡 : ∣𝑌𝑡∣ ≥ 𝑎∣𝑋𝑡∣}, where 1 < 𝑎 < (𝑝 − 1)−1, and
letting 𝑎 → (𝑝 − 1)−1. Thus, it is natural to conjecture that the extremal pairs
(𝑅,𝑆) in (6.91) satisfy (6.88) and the asymptotically optimal stopping time is
given by (6.89), where 1 < 𝑎 < 𝐶𝑝,𝑑 is close to 𝐶𝑝,𝑑. This gives rise to the function

𝑈𝑝,𝑑(𝑥, 𝑦) =

{
𝑊 (𝑥, 𝑦) if 𝑦 ≤ 𝐶𝑝,𝑑𝑥,

𝑦𝑝 − 𝐶𝑝
𝑝,𝑑𝑥

𝑝 if 𝑦 > 𝐶𝑝,𝑑𝑥,

for some unknown 𝑊 . This function must be homogeneous of order 𝑝 and satisfy
the condition that𝑊 ((𝑅𝜏𝑎∧𝑡, 𝑆𝜏𝑎∧𝑡))𝑡≥0 is a martingale (for any 𝑎 as above). Writ-

ing 𝑊 in the form 𝑊 (𝑥, 𝑦) = (𝑥 + 𝑦)𝑝𝑔
(
𝑦−𝑥
𝑥+𝑦

)
, the latter requirement, combined

with (6.88) and Itô’s formula, gives rise to the equation (6.80). □

6.10.4 Further results

Theorem 6.11 (or rather Corollary 1) deals with the case in which both martingales
are conformal. One can consider similar results in which only one martingale has
this property.

Theorem 6.12. Suppose that 𝑋 and 𝑌 are two ℝ2-valued martingales on the filtra-
tion of 2-dimensional Brownian motion such that 𝑌 is differentially subordinate
to 𝑋.

(i) If 𝑌 is conformal, then

∣∣𝑌 ∣∣𝑝 ≤ 𝑎𝑝√
2(1− 𝑎𝑝)

∣∣𝑋 ∣∣𝑝, 1 < 𝑝 ≤ 2,

where 𝑎𝑝 is the least positive root in the interval (0, 1) of the bounded Laguerre
function 𝐿𝑝. This inequality is sharp.

(ii) If 𝑋 is conformal, then

∣∣𝑌 ∣∣𝑝 ≤
√
2(1 − 𝑎𝑝)

𝑎𝑝
∣∣𝑋 ∣∣𝑝, 2 ≤ 𝑝 < ∞,

where 𝑎𝑝 is the least positive root in the interval (0, 1) of the bounded Laguerre
function 𝐿𝑝. This inequality is sharp.

The proof is similar to that of Theorem 6.11. We omit the details and refer
the interested reader to [14], [15].
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6.11 Notes and comments

Section 6.1. The notion of orthogonality is classical and was already studied in the
works of Itô. The modification of Burkholder’s method leading to inequalities for
differentially subordinated orthogonal martingales was introduced in the papers
by Bañuelos and Wang [8], [9] and [10]. The appropriate version for submartingales
was exploited by the author in [132].

Section 6.2. The special function corresponding to the weak type (1, 1) in-
equality was discovered by Davis [58] in his study of the corresponding result for
conjugate harmonic functions on the unit disc of ℂ. Davis’ approach was prob-
abilistic in nature and used Brownian motion and Kakutani’s theorem. Davis’
result was rephrased in an analytic language by Baernstein [3]. This was taken up
by Choi [50], who established a more general inequality for orthogonal harmonic
functions given on Euclidean domains. The probabilistic counterpart of Davis’ in-
equality, the weak type (1, 1) inequality for differentially subordinate orthogonal
martingales, was established by Bañuelos and Wang [9]. The further extension to
weak-type (𝑝, 𝑝) estimates is due to Janakiraman [103] (see also [133]). The reader
is also referred to the papers [190], [191] by Tomaszewski, which contain related
weak type estimates for conjugate harmonic functions on the unit disc.

Section 6.3. The special functions corresponding to 𝐿𝑝 estimates were con-
structed by Pichorides [171] during the study of the best constants in the M.
Riesz’s inequality for conjugate harmonic functions. See also Essén [72], [73] for
related results. The extension to the martingale setting is due to Bañuelos and
Wang [8], who also established some vector-valued extensions: namely, they proved
that (6.12) holds for ℋ-valued 𝑋 when 1 < 𝑝 ≤ 2, and for ℋ-valued 𝑌 when 𝑝 ≥ 2.
The above general statement in the vector-valued case is due to the author [155].

Bañuelos and Wang [8] used the 𝐿𝑝 estimates for orthogonal martingales
to derive the norms of Riesz transforms as operators acting on 𝐿𝑝(ℝ𝑛). Their
approach utilizes the so-called background radiation process introduced by Gundy
and Varopoulos: see [86] and [192]. The norms turn out to be equal to the Picho-
rides-Cole constants cot(𝜋/(2𝑝∗)), 1 < 𝑝 < ∞, as was first shown by Iwaniec and
Martin [97] with the use of the method of rotations.

Section 6.4. The contents of that section is taken from [161].

Section 6.5. The logarithmic estimate for martingales comes from [161]. This
𝐿 log𝐿 inequality is natural, especially in view of the corresponding result for
harmonic functions, due to Zygmund [205]. There is a natural question about the
best constant when Ψ is given by Ψ(𝑡) = 𝑡 log+ 𝑡. The following statement was
established in [163]. Let

Φ(𝑡) =

{
𝑡 if 0 ≤ 𝑡 ≤ 1,
exp(𝑡− 1) if 𝑡 > 1.



6.11. Notes and comments 293

Theorem 6.13. Let 𝑋, 𝑌 be real-valued orthogonal martingales such that 𝑌 is
differentially subordinate to 𝑋 and 𝑌0 = 0. Then for any 𝐾 > 2/𝜋 we have

∣∣𝑌 ∣∣1 ≤ sup
𝑡≥0

𝔼∣𝑋𝑡∣ log+ ∣𝑋𝑡∣+𝐾2

∫ ∞

0

Φ(𝑠)

cosh(𝜋𝐾𝑠/2)
d𝑠

and the inequality is sharp.

Section 6.6. The results presented in this section are new, though in fact they
base on the tools developed in Section 6.3. See also Pichorides [171] for related
results for nonnegative harmonic functions and their conjugates.

Section 6.7 and Section 6.8. There is a natural question of how much of the
work done in the martingale setting can be carried over to the submartingale
case: compare the results of Chapter 3 and Chapter 4. This turns out to be a
quite difficult problem: essentially, the only results in this direction are described
in these sections. The weak type (1, 1) estimate was taken from [158] and the
moment estimate of Section 6.8 comes from the author’s paper [132].

Section 6.9. The literature on the subject is very rich, especially in the case
when the domain is the unit disc of ℂ and the harmonic functions are assumed to
satisfy Cauchy-Riemann equations. The first results of this type are the classical
theorems of Kolmogorov [109], Riesz [179], [180] and Zygmund [205]. For further
results, see Bañuelos and Wang [8], Choi [50], Davis [58], Essén [72], [73], Essén,
Shea and Stanton [74], [75], [76] and [77], Janakiraman [103], Pichorides [171] and
Verbitsky [196]. See also Hollenbeck, Kalton and Verbitsky [93], Hollenbeck and
Verbitsky [94], [95] for related results.

Section 6.10. Conformal martingales have been studied quite intensively in
the literature, see, e.g., [83] for details. Their connection with the Beurling-Ahlfors
operator has been investigated by a number of authors: see Bañuelos and Janaki-
raman [5], Bañuelos and Méndez-Hernandez [6], Bañuelos and Osȩkowski [7],
Borichev, Janakiraman and Volberg [14], [15]. Theorem 6.11 presented above con-
stitutes the main result of [7] (see also [15]), while Theorem 6.12 can be found in
[14] and [15].



Chapter 7

Maximal Inequalities

We turn to another very important class of inequalities, involving the maximal
functions and one-sided maximal functions of semimartingales.

7.1 Modification of Burkholder’s method

7.1.1 A version for martingales in discrete time

We shall first show how to modify the method so that it yields maximal inequalities
for ±1-transforms of vector-valued martingales. Let ℬ be a Banach space, put
𝐷 = ℬ×ℬ× [0,∞)× [0,∞) and fix a function 𝑉 : 𝐷 → ℝ, satisfying the condition

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) = 𝑉 (𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧, ∣𝑦∣ ∨𝑤) for all (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷. (7.1)

Suppose that we want to establish the estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗) ≤ 0, 𝑛 = 0, 1, 2, . . . , (7.2)

for all simple martingales 𝑓 , 𝑔 taking values in ℬ such that 𝑔 is a ±1-transform
of 𝑓 . As previously, one needs to consider a class of special functions: those
which majorize 𝑉 and yield a supermartingale when composed with the process
((𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗))𝑛≥0. Consider a function 𝑈 : 𝐷 → ℝ which satisfies the fol-
lowing conditions.

1∘ (Majorization property) If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤). (7.3)

2∘ (Concavity along the lines of slope ±1) Let (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 be such that ∣𝑥∣ ≤
𝑧, ∣𝑦∣ ≤ 𝑤. If 𝜀 ∈ {−1, 1} and 𝛼 ∈ (0, 1), 𝑡1, 𝑡2 ∈ ℬ satisfy 𝛼𝑡1+(1−𝛼)𝑡2 = 0,
then

𝛼𝑈(𝑥+ 𝑡1, 𝑦+𝜀𝑡1, 𝑧, 𝑤)+(1−𝛼)𝑈(𝑥+ 𝑡2, 𝑦+𝜀𝑡2, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤). (7.4)

     DOI 10.1007/978-3-0348-0370-0_7, © Springer Basel 2012 
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3∘ (The initial condition) For any 𝑥 ∈ ℬ and 𝜀 ∈ {−1, 1},

𝑈(𝑥, 𝜀𝑥, ∣𝑥∣, ∣𝑥∣) ≤ 0. (7.5)

4∘ (The “maximal process” condition) If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈(𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧, ∣𝑦∣ ∨𝑤). (7.6)

Clearly, the concavity condition is equivalent to saying that if 𝑑 is a mean-zero
random variable taking two values from ℬ, then

𝔼𝑈(𝑥+𝑑, 𝑦+𝑑, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤), 𝔼𝑈(𝑥+𝑑, 𝑦−𝑑, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤), (7.7)

provided ∣𝑥∣ ≤ 𝑧 and ∣𝑦∣ ≤ 𝑤. By easy induction, if this holds, then (7.7) is also
valid when 𝑑 takes a finite number of values (but still 𝔼𝑑 = 0).

The relation between functions satisfying 1∘–4∘ and the inequality (7.2) is
established in Theorems 7.1 and 7.2 below. We shall use the following notation: for
any (𝑥, 𝑦) ∈ ℬ×ℬ, the class𝑀(𝑥, 𝑦) consists of all pairs 𝑓 , 𝑔 of simple martingales
satisfying 𝑓0 ≡ 𝑥, 𝑔0 ≡ 𝑦 and such that for any 𝑛 ≥ 1 we have 𝑑𝑔𝑛 ≡ 𝑑𝑓𝑛 or
𝑑𝑔𝑛 ≡ −𝑑𝑓𝑛.

Theorem 7.1. Suppose that 𝑈 satisfies 1∘, 2∘ and 4∘. Then for any (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷
and any (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) we have

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗ ∨ 𝑧, ∣𝑔𝑛∣∗ ∨ 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤), 𝑛 = 0, 1, 2, . . . . (7.8)

Consequently, if 𝑈 satisfies 1∘–4∘, then (7.2) is valid.

Proof. It suffices to show that the process (𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗ ∨ 𝑧, ∣𝑔𝑛∣∗ ∨ 𝑤))𝑛≥0 is a
supermartingale. By (7.6) we have, for 𝑛 ≥ 1,

𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗ ∨ 𝑧, ∣𝑔𝑛∣∗ ∨ 𝑤) = 𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣ ∨ ∣𝑓𝑛−1∣∗ ∨ 𝑧, ∣𝑔𝑛∣ ∨ ∣𝑔𝑛−1∣∗ ∨𝑤)

= 𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛−1∣∗ ∨ 𝑧, ∣𝑔𝑛−1∣∗ ∨ 𝑤).

Now, using the fact that ∣𝑓𝑛−1∣ ≤ ∣𝑓𝑛−1∣∗, ∣𝑔𝑛−1∣ ≤ ∣𝑔𝑛−1∣∗, we have, by the
conditional form of (7.7),

𝔼
[
𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛−1∣∗ ∨ 𝑧, ∣𝑔𝑛−1∣∗ ∨ 𝑤)

∣∣ℱ𝑛−1

]
= 𝔼

[
𝑈(𝑓𝑛−1 + 𝑑𝑓𝑛, 𝑔𝑛−1 + 𝑑𝑔𝑛, ∣𝑓𝑛−1∣∗ ∨ 𝑧, ∣𝑔𝑛−1∣∗ ∨ 𝑤)

∣∣ℱ𝑛−1

]
≤ 𝑈(𝑓𝑛−1, 𝑔𝑛−1, ∣𝑓𝑛−1∣∗ ∨ 𝑧, ∣𝑔𝑛−1∣∗ ∨ 𝑤).

This completes the proof. □
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We have also a result in the reverse direction.

Theorem 7.2. If the inequality (7.2) is valid, then there is 𝑈 : 𝐷 → ℝ satisfying
1∘–4∘. Furthermore, the least function with this property is given by

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼𝑉 (𝑓∞, 𝑔∞, ∣𝑓∞∣∗ ∨ 𝑧, ∣𝑔∞∣∗ ∨𝑤)}, (7.9)

where the supremum is taken over the class 𝑀(𝑥, 𝑦).

Proof. This can be proved using the splicing argument, similarly to the non-
maximal case. We omit the easy proof. □
Remark 7.1. Before we proceed, let us make here two important observations.

(i) In fact, the reasoning above yields a slightly stronger statement. Namely,
if 𝑈 satisfies 1∘–4∘, then (7.2) holds for all simple 𝑓 , 𝑔 such that 𝑔 is a transform of
𝑓 by a predictable sequence taking values in {−1, 1}. Similarly, suppose that in 2∘
we allow 𝜀 to take values from the interval [−1, 1]. Then we obtain inequalities in
the case when 𝑔 is a transform of 𝑓 by a predictable sequence bounded in absolute
value by 1.

(ii) The above technique can also be used in the situation when only one
maximal function appears in the estimate under investigation. If this is the case,
it suffices to omit the variable corresponding to the maximal function which is
not involved. This results in simplifying of the problem, since then 𝑈 depends
only on three variables. We can go further and note that if the inequality (7.2) is
non-maximal, that is, 𝑉 is a function of 𝑥 and 𝑦 only, then the above approach is
precisely Burkholder’s method for ±1-transforms described in Chapter 2.

Now we shall present the modification of the above approach for the case
when 𝑓 is a martingale and 𝑔 is differentially subordinate to 𝑓 . Then, for a given
and fixed Borel 𝑉 : 𝐷 → ℝ, one has to study functions 𝑈 which satisfy the
following conditions.

1∘ If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤). (7.10)

2∘ There are Borel functions 𝐴, 𝐵 : 𝐷 → ℬ∗ such that if (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 satisfies
∣𝑥∣ ≤ 𝑧, ∣𝑦∣ ≤ 𝑤 and ℎ, 𝑘 ∈ ℬ satisfy ∣𝑘∣ ≤ ∣ℎ∣, then
𝑈(𝑥+ ℎ, 𝑦 + 𝑘, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤) + ⟨𝐴(𝑥, 𝑦, 𝑧, 𝑤), ℎ⟩ + ⟨𝐵(𝑥, 𝑦, 𝑧, 𝑤), 𝑘⟩.

(7.11)

3∘ For any 𝑥, 𝑦 ∈ ℬ with ∣𝑦∣ ≤ ∣𝑥∣ we have
𝑈(𝑥, 𝑦, ∣𝑥∣, ∣𝑦∣) ≤ 0. (7.12)

4∘ If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈(𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧, ∣𝑦∣ ∨𝑤). (7.13)
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Theorem 7.3. Suppose that 𝑈, 𝑉 : 𝐷 → ℝ are such that 1∘–4∘ hold. Let 𝑓 , 𝑔 be
ℬ-valued martingales such that 𝑔 is differentially subordinate to 𝑓 . If, in addition,
𝑓 and 𝑔 satisfy

𝔼∣𝑉 (𝑓𝑛, 𝑔𝑛)∣ < ∞, 𝔼∣𝑈(𝑓𝑛, 𝑔𝑛)∣ < ∞,

𝔼∣𝐴(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗)∣∣𝑑𝑓𝑛+1∣ < ∞,

𝔼∣𝐵(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗)∣∣𝑑𝑔𝑛+1∣ < ∞
(7.14)

for any 𝑛 = 0, 1, 2, . . ., then (7.2) holds.

This can be established in the usual way: (𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗))𝑛≥0 is easily
shown to be a supermartingale. The proof is straightforward and we shall not
present it here.

Next, the method can be easily modified to yield inequalities involving one-
sided maximal functions 𝑓∗ = sup𝑛≥0 𝑓𝑛, 𝑔∗ = sup𝑛≥0 𝑔𝑛. Clearly, these make
sense only in the real-valued case. Let us focus on the extension of the technique
for ±1-transforms. Let 𝐷 = ℝ4 and let 𝑉 : 𝐷 → ℝ be a given function such that

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) = 𝑉 (𝑥, 𝑦, 𝑥 ∨ 𝑧, 𝑦 ∨ 𝑤) for all (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷.

Consider 𝑈 : 𝐷 → ℝ for which the following conditions are satisfied.

1∘ If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤).

2∘ Let (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 be such that 𝑥 ≤ 𝑧, 𝑦 ≤ 𝑤. If 𝜀 ∈ {−1, 1} and 𝛼 ∈ (0, 1),
𝑡1, 𝑡2 ∈ ℝ satisfy 𝛼𝑡1 + (1− 𝛼)𝑡2 = 0, then

𝛼𝑈(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1, 𝑧, 𝑤) + (1− 𝛼)𝑈(𝑥 + 𝑡2, 𝑦 + 𝜀𝑡2, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤).

3∘ For any 𝑥 ∈ ℝ and 𝜀 ∈ {−1, 1},
𝑈(𝑥, 𝜀𝑥, 𝑥, 𝜀𝑥) ≤ 0.

4∘ If (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷, then

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈(𝑥, 𝑦, 𝑥 ∨ 𝑧, 𝑦 ∨𝑤).

The existence of such a function is equivalent to the validity of the estimate

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, 𝑓
∗
𝑛, 𝑔∗𝑛) ≤ 0, 𝑛 = 0, 1, 2, . . . ,

for any simple martingale 𝑓 and its ±1-transform 𝑔. The inequalities for differen-
tially subordinate martingales can be studied in the similar manner. Of course,
the approach above can be easily adjusted to “mixed” estimates, which involve
both one-sided and two-sided maximal functions.
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7.1.2 A version for sub- and supermartingales in discrete time

The above technique can be also implemented in the case when the dominating
process 𝑓 is a sub- or supermartingale. We shall focus on the submartingale case,
replacing 𝑓 by −𝑓 if necessary. Let 𝐷 = ℝ× ℝ× [0,∞)× [0,∞) and 𝑉 : 𝐷 → ℝ

be a given function satisfying (7.1). Suppose we are interested in showing that

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗, ∣𝑔𝑛∣∗) ≤ 0, 𝑛 = 0, 1, 2, . . . , (7.15)

for any simple submartingale 𝑓 and any simple 𝑔 which is a transform of 𝑓 by a
predictable sequence bounded in absolute value by 1. This problem is equivalent
to finding a function 𝑈 as in the martingale case, with 2∘ replaced by the following
condition.

2∘ Let (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 be such that ∣𝑥∣ ≤ 𝑧, ∣𝑦∣ ≤ 𝑤. If 𝜀 ∈ [−1, 1] and 𝛼 ∈ (0, 1),
𝑡1, 𝑡2 ∈ ℝ satisfy 𝛼𝑡1 + (1− 𝛼)𝑡2 ≥ 0, then
𝛼𝑈(𝑥+𝑡1, 𝑦+𝜀𝑡1, 𝑧, 𝑤)+(1−𝛼)𝑈(𝑥+𝑡2, 𝑦+𝜀𝑡2, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤). (7.16)

The proof of this fact is the same as in the martingale setting. Similarly, suppose
that 𝑉 is given on ℝ × ℬ × [0,∞) × [0,∞) and one wants to study (7.15) for
a submartingale 𝑓 and its 𝛼-subordinate 𝑔 taking values in ℬ (𝛼 ≥ 0 is a fixed
number). Consider the assumptions of Theorem 7.3, with 2∘ replaced by

2∘ There are Borel functions 𝐴 : 𝐷 → ℝ, 𝐵 : 𝐷 → ℬ∗ such that if (𝑥, 𝑦, 𝑧, 𝑤) ∈
𝐷 satisfies ∣𝑥∣ ≤ 𝑧, ∣𝑦∣ ≤ 𝑤 and ℎ ∈ ℝ, 𝑘 ∈ ℬ satisfy ∣𝑘∣ ≤ ∣ℎ∣, then
𝑈(𝑥+ ℎ, 𝑦 + 𝑘, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤) + ⟨𝐴(𝑥, 𝑦, 𝑧, 𝑤), ℎ⟩ + ⟨𝐵(𝑥, 𝑦, 𝑧, 𝑤), 𝑘⟩.

(7.17)
Furthermore, for any (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 such that ∣𝑥∣ ≤ 𝑧, ∣𝑦∣ ≤ 𝑤 and any
ℎ ≥ 0, 𝑘 ∈ ℬ with ∣𝑘∣ ≤ 𝛼ℎ we have

𝑈(𝑥+ ℎ, 𝑦 + 𝑘, 𝑧, 𝑤) ≤ 𝑈(𝑥, 𝑦, 𝑧, 𝑤).

If there is 𝑈 with the properties 1∘–4∘, then (7.15) is valid for any 𝑓 , 𝑔 satisfying
(7.14).

There are similar statements for estimates involving one-sided maximal func-
tions. The modification is straightforward and the details are left to the reader.

7.1.3 The passage to the continuous time

The reasoning is essentially the same as in the nonmaximal case. There are two
ways of handling this problem. First, one can try to use discretization arguments
to approximate continuous-time semimartingales by appropriate discrete-time se-
quences. The second approach is to apply the convolution argument and Itô’s
formula to the special function coming from the discrete-time case. We shall not
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state here general theorems as in Chapter 5 in order to avoid unnecessary and tech-
nical repetitions. It seems to be more convenient to illustrate the ideas on concrete
examples. It should be stressed here that as in the non-maximal setting, the main
difficulty lies in proving the estimate in the discrete-time case; the passage to the
continuous-time case is a matter of standard technical arguments.

7.2 Doob-type inequalities

7.2.1 Formulation of the results

We shall show how the technique described above can be used to prove classical
Doob’s inequalities as well as certain extensions of them. We start with the weak
type and moment inequalities.

Theorem 7.4. Assume that 𝑋 = (𝑋𝑡)𝑡≥0 is a nonnegative submartingale. Then

∣∣𝑋∗∣∣𝑝,∞ ≤ ∣∣𝑋 ∣∣𝑝, 1 ≤ 𝑝 ≤ ∞ (7.18)

and the inequality is sharp.

Theorem 7.5. Let 𝑋 = (𝑋𝑡)𝑡≥0 be a nonnegative submartingale. Then we have

∣∣𝑋∗∣∣𝑝 ≤ 𝑝

𝑝− 1 ∣∣𝑋 ∣∣𝑝, 𝑝 > 1, (7.19)

and the inequality is sharp, even if 𝑋 is assumed to be a nonnegative martingale.

The inequality (7.19) fails to hold when 𝑝 ≤ 1 and a natural question is what
can be said for these values of 𝑝. We shall prove the following more general result.
Let Φ : [0,∞) → [0,∞) be an increasing function such that ∫∞

1
Φ(𝑠)/𝑠2d𝑠 < ∞

and let

Ψ(𝑥) =

{
𝑥
∫∞
𝑥

Φ(𝑠)
𝑠2 d𝑠 if 𝑥 > 0,

Φ(0) if 𝑥 = 0.

Theorem 7.6. If 𝑋 is a nonnegative supermartingale, then

𝔼Φ(𝑋∗) ≤ 𝔼Ψ(𝑋0). (7.20)

The inequality is sharp, even if 𝑋 is a nonnegative martingale.

For example, if Φ(𝑠) = 𝑠𝑝, 0 < 𝑝 < 1, then Ψ(𝑥) = 𝑥𝑝/(1 − 𝑝) is a con-
cave function; hence the estimate (7.20) yields the following extension of Doob’s
inequality: if 𝑋 is a nonnegative supermartingale, then

∣∣𝑋∗∣∣𝑝 ≤ (1− 𝑝)−1/𝑝∣∣𝑋0∣∣𝑝 = (1− 𝑝)−1/𝑝∣∣𝑋 ∣∣𝑝 (7.21)

and the constant (1− 𝑝)−1/𝑝 is the best possible.
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Next, we turn to logarithmic estimates.

Theorem 7.7. Let 𝑋 = (𝑋𝑡)𝑡≥0 be a nonnegative submartingale. Then for 𝐾 > 1
we have

∣∣𝑋∗∣∣1 ≤ 𝐾 sup
𝑡

𝔼𝑋𝑡 log𝑋𝑡 + 𝐿(𝐾), (7.22)

where 𝐿(𝐾) = 𝐾2

(𝐾−1)𝑒 . The constant is the best possible, even if we restrict our-

selves to nonnegative martingales. For 𝐾 ≤ 1 the logarithmic estimate does not
hold with any finite 𝐿(𝐾).

The final result of this section is the sharp comparison of moments of different
order. We need the following auxiliary fact.

Lemma 7.1. Let 1 ≤ 𝑝 < 𝑞 < ∞. Then there is a unique solution 𝛾 = 𝛾𝑝,𝑞 to the
differential equation

𝛾′(𝑠) =
𝑝𝑠𝑝−1

𝑞(𝑞 − 1)𝛾(𝑠)𝑞−2(𝑠− 𝛾(𝑠))
(7.23)

(extended to its maximal domain [𝑠∗,∞)), which satisfies 𝛾(𝑠∗) = 0, 𝛾(𝑠) < 𝑠 and
lim𝑠→∞ 𝛾(𝑠)/𝑠 = 1.

See [169], [170] for details (the equation is studied there in a slightly different
form). Unfortunately, there seems to be no closed-form formula for 𝛾𝑝,𝑞 except for
some special cases. For example, it can be easily checked that 𝛾 = 𝛾1,𝑞 can be
written in the closed form

𝑠 exp(−𝑞𝛾(𝑠)𝑞−1) = 𝑞(𝑞 − 1)
∫ ∞

𝛾(𝑠)

𝑡𝑞−1 exp(−𝑞𝑡𝑞−1)d𝑡,

from which we infer that

𝑠∗ = 𝑞(𝑞 − 1)
∫ ∞

0

𝑡𝑞−1 exp(−𝑞𝑡𝑞−1)d𝑡 = 𝑞1/(1−𝑞)Γ

(
𝑞

𝑞 − 1
)

.

Theorem 7.8. Let 𝑋 = (𝑋𝑡)𝑡≥0 be a nonnegative submartingale. Then for 1 ≤ 𝑝 <
𝑞 < ∞ we have

∣∣𝑋∗∣∣𝑝 ≤ 𝐶𝑝,𝑞∣∣𝑋 ∣∣𝑞, (7.24)

where

𝐶𝑝,𝑞 = 𝑠
1−𝑝/𝑞
∗

(
𝑞

𝑞 − 𝑝

)1/𝑝(
𝑝

𝑞 − 𝑝

)−1/𝑞

.

The constant is the best possible, even if we restrict ourselves to discrete-time
nonnegative martingales.

In particular, when 𝑝 = 1, the inequality (7.24) can be rewritten in the more
compact form

∣∣𝑋∗∣∣1 ≤ Γ
(
2𝑞 − 1
𝑞 − 1

)1−1/𝑞

∣∣𝑋 ∣∣𝑞. (7.25)
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𝑦

𝑠

𝑦 = 𝑠

𝑠∗

𝛾𝑝,𝑞

Figure 7.1: The function 𝛾𝑝,𝑞 (bold curve) is the unique solution 𝛾 to
(7.23) which satisfies 𝛾(𝑠)/𝑠 → 1 as 𝑠 →∞.

7.2.2 Proof of Theorem 7.4

Proof of (7.18). Although the estimate follows immediately from Chebyshev’s in-
equality and the stopping-time argument, it is instructive to see how Burkholder’s
method works here. Using standard approximation, it suffices to establish the
bound for discrete-time simple submartingales. By homogeneity, it is enough to
show that

ℙ(𝑓∗
𝑛 ≥ 1) ≤ 𝔼𝑓𝑝

𝑛 , 𝑛 = 0, 1, 2, . . . .

Observe that the estimate depends only on one process: the sequence 𝑔 does not
appear at all. Consequently, the problem is two-dimensional, that is, the functions
we shall study depend on 𝑥 and 𝑧 only. For any 𝑥, 𝑧 ≥ 0, let 𝑉 (𝑥, 𝑧) = 1{𝑧≥1}−𝑥𝑝

and

𝑈(𝑥, 𝑧) =

{
1− 𝑥𝑝 if 𝑥 ∨ 𝑧 ≥ 1,
0 if 𝑥 ∨ 𝑧 < 1.
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We will verify the conditions 1∘–4∘. The majorization is immediate. To check the
concavity property, note that

𝑈(𝑥+ 𝑑, (𝑥+ 𝑑) ∨ 𝑧) ≤ 𝑈(𝑥, 𝑧) + 𝑈𝑥(𝑥+, 𝑧)𝑑,

valid for all 0 ≤ 𝑥 ≤ 𝑧 and 𝑑 ≥ −𝑥. This estimate implies 2∘: here it is important
that 𝑈𝑥 ≤ 0. Finally, the conditions 3∘ and 4∘ are evident; this proves (7.18). □

Sharpness. Obvious.

7.2.3 Proof of Theorem 7.5

Proof of (7.19). As previously, it suffices to focus on the discrete-time case. Let

𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)𝑝 −
(

𝑝
𝑝−1

)𝑝
𝑥𝑝 for 𝑥, 𝑧 ≥ 0. The special function 𝑈 : [0,∞) ×

[0,∞)→ ℝ is given by the formula

𝑈(𝑥, 𝑧) = 𝑝(𝑥 ∨ 𝑧)𝑝−1

(
𝑥 ∨ 𝑧 − 𝑝

𝑝− 1𝑥
)

.

Let us verify the conditions 1∘–4∘. The majorization follows immediately from the
mean value property of the function 𝑡 �→ 𝑡𝑝. To show 2∘, note for any 0 ≤ 𝑥 ≤ 𝑧
and 𝑑 ≥ −𝑥,

𝑈(𝑥+ 𝑑, 𝑧) ≤ 𝑈(𝑥, 𝑧)− 𝑝2

𝑝− 1𝑧
𝑝−1𝑑. (7.26)

Indeed, if 𝑥+ 𝑑 ≤ 𝑧, then both sides are equal; if 𝑥+ 𝑑 > 𝑧, then we obtain, after
some manipulations, the equivalent estimate

𝑧𝑝−1(𝑥+ 𝑑) ≤ (𝑝− 1)𝑧
𝑝

𝑝
+
(𝑥+ 𝑑)𝑝

𝑝
,

which follows from Young’s inequality. Finally, the properties 3∘ and 4∘ are obvious
and the inequality follows. □

Sharpness of (7.19). We shall use Theorem 7.2. Let 𝑝 > 1 be fixed and suppose
that the inequality (7.19) holds for all nonnegative martingales with some constant
𝛽 > 0. For 𝑥, 𝑧 ≥ 0, let 𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)𝑝 − 𝛽𝑝𝑥𝑝 and

𝑈0(𝑥, 𝑧) = sup{𝔼𝑉 (𝑓∞, 𝑓∗ ∨ 𝑧)},
where the supremum is taken over all simple nonnegative martingales 𝑓 starting
from 𝑥. Then 𝑈0 satisfies appropriate versions of the conditions 1∘–4∘. Further-
more, by the very definition, this function is homogeneous of order 𝑝. Now, fix
𝛿 > 0 and use 2∘ with 𝑥 = 𝑧 = 1, 𝜀 = 1, 𝑡1 = 𝛿, 𝑡2 = −1/𝑝 and 𝛼 = (1 + 𝑝𝛿)−1

to get

𝑈0(1, 1) ≥ 1

1 + 𝑝𝛿
𝑈0(1 + 𝛿, 1 + 𝛿) +

𝑝𝛿

1 + 𝑝𝛿
𝑈0(1− 1/𝑝, 1)

≥ (1 + 𝛿)𝑝

1 + 𝑝𝛿
𝑈0(1, 1) +

𝑝𝛿

1 + 𝑝𝛿
𝑉 (1 − 1/𝑝, 1),
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where in the last passage we have used the homogeneity and the majorization
property. This estimate can be rewritten in the equivalent form

1 + 𝑝𝛿 − (1 + 𝛿)𝑝

𝑝𝛿
𝑈0(1, 1) ≥ 1− 𝛽𝑝

(
𝑝− 1

𝑝

)𝑝

.

Letting 𝛿 → 0 makes the left-hand side vanish; this shows that right-hand side is
nonpositive. But this means that 𝛽 ≥ 𝑝/(𝑝− 1) and that (7.19) is sharp, even for
nonnegative martingales. □

7.2.4 Proof of Theorem 7.6

Proof of (7.20). As previously, by approximation, it suffices to focus on the dis-
crete-time case. Let 𝑉 : [0,∞)× [0,∞)→ ℝ be defined by 𝑉 (𝑥, 𝑧) = Φ(𝑥∨ 𝑧) and
consider the function 𝑈 given by 𝑈(𝑥, 0) = Ψ(𝑥) and

𝑈(𝑥, 𝑧) =
(
1− 𝑥

𝑥 ∨ 𝑧

)
Φ(𝑥 ∨ 𝑧) +

𝑥

𝑥 ∨ 𝑧
Ψ(𝑥 ∨ 𝑧)

for 𝑥 ≥ 0 and 𝑧 > 0. We shall now verify the properties 1∘–4∘. To check the
majorization, observe that 𝑈(0, 0) = 𝑉 (0, 0) and, for 𝑥 ∨ 𝑧 > 0,

𝑈(𝑥, 𝑧)− Φ(𝑥 ∨ 𝑧) = 𝑥

∫ ∞

𝑥∨𝑧

Φ(𝑠)

𝑠2
d𝑠− 𝑥

Φ(𝑥 ∨ 𝑧)

𝑥 ∨ 𝑧

≥ 𝑥

∫ ∞

𝑥∨𝑧

Φ(𝑥 ∨ 𝑧)

𝑠2
d𝑠− 𝑥

Φ(𝑥 ∨ 𝑧)

𝑥 ∨ 𝑧
= 0.

To show the concavity property, we may assume that 𝑧 > 0 (otherwise the condi-
tion is trivial). For 𝑥 ∈ [0, 𝑧] and 𝑑 ≥ −𝑥 we have

𝑈(𝑥+ 𝑑, 𝑧) ≤ 𝑈(𝑥, 𝑧) +

[
−Φ(𝑧)

𝑧
+

∫ ∞

𝑧

Φ(𝑠)

𝑠2
d𝑠

]
𝑑. (7.27)

Indeed, if 𝑥+𝑑 ≤ 𝑧, then the two sides are equal to one another; if 𝑥+𝑑 > 𝑧, then

𝑈(𝑥+ 𝑑, 𝑧) = (𝑥 + 𝑑)

∫ ∞

𝑥+𝑑

Φ(𝑠)

𝑠2
d𝑠 = (𝑥 + 𝑑)

∫ ∞

𝑧

Φ(𝑠)

𝑠2
d𝑠− (𝑥+ 𝑑)

∫ 𝑥+𝑑

𝑧

Φ(𝑠)

𝑠2
d𝑠

≤ (𝑥 + 𝑑)

∫ ∞

𝑧

Φ(𝑠)

𝑠2
d𝑠− (𝑥+ 𝑑)

∫ 𝑥+𝑑

𝑧

Φ(𝑧)

𝑠2
d𝑠

= 𝑈(𝑥, 𝑧) +

[
−Φ(𝑧)

𝑧
+

∫ ∞

𝑧

Φ(𝑠)

𝑠2
d𝑠

]
𝑑.

The inequality (7.27) implies 2∘ since the expression in the square brackets is
nonnegative. The initial condition does not hold and needs to be modified: we
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have 𝑈(𝑥, 𝑥) = Ψ(𝑥) whenever 𝑥 ≥ 0. Finally, 4∘ is obvious and Burkholder’s
method yields

𝔼𝑉 (𝑓𝑛, 𝑓
∗
𝑛) ≤ 𝔼𝑈(𝑓𝑛, 𝑓∗

𝑛) ≤ 𝔼𝑈(𝑓0, 𝑓0) ≤ 𝔼Ψ(𝑓0),

which is exactly what we need. □

Sharpness of (7.20). We will construct an appropriate example. Fix 𝛿 > 0 and let
𝑋1, 𝑋2, ⋅ ⋅ ⋅ be a sequence of independent random variables such that 𝑋𝑘 ∈ {0, 1+
𝛿} and 𝔼𝑋𝑘 = 1, 𝑘 = 1, 2, . . .. Let 𝑓 be given by 𝑓0 ≡ 1 and 𝑓𝑛 = 𝑋1𝑋2 . . . 𝑋𝑛,
𝑛 = 1, 2, . . .. Then 𝑓 is a nonnegative martingale such that 𝑓∗ takes values in
the set {1, 1 + 𝛿, (1 + 𝛿)2, . . .}. To be more precise, for any integer 𝑁 we have
𝑓∗∞ = (1 + 𝛿)𝑁 if and only if 𝑋1 = 𝑋2 = ⋅ ⋅ ⋅ = 𝑋𝑁 = 1 + 𝛿 and 𝑋𝑁+1 = 0.
Therefore,

𝔼Φ(𝑓∗) = 𝛿

∞∑
𝑁=0

Φ((1 + 𝛿)𝑁 )

(1 + 𝛿)𝑁+1
≥ 𝛿

1 + 𝛿

∞∑
𝑁=0

Φ((1 + 𝛿)𝑁+1)

(1 + 𝛿)𝑁+1

=
1

1 + 𝛿

∞∑
𝑁=0

Φ((1 + 𝛿)𝑁+1)

∫ (1+𝛿)𝑁+1

(1+𝛿)𝑁
𝑠−2d𝑠

≥ 1

1 + 𝛿

∞∑
𝑁=0

∫ (1+𝛿)𝑁+1

(1+𝛿)𝑁

Φ(𝑠)

𝑠2
d𝑠 =

1

1 + 𝛿

∫ ∞

1

Φ(𝑠)

𝑠2
d𝑠 =

𝔼Ψ(𝑓0)

1 + 𝛿
.

Since 𝛿 > 0 was arbitrary, the proof is complete. □

7.2.5 Proof of Theorem 7.7

Proof of (7.22). We can restrict ourselves to discrete-time submartingales 𝑓 . Sup-
pose that 𝐾 > 1 and let 𝑉 : [0,∞)× [0,∞)→ ℝ be given by 𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)−
𝐾𝑥 log𝑥 − 𝐿(𝐾). The corresponding special function 𝑈 : [0,∞) × [0,∞) → ℝ is
given by

𝑈(𝑥, 𝑧) =

{
𝐾(𝑥 ∨ 𝑧)−𝐾𝑥 log

(
𝐾−1
𝐾 𝑒(𝑥 ∨ 𝑧)

)− 𝐿(𝐾) if 𝑥 ∨ 𝑧 ≥ 𝐾
(𝐾−1)𝑒 ,

0 if 𝑥 ∨ 𝑧 < 𝐾
(𝐾−1)𝑒 .

Let us verify the conditions 1∘–4∘. If 𝑥∨𝑧 ≥ 𝐾
(𝐾−1)𝑒 , the majorization is equivalent

to 𝑠−𝑥 ≥ 𝑥(log 𝑠− log𝑥), where 𝑠 = (𝐾− 1)(𝑥∨ 𝑧)/𝐾. This inequality is obvious
for 𝑥 = 0, while for 𝑥 > 0 it can be rewritten in the form 𝑠/𝑥 ≥ log(𝑠/𝑥) + 1,
which is also trivial. For 𝑥 ∨ 𝑧 < 𝐾/((𝐾 − 1)𝑒), the condition 1∘ is equivalent to
an elementary bound 𝑥 log 𝑥 ≥ 𝑒−1. To show 2∘, one easily verifies that for any
𝑥, 𝑧 ≥ 0 and 𝑑 ≥ −𝑥 we have

𝑈(𝑥+ 𝑑, 𝑧) ≤ 𝑈(𝑥, 𝑧) +𝐴(𝑥, 𝑧)𝑑,



306 Chapter 7. Maximal Inequalities

where 𝐴 : [0,∞)× [0,∞)→ (−∞, 0] is given by

𝐴(𝑥, 𝑧) =

{
−𝐾 log

(
𝐾−1
𝐾

𝑒(𝑥 ∨ 𝑧)
)
if 𝑥 ∨ 𝑧 ≥ 𝐾

(𝐾−1)𝑒
,

0 if 𝑥 ∨ 𝑧 < 𝐾
(𝐾−1)𝑒 .

The initial condition is straightforward: the function 𝑥 �→ 𝑈(𝑥, 𝑥) is equal to 0 for
𝑥 ≤ 𝐾

(𝐾−1)𝑒 and is decreasing for 𝑥 > 𝐾
(𝐾−1)𝑒 . Finally, 4

∘ is obvious. This completes
the proof of (7.22). □

Sharpness. Let 𝐾 > 1 be fixed. To show the optimality of the constant 𝐿(𝐾) for
nonnegative martingales, we use a version of Theorem 7.2. Let

𝑈0(𝑥, 𝑧) = sup{𝔼(𝑓∗
𝑛 ∨ 𝑧)−𝐾𝔼𝑓𝑛 log 𝑓𝑛}, 𝑥, 𝑧 ≥ 0,

where the supremum is taken over all 𝑛 and all nonnegative martingales 𝑓 starting
from 𝑥. Then 𝑈0 majorizes 𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)−𝐾𝑥 log𝑥, and satisfies 2∘ and 4∘.
Furthermore, arguing as in the proof of Theorem 3.9 in Chapter 3, we can show
that 𝑈0 enjoys the homogeneity property

𝑈0(𝜆𝑥, 𝜆𝑧) = 𝜆𝑈0(𝑥, 𝑧)−𝐾𝜆𝑥 log𝜆, for 𝑥, 𝑧 ≥ 0, 𝜆 > 0.

Let 𝛿 > 0. Using this property together with 2∘ and 4∘ gives

𝑈0(1, 1) ≥ 𝛿

𝐾−1 + 𝛿

(
1 + (𝐾 − 1) log

(
𝐾 − 1

𝐾

))
+

𝐾−1

𝐾−1 + 𝛿
𝑈0(1 + 𝛿, 1)

=
𝛿

𝐾−1 + 𝛿

(
1 + (𝐾 − 1) log

(
𝐾 − 1

𝐾

))
+

𝐾−1

𝐾−1 + 𝛿
𝑈0(1 + 𝛿, 1 + 𝛿)

=
𝛿

𝐾−1 + 𝛿

(
1 + (𝐾 − 1) log

(
𝐾 − 1

𝐾

))

+
𝐾−1(1 + 𝛿)

𝐾−1 + 𝛿
[𝑈0(1, 1)−𝐾 log(1 + 𝛿)] .

Subtracting 𝑈0(1, 1) from both sides, dividing throughout by 𝛿 and letting 𝛿 → 0
yields 𝑈0(1, 1) ≥ 𝐾 log

(
𝐾

𝐾−1

)
. Consequently, again by homogeneity,

𝑈0

(
𝐾

(𝐾 − 1)𝑒 ,
𝐾

(𝐾 − 1)𝑒
)
≥ 𝐾2

(𝐾 − 1)𝑒 = 𝐿(𝐾),

which is the claim, directly from the definition of 𝑈0.

Finally, the fact that (7.22) does not hold for 𝐾 ≤ 1 with any 𝐿(𝐾) < ∞
is an immediate consequence of the fact that lim𝐾↓1 𝐿(𝐾) =∞. See the proof of
Theorem 3.9 in Chapter 3 for details. □
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7.2.6 Proof of Theorem 7.8

Proof of (7.24). We can restrict ourselves to the discrete-time case. Clearly, we
may assume that ∣∣𝑓 ∣∣𝑞 > 0, otherwise there is nothing to prove. Let 1 ≤ 𝑝 <
𝑞 < ∞ be fixed, let 𝑠∗ be the corresponding zero of 𝛾 = 𝛾𝑝,𝑞 and introduce
𝑉 : [0,∞) × [0,∞) → ℝ by 𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)𝑝 − 𝑥𝑞 − 𝑠𝑝∗. The special function 𝑈
is given by

𝑈(𝑥, 𝑧) =

{
(𝑥 ∨ 𝑧)𝑝 + (𝑞 − 1)[𝛾(𝑥 ∨ 𝑧)]𝑞 − 𝑞𝑥[𝛾(𝑥 ∨ 𝑧)]𝑞−1 − 𝑠𝑝∗ if 𝑥 ∨ 𝑧 ≥ 𝑠∗,
0 if 𝑥 ∨ 𝑧 < 𝑠∗.

Let us check the properties 1∘–4∘. If 𝑥 ∨ 𝑧 ≥ 𝑠∗, then the inequality 𝑈(𝑥, 𝑧) ≥
𝑉 (𝑥, 𝑧) is equivalent to

[𝛾(𝑥 ∨ 𝑧)]𝑞 − 𝑥𝑞 ≤ 𝑞[𝛾(𝑥 ∨ 𝑧)]𝑞−1(𝛾(𝑥 ∨ 𝑧)− 𝑥)

and follows from the mean value property. On the other hand, if 𝑥 ∨ 𝑧 < 𝑠∗, then

𝑉 (𝑥, 𝑧) = (𝑥 ∨ 𝑧)𝑝 − 𝑥𝑞 − 𝑠𝑝∗ ≤ 𝑠𝑝∗ − 𝑠𝑝∗ = 0 = 𝑈(𝑥, 𝑧).

To show 2∘, it suffices to establish the pointwise bound

𝑈(𝑥+ 𝑑, 𝑧) ≤ 𝑈(𝑥, 𝑧) +𝐴(𝑥, 𝑧)𝑑,

where 𝐴(𝑥, 𝑧) = −𝑞[𝛾(𝑥∨𝑧)]𝑞−11{𝑥∨𝑧≥𝑠∗}. This estimate is straightforward and we
leave the details to the reader. To prove 3∘, observe that the function 𝑥 �→ 𝑈(𝑥, 𝑥)
equals 0 on [0, 𝑠∗] and then decreases. Finally, 4∘ is obvious and Burkholder’s
method gives

∣∣𝑓∗∣∣𝑝𝑝 ≤ ∣∣𝑓 ∣∣𝑞𝑞 + 𝑠𝑝∗.

It suffices to apply this bound to the submartingale 𝜆𝑓 , with

𝜆 =

(
𝑝

𝑞 − 𝑝
𝑠𝑝∗

)1/𝑞

∣∣𝑓 ∣∣−1
𝑞

and (7.24) follows. □

Sharpness. Here we use a different argument. Fix 1 ≤ 𝑝 < 𝑞 < ∞ and let 𝛾 =
𝛾𝑝,𝑞. Let 𝑋 be a one-dimensional Brownian motion, starting from 𝑠∗, stopped at
𝜏 = inf{𝑡 ≥ 0 : 𝑋𝑡 = 𝛾(𝑋∗

𝑡 )}. By standard approximation, if we show that
∣∣𝑋∗∣∣𝑝 = 𝐶𝑝,𝑞∣∣𝑋 ∣∣𝑞, (7.28)

we will be done. First, since 𝛾(𝑠)/𝑠 → 1 as 𝑠 → ∞, we have that 𝑋 belongs to
𝐿𝑞 (see, e.g., Wang [198]). The special function 𝑈 used above is of class 𝐶2 on
{(𝑥, 𝑧) : 𝑧 > 𝑠∗}, so application of Itô’s formula gives

𝔼𝑈(𝑋𝑡, 𝑋
∗
𝑡 ) = 𝑈(𝑠∗, 𝑠∗) = 0
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for any 𝑡 ≥ 0. However,
𝑈(𝑋𝑡, 𝑋

∗
𝑡 ) = 𝑈(𝑋𝑡, 𝑋

∗
𝑡 )1{𝜏≤𝑡} + 𝑈(𝑋𝑡, 𝑋

∗
𝑡 )1{𝜏>𝑡}

= 𝑉 (𝑋𝑡, 𝑋
∗
𝑡 )1{𝜏≤𝑡} + 𝑈(𝑋𝑡, 𝑋

∗
𝑡 )1{𝜏>𝑡}

and, since 𝛾(𝑠) ≤ 𝑠 for all 𝑠 ≥ 𝑠∗,

∣𝑈(𝑋𝑡, 𝑋
∗
𝑡 )1{𝜏>𝑡}∣ ≤ 𝑐(𝑋𝑝

𝑡 + (𝑋
∗
𝑡 )

𝑞)

for some absolute constant 𝑐 > 0. Consequently, if we let 𝑡 → ∞ and use the
boundedness of 𝑋 in 𝐿𝑞, we obtain 𝔼𝑉 (𝑋∞, 𝑋∗) = 0, which is precisely (7.28).
This completes the proof. □

7.3 Maximal 𝑳1 estimates for martingales

7.3.1 Formulation of the result.

We turn to inequalities which involve two processes. We start with the following
fact.

Theorem 7.9. For any real-valued martingales 𝑋, 𝑌 such that 𝑌 is differentially
subordinate to 𝑋 we have

∣∣𝑌 ∣∣1 ≤ 𝛽∣∣ ∣𝑋 ∣∗∣∣1, (7.29)

where 𝛽 = 2.536 . . . is the unique positive number satisfying

𝛽 = 3− exp 1− 𝛽

2
.

The constant 𝛽 is the best possible.

If 𝑋 is assumed to be nonnegative, then the constant in the above inequality
decreases to 2 + (3𝑒)−1 = 2.1226 . . .. In addition, this can be further extended to
cover the case of nonnegative supermartingales and their 𝛼-subordinates. Precisely,
we have the following.

Theorem 7.10. Let 𝑋 be a nonnegative supermartingale and let 𝑌 be 𝛼-subordinate
to 𝑋.

(i) If 𝛼 ∈ [0, 1], then
∣∣𝑌 ∣∣1 ≤ (2 + (3𝑒)−1)∣∣𝑋∗∣∣1 = 2.1226 . . . ∣∣𝑋∗∣∣1. (7.30)

The constant is the best possible. It is already the best possible if 𝑋 is assumed
to be a nonnegative martingale.

(ii) If 𝛼 > 1, then

∣∣𝑌 ∣∣1 ≤
(
𝛼+ 1 + ((2𝛼+ 1)𝑒)−1

)∣∣𝑋∗∣∣1. (7.31)

The constant is the best possible.
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A very natural and interesting question is what is the best constant if 𝑋 is
assumed to be a nonnegative submartingale and 𝑌 is 𝛼-subordinate to 𝑋 . Un-
fortunately, we have been able to answer it only in the case when both processes
have continuous paths; see below.

7.3.2 Proof of Theorem 7.9

For reader’s convenience, we have decided to split the proof of (7.29) into two
parts. First we shall establish this estimate in discrete time and when 𝑌 is a
±1-transform of 𝑋 . As already mentioned above, this is the heart of the matter.
Then, in the second step we shall use the convolution argument and Itô’s formula
to obtain the result in full generality.

Proof of (7.29) for ±1-transforms of simple martingales. Introduce the function
𝑉 : ℝ×ℝ× [0,∞)→ ℝ by 𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣ − 𝛽∣𝑥∣ ∨ 𝑧. We shall show that for any
integer 𝑛 and any 𝜀 > 0 we have

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, 𝜀 ∨ ∣𝑓𝑛∣∗) ≤ 0, (7.32)

where 𝑓 , 𝑔 are simple real-valued martingales such that 𝑔 is a ±1-transform of
𝑓 . This clearly yields the claim by virtue of Lebesgue’s dominated convergence
theorem. Let 𝑆 denote the strip [−1, 1]× ℝ. Consider the following subsets of 𝑆:

𝐷0 = {(𝑥, 𝑦) : 0 ≤ 𝑦 ≤ 𝑥 ≤ 1},
𝐷1 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 𝑥 < 𝑦 ≤ 𝑥+ 𝛽 − 1},
𝐷2 = {(𝑥, 𝑦) : 0 ≤ 𝑥 ≤ 1, 𝑦 > 𝑥+ 𝛽 − 1}.

First let us introduce an auxiliary function 𝑢 on 𝑆. It is given by the symmetry
condition

𝑢(𝑥, 𝑦) = 𝑢(−𝑥, 𝑦) = 𝑢(𝑥,−𝑦) for all (𝑥, 𝑦) ∈ 𝑆 (7.33)

and the formula

𝑢(𝑥, 𝑦) =

⎧⎨
⎩

2
𝛽−1

[−𝑥− 1
3 − 1

3 (2− 2𝑥− 𝑦)(1− 𝑥+ 𝑦)1/2
]
on 𝐷0,

2
𝛽−1

[
𝑦 − 3 + (2− 𝑥) exp

(
𝑥−𝑦
2

)]
on 𝐷1,

𝑦 − 𝛽 + 3−𝛽
𝛽−1(1 − 𝑥) exp(𝑥− 𝑦 + 𝛽 − 1) on 𝐷2.

We shall need the following technical fact.

Lemma 7.2. The function 𝑢 enjoys the following properties:

(i) 𝑢(1, 𝑦) ≥ ∣𝑦∣ − 𝛽 for all 𝑦 ∈ ℝ,

(ii) 𝑢 is diagonally concave,

(iii) 𝑢(1, ⋅) is convex,

(iv) for any 𝑦 ∈ ℝ,

lim
𝛿↓0

𝑢(1, 𝑦)− 𝑢(1− 𝛿, 𝑦 ± 𝛿)

𝛿
≥ 𝑢(1, 1).
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Proof. It is easy to check that 𝑢(1, ⋅) is of class 𝐶1 on ℝ and 𝑢(1, 𝑦) = ∣𝑦∣ − 𝛽
provided ∣𝑦∣ ≥ 𝛽. Thus item (i) follows from (iii), which is evident. To show (ii),
note that 𝑢 is of class 𝐶1 in the interior of the strip 𝑆 and hence it suffices to
check the diagonal concavity on [0, 1]× [0,∞). We easily derive that 𝑢𝑥𝑦(𝑥, 𝑦) ≥ 0,
when (𝑥, 𝑦) lies in the interior of 𝐷0, 𝐷1 or 𝐷2, and hence

𝑢𝑥𝑥(𝑥, 𝑦) + 2∣𝑢𝑥𝑦(𝑥, 𝑦)∣ + 𝑢𝑦𝑦(𝑥, 𝑦) = 𝑢𝑥𝑥(𝑥, 𝑦) + 2𝑢𝑥𝑦(𝑥, 𝑦) + 𝑢𝑦𝑦(𝑥, 𝑦).

However, the right-hand side is equal to zero: the function 𝑢 is linear along the line
segments of slope 1 contained in [0, 1] × [0,∞). This gives (ii). Finally, to check
(iv), we compute

lim
𝛿↓0

𝑢(1, 𝑦)− 𝑢(1− 𝛿, 𝑦 + 𝛿)

𝛿
= lim

𝛿↓0
𝑢(1,−𝑦)− 𝑢(1− 𝛿,−𝑦 − 𝛿)

𝛿

=

⎧⎨
⎩

𝑢(1, 1) + 𝛽+1
𝛽−1 − 3−𝛽

𝛽−1 exp(−∣𝑦∣+ 𝛽) if 𝑦 < −𝛽,

𝑢(1, 1) + 2
𝛽−1

(
2− exp

(
1−∣𝑦∣

2

))
if 𝑦 ∈ [−𝛽,−1],

𝑢(1, 1) + 2
𝛽−1 ∣𝑦∣1/2 if 𝑦 ∈ (−1, 0),

𝑢(1, 1) if 𝑦 ∈ [0, 𝛽],
𝑢(1, 1)− 3−𝛽

𝛽−1

[
exp(−𝑦 + 𝛽)− 1] if 𝑦 > 𝛽

and note that all expressions are not smaller than 𝑢(1, 1). The proof is complete.
□

The special function 𝑈 : ℝ×ℝ× (0,∞)→ ℝ (note that 𝑧 = 0 is not allowed)
is defined by the formula

𝑈(𝑥, 𝑦, 𝑧) = (∣𝑥∣ ∨ 𝑧) 𝑢

(
𝑥

∣𝑥∣ ∨ 𝑧
,

𝑦

∣𝑥∣ ∨ 𝑧

)
.

Let us check that 𝑈 has the properties 1∘–4∘. To show the majorization, note that
we may assume 𝑧 = 1, due to homogeneity. Then the inequality reads 𝑢(𝑥, 𝑦) ≥
∣𝑦∣ − 𝛽. By part (ii) of Lemma 7.2, it suffices to establish this for ∣𝑦∣ = 1 and here
part (i) comes into play. We turn to 2∘. By (7.33), we will be done if we show
this for 𝜀 = −1. Furthermore, by homogeneity, we may assume that 𝑧 = 1. Let
𝑥 ∈ [−1, 1], 𝑦 ∈ ℝ and put Φ(𝑡) = 𝑈(𝑥+ 𝑡, 𝑦 − 𝑡, 𝑧). We shall prove that

Φ(𝑡) ≤ Φ(0) +𝐴(𝑥, 𝑦)𝑡 (7.34)

for some 𝐴 and all 𝑡 ∈ ℝ; this immediately gives 2∘. The inequality (7.34) is a
consequence of the following three properties:

Φ is concave on [−1− 𝑥, 1− 𝑥], (7.35)

Φ is convex on each of the intervals (−∞,−1− 𝑥], [1− 𝑥,∞), (7.36)

lim
𝑡→−∞

Φ(𝑡)

𝑡
≥ Φ′(−1− 𝑥+), lim

𝑡→∞
Φ(𝑡)

𝑡
≤ Φ′(1− 𝑥−). (7.37)



7.3. Maximal 𝐿1 estimates for martingales 311

The condition (7.35) follows from part (ii) of Lemma 7.2. To show (7.36) fix
𝛼1, 𝛼2 > 0 satisfying 𝛼1 + 𝛼2 = 1, choose 𝑡1, 𝑡2 ∈ [1 − 𝑥,∞) and let 𝑡 =

∑
𝛼𝑘𝑡𝑘.

We have ∑
𝛼𝑘Φ(𝑡𝑘) =

∑
𝛼𝑘𝑈(𝑥+ 𝑡𝑘, 𝑦 + 𝑡𝑘, 1)

=
∑

𝛼𝑘

[
(𝑥 + 𝑡𝑘)𝑢

(
−1, 𝑦 + 𝑡𝑘

𝑥+ 𝑡𝑘

)]

= (𝑥+ 𝑡)
∑ 𝛼𝑘(𝑥+ 𝑡𝑘)

𝑥+ 𝑡
𝑢

(
1,

𝑦 + 𝑡𝑘
𝑥+ 𝑡𝑘

)
.

However, by part (iii) of Lemma 7.2, this can be bounded from below by

(𝑥+ 𝑡)𝑢

(
1,
∑ 𝑦 + 𝑡𝑘

𝑥+ 𝑡𝑘
⋅ 𝛼𝑘(𝑥+ 𝑡𝑘)

𝑥+ 𝑡

)
= (𝑥+ 𝑡)𝑢

(
1,

𝑦 + 𝑡

𝑥+ 𝑡

)
= Φ(𝑡).

The convexity on (−∞, 1] follows from the symmetry condition (7.33). Finally, to
show (7.37), we note that for 𝑡 < −1− 𝑥,

Φ(𝑡)

𝑡
=

𝑥+ 𝑡

𝑡
𝑢

(
1,

𝑦 − 𝑡

𝑥+ 𝑡

)
𝑡→∞−−−→ 𝑢(1, 1) ≤ Φ′(1 − 𝑥−),

where in the last passage we have used part (iv) of Lemma 7.2. The second in-
equality in (7.37) follows from the symmetry condition (7.33). The condition 3∘,
due to the appearance of 𝜀 in (7.32), needs to be slightly modified. The statement
reads

3∘ 𝑈(𝑥,±𝑥, 𝑧) ≤ 0 for all 𝑧 > 0 and 0 ≤ 𝑥 ≤ 𝑧,

and this follows by simply noting that 𝑢(𝑥,±𝑥) = − 2
𝛽−1

< 0 for 𝑥 ∈ [−1, 1].
Finally, the property 4∘ follows directly from the definition. This completes the
proof of (7.29) for ±1-transforms. □

Proof of (7.29) in the general case. We may and do assume that ∣∣ ∣𝑋 ∣∗∣∣1 is finite,
since otherwise the claim is obvious. For a fixed positive integer 𝑁 , consider the
stopping time 𝜏 = inf{𝑡 ≥ 0 : ∣𝑋𝑡∣ + ∣𝑌𝑡∣ ≥ 𝑁}. We have, by the differential
subordination,

∣𝑌𝜏∧𝑡∣ ≤ ∣𝑌𝜏∧𝑡−∣+ ∣Δ𝑌𝜏∧𝑡∣ ≤ 𝑁 + ∣Δ𝑋𝜏∧𝑡∣
(with the convention 𝑌0− = 0), so ∣𝑌𝜏 ∣∗ belongs to 𝐿1.

Observe that the function 𝑈 satisfies the inequality

𝑈𝑧(𝑥, 𝑦, 𝑧) ≤ 0 (7.38)

for any 𝑧 > 0 and any 𝑥, 𝑦 ∈ ℝ such that ∣𝑥∣ ≤ 𝑧. Furthermore, for such (𝑥, 𝑦, 𝑧)
and ℎ, 𝑘 ∈ ℝ satisfying ∣𝑘∣ ≤ ∣ℎ∣, we have

𝑈(𝑥+ ℎ, 𝑦 + 𝑘, 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧) + 𝑈𝑥(𝑥, 𝑦, 𝑧)ℎ+ 𝑈𝑦(𝑥, 𝑦, 𝑧)𝑘. (7.39)
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Indeed, we have shown this above in the case ℎ = ±𝑘, but the reasoning works for
𝑘 ∈ [−∣ℎ∣, ∣ℎ∣] as well.

Fix 𝛿 > 0 and let 𝑔 : ℝ3 → [0,∞) be a 𝐶∞ function, supported on the unit
ball of ℝ3, satisfying

∫
ℝ3 𝑔 = 1. Define a smooth 𝑈 : ℝ × ℝ× (0,∞) → ℝ by the

convolution

𝑈(𝑥, 𝑦, 𝑧) =

∫
ℝ3

𝑈(𝑥+ 𝛿𝑢1, 𝑦 + 𝛿𝑢2, 𝑧 + 2𝛿 + 𝛿𝑢3)𝑔(𝑢1, 𝑢2, 𝑢3)d𝑢1d𝑢2d𝑢3.

Observe that when ∣𝑥∣ ≤ 𝑧, then also ∣𝑥+ 𝛿𝑢1∣ ≤ 𝑧+2𝛿+ 𝛿𝑢3 for (𝑢1, 𝑢2, 𝑢3) lying
in the unit ball of ℝ3. Consequently, 𝑈 inherits the following properties from 𝑈 :

(i) for any fixed 𝑧 > 0, 𝑈(⋅, ⋅, 𝑧) is diagonally concave on [−𝑧, 𝑧]× ℝ.

(ii) 𝑈(𝑥, ⋅, 𝑧) is convex for any fixed 𝑥 ∈ [−𝑧, 𝑧], 𝑧 > 0.

(iii) 𝑈𝑧(𝑥, 𝑦, 𝑧) ≤ 0 for any 𝑧 > 0, 𝑥 ∈ [−𝑧, 𝑧] and 𝑦 ∈ ℝ.

(iv) 𝑈(𝑥, 𝑦, 𝑧) ≤ 𝑐(∣𝑦∣ + ∣𝑥∣ ∨ 𝑧) for all (𝑥, 𝑦, 𝑧) ∈ 𝐷 and some absolute 𝑐 (not
depending on 𝛿).

(v) 𝑈 satisfies (7.39).

We may write, for ∣𝑥∣ < 𝑧 and 𝑦 ∈ ℝ,

𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ2 + 2𝑈𝑥𝑦(𝑥, 𝑦, 𝑧)ℎ𝑘 + 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)𝑘2

≤ 𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ2 −Δ𝑈(𝑥, 𝑦, 𝑧)
ℎ2 + 𝑘2

2
+ 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)𝑘2

= −𝑐(𝑥, 𝑦, 𝑧)(ℎ2 − 𝑘2).

(7.40)

Here

𝑐(𝑥, 𝑦, 𝑧) =
−𝑈𝑥𝑥(𝑥, 𝑦, 𝑧) + 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)

2
≥ 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧) ≥ 0,

where in the first inequality we have used the superharmonicity of 𝑈 (which follows
from (i)), while in the second we have exploited (ii). Let 𝑍𝑡 = (𝑋𝜏∧𝑡, 𝑌𝜏∧𝑡, ∣𝑋𝜏∧𝑡∣∗∨
𝜀) for 𝑡 ≥ 0 and 𝜀 > 0. Application of Itô’s formula gives

𝑈(𝑍𝑡) = 𝑈(𝑍0) + 𝐼1 + 𝐼2 +
1

2
𝐼3 + 𝐼4,

where

𝐼1=

∫ 𝜏∧𝑡

0+

𝑈𝑥(𝑍𝑠−)d𝑋𝑠+

∫ 𝜏∧𝑡

0+

𝑈𝑦(𝑍𝑠−)d𝑌𝑠,

𝐼2=

∫ 𝜏∧𝑡

0+

𝑈𝑧(𝑍𝑠−)d(∣𝑋𝑠∣∗∨𝜀),

𝐼3=

∫ 𝜏∧𝑡

0+

𝑈𝑥𝑥(𝑍𝑠−)d[𝑋,𝑋 ]c𝑠+2

∫ 𝜏∧𝑡

0+

𝑈𝑥𝑦(𝑍𝑠−)d[𝑋,𝑌 ]c𝑠+

∫ 𝜏∧𝑡

0+

𝑈𝑦𝑦(𝑍𝑠−)d[𝑌,𝑌 ]c𝑠,

𝐼4=
∑

0<𝑠≤𝜏∧𝑡

[
𝑈(𝑍𝑠)−𝑈(𝑍𝑠−)−𝑈𝑥(𝑍𝑠−)∣Δ𝑋𝑠∣−𝑈𝑦(𝑍𝑠−)∣Δ𝑌𝑠∣

]
.
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Using the localizing argument if necessary, we may assume that 𝔼𝐼1 = 0. By
(iii), 𝐼2 ≤ 0. Reasoning as in the nonmaximal setting, we have that (7.40) implies
𝐼3 ≤ 0. Finally 𝐼4 ≤ 0 due to (v). Consequently, we obtain

𝔼𝑈(𝑋𝜏∧𝑡, 𝑌𝜏∧𝑡, ∣𝑋𝜏∧𝑡∣∗ ∨ 𝜀) ≤ 𝔼𝑈(𝑋0, 𝑌0, ∣𝑋0∣ ∨ 𝜀).

Now let 𝛿 go to 0. By (iv) and Lebesgue’s dominated convergence theorem, we
obtain

𝔼𝑈(𝑋𝜏∧𝑡, 𝑌𝜏∧𝑡, ∣𝑋𝜏∧𝑡∣∗ ∨ 𝜀) ≤ 𝔼𝑈(𝑋0, 𝑌0, ∣𝑋0∣ ∨ 𝜀) ≤ 0,
so, using the majorization,

𝔼∣𝑌𝜏∧𝑡∣ ≤ 𝛽𝔼(∣𝑋𝜏∧𝑡∣∗ ∨ 𝜀).

It suffices to let 𝜀 → 0, 𝑁 →∞ and then 𝑡 →∞ to get the claim. □

Sharpness of (7.29). The proof will be based on Theorem 7.2. Suppose that 𝛽0 > 0
is such that

∣∣𝑔∣∣1 ≤ 𝛽0∣∣ ∣𝑓 ∣∗∣∣1
for all simple real-valued martingales 𝑓 and their ±1-transforms 𝑔. For 𝑥, 𝑦 ∈ ℝ

and 𝑧 ≥ 0, let 𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣ − 𝛽0(∣𝑥∣ ∨ 𝑧) and

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼𝑉 (𝑓∞, 𝑔∞, ∣𝑓∞∣∗ ∨ 𝑧)},
where the supremum runs over all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). Then 𝑈0 satisfies 1∘–4∘ and,
by the very definition, it is homogeneous: for any 𝜆 ∕= 0,

𝑈0(𝜆𝑥,±𝜆𝑦, ∣𝜆∣𝑧) = ∣𝜆∣𝑈0(𝑥, 𝑦, 𝑧). (7.41)

We shall use the notation

𝐴(𝑦) = 𝑈0(0, 𝑦, 1) and 𝐵(𝑦) = 𝑈0(1, 𝑦, 1)

for 𝑦 ∈ ℝ. It will be convenient to divide the proof into a few steps.

Step 1. The first observation is that the function 𝐵 is convex. To see this, we
repeat the argument from Lemma 5.7 above. Namely, let 𝑦1, 𝑦2 ∈ ℝ and 𝜆 ∈ (0, 1).
Let (𝑓, 𝑔) ∈ 𝑀(1, 𝜆𝑦1 + (1− 𝜆)𝑦2). If we set

𝑔(1) = 𝑔 + (1− 𝜆)(𝑦1 − 𝑦2) and 𝑔(2) = 𝑔 + 𝜆(𝑦2 − 𝑦1),

then, clearly, (𝑓, 𝑔(1)) ∈ 𝑀(1, 𝑦1) and (𝑓, 𝑔(2)) ∈ 𝑀(1, 𝑦2). Hence, by the triangle
inequality,

𝔼(∣𝑔∞∣ − 𝛽0∣𝑓∞∣) = 𝔼(∣𝜆𝑔(1)∞ + (1− 𝜆)𝑔(2)∞ ∣ − 𝛽0∣𝑓∞∣)
≤ 𝜆𝔼(∣𝑔(1)∞ ∣ − 𝛽0∣𝑓∞∣) + (1− 𝜆)𝔼(∣𝑔(2)∞ ∣ − 𝛽0∣𝑓∞∣)
≤ 𝜆𝐵(𝑦1) + (1− 𝜆)𝐵(𝑦2).

Now taking the supremum over all (𝑓, 𝑔) as above yields the convexity of 𝐵. In
particular, this shows that the function 𝐵 is continuous.
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Step 2. The next move is to establish the inequality

𝐴(0) ≥ 𝐵(1). (7.42)

This is straightforward: we apply 2∘ with 𝑥 = 𝑦 = 0, 𝑧 = 1, 𝜀 = 1, 𝑡1 = −𝑡2 = −1
and 𝛼 = 1/2 to get

1

2
𝑈0(−1,−1, 1) + 1

2
𝑈0(1, 1, 1) ≤ 𝑈0(0, 0, 1).

It remains to use the equality 𝑈0(−1,−1, 1) = 𝑈0(1, 1, 1), which follows from
(7.41).

Step 3. Now we will establish the much more involved estimate

𝐴(𝑦 − 1) ≥ 𝐵(𝑦) +𝐵(1)

(
1− exp

(
1− 𝑦

2

))
, (7.43)

valid for all 𝑦 ≥ 1. To do this, fix 𝛿 > 0 and apply 2∘ with 𝑥 = 𝑧 = 1, 𝑦, 𝜀 = −1,
𝑡1 = −𝛿, 𝑡2 = 𝑇 and 𝛼 = 𝑇/(𝑇 + 𝛿). We obtain

𝑈0(1, 𝑦, 1) ≥ 𝑇

𝑇 + 𝛿
𝑈0(1− 𝛿, 𝑦 + 𝛿, 1) +

𝛿

𝑇 + 𝛿
𝑈0(1 + 𝑇, 𝑦 − 𝑇, 1 + 𝑇 )

=
𝑇

𝑇 + 𝛿
𝑈0(1− 𝛿, 𝑦 + 𝛿, 1) +

𝛿(1 + 𝑇 )

𝑇 + 𝛿
𝑈0

(
1,

𝑦 − 𝑇

1 + 𝑇
, 1

)
,

where the latter passage is due to (7.41). Now let 𝑇 →∞ and use the continuity
of 𝐵 established in 1∘ to obtain

𝐵(𝑦) ≥ 𝑈0(1− 𝛿, 𝑦 + 𝛿, 1) + 𝛿𝑈0(1,−1, 1) = 𝑈0(1− 𝛿, 𝑦 + 𝛿, 1) + 𝛿𝐵(1), (7.44)

the last equality being a consequence of (7.41): 𝑈0(1,−1, 1) = 𝑈0(1, 1, 1). Now we
use the property 2∘ again, this time with 𝑥 = 1− 𝛿, 𝑦+ 𝛿, 𝑧 = 1, 𝜀 = 1, 𝑡1 = 𝛿− 1,
𝑡2 = 𝛿, 𝛼 = 𝛿. We arrive at

𝑈0(1− 𝛿, 𝑦 + 𝛿, 1) ≥ 𝛿𝑈0(0, 𝑦 + 2𝛿 − 1, 1) + (1− 𝛿)𝑈0(1, 𝑦 + 2𝛿, 1)

= 𝛿𝐴(𝑦 + 2𝛿 − 1) + (1− 𝛿)𝐵(𝑦 + 2𝛿)

and plugging this into (7.44) yields

𝐵(𝑦) ≥ (1 − 𝛿)𝐵(𝑦 + 2𝛿) + 𝛿𝐴(𝑦 + 2𝛿 − 1) + 𝛿𝐵(1). (7.45)

Using a similar argumentation, one can establish the estimate

𝐴(𝑦 + 2𝛿 − 1) ≥ 𝛿

1 + 𝛿
𝐵(𝑦) +

𝛿

1 + 𝛿
𝐵(𝑦 + 2𝛿) +

1− 𝛿

1 + 𝛿
𝐴(𝑦 − 1). (7.46)

Indeed, it suffices to combine the following inequalities: first,

𝐴(𝑦 + 2𝛿 − 1) ≥ 1

1 + 𝛿
𝑈0(𝛿, 𝑦 + 𝛿 − 1, 1) + 𝛿

1 + 𝛿
𝐵(𝑦 + 2𝛿),
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coming from 2∘ with 𝑥 = 0, 𝑦+2𝛿, 𝑧 = 1, 𝜀 = −1, 𝑡1 = 𝛿, 𝑡2 = −1 and 𝛼 = 1/(1+𝛿)
(and the fact that 𝑈0(−1, 𝑦 + 2𝛿, 1) = 𝑈0(1, 𝑦 + 2𝛿, 1) = 𝐵(𝑦 + 2𝛿)); second,

𝑈0(𝛿, 𝑦 + 𝛿 − 1, 1) ≥ (1− 𝛿)𝐴(𝑦 − 1) + 𝛿𝐵(𝑦),

a consequence of 2∘ with 𝑥 = 𝛿, 𝑦 + 𝛿 − 1, 𝑧 = 1, 𝜀 = 1, 𝑡1 = −𝛿, 𝑡2 = 1 − 𝛿 and
𝛼 = 1− 𝛿.

Multiply (7.45) throughout by 1/(1 + 𝛿) and add the result to (7.46). After
some manipulations, we get

𝐴(𝑦 + 2𝛿 − 1)−𝐵(𝑦 + 2𝛿)−𝐵(1) ≥ (1− 𝛿)(𝐴(𝑦 − 1)−𝐵(𝑦)−𝐵(1)).

Therefore, by induction, we see that for any nonnegative integer 𝑁 ,

𝐴(𝑦 + 2𝑁𝛿 − 1)−𝐵(𝑦 + 2𝑁𝛿)−𝐵(1) ≥ (1− 𝛿)𝑁 (𝐴(𝑦 − 1)−𝐵(𝑦)−𝐵(1)).

Now fix 𝑠 > 1 and set 𝑦 = 1, 𝛿 = (𝑠− 1)/(2𝑁). Letting 𝑁 →∞ yields

𝐴(𝑠− 1)−𝐵(𝑠)−𝐵(1) ≥ (𝐴(0)− 2𝐵(1)) exp
(
1− 𝑠

2

)
,

and using (7.42) we arrive at (7.43).

Step 4. This is the final part. We come back to (7.45) and insert the bound
(7.43) there: as a result, we obtain

𝐵(𝑦) ≥ 𝐵(𝑦 + 2𝛿) + 2𝛿𝐵(1)− 𝛿𝐵(1) exp

(
1− 𝑦 − 2𝛿
2

)
.

By induction, we get, for any nonnegative integer 𝑁 ,

𝐵(𝑦) ≥ 𝐵(𝑦 + 2𝑁𝛿) + 2𝑁𝛿𝐵(1)− 𝛿𝐵(1)

𝑁∑
𝑘=1

exp

(
1− 𝑦 − 2𝑘𝛿

2

)

= 𝐵(𝑦 + 2𝑁𝛿) + 2𝑁𝛿𝐵(1)− 𝛿𝐵(1)
1 − 𝑒−𝑁𝛿

1− 𝑒−𝛿
exp

(
1− 𝑦 − 2𝛿
2

)
.

As previously, fix 𝑠 > 1 and set 𝑦 = 1, 𝛿 = (𝑠− 1)/(2𝑁). Letting 𝑁 →∞ gives

𝐵(1)

(
3− 𝑠− exp

(
1− 𝑠

2

))
≥ 𝐵(𝑠)

and hence 𝐵(𝛽) ≤ 0. Since 𝑈0 majorizes 𝑉 , we have that

𝛽 − 𝛽0 = 𝑉 (1, 𝛽, 1) ≤ 𝑈0(1, 𝛽, 1) = 𝐵(𝛽) ≤ 0,

that is, 𝛽0 ≥ 𝛽. This shows that the constant 𝛽 is indeed the best possible. □
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On the search of the suitable majorant. Let 𝛽0 be a given positive number and set
𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣ − 𝛽0∣𝑥∣ ∨ 𝑧,

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗)},

where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). This formula gives
us some crucial information. First, obviously, 𝑈0 is homogeneous and symmetric,
so in fact we need to find the function 𝑈0(⋅, ⋅, 1) on the strip [0, 1]× [0,∞). The
second observation concerns the set 𝐽 = {(𝑥, 𝑦) : 𝑈0(𝑥, 𝑦, 1) = 𝑉 (𝑥, 𝑦, 1)}. This
set is clearly symmetric with respect to the 𝑥 and 𝑦 axes; furthermore, we have
𝐽 ⊆ {(±1, 𝑦) : 𝑦 ∈ ℝ}. Indeed, for any 𝑥 ∈ (−1, 1), 𝑦 ∈ ℝ, one easily constructs a
pair (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) with ∣∣𝑓 ∣∣∞ ≤ 1 and ∣∣𝑔∣∣1 > 𝑦. This pair yields the claimed
inclusion, because 𝑈0(𝑥, 𝑦, 1) ≥ 𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗) > ∣𝑦∣ − 𝛽0 = 𝑉 (𝑥, 𝑦, 1). A little
experimentation leads to the following assumption on 𝐽 :

(A1) 𝐽 = {(±1, 𝑦) : ∣𝑦∣ ≥ 𝛾} for some 𝛾 > 1.

In particular, this implies

𝑈(±1, 𝑦, 1) = ∣𝑦∣ − 𝛽0 for ∣𝑦∣ ≥ 𝛾. (7.47)

Furthermore, we make the following conjectures concerning the special function
(which from now on is denoted by 𝑈). Let, as above, 𝐴(𝑦) = 𝑈(0, 𝑦, 1), 𝐵(𝑦) =
𝑈(1, 𝑦, 1); furthermore, put 𝐶(𝑥) = 𝑈(𝑥, 0, 1).

(A2) 𝑈(⋅, ⋅, 1) is of class 𝐶1 on the strip (−1, 1)× ℝ.

(A3) For any 𝑥 ∈ (0, 1) and 𝑦 ≥ 𝑥 we have

𝑈(𝑥, 𝑦, 1) = 𝑥𝐵(−𝑥 + 𝑦 + 1) + (1− 𝑥)𝐴(−𝑥 + 𝑦).

(A4) For any 𝑥 ∈ (0, 1) and 0 ≤ 𝑦 ≤ 𝑥,

𝑈(𝑥, 𝑦, 1) =
𝑦

−𝑥+ 𝑦 + 1
𝐵(−𝑥+ 𝑦 + 1) +

−𝑥+ 1

−𝑥+ 𝑦 + 1
𝐶(𝑥− 𝑦).

The next assumption is based on (7.44): we guess that

(A5) 𝑈𝑥(1−, 𝑦)− 𝑈𝑦(1, 𝑦) = 𝐵(1) for 𝑦 ∈ [0, 𝛾].
The conditions (A1)–(A5) lead to the special function 𝑈 studied in the proof
above, as we shall show now. Since 𝑈(𝑥, 𝑦, 1) = 𝑈(−𝑥, 𝑦, 1) for all 𝑥 ∈ [−1, 1] and
𝑦 ∈ ℝ, we have, by (A2) and (A3),

𝐴′(𝑦) = −𝐴(𝑦) +𝐵(𝑦 + 1). (7.48)

This, together with (7.47), yields

𝐴(𝑦) = 𝑦 − 𝛽0 + 𝑐1𝑒
−𝑦, 𝑦 ≥ 𝛾 − 1, (7.49)
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where 𝑐1 is a certain positive constant. Next, combining (A3) and (A5) gives that
for 𝑦 ∈ [1, 𝛾]

2𝐵′(𝑦) = 𝐵(𝑦)−𝐴(𝑦 − 1)−𝐵(1)

and, by (7.48), implies 2𝐵′(𝑦) = 𝐴′(𝑦 − 1)−𝐵(1), or

2𝐵(𝑦) = 𝐴(𝑦 − 1)−𝐵(1)𝑦 + 𝑐2 (7.50)

for some constant 𝑐2. Plugging this again into (7.48) and solving the resulting
differential equation gives

𝐴(𝑦) = −𝐵(1)𝑦 + 𝑐2 + 2𝑐3 exp

(
−𝑦 + 1

2

)
, 𝑦 ∈ [0, 𝛾 − 1],

for some 𝑐3 ∈ ℝ; this implies

𝐵(𝑦) = 𝐵(1)(1− 𝑦) + 𝑐2 + 𝑐3𝑒
−𝑦/2. (7.51)

Plugging 𝑦 = 1 and using the equations 𝐴(𝛾−1−) = 𝐴(𝛾−1+) and 𝐴′(𝛾−1−) =
𝐴′(𝛾 − 1+), we derive that 𝑐1 = (1 + 𝐵(1))𝑒𝛾−1 − 𝐵(1)𝑒(𝛾−1)/2, 𝑐2 = 2𝐵(1),
𝑐3 = −𝐵(1)𝑒1/2 and

𝛽0 = 𝛾 −𝐵(1)

[
3− 𝛾 − exp

(
1− 𝛾

2

)]
. (7.52)

Inserting these parameter values into (7.51), we obtain

𝐵(𝑦) = 𝐵(1)

[
3− 𝑦 − exp

(
1− 𝑦

2

)]

and, since 𝐵′(𝛾) = 1, we get 𝐵(1) = 2
(
exp(1−𝛾

2
)− 2)−1

. Plugging this into (7.52)
gives

𝛽0 = 𝛾 + 2 +
2(1− 𝛾)

2− exp ( 1−𝛾
2

) .
The right-hand side, as a function of 𝛾 ∈ [1,∞), attain its minimum 𝛽 at 𝛾 = 𝛽.
The final assumption is that this equality takes place. Then the formulas for 𝐴
and 𝐵 we have just obtained allow us to derive the values of 𝑈(⋅, ⋅, 1) on the set
{(𝑥, 𝑦) : ∣𝑦∣ ≥ ∣𝑥∣}. What we get coincides with the special function 𝑢 above. To
get 𝑈(𝑥, 𝑦, 1) for ∣𝑦∣ < ∣𝑥∣, we use (A2), (A4) and the symmetry of 𝑈(⋅, ⋅, 1) with
respect to the 𝑦-axis. Namely, we have 𝑈𝑦(𝑥, 0, 1) = 0, which implies

𝐶′(𝑥) =
𝐵(1 − 𝑥)− 𝐶(𝑥)

1− 𝑥
for 𝑥 ∈ [0, 1).

Now, by (A4) and (A5),

2𝐵′(𝑦) =
𝐵(𝑦)− 𝐶(1 − 𝑦)

𝑦
−𝐵(1) for 𝑦 ∈ [0, 1).
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Consequently, 𝐶(𝑥) = −2𝐵(1 − 𝑥) + 𝐵(1)𝑥 + 𝑐4 for some constant 𝑐4; plugging
this into one of the above differential equations and solving gives

𝐶(𝑥) = 𝐵(1)𝑥− 2
3
𝐵(1) +

𝑐4
3
+ 𝑐5(1 − 𝑥)3/2 for 𝑥 ∈ [0, 1),

where 𝑐5 is another constant. Using the equalities 𝐶′(0) = 0 and 𝐶(0) = 0 gives
explicit formulas for 𝐵 and 𝐶 on [0, 1]. These, in turn, by virtue of (A4), yield
the function 𝑈 on {(𝑥, 𝑦) : ∣𝑦∣ < ∣𝑥∣ ≤ 1}: we get precisely the function 𝑢 defined
above. □

7.3.3 Proof of Theorem 7.10

Quite unexpectedly, this result is closely related to the moment inequality for
bounded submartingales studied in Theorem 4.16. Let 𝑢𝛼 be the special function
invented there.

Proof of (7.30) and (7.31). We shall only sketch the proof of the first estimate.
We focus on the discrete-time version for ±1-transforms of simple supermartin-
gales; the passage to the continuous-time can be carried out in the same manner
as above. Let 𝐷 = [0,∞) × ℝ × (0,∞). Define 𝑉, 𝑈 : 𝐷 → ℝ by 𝑉 (𝑥, 𝑦, 𝑧) =
∣𝑦∣ − (2 + (3𝑒)−1)(∣𝑥∣ ∨ 𝑧) and

𝑈(𝑥, 𝑦, 𝑧) = (𝑥 ∨ 𝑧)
[
𝑢𝛼

(
1− 𝑥

𝑥 ∨ 𝑧
,

𝑦

𝑥 ∨ 𝑧

)
− 𝑢𝛼(0, 1)

]
.

Repeating the above reasoning, we conclude that the function

𝑢(𝑥, 𝑦) = 𝑢𝛼 (1− 𝑥, 𝑦)− 𝑢𝛼(0, 1)

satisfies the properties listed in Lemma 7.2 (with 𝛽 replaced by 2 + (3𝑒)−1). In
addition, we have that for any 𝑦 ∈ ℝ and ∣𝛾∣ ≤ 1, the function 𝑡 �→ 𝑢(𝑡, 𝑦 + 𝛾𝑡)
is increasing on [0, 1]. This implies that 𝑈 satisfies the conditions 1∘–4∘ and the
estimate follows. □

Sharpness of (7.31). Let 𝛼 ≥ 1. Suppose that the inequality

∣∣𝑔∣∣1 ≤ 𝛽0∣∣𝑓∗∣∣1
holds for all nonnegative supermartingales 𝑓 and their 𝛼-subordinates 𝑔. Let

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼[∣𝑔∞∣ − 𝛽0∣𝑓∗
∞∣∗ ∨ 𝑧

]},
where the supremum is taken over all simple 𝑓 , 𝑔 satisfying appropriate properties.
By a supermartingale version of Theorem 7.2, the function

𝑢 = 𝑈0(⋅, ⋅, 1) : [0, 1]× ℝ→ ℝ
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has the following properties:

𝑢(𝑥, 𝑦) ≥ ∣𝑦∣ − 𝛽0, (7.53)

𝑢 is diagonally concave, (7.54)

𝑢(1, 𝑦) ≥ 𝑢(1− 𝑡, 𝑦 ± 𝛼𝑡) for any 𝑡 ∈ [0, 1], (7.55)

𝑢(𝑥,±𝑥) ≤ 0 for all 𝑥 ∈ [0, 1]. (7.56)

Let 𝐵(𝑦) = 𝑢(1, 𝑦) for 𝑦 ∈ ℝ. Furthermore, for 𝑦 ≥ 𝛼/(2𝛼+ 1), denote

𝐶(𝑦) = 𝑢

(
𝛼+ 1

2𝛼+ 1
, 𝑦 − 𝛼

2𝛼+ 1

)
.

It is convenient to split the proof into a few intermediate steps. Throughout, 𝛿 is
a sufficiently small positive number.

Step 1. We will show that for any 𝑦 ≥ 𝛼/(2𝛼+ 1),

𝐵(𝑦) ≥ 𝛿(2𝛼+ 1)

𝛼
𝐶(𝑦 + (𝛼+ 1)𝛿) +

𝛼− 𝛿(2𝛼+ 1)

𝛼
𝐵(𝑦 + (𝛼+ 1)𝛿). (7.57)

To prove this, note that by (7.55) we have

𝐵(𝑦) = 𝑢(1, 𝑦) ≥ 𝑢(1− 𝛿, 𝑦 + 𝛼𝛿)

and, by (7.54),

𝑢(1− 𝛿, 𝑦 + 𝛼𝛿) ≥𝛿(2𝛼+ 1)

𝛼
𝑢

(
𝛼+ 1

2𝛼+ 1
, 𝑦 − 𝛼

2𝛼+ 1
+ (𝛼+ 1)𝛿

)

+
𝛼− 𝛿(2𝛼+ 1)

𝛼
𝑢(1, 𝑦 + (𝛼+ 1)𝛿)

=
𝛿(2𝛼+ 1)

𝛼
𝐶(𝑦 + (𝛼+ 1)𝛿) +

𝛼− 𝛿(2𝛼+ 1)

𝛼
𝐵(𝑦 + (𝛼+ 1)𝛿).

Combining these two facts yields (7.57).

Step 2. Next we show that for 𝑦 ≥ 𝛼/(2𝛼+ 1),

𝐶(𝑦 + (𝛼+ 1)𝛿) ≥ 𝛿(2𝛼+ 1)

2 + 𝛿(2𝛼+ 1)

(
𝑦 +

1

2𝛼+ 1
− 𝛽0

)
(7.58)

+
(𝛼+ 1)(2𝛼+ 1)𝛿

𝛼(2 + 𝛿(2𝛼+ 1))
𝐵(𝑦) +

2𝛼− (𝛼+ 1)(2𝛼+ 1)𝛿
𝛼(2 + 𝛿(2𝛼+ 1))

𝐶(𝑦).

The proof is similar to that of (7.57). By (7.54), we have

𝐶(𝑦 + (𝛼+ 1)𝛿) ≥ 𝛿(2𝛼+ 1)

2 + 𝛿(2𝛼+ 1)
𝑢

(
0, 𝑦 +

1

2𝛼+ 1
+ (𝛼+ 1)𝛿

)
+

2𝐴

2 + 𝛿(2𝛼+ 1)
,
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where

𝐴 = 𝑢

(
𝛼+ 1

2𝛼+ 1
+
(𝛼 + 1)𝛿

2
, 𝑦 − 𝛼

2𝛼+ 1
+ 𝛼𝛿 − (𝛼+ 1)𝛿

2

)
.

Furthermore, again by (7.54),

𝐴 ≥ (𝛼+ 1)(2𝛼+ 1)𝛿
2𝛼

𝐵(𝑦) +
2𝛼− (𝛼+ 1)(2𝛼+ 1)𝛿

2𝛼
𝐶(𝑦).

In addition, by (7.53),

𝑢

(
0, 𝑦 +

1

2𝛼+ 1
+ (𝛼+ 1)𝛿

)
≥ 𝑦 +

1

2𝛼+ 1
+ (𝛼+ 1)𝛿 − 𝛽0.

Combining the three inequalities above gives (7.58).

Step 3. Multiply both sides of (7.58) by

𝜆+ =
2𝛼+ 3 +

√
(2𝛼+ 1)2 − 4𝛿(𝛼+ 1)(2𝛼+ 1)

2(𝛼+ 1)

and add it to (7.57). After some lengthy but straightforward computations we get

𝐶(𝑦 + (𝛼+ 1)𝛿)− 𝑝𝛼,𝛿𝐵(𝑦 + (𝛼+ 1)𝛿) ≥ 𝑞𝛼,𝛿
(
𝐶(𝑦)− 𝑝𝛼,𝛿𝐵(𝑦)

)
+ 𝑟𝛼,𝛿

(
𝑦 +

1

2𝛼+ 1
− 𝛽0

)
,
(7.59)

where

𝑝𝛼,𝛿 =
𝛼− 𝛿(2𝛼+ 1)

𝜆+𝛼− 𝛿(2𝛼+ 1)
,

𝑞𝛼,𝛿 =
𝜆+(2𝛼− (𝛼+ 1)(2𝛼+ 1)𝛿)

(2 + 𝛿(2𝛼+ 1))(𝜆+𝛼− 𝛿(2𝛼+ 1))
,

𝑟𝛼,𝛿 =
𝜆+𝛼(2𝛼+ 1)𝛿

(2 + 𝛿(2𝛼+ 1))(𝜆+𝛼− 𝛿(2𝛼+ 1))
.

By induction, (7.59) gives that for any positive integer 𝑁 ,

𝐶(𝑦 +𝑁(𝛼+ 1)𝛿)− 𝑝𝛼,𝛿𝐵(𝑦 +𝑁(𝛼+ 1)𝛿) ≥ 𝐼1 + 𝐼2, (7.60)

where

𝐼1 = 𝑞𝑁𝛼,𝛿
(
𝐶(𝑦)− 𝑝𝛼,𝛿𝐵(𝑦)

)
and

𝐼2 = 𝑟𝛼,𝛿

𝑁−1∑
𝑘=0

𝑞𝑁−1−𝑘
𝛼,𝛿

(
𝑦 + 𝑘(𝛼+ 1)𝛿 +

1

2𝛼+ 1
− 𝛽0

)
.
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Now take 𝑦1 > 𝑦2 ≥ 𝛼/(2𝛼 + 1), put 𝑦 = 𝑦2, 𝛿 = (𝑦1 − 𝑦2)/(𝑁(𝛼 + 1)) in (7.60),
and let 𝑁 →∞. One easily checks that then 𝑝𝛼,𝛿 → 1/2 and

𝑞𝛼,𝛿 = 1− 𝛿(2𝛼+ 1) + 𝑜(𝛿) = 1− 2𝛼+ 1
𝛼+ 1

𝑦1 − 𝑦2
𝑁

+ 𝑜(𝑁−1),

so

𝐼1 → exp
(
−2𝛼+ 1

𝛼+ 1
(𝑦1 − 𝑦2)

)(
𝐶(𝑦)− 𝐵(𝑦)

2

)
.

Furthermore, 𝑟𝛼,𝛿 = (2𝛼+ 1)𝛿/2 + 𝑜(𝛿) and

𝐼2 =
(2𝛼+ 1)𝛿

2

[(
𝑦2 +

1

2𝛼+ 1
− 𝛽0

)
𝑞𝑁𝛼,𝛿 − 1
𝑞𝛼,𝛿 − 1

+ (𝛼+ 1)𝛿
(𝑁 − 1)𝑞−2

𝛼,𝛿 −𝑁𝑞−1
𝛼,𝛿 + 𝑞𝑁−2

𝛼,𝛿

(𝑞𝛼,𝛿 − 1)2
]
+ 𝑜(1)

→ 1
2

[
exp

(
−2𝛼+ 1

𝛼+ 1
(𝑦1 − 𝑦2)

)
− 1
](

−𝑦2 + 𝛽0 +
𝛼

2𝛼+ 1

)
+

𝑦1 − 𝑦2
2

.

Using all these facts in (7.60) and working a little bit yields

𝐶(𝑦1)− 𝐵(𝑦1)

2
− 𝑦1
2
+

𝛽0

2
+

𝛼

2(2𝛼+ 1)
(7.61)

≥ exp
[
−2𝛼+ 1

𝛼+ 1
(𝑦1 − 𝑦2)

](
𝐶(𝑦2)− 𝐵(𝑦2)

2
− 𝑦2
2
+

𝛽0

2
+

𝛼

2(2𝛼+ 1)

)
.

Step 4. Similarly, multiply both sides of (7.58) by

𝜆− =
2𝛼+ 3−√(2𝛼+ 1)2 − 4𝛿(𝛼+ 1)(2𝛼+ 1)

2(𝛼+ 1)
,

add the result to (7.57) and proceed as in the previous step. What we obtain is
that for all 𝑦1 > 𝑦2 ≥ 𝛼/(2𝛼+ 1),

𝐶(𝑦1)− (𝛼+ 1)𝐵(𝑦1) + 𝛼𝑦1 +
2𝛼3

2𝛼+ 1
+ 𝛼− 𝛽0𝛼

≥ exp
[
2𝛼+ 1

2𝛼(𝛼+ 1)
(𝑦1 − 𝑦2)

](
𝐶(𝑦2)− (𝛼+ 1)𝐵(𝑦2) + 𝛼𝑦2 +

2𝛼3

2𝛼+ 1
+ 𝛼− 𝛽0𝛼

)
.

Note that this implies

𝐶(𝑦)− (𝛼 + 1)𝐵(𝑦) + 𝛼𝑦 +
2𝛼3

2𝛼+ 1
+ 𝛼− 𝛽0𝛼 ≤ 0 (7.62)

for all 𝑦 ≥ 𝛼/(2𝛼 + 1). Indeed, if this estimate is not valid for some 𝑦, then use
the preceding inequality with 𝑦1 > 𝑦2 = 𝑦 and let 𝑦1 → ∞. As the result, we get
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that 𝐶 − (𝛼+1)𝐵 has exponential growth at infinity. However, this is impossible:
arguing as in the proof of Lemma 5.7, we get that both 𝐵 and 𝐶 are Lipschitz.

Step 5. This is the final part. By (7.54) and then (7.56) we have

𝐶

(
𝛼

2𝛼+ 1

)
≥ 𝛼+ 1

2𝛼+ 1
𝐵

(
𝛼

2𝛼+ 1

)
+

𝛼

2𝛼+ 1
𝑢

(
0,− 𝛼+ 1

2𝛼+ 1

)

≥ 𝛼+ 1

2𝛼+ 1
𝐵

(
𝛼

2𝛼+ 1

)
+

𝛼

2𝛼+ 1

(
𝛼+ 1

2𝛼+ 1
− 𝛽0

)
.

(7.63)

Combining this with (7.62), applied to 𝑦 = 𝛼/(2𝛼+ 1), yields, after some manip-
ulations,

𝐵

(
𝛼

2𝛼+ 1

)
+ 𝛽0 ≥ 1

2(2𝛼+ 1)
+
2𝛼+ 1

𝛼
. (7.64)

Now, use (7.61) with 𝑦1 = 1 and 𝑦2 = 𝛼/(2𝛼 + 1) and plug the two estimates
above to get

𝐶(1)− 𝐵(1)

2
− 1
2
+

𝛽0

2
+

𝛼

2𝛼+ 1
≥ 𝑒−1

⎛
⎝𝐵

(
𝛼

2𝛼+1

)
+ 𝛽0

2(2𝛼+ 1)
+

𝛼(𝛼+ 1)

(2𝛼+ 1)2

⎞
⎠

≥ (2𝑒)−1,

or

𝐶(1)− 𝐵(1)

2
≥ 1
2
− 𝛽0

2
− 𝛼

2(2𝛼+ 1)
+ (2𝑒)−1.

On the other hand, by (7.62) applied to 𝑦 = 1, and by (7.56),

𝐶(1)− 𝐵(1)

2
≤
(

𝛼+
1

2

)
𝐵(1)− 2𝛼− 2𝛼3

2𝛼+ 1
+ 𝛽0𝛼 ≤ −2𝛼− 2𝛼3

2𝛼+ 1
+ 𝛽0𝛼.

Combining this with the previous inequality gives 𝛽0 ≥ 𝛼+ 1 + ((2𝛼+ 1)𝑒)−1, as
desired. □

Sharpness of (7.30) in the martingale case. Suppose that for any nonnegative
martingale 𝑓 and its ±1-transform 𝑔 we have

∣∣𝑔𝑛∣∣1 ≤ 𝛽0∣∣𝑓∗
𝑛∣∣1, 𝑛 = 0, 1, 2, . . .

and let
𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼∣𝑔∞∣ − 𝛽0𝔼𝑓∗

∞ ∨ 𝑧},
where the supremum is taken over appropriate sequences 𝑓 and 𝑔. Now, repeating
word by word the arguments from the proof of sharpness of (7.29), we conclude
that (7.44) holds. That is, for any 𝑦 ∈ ℝ and 𝛿 ∈ [0, 1],

𝑈0(1, 𝑦, 1) ≥ 𝑈0(1 − 𝛿, 𝑦 + 𝛿, 1) + 𝛿𝑈0(1, 1, 1).



7.4. Maximal 𝐿𝑝 inequalities 323

Consider the function 𝑢 : [0, 1]×ℝ→ ℝ given by 𝑢(𝑥, 𝑦) = 𝑈0(𝑥, 𝑦, 1)−𝑈0(1, 1, 1)𝑥.
This function majorizes 𝑣(𝑥, 𝑦) = ∣𝑦∣−𝛽0 (since 𝑈

0(⋅, ⋅, 1) does and 𝑈0(1, 1, 1) ≤ 0)
and is diagonally concave. The above inequality can be rewritten in the form
𝑢(1, 𝑦) ≥ 𝑢(1 − 𝛿, 𝑦 + 𝛿). Finally, we have 𝑢(1, 1) = 0. However, we have shown
above that the existence of such a function implies that 𝛽0 ≥ 2 + (3𝑒)−1: repeat
the previous proof with 𝛼 = 1. □

On the search of the suitable majorant. The reasoning is similar to the one pre-
sented previously. We omit the details. □

7.4 Maximal 𝑳𝒑 inequalities

7.4.1 Formulation of the result

Now we shall study related 𝐿𝑝 estimates. These can be stated as follows.

Theorem 7.11. Let 𝑋, 𝑌 be Hilbert-space-valued martingales with 𝑌 being differ-
entially subordinate to 𝑋. Then for any 𝑝 ≥ 2,

∣∣ ∣𝑌 ∣∗∣∣𝑝 ≤ 𝑝∣∣𝑋 ∣∣𝑝 (7.65)

and the constant 𝑝 is the best possible. It is already the best possible in the following
discrete-time inequality: if 𝑓 is a martingale and 𝑔 is its ±1 transform, then

∣∣ ∣𝑔∣∗∣∣𝑝 ≤ 𝑝∣∣ ∣𝑓 ∣∗∣∣𝑝. (7.66)

Note that the validity of the above estimates follows immediately from the
moment inequality of Burkholder and Doob’s maximal estimate. The nontrivial
(and quite surprising) fact is that both (7.65) and (7.66) are sharp.

We shall also prove the following submartingale inequality.

Theorem 7.12. Let 𝛼 be a fixed number in the interval [0, 1]. Let 𝑋 be a nonnegative
submartingale and let 𝑌 be real-valued and 𝛼-strongly subordinate to 𝑋. Then for
any 𝑝 ≥ 2,

∣∣ ∣𝑌 ∣∗∣∣𝑝 ≤ (𝛼+ 1)𝑝∣∣𝑋 ∣∣𝑝 (7.67)

and the constant (𝛼+ 1)𝑝 is the best possible. It is already the best possible in the
discrete-time estimate

∣∣𝑔∗∣∣𝑝 ≤ (𝛼+ 1)𝑝∣∣𝑓∗∣∣𝑝 (7.68)

(note that on the left we have the one-sided maximal function of 𝑔).

We shall establish this result only in the discrete-time case. A natural ques-
tion is what is the best constant in the inequalities above in the case 1 < 𝑝 < 2.
Unfortunately, we have been unable to answer it; our reasoning works only for the
case 𝑝 ≥ 2.
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7.4.2 Proof of Theorem 7.12 and sharpness of (7.66)

A differential equation. To establish (7.67), first we need to study an auxil-
iary object. For a fixed 𝛼 ∈ (0, 1] and 𝑝 ≥ 2, let 𝐶 = 𝐶𝑝,𝛼 = [(𝛼 + 1)𝑝]

𝑝(𝑝 − 1).
Consider the following differential equation

𝛾′(𝑥) =
−1 + 𝐶(1− 𝛾(𝑥))𝛾(𝑥)𝑥𝑝−2

1 + 𝐶(1 − 𝛾(𝑥))𝑥𝑝−1
. (7.69)

Lemma 7.3. There is a solution 𝛾 : [((𝛼 + 1)𝑝)−1,∞) → ℝ of (7.69) with the
initial condition

𝛾

(
1

(𝛼+ 1)𝑝

)
= 1− 1

(𝛼+ 1)𝑝
. (7.70)

This solution is nondecreasing, concave and bounded above by 1. Furthermore,

(𝑝− 2)(1− 𝛾(𝑥))− 𝑥𝛾′(𝑥) ≤ 0. (7.71)

For the proof, we refer the reader to the original paper [156]. We extend 𝛾
to the whole half-line [0,∞) by setting

𝛾(𝑥) = [(𝑝− 1)(𝛼+ 1)− 1]𝑥+ 1
𝑝
, 𝑥 ∈

[
0,

1

(𝛼+ 1)𝑝

)
.

It can be readily verified that 𝛾 is of class 𝐶1 on (0,∞). See Figure 7.2 on top of
the next page to gain some intuition.

Let 𝐻 : [((𝛼 + 1)𝑝)−1,∞) → [1,∞) be given by 𝐻(𝑥) = 𝑥 + 𝛾(𝑥) and let ℎ
be the inverse to 𝐻 . Clearly, we have

𝑥− 1 ≤ ℎ(𝑥) ≤ 𝑥, 𝑥 ≥ 1. (7.72)

Finally, let us provide a formula for ℎ′ to be used later. Since

ℎ′(𝑥) =
1

𝐻 ′(ℎ(𝑥))
=

1

1 + 𝛾′(ℎ(𝑥))
, 𝑥 > 1, (7.73)

one finds, using (7.69), that

ℎ′(𝑥) =
1 + ((𝛼+ 1)𝑝)𝑝(𝑝− 1)(ℎ(𝑥)− 𝑥+ 1)ℎ(𝑥)𝑝−1

((𝛼+ 1)𝑝)𝑝(𝑝− 1)(ℎ(𝑥)− 𝑥+ 1)ℎ(𝑥)𝑝−2𝑥
. (7.74)

Proof of (7.67). Let 𝐷 = [0,∞) × ℝ × (0,∞) → ℝ and introduce 𝑉 : 𝐷 → ℝ

by 𝑉 (𝑥, 𝑦, 𝑤) = (∣𝑦∣ ∨ 𝑤)𝑝 − (𝑝(𝛼 + 1))𝑝𝑥𝑝. To define the corresponding special
function, consider the following subsets of the strip 𝑆 = [0,∞)× [−1, 1]:

𝐷0 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ ≤ 𝛾(𝑥)},
𝐷1 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ > 𝛾(𝑥), 𝑥+ ∣𝑦∣ ≤ 1},
𝐷2 = {(𝑥, 𝑦) ∈ 𝑆 : ∣𝑦∣ > 𝛾(𝑥), 𝑥+ ∣𝑦∣ > 1}.
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1

1/3

1/6

𝑥
+

𝑦
=
1

Figure 7.2: The graph of 𝛾 (bold curve) in the case 𝑝 = 3, 𝛼 = 1. Note
that 𝛾 is linear on [0, 1/6] and solves (7.69) on (1/6,∞).

Introduce the function 𝑢 : 𝑆 → ℝ by

𝑢(𝑥, 𝑦) =

⎧⎨
⎩
1− [(𝛼+ 1)𝑝]𝑝𝑥𝑝 on 𝐷0,

1− (𝑝𝑥+𝑝∣𝑦∣−1
𝑝−1

)𝑝−1
[𝑝(𝑝(𝛼+ 1)− 1)𝑥− 𝑝∣𝑦∣+ 1] on 𝐷1,

1− [(𝛼+ 1)𝑝]𝑝ℎ(𝑥+ ∣𝑦∣)𝑝−1[𝑝𝑥− (𝑝− 1)ℎ(𝑥+ ∣𝑦∣)] on 𝐷2.

Finally, let 𝑈 : [0,∞)× ℝ× (0,∞)→ ℝ be given by

𝑈(𝑥, 𝑦, 𝑤) = (∣𝑦∣ ∨ 𝑤)𝑝𝑢

(
𝑥

∣𝑦∣ ∨𝑤
,

𝑦

∣𝑦∣ ∨ 𝑤

)
.

One easily verifies that 𝑈 is of class 𝐶1. We shall prove that it satisfies the con-
ditions 1∘–4∘; due to the complexity of the calculations, we have decided to split
the verification into a few intermediate lemmas.

Lemma 7.4. For any (𝑥, 𝑦, 𝑧) ∈ [0,∞)× ℝ× (0,∞), we have

𝑈(𝑥, 𝑦, 𝑧) ≥ 𝑉 (𝑥, 𝑦, 𝑧). (7.75)

Proof. The inequality is equivalent to 𝑢(𝑥, 𝑦) ≥ 1− [(𝛼+ 1)𝑝]𝑝𝑥𝑝 and we need to
establish it only on 𝐷1 and 𝐷2. On 𝐷1, the substitutions 𝑋 = 𝑝𝑥 and 𝑌 = 𝑝∣𝑦∣−1
(note that 𝑌 ≥ 0) transform it into

(𝛼 + 1)𝑝𝑋𝑝 ≥
(

𝑋 + 𝑌

𝑝− 1
)𝑝−1

[(𝑝(𝛼+ 1)− 1)𝑋 − 𝑌 ].
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However, this is valid for all nonnegative 𝑋 , 𝑌 . Indeed, observe that by homo-
geneity we may assume 𝑋 + 𝑌 = 1, and then the estimate reads

𝐹 (𝑋) := (𝛼+ 1)𝑝𝑋𝑝 − (𝑝− 1)−𝑝+1[𝑝(𝛼+ 1)𝑋 − 1] ≥ 0, 𝑋 ∈ [0, 1].

Now it suffices to note that 𝐹 is convex on [0, 1] and satisfies

𝐹

(
1

(𝑝− 1)(𝛼+ 1)
)
= 𝐹 ′

(
1

(𝑝− 1)(𝛼+ 1)
)
= 0.

It remains to show the majorization on 𝐷2. It is dealt with in a similar
manner: setting 𝑠 = 𝑥+ ∣𝑦∣ > 1, we see that (7.75) is equivalent to

𝐺(𝑥) := 𝑥𝑝 − ℎ(𝑠)𝑝−1[𝑝𝑥− (𝑝− 1)ℎ(𝑠)] ≥ 0, 𝑠− 1 < 𝑥 < ℎ(𝑠).

It is easily verified that 𝐺 is convex and satisfies 𝐺(ℎ(𝑠)) = 𝐺′(ℎ(𝑠)) = 0. This
completes the proof of (7.75). □

We turn to the concavity and initial condition.

Lemma 7.5. For fixed 𝑦, 𝑧 satisfying 𝑧 > 0, ∣𝑦∣ ≤ 𝑧, and any 𝑎 ∈ [−1, 1], the
function Φ = Φ𝑦,𝑧,𝑎 : [0,∞)→ ℝ given by

Φ(𝑡) = 𝑈(𝑡, 𝑦 + 𝑎𝑡, 𝑧)

is concave.

Remark 7.2. It is clear that Lemma 7.5 yields that if 𝑥, 𝑦, 𝑧, 𝑘𝑥, 𝑘𝑦 satisfy 𝑥, 𝑥+
𝑘𝑥 ≥ 0, 𝑧 > 0, ∣𝑦∣ ≤ 𝑧 and ∣𝑘𝑦∣ ≤ ∣𝑘𝑥∣, then

𝑈(𝑥+ 𝑘𝑥, 𝑦 + 𝑘𝑦, 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧) + 𝑈𝑥(𝑥, 𝑦, 𝑧)𝑘𝑥 + 𝑈𝑦(𝑥, 𝑦, 𝑧)𝑘𝑦 (7.76)

(for 𝑥 = 0 we replace 𝑈𝑥(0, 𝑦, 𝑧) by the right-hand derivative 𝑈𝑥(0+, 𝑦, 𝑧)). In
addition, Lemma 7.5 implies 3∘: for any 𝑥 ≥ 1 we have

𝑈(𝑥, 1, 1) ≤ 0. (7.77)

To see this, note that Φ0,1,𝑥−1(0) = 𝑈(0, 0, 1) = 1 and

Φ0,1,𝑥−1(((𝛼 + 1)𝑝)−1) = 𝑈(((𝛼 + 1)𝑝)−1, 𝑥−1((𝛼 + 1)𝑝)−1, 1) = 0,

since (((𝛼+1)𝑝)−1, 𝑥−1((𝛼+1)𝑝)−1, 1) ∈ 𝐷0. But 𝑥 ≥ 1 > ((𝛼+1)𝑝)−1, so Lemma
7.5 gives 𝑈(𝑥, 1, 1) = Φ0,1,𝑥−1(𝑥) ≤ 0.
Proof of Lemma 7.5. By homogeneity, we may assume 𝑧 = 1. As Φ is of class 𝐶1,
it suffices to verify that Φ′′(𝑡) ≤ 0 for those 𝑡, for which (𝑡, 𝑦 + 𝑎𝑡) lies in the
interior of 𝐷0, 𝐷1, 𝐷2 or outside the strip 𝑆. Since 𝑈(𝑥, 𝑦, 𝑧) = 𝑈(𝑥,−𝑦, 𝑧), we
may restrict ourselves to the case 𝑦+𝑎𝑡 ≥ 0. If (𝑡, 𝑦+𝑎𝑡) belongs to 𝐷∘

0 , the interior
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of 𝐷0, then Φ
′′(𝑡) = −[(𝛼+ 1)𝑝]𝑝 ⋅ 𝑝(𝑝− 1)𝑡𝑝−2 < 0, while for (𝑡, 𝑦 + 𝑎𝑡) ∈ 𝐷∘

1 we
have

Φ′′(𝑡) = −𝑝3(𝑝𝑡+ 𝑝(𝑦 + 𝑎𝑡)− 1)𝑝−3(1 + 𝑎)

(𝑝− 1)𝑝−2
(𝐼1 + 𝐼2),

where

𝐼1 = 𝑝𝑡[(𝑝− 2)(1 + 𝑎)(𝑝(𝛼 + 1)− 1) + 2(𝑝(𝛼+ 1)− 1− 𝑎)] ≥ 0,
𝐼2 = (𝑝(𝑦 + 𝑎𝑡)− 1)(2𝛼+ 1− 𝑎) ≥ 0.

The remaining two cases are a bit more complicated. If (𝑡, 𝑦+𝑎𝑡) ∈ 𝐷∘
2 , then

Φ′′(𝑡)
𝐶𝑝(1 + 𝑎)2

= 𝐽1 + 𝐽2 + 𝐽3,

where

𝐽1 = ℎ(𝑡+ 𝑦 + 𝑎𝑡)𝑝−2ℎ′′(𝑡+ 𝑦 + 𝑎𝑡)[ℎ(𝑡+ 𝑦 + 𝑎𝑡)− 𝑡],

𝐽2 = ℎ(𝑡+ 𝑦 + 𝑎𝑡)𝑝−3[ℎ′(𝑡+ 𝑦 + 𝑎𝑡)]2[(𝑝− 1)ℎ(𝑡+ 𝑦 + 𝑎𝑡)− (𝑝− 2)𝑡],
𝐽3 = − 2

𝑎+ 1
ℎ(𝑡+ 𝑦 + 𝑎𝑡)𝑝−2ℎ′(𝑡+ 𝑦 + 𝑎𝑡).

Now if we change 𝑦 and 𝑡 keeping 𝑠 = 𝑡+ 𝑦+ 𝑎𝑡 fixed, then 𝐽1+𝐽2+𝐽3 is a linear
function of 𝑡 ∈ [𝑠 − 1, ℎ(𝑠)]. Therefore, to prove that it is nonpositive, it suffices
to verify this for 𝑡 = ℎ(𝑠) and 𝑡 = 𝑠− 1. For 𝑡 = ℎ(𝑠), we have

𝐽1 + 𝐽2 + 𝐽3 = ℎ(𝑠)𝑝−2ℎ′(𝑠)
[
ℎ′(𝑠)− 2

𝑎+ 1

]
≤ 0,

since 0 ≤ ℎ′(𝑠) ≤ 1 (see (7.73)). If 𝑡 = 𝑠− 1, rewrite (7.74) in the form
𝐶𝑠(ℎ(𝑠) + 1− 𝑠)ℎ(𝑠)𝑝−2ℎ′(𝑠) = 1 + 𝐶(ℎ(𝑠) + 1− 𝑠)ℎ(𝑠)𝑝−1

and differentiate both sides; as a result, we obtain

𝐶𝑠

[
𝐽1 + 𝐽2 + 𝐽3+ℎ(𝑠)𝑝−2ℎ′(𝑠)

(
2

𝑎+ 1
− 1
)]

= 𝐶ℎ(𝑠)𝑝−2[(ℎ′(𝑠)− 1)ℎ(𝑠) + (𝑝− 2)(ℎ(𝑠) + 1− 𝑠)ℎ′(𝑠)].

As ℎ′ ≥ 0 and 2/(𝑎+ 1) ≥ 1, we will be done if we show that the right-hand side
is nonpositive. This is equivalent to

ℎ′(𝑠)[ℎ(𝑠) + (𝑝− 2)(ℎ(𝑠) + 1− 𝑠)] ≤ ℎ(𝑠).

Now use (7.73) and substitute ℎ(𝑠) = 𝑟, noting that ℎ(𝑠) + 1 − 𝑠 = 1 − 𝛾(𝑟), to
obtain

𝑟 + (𝑝− 2)(1− 𝛾(𝑟)) ≤ 𝑟(1 + 𝛾′(𝑟)),

or 𝑟𝛾′(𝑟) ≥ (𝑝− 2)(1− 𝛾(𝑟)), which is (7.71).
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Finally, suppose that 𝑦 + 𝑎𝑡 > 1. For such 𝑡 we have

Φ(𝑡) = (𝑦 + 𝑎𝑡)𝑝𝑢(𝑡/(𝑦 + 𝑎𝑡), 1)

and hence, setting 𝑋 = 𝑡/(𝑦 + 𝑡), 𝑌 = 𝑦 + 𝑎𝑡, we easily check that Φ′′(𝑡) equals

𝑌 𝑝−2
[
𝑝(𝑝− 1)𝑎2𝑢(𝑋, 1) + 2𝑎(𝑝− 1)(1− 𝑎𝑋)𝑢𝑥(𝑋, 1) + (1− 𝑎𝑋)2𝑢𝑥𝑥(𝑋, 1)

]
.

First let us derive the expressions for the partial derivatives. Using (7.74), we have

𝑢𝑥(𝑋, 1) =
𝑝

𝑋 + 1
[1 + 𝐶(ℎ(𝑋 + 1)−𝑋)ℎ(𝑋 + 1)𝑝−1]− 𝐶𝑝ℎ(𝑋 + 1)𝑝−1

𝑝− 1 ,

𝑢𝑥𝑥(𝑋, 1) =
𝑝(𝑝− 1)
(𝑋 + 1)2

[1 + 𝐶(ℎ(𝑋 + 1)−𝑋)ℎ(𝑋 + 1)𝑝−1]

− 𝐶𝑝ℎ(𝑋 + 1)𝑝−1

𝑋 + 1
− 𝐶𝑝ℎ(𝑋 + 1)𝑝−2ℎ′(𝑋 + 1)

𝑋 + 1
.

Now it can be checked that

Φ′′(𝑡)𝑌 2−𝑝/𝑝 = 𝐾1 +𝐾2 +𝐾3,

where

𝐾1 = (𝑝− 1)
(

𝑎+ 1

𝑋 + 1

)2

[1 + 𝐶(ℎ(𝑋 + 1)−𝑋)ℎ(𝑋 + 1)𝑝−1],

𝐾2 = − 𝐶ℎ(𝑋 + 1)𝑝−1

𝑋 + 1
(1 + 2𝑎− 𝑎2𝑋),

𝐾3 = −
(
1− 𝑎𝑋

𝑋 + 1

)2

⋅ 1 + 𝐶(ℎ(𝑋 + 1)−𝑋)ℎ(𝑋 + 1)𝑝−1

ℎ(𝑋 + 1)−𝑋

≤ −
(
1− 𝑎𝑋

𝑋 + 1

)2

⋅ 𝐶ℎ(𝑋 + 1)𝑝−1.

Further,

𝐾2 +𝐾3 ≤ − 𝐶ℎ(𝑋 + 1)𝑝−1

(𝑋 + 1)2
[(1 + 2𝑎− 𝑎2𝑋)(𝑋 + 1) + (1− 𝑎𝑋)2]

= − 𝐶ℎ(𝑋 + 1)𝑝−1(𝑎+ 1)

(𝑋 + 1)2
[2 +𝑋(1− 𝑎)]

≤ −
(

𝑎+ 1

𝑋 + 1

)2

𝐶ℎ(𝑋 + 1)𝑝−1,

where in the last passage we have used 𝑎 ≤ 1. On the other hand, as ℎ is nonde-
creasing,

1 =
𝐶ℎ(1)𝑝

𝑝− 1 ≤ 𝐶ℎ(𝑋 + 1)𝑝−1ℎ(1)

𝑝− 1 .
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Moreover, since 𝑥 �→ ℎ(𝑥 + 1) − 𝑥 is nonincreasing (see (7.73)), we have ℎ(𝑋 +
1)−𝑋 ≤ ℎ(1). Combining these two facts, we obtain

𝐾1 ≤(𝑝− 1)
(

𝑎+ 1

𝑋 + 1

)2

[1 + 𝐶ℎ(1)ℎ(𝑋 + 1)𝑝−1]

≤
(

𝑎+ 1

𝑋 + 1

)2

𝐶ℎ(𝑋 + 1)𝑝−1 [ℎ(1) + (𝑝− 1)ℎ(1)]

≤
(

𝑎+ 1

𝑋 + 1

)2

𝐶ℎ(𝑋 + 1)𝑝−1,

as 𝑝ℎ(1) = (𝛼 + 1)−1 ≤ 1. This implies 𝐾1 + 𝐾2 + 𝐾3 ≤ 0 and completes the
proof. □

We have established “half” of property 2∘; here is the remaining part.

Lemma 7.6. For any 𝑥, 𝑦, 𝑧 such that 𝑥 ≥ 0, 𝑧 > 0 and ∣𝑦∣ ≤ 𝑧 we have

𝑈𝑥(𝑥, 𝑦, 𝑧) ≤ −𝛼∣𝑈𝑦(𝑥, 𝑦, 𝑧)∣ (7.78)

(if 𝑥 = 0, then 𝑈𝑥 is replaced by the right-sided derivative).

Proof. It suffices to show that for fixed 𝑦, 𝑧, ∣𝑦∣ ≤ 𝑧, and 𝑎 ∈ [−𝛼, 𝛼], the function
Φ = Φ𝑦,𝑧,𝑎 : [0,∞) → ℝ given by Φ(𝑡) = 𝑈(𝑡, 𝑦 + 𝑎𝑡, 𝑧) is nonincreasing. Since
𝛼 ≤ 1, we know from the previous lemma that Φ is concave. Hence, all we need is
to show that Φ′(0+) ≤ 0. By symmetry, we may assume that 𝑦 ≥ 0. If 𝑦 ≤ 1/𝑝,
then the derivative equals 0; in the remaining case, we have

Φ′(0+) = −𝑝2(𝑝𝑦 − 1)𝑝−1

(𝑝− 1)𝑝−1
(𝛼− 𝑎) ≤ 0,

so the claim is established. □

Thus, we have checked 1∘, 2∘ and 3∘; property 4∘ is obvious. We are ready to
complete the proof of (7.67). Clearly, we may and do assume that 𝑓 is bounded in
𝐿𝑝; then, by Burkholder’s moment inequality and Doob’s maximal estimate, we
get that ∣𝑔∣∗ is in 𝐿𝑝 and all we need is the bound

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑔𝑛∣∗) ≤ 0.
To apply the submartingale version of Theorem 7.3, we need to verify the required
integrability (7.14). It suffices to show the bounds

𝑈(𝑥, 𝑦, 𝑧) ≤ 𝐾(𝑥+ ∣𝑦∣+ 𝑧)𝑝 (7.79)

and

𝑈𝑥(𝑥, 𝑦, 𝑧) ≤ 𝐾(𝑥+ ∣𝑦∣+ 𝑧)𝑝−1, 𝑈𝑦(𝑥, 𝑦, 𝑧) ≤ 𝐾(𝑥+ ∣𝑦∣+ 𝑧)𝑝−1, (7.80)



330 Chapter 7. Maximal Inequalities

for all 𝑥, 𝑦 ∈ ℝ and 𝑧 > 0, where 𝐾 is a certain absolute constant. The inequality
(7.79) is evident for those points (𝑥, 𝑦, 𝑧), for which ( 𝑥

∣𝑦∣∨𝑧 ,
𝑦

∣𝑦∣∨𝑧 ) ∈ 𝐷0 ∪𝐷1; for

the remaining (𝑥, 𝑦, 𝑧) it suffices to use (7.72). Finally, the inequality (7.80) is clear
if ( 𝑥

∣𝑦∣∨𝑧 ,
𝑦

∣𝑦∣∨𝑧 ) ∈ 𝐷0 ∪𝐷1. For the remaining points one applies (7.72) and (7.73),

the latter inequality implying ℎ′ < 1. This completes the proof. □

Sharpness of (7.66). We will show that the inequality is sharp in the discrete-time
case, even if 𝑔 is assumed to be a ±1 transform of 𝑓 . Suppose the best constant
in this estimate equals 𝛽 > 0. Let

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼(∣𝑔𝑛∣∗ ∨𝑤)𝑝 − 𝛽𝑝
𝔼(∣𝑓𝑛∣∗ ∨ 𝑧)𝑝},

where the supremum is taken over all integers 𝑛 and all martingales 𝑓 , 𝑔 satisfying
ℙ((𝑓0, 𝑔0) = (𝑥, 𝑦)) = 1 and 𝑑𝑓𝑘 = ±𝑑𝑔𝑘, 𝑘 = 1, 2, . . .. Then 𝑈0 satisfies 1∘–4∘

and is homogeneous of order 𝑝: 𝑊 (𝜆𝑥,±𝜆𝑦, ∣𝜆∣𝑧, ∣𝜆∣𝑤) = ∣𝜆∣𝑝𝑊 (𝑥, 𝑦, 𝑧, 𝑤) for all
𝑥, 𝑦 ∈ ℝ, 𝑧, 𝑤 ≥ 0 and 𝜆 ∕= 0.

Let 𝛿 be a small number belonging to (0, 1/𝑝). By 2∘, applied to 𝑥 = 0,
𝑦 = 𝑤 = 1, 𝑧 = 𝛿/(1 + 2𝛿), 𝜀 = 1 and 𝑡1 = 𝛿, 𝑡2 = −1/𝑝, we obtain

𝑈0

(
0, 1,

𝛿

1 + 2𝛿
, 1

)
≥ 𝑝𝛿

1 + 𝑝𝛿
𝑈0

(
−1

𝑝
, 1− 1

𝑝
,

𝛿

1 + 2𝛿
, 1

)

+
1

1 + 𝑝𝛿
𝑈0

(
𝛿, 1 + 𝛿,

𝛿

1 + 2𝛿
, 1 + 𝛿

)
.

(7.81)

Now, by 1∘ and 4∘,

𝑈0

(
−1

𝑝
, 1− 1

𝑝
,

𝛿

1 + 2𝛿
, 1

)
= 𝑈0

(
−1

𝑝
, 1− 1

𝑝
,
1

𝑝
, 1

)
≥ 1−

(
𝛽

𝑝

)𝑝

. (7.82)

Furthermore, by 4∘,

𝑈0

(
𝛿, 1 + 𝛿,

𝛿

1 + 2𝛿
, 1 + 𝛿

)
= 𝑈0 (𝛿, 1 + 𝛿, 𝛿, 1 + 𝛿) ,

which, by 2∘ (with 𝑥 = 𝑧 = 𝛿, 𝑦 = 𝑤 = 1+𝛿, 𝜀 = −1 and 𝑡1 = −𝛿, 𝑡2 =
1
𝑝+𝛿( 1𝑝−1))

can be bounded from below by

𝑝𝛿

1 + 𝛿
𝑈0

(
1 + 𝛿

𝑝
, 1− 1

𝑝
+ 𝛿
(
2− 1

𝑝

)
, 𝛿, 1 + 𝛿

)
+
1 + 𝛿 − 𝑝𝛿

1 + 𝛿
𝑈0(0, 1 + 2𝛿, 𝛿, 1 + 𝛿).

Using the majorization, we get

𝑈0

(
1 + 𝛿

𝑝
, 1− 1

𝑝
+ 𝛿
(
2− 1

𝑝

)
, 𝛿, 1 + 𝛿

)
≥ (1 + 𝛿)𝑝

[
1−

(
𝛽

𝑝

)𝑝]
,

furthermore, by 4∘ and the homogeneity of 𝑊 ,

𝑈0(0, 1 + 2𝛿, 𝛿, 1 + 𝛿) =𝑊 (0, 1 + 2𝛿, 𝛿, 1 + 2𝛿) = (1 + 2𝛿)𝑝𝑈0

(
0, 1,

𝛿

1 + 2𝛿
, 1

)
.
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Now plug all the above estimates into (7.81) to get

𝑈0

(
0, 1,

𝛿

1 + 2𝛿
, 1

)[
1− (1 + 𝛿 − 𝑝𝛿)(1 + 2𝛿)𝑝

(1 + 𝛿)(1 + 𝑝𝛿)

]
≥

𝑝𝛿

1 + 𝑝𝛿

[
1−

(
𝛽

𝑝

)𝑝]
(1 + (1 + 𝛿)𝑝−1).

(7.83)

It follows from the definition of 𝑈0 that

𝑈0

(
0, 1,

𝛿

1 + 2𝛿
, 1

)
≤ 𝑊 (0, 1, 0, 1).

Furthermore, one easily checks that the function

𝐹 (𝑠) = 1− (1 + 𝑠− 𝑝𝑠)(1 + 2𝑠)𝑝

(1 + 𝑠)(1 + 𝑝𝑠)
, 𝑠 > −1

𝑝
,

satisfies 𝐹 (0) = 𝐹 ′(0) = 0. Hence

1−
(

𝛽

𝑝

)𝑝

≤ 𝑈0(0, 1, 0, 1) ⋅ 𝐹 (𝛿) ⋅ (1 + 𝑝𝛿)

𝑝𝛿(1 + (1 + 𝛿)𝑝−1)

and letting 𝛿 → 0 yields 1−
(
𝛽
𝑝

)𝑝
≤ 0, or 𝛽 ≥ 𝑝. □

Sharpness of (7.68). Suppose the best constant in the estimate equals 𝛽 > 0.
Introduce the function 𝑈0 : [0,∞)× ℝ× [0,∞)× [0,∞)→ ℝ by

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼(𝑔∗𝑛 ∨ 𝑤)𝑝 − 𝛽𝑝
𝔼(∣𝑓𝑛∣∗ ∨ 𝑧)𝑝},

where the supremum is taken over all integers 𝑛, all nonnegative submartingales
𝑓 and all integrable sequences 𝑔 satisfying ℙ((𝑓0, 𝑔0) = (𝑥, 𝑦)) = 1 and, for 𝑘 =
1, 2, . . .,

∣𝑑𝑓𝑘∣ ≥ ∣𝑑𝑔𝑘∣, 𝛼𝔼(𝑑𝑓𝑘∣ℱ𝑘−1) ≥ ∣𝔼(𝑑𝑔𝑘∣ℱ𝑘−1)∣
with probability 1. We see that 𝑈0 is homogeneous and satisfies 1∘–4∘. Note that
this time 2∘ consists of two conditions: the concavity and the property

𝑈0(𝑥+ 𝑑, 𝑦 + 𝛼𝑑, 𝑧, 𝑤) ≤ 𝑈0(𝑥, 𝑦, 𝑧, 𝑤), if 0 ≤ 𝑥 ≤ 𝑧, 𝑦 ≤ 𝑤 and 𝑑 ≥ 0. (7.84)

Fix 𝛿 ∈ (0, 1/𝑝) and apply (7.84) with 𝑥 = 0, 𝑦 = 𝑤 = 1, 𝑧 = 𝛿/(1 + (𝛼 + 1)𝑝),
𝑑 = 𝛿 and then use 4∘ to obtain

𝑈0

(
0, 1,

𝛿

1 + (𝛼+ 1)𝛿
, 1

)
≥ 𝑈0

(
𝛿, 1 + 𝛼𝛿,

𝛿

1 + (𝛼+ 1)𝛿
, 1

)
= 𝑈0(𝛿, 1 + 𝛼𝛿, 𝛿, 1 + 𝛼𝛿).

(7.85)
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Using 1∘, the concavity and the majorization as above, we get

𝑈0(𝛿, 1 + 𝛼𝛿, 𝛿, 1 + 𝛼𝛿) ≥ 𝛿(𝛼+ 1)𝑝

1 + 𝛼𝛿
(1 + 𝛼𝛿)𝑝

[
1−

(
𝛽

(𝛼 + 1)𝑝

)𝑝]

+
1 + 𝛼𝛿 − 𝛿(𝛼+ 1)𝑝

1 + 𝛼𝛿
(1 + (𝛼+ 1)𝛿)𝑝𝑈0

(
0, 1,

𝛿

1 + (𝛼 + 1)𝛿
, 1

)
,

which, combined with (7.85), gives

𝑈0

(
0, 1,

𝛿

1 + (𝛼+ 1)𝛿
, 1

)[
1− 1 + 𝛼𝛿 − 𝛿(𝛼+ 1)𝑝

1 + 𝛼𝛿
(1 + (𝛼+ 1)𝛿)𝑝

]

≥ 𝛿(𝛼+ 1)𝑝(1 + 𝛼𝛿)𝑝−1

[
1−

(
𝛽

(𝛼+ 1)𝑝

)𝑝]
.

Now it suffices to use

𝑈0

(
0, 1,

𝛿

1 + (𝛼+ 1)𝛿
, 1

)
≤ 𝑈0(0, 1, 0, 1)

and the fact that the function

𝐺(𝑠) = 1− 1 + 𝛼𝑠− 𝑠(𝛼+ 1)𝑝

1 + 𝛼𝑠
(1 + (𝛼+ 1)𝑠)𝑝, 𝑠 > −1/𝛼,

satisfies 𝐺(0) = 𝐺′(0) = 0, to obtain

1−
(

𝛽

(𝛼+ 1)𝑝

)𝑝

≤ 𝑈0(0, 1, 0, 1)𝐺(𝛿)

𝛿(𝛼+ 1)𝑝(1 + 𝛼𝛿)𝑝−1
.

Letting 𝛿 → 0 gives 1 −
(

𝛽
(𝛼+1)𝑝

)𝑝
≤ 0, or 𝛽 ≥ (𝛼 + 1)𝑝. This completes the

proof. □

On the search of the suitable majorant. We shall focus on the submartingale in-
equality (7.67) for 𝛼 > 0. As usual, we assume that the best constant is some
𝛽 > 0, let 𝑉 (𝑥, 𝑦, 𝑤) = (∣𝑦∣ ∨ 𝑤)𝑝 − 𝛽𝑝∣𝑥∣𝑝 and write the corresponding func-
tion 𝑈0:

𝑈0(𝑥, 𝑦, 𝑤) = sup{𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑔𝑛∣∗ ∨ 𝑤)}.
By homogeneity, it suffices to determine this function for 𝑤 = 1. We start with the
analysis of the set {(𝑥, 𝑦) : 𝑈0(𝑥, 𝑦, 1) = 𝑉 (𝑥, 𝑦, 1)}. Observe that it contains no
point of the form (𝑥,±1). First we shall prove this for 𝑥 = 0: fix 𝛿 > 0 and consider
a pair (𝑓, 𝑔) such that 𝑓0 ≡ 0, 𝑓1 = 𝑓2 = ⋅ ⋅ ⋅ ≡ 𝛿 and 𝑔0 ≡ 1, 𝑔1 = 𝑔2 = ⋅ ⋅ ⋅ ≡ 1+𝛼𝛿.
Then

𝑈0(0, 1, 1) ≥ 𝔼𝑉 (𝑓1, 𝑔1, ∣𝑔1∣∗) = (1 + 𝛼𝛿)𝑝 − 𝛽𝑝𝛿𝑝 > 1 = 𝑉 (0, 1, 1),
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where the strict inequality holds if 𝛿 is sufficiently small. To show that 𝑈0(𝑥, 1, 1) >
𝑉 (𝑥, 1, 1) for 𝑥 > 0, consider a martingale pair (𝑓, 𝑔) such that 𝑓0 ≡ 𝑥, 𝑔0 ≡ 1,
𝑑𝑓1 ∈ {−𝛿, 𝛿}, 𝑑𝑓2 = 𝑑𝑓3 = ⋅ ⋅ ⋅ ≡ 0 and 𝑑𝑔𝑛 = −𝑑𝑓𝑛 for 𝑛 ≥ 1. Then

𝑈0(𝑥, 1, 1) ≥ 𝔼𝑉 (𝑓1, 𝑔1, ∣𝑔1∣∗) = 1
2

(
(1 + 𝛿)𝑝 + 1− 𝛽𝑝 [(𝑥+ 𝛿)𝑝 + (𝑥− 𝛿)𝑝]

)
> 1− 𝛽𝑝𝑥𝑝 = 𝑉 (𝑥, 1, 1),

provided 𝛿 is sufficiently small.

The next observation concerning the set {𝑈0 = 𝑉 } is the following. Fix
𝑦 ∈ [0, 1], let 𝑥 be a large positive number and look at the definition of 𝑈0(𝑥, 𝑦, 1).
Intuitively, we search for such 𝑓 and 𝑔, for which the 𝑝th moment of ∣𝑔∣∗ ∨ 1 is
large in comparison with the size of the 𝑝th moment of 𝑓 . However, if we want
∣𝑔∣∗ ∨ 1 to increase, we need to make 𝑔 reach the endpoints of the interval [−1, 1].
Since 𝑝 > 2, this may result in a significant increase of ∣∣𝑓 ∣∣𝑝, especially if 𝑥 is
large, and this will draw 𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑔𝑛∣∗ ∨ 1) down. This leads to the hypothesis
that for fixed 𝑦 ∈ (−1, 1) and large 𝑥, the best pair (𝑓, 𝑔) is the constant one. In
other words:

(A1) There is a function 𝛾 : ℝ→ [0, 1] such that if ∣𝑦∣ ≤ 𝛾(𝑥), then 𝑈0(𝑥, 𝑦, 1) =
𝑉 (𝑥, 𝑦, 1).

Furthermore, we assume that

(A2) The function 𝛾 is strictly increasing and of class 𝐶1.

(A3) The function 𝑈(⋅, ⋅, 1) is of class 𝐶1 on [0,∞)× (−1, 1),
(A4) On the set {(𝑥, 𝑦) : 𝛾(𝑥) ≤ 𝑦 ≤ 1}, the function 𝑈(⋅, ⋅, 1) is linear along

the lines of slope −1.
(A5) 𝑈𝑥(0+, 𝑦) + 𝛼𝑈𝑦(0, 𝑦) = 0 for 𝑦 ≥ 𝛾(0).

The next assumption is based on the behavior of the function 𝑈(⋅, ⋅, 1) on the line
𝑦 = 1. If we consider the pair 𝑓 , 𝑔 as above, we get

2𝑈(𝑥, 1, 1) ≥ 𝑈(𝑥− 𝛿, 1 + 𝛿, 1 + 𝛿) + 𝑈(𝑥+ 𝛿, 1− 𝛿, 1)

= (1 + 𝛿)𝑝𝑈

(
𝑥− 𝛿

1 + 𝛿
, 1, 1

)
+ 𝑈(𝑥+ 𝛿, 1− 𝛿, 1).

Subtracting 2𝑈(𝑥, 1, 1) from both sides, dividing throughout by 𝛿 and letting 𝛿 →
0 gives 𝑥𝑈𝑥(𝑥, 1, 1) + 𝑈𝑦(𝑥, 1, 1) − 𝑝𝑈(𝑥, 1, 1) ≤ 0. We conjecture that we have
equality here.

(A6) For 𝑥 > 0,
𝑥𝑈𝑥(𝑥, 1, 1) + 𝑈𝑦(𝑥, 1, 1) = 𝑝𝑈(𝑥, 1, 1). (7.86)

Let us show how the assumptions (A1)–(A4) lead to the differential equation
(7.69). Observe that if 𝑥 ≥ 0 and 𝑡 ∈ [0,min{𝑥, 1− 𝛾(𝑥)}], then

𝑈(𝑥− 𝑡, 𝛾(𝑥) + 𝑡, 1) = 𝑈(𝑥, 𝛾(𝑥), 1) + [−𝑈𝑥(𝑥, 𝛾(𝑥), 1) + 𝑈𝑦(𝑥, 𝛾(𝑥), 1)]𝑡

= 𝑉 (𝑥, 𝛾(𝑥), 1) + [−𝑉𝑥(𝑥, 𝛾(𝑥), 1) + 𝑉𝑦(𝑥, 𝛾(𝑥), 1)]𝑡

= 1− 𝛽𝑝𝑥𝑝 + 𝑝𝛽𝑝𝑥𝑝−1𝑡.
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Differentiating this equation with respect to 𝑥 and 𝑡 leads to the following formulas
for 𝑈𝑥 and 𝑈𝑦:

𝑈𝑥(𝑥− 𝑡, 𝛾(𝑥) + 𝑡, 1) = −𝑝𝛽𝑝𝑥𝑝−1 +
𝑝(𝑝− 1)𝛽𝑝𝑥𝑝−2𝑡

1 + 𝛾′(𝑥)
,

𝑈𝑦(𝑥− 𝑡, 𝛾(𝑥) + 𝑡, 1) =
𝑝(𝑝− 1)𝛽𝑝𝑥𝑝−2𝑡

1 + 𝛾′(𝑥)
.

(7.87)

Now if 𝑥+ 𝛾(𝑥) ≥ 1, then plugging these two expressions into (7.86) yields (7.69),
with 𝐶 replaced by 𝛽𝑝(𝑝 − 1). Next, use (7.87), this time with 𝑥 > 0 satisfying
𝑥 + 𝛾(𝑥) < 1 and take 𝑡 → 𝑥: by (A5), we obtain 𝛾′(𝑥) = (𝑝 − 1)(1 + 𝛼) − 1.
Now, let 𝑥0 be the unique positive number satisfying 𝑥0 + 𝛾(𝑥0) = 1. Comparing
𝛾′(𝑥0−) with 𝛾′(𝑥0+) leads to the equation

(𝑝− 1)(1 + 𝛼) − 1 = −1 + (𝑝− 1)𝛽𝑝𝑥𝑝−1
0 (1− 𝑥0)

1 + 𝛽𝑝(𝑝− 1)𝑥𝑝
0

,

or, equivalently,

𝛽𝑝 =
1 + 𝛼

𝑥𝑝−1
0 − 𝑥𝑝

0(𝑝− 1)(1 + 𝛼)
.

The right-hand side, as a function of 𝑥0 ∈ (0, ((𝑝 − 1)(1 + 𝛼))−1), attains its
minimum (𝛼+1)𝑝𝑝𝑝 at the point (𝑝(𝛼+1))−1. This suggests the final assumption.

(A7) 𝛽 = (𝛼+ 1)𝑝 and the condition (7.70) is satisfied.

Now it is straightforward to obtain the formula for 𝑈(⋅, ⋅, 1): we know the function
𝛾 and it remains to use (7.87). □

7.5 Double maximal inequality

We have come to one of the most difficult inequalities of this monograph. We shall
determine the optimal constant 𝛽 in the maximal inequality

∣∣ ∣𝑌 ∣∗∣∣1 ≤ 𝛽∣∣ ∣𝑋 ∣∗∣∣1,
under the assumption that 𝑋 is a martingale and 𝑌 is differentially subordinate to
𝑋 . First, we need an auxiliary section, where we introduce the parameters which
are needed to describe the constant and define the corresponding special function.

7.5.1 Related differential equations

Let 𝑤 > 1 be a fixed number. Standard argumentation yields the existence and
uniqueness of 𝑌 = 𝑌 𝑤 : [1, 𝑤]→ ℝ satisfying

𝑌 ′(𝑡) =
1

2

(
1 +
1

𝑤

)
(1 + 𝑡)−2

[
𝑡2 + 2(1− 𝑡)

(
exp

(
𝑡− 𝑌 (𝑡)

2

)
− 1
)]

, (7.88)

𝑡 ∈ (1, 𝑤), with the terminal condition 𝑌 (𝑤) = 𝑤.
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Lemma 7.7. Let 𝑤 > 1. Then 𝑌 𝑤 is nondecreasing and

𝑌 𝑤(𝑡) ≥ 𝑡 for all 𝑡, with equality only for 𝑡 = 𝑤. (7.89)

Proof. Note that 2(1− 𝑡) exp( 𝑡−𝑌 𝑤(𝑡)
2 ) ≤ 0 for 𝑡 ∈ (1, 𝑤), which implies

(𝑌 𝑤)′(𝑡) ≤ 1 + 𝑤−1

2(1 + 𝑡)2
(𝑡2 + 2𝑡− 2)

=
1 + 𝑤−1

2

(
𝑡+

3

1 + 𝑡

)′
.

Consequently, since 𝑡 ≤ 𝑤 and 𝑤 > 1,

𝑌 𝑤(𝑡) ≥ 𝑌 𝑤(𝑤) − 1 + 𝑤−1

2

[
𝑤 +

3

1 + 𝑤
− 𝑡− 3

1 + 𝑡

]

≥ 𝑤 − 1 + 𝑤−1

2
(𝑤 − 𝑡)

= 𝑡+
1− 𝑤−1

2
(𝑤 − 𝑡),

(7.90)

which gives (7.89). This also implies 2(1− 𝑡)(exp( 𝑡−𝑌 𝑤(𝑡)
2
)− 1) ≥ 0 for 𝑡 ∈ (1, 𝑤)

and in turn,

(𝑌 𝑤)′(𝑡) ≥ 1 + 𝑤−1

2

(
𝑡

1 + 𝑡

)2

≥ 0. (7.91)

The proof is complete. □

Let 𝛽 be the positive number given by

𝛽 = min
𝑤

{
𝑌 𝑤(1) +

5

4

(
1 +
1

𝑤

)}
. (7.92)

It will be shown that this is the value of the best constant. Let us provide some
approximation of 𝛽.

Lemma 7.8. We have

3.4142 . . . < 𝛽 < 3.4358 . . . . (7.93)

Proof. The number on the left is 2 +
√
2. To prove this two-sided bound, take

𝑤 > 1 and use the first line of (7.90) with 𝑡 = 1 to obtain

𝑌 𝑤(1) +
5

4

(
1 + 𝑤−1

) ≥ 𝑤 − 1 + 𝑤−1

2

(
𝑤 +

3

1 + 𝑤
− 5
2

)
+
5

4
(1 + 𝑤−1)

= 2 + 𝑤−1 +
𝑤

2
.

(7.94)
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The expression on the right, as a function of 𝑤 ∈ (1,∞), attains its minimum
2 +

√
2 for 𝑤 =

√
2. This gives the left inequality in (7.93). To prove the right

one, we proceed as previously, using a lower bound for (𝑌 𝑤)′ coming from (7.91).
After integration, we get

𝑌 𝑤(1) +
5

4

(
1 + 𝑤−1

) ≤ (1 + 1
𝑤

)
[2− log 2 + log(1 + 𝑤)] +

𝑤

2
− 1,

and the upper bound in (7.93) is the minimum of the expression on the right
above. □

It is clear that the function 𝑤 �→ 𝑌 𝑤(1) + 5/4(1 + 1/𝑤) is continuous. In
addition, it tends to 7/2 > 𝛽 as 𝑤 ↓ 1 and, by (7.94), tends to infinity as 𝑤 →∞.
Hence the minimum defining 𝛽 is attained for some 𝑤0. To avoid the question
about the uniqueness of 𝑤0, let us take the smallest number with this property.
Combining (7.94) with the right inequality in (7.93), we conclude that 1/𝑤0 +
𝑤0/2 < 1.436, so 1.18 < 𝑤0 < 1.69. To complete the discussion about the explicit
values of 𝛽 and 𝑤0, let us record here that numerical approximation gives 𝛽 =
3.4351 . . . and 𝑤0 = 1.302 . . ..

A few words about some auxiliary notation. Set 𝑤1 = 𝑌 𝑤0(1), write 𝛾 =
−1−1/𝑤0 and use the function 𝑦0 : [𝑤1, 𝑤0]→ [1, 𝑤0], the inverse of 𝑌

𝑤0 ; we shall
often skip the argument and write 𝑦0 instead of 𝑦0(𝑤). It can be easily checked
that the function 𝑦0 satisfies the differential equation

𝑦′
0 = −

1

𝛾
⋅ 2(1 + 𝑦0)

2

𝑦2
0 + 2𝑦0 − 2 + 2(1− 𝑦0) exp(

𝑦0−𝑤
2 )

(7.95)

for 𝑤 ∈ (𝑤1, 𝑤0). Moreover, in view of (7.89), we have

𝑦0(𝑤) ≤ 𝑤 for 𝑤 ∈ [𝑤1, 𝑤0], with equality only for 𝑤 = 𝑤0. (7.96)

We conclude this section with a technical fact to be needed later.

Lemma 7.9. We have

𝑦′
0 ≥ 1 (7.97)

and

𝑦′
0(𝑦0 − 1) ≤ 𝑦0 + 1. (7.98)

Proof. The estimate (7.9) follows immediately from the fact that

𝑦′
0 ≥ − 2

𝛾
⋅ (1 + 𝑦0)

2

𝑦2
0 + 2𝑦0 − 2

and that both the factors are bigger than 1.
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To prove (7.98), observe that, by (7.96), 2(1 − 𝑦0) exp
(
𝑦0−𝑤

2

) ≥ 2(1 − 𝑦0).
Plugging this into (7.95) gives

𝑦′
0(𝑦0 − 1) ≤ − 1

𝛾
⋅ 2(1 + 𝑦0)

2

𝑦2
0

⋅ (𝑦0 − 1),

so we will be done if we show that 2(𝑦2
0 − 1) ≤ −𝛾𝑦2

0 . But

2(𝑦2
0 − 1) + 𝛾𝑦2

0 = 𝑦2
0(2 + 𝛾)− 2 ≤ 𝑤2

0(2 + 𝛾)− 2 = 𝑤0(𝑤0 − 1)− 2 ≤ 0,
where the latter estimate comes from the bound 𝑤0 < 2. □

7.5.2 Formulation of the result

We shall establish the following fact.

Theorem 7.13. Assume that 𝑋, 𝑌 are real-valued martingales such that 𝑌 is dif-
ferentially subordinate to 𝑋. Then

∣∣ ∣𝑌 ∣∗∣∣1 ≤ 𝛽∣∣ ∣𝑋 ∣∗∣∣1, (7.99)

where 𝛽 is given by (7.92). The constant 𝛽 is the best possible. It is already the
best possible in the discrete-time setting, when 𝑌 is assumed to be a ±1-transform
of 𝑋.

As previously, we will show the estimate only in the discrete-time setting, for
±1 transforms. The passage to the continuous time requires standard approxima-
tion arguments and we shall not present them.

7.5.3 Proof of Theorem 7.13

Proof of (7.99). We start with reduction of the dimension. Initially, we need to
find a function 𝑈(⋅, ⋅, ⋅, ⋅) of four variables. However, due to the homogeneity of
the inequality (7.99), it suffices to construct 𝑢 = 𝑈(⋅, ⋅, 1, ⋅). To do this, consider
the following subsets of [0, 1]× [0,∞)× (0,∞):

𝐷1 = {(𝑥, 𝑦, 𝑤) : 𝑤 ≤ 𝑤1, 𝑦 ≤ 𝑥},
𝐷2 = {(𝑥, 𝑦, 𝑤) : 𝑤 ≤ 𝑤1, 𝑥 < 𝑦 ≤ 𝑥+ 𝑤1 − 1},
𝐷3 = {(𝑥, 𝑦, 𝑤) : 𝑤 ≤ 𝑤1, 𝑥+ 𝑤1 − 1 < 𝑦},
𝐷4 = {(𝑥, 𝑦, 𝑤) : 𝑤1 < 𝑤 ≤ 𝑤0, 𝑦 ≤ 𝑥+ 𝑦0(𝑤)− 1},
𝐷5 = {(𝑥, 𝑦, 𝑤) : 𝑤1 < 𝑤 ≤ 𝑤0, 𝑥+ 𝑦0(𝑤) − 1 < 𝑦 ≤ 𝑥+ 𝑤 − 1},
𝐷6 = {(𝑥, 𝑦, 𝑤) : 𝑤1 < 𝑤 ≤ 𝑤0, 𝑥+ 𝑤 − 1 < 𝑦},
𝐷7 = {(𝑥, 𝑦, 𝑤) : 𝑤 > 𝑤0, 𝑥+ 𝑦 ≤ 1},
𝐷8 = {(𝑥, 𝑦, 𝑤) : 𝑤 > 𝑤0, 1 < 𝑥+ 𝑦 ≤ 1 + 𝑤 − 𝑤0},
𝐷9 = {(𝑥, 𝑦, 𝑤) : 𝑤 > 𝑤0, 1 + 𝑤 − 𝑤0 < 𝑥+ 𝑦}.
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Now we introduce the function 𝑢 : [−1, 1]×ℝ× (0,∞)→ ℝ. First we define it on
the sets 𝐷1–𝐷9.

𝑢(𝑥, 𝑦, 𝑤) =

⎧⎨
⎩

− 𝛾
4 (𝑦

2 − 𝑥2 + 1) + 5
4𝛾 on 𝐷1,

3𝛾 − 𝛾𝑦 + (𝑥 − 2)𝛾 exp (𝑥−𝑦
2

)
on 𝐷2,

𝛾(3− 𝑦) + 𝛾 exp
(
1−𝑤1

2

) (−1 + 𝑦 − 𝑤1 − (𝑦−𝑤1+1)2−𝑥2

4

)
on 𝐷3,

− 𝛾
2(1+𝑦0)

(𝑦2 − 𝑥2 + 1) + 𝑤 − 𝛽 on 𝐷4,
2𝛾

1+𝑦0
exp

(
𝑦0−𝑦−1+𝑥

2

)
(𝑥− 2) + 𝛼(𝑦, 𝑤) on 𝐷5,

2𝛾
1+𝑦0

exp
(
𝑦0−𝑤

2

) (−1 + 𝑦 − 𝑤 − (𝑦−𝑤+1)2−𝑥2

4

)
+ 𝛼(𝑦, 𝑤) on 𝐷6,

exp(𝑤0−𝑤)
2𝑤0

(𝑦2 − 𝑥2 + 1) + 𝑤 − 𝛽 on 𝐷7,
(1−𝑥)
𝑤0
exp(𝑥+ 𝑦 + 𝑤0 − 𝑤 − 1) + 𝑤 − 𝛽 on 𝐷8,

(𝑦−𝑤+𝑤0)
2−𝑥2+1

2𝑤0
+ 𝑤 − 𝛽 on 𝐷9,

where

𝛼(𝑦, 𝑤) = 𝛾(1− 𝑦) +
𝛾𝑦2

0 + 2𝛾

2(1 + 𝑦0)
+ 𝑤 − 𝛽.

We extend 𝑢 to its whole domain [−1, 1]× ℝ× (0,∞), setting

𝑢(𝑥, 𝑦, 𝑤) = 𝑢(−𝑥, 𝑦, 𝑤) = 𝑢(𝑥,−𝑦, 𝑤) = 𝑢(−𝑥,−𝑦, 𝑤) (7.100)

for all 𝑥 ∈ [0, 1], 𝑦 ≥ 0 and 𝑤 > 0.

In the lemma below we list the main properties of the function 𝑢, which will
be exploited while showing that 𝑈 satisfies 1∘–4∘. For the proof of these technical
facts we refer the reader to the original paper [162].

Lemma 7.10.

(i) The function 𝑢 is continuous. In addition, it is of class 𝐶1 on each of the
sets {(𝑥, 𝑦, 𝑤) : 𝑤 < 𝑤1}, {(𝑥, 𝑦, 𝑤) : 𝑤 ∈ (𝑤1, 𝑤0)}, {(𝑥, 𝑦, 𝑤) : 𝑤 > 𝑤0}.

(ii) For all 𝑤 > 0 and ∣𝑦∣ ≤ 𝑤,

lim
𝛿↓0

𝑢(1, 𝑦, 𝑤)− 𝑢(1− 𝛿, 𝑦 ± 𝛿, 𝑤)

𝛿
≥ 𝛾. (7.101)

Furthermore, for all 𝑤 > 0 and 𝑥 ∈ (−1, 1],

lim
𝛿↓0

𝑢(𝑥,𝑤,𝑤) − 𝑢(𝑥− 𝛿, 𝑤 − 𝛿, 𝑤)

𝛿
≥ 𝛾. (7.102)

(iii) For 𝑥 ∈ [−1, 1] and 𝑤 ∈ (0,∞)∖ {𝑤0, 𝑤1}, we have 𝑢𝑤(𝑥,𝑤,𝑤) ≤ 0.
(iv) For any 𝑥, the function 𝐻𝑥 : (−1− 𝑥, 1− 𝑥)→ ℝ, given by 𝐻𝑥(𝑡) = 𝑢𝑥(𝑥+

𝑡, 𝑡, 𝑡) + 𝑢𝑦(𝑥 + 𝑡, 𝑡, 𝑡), is nonincreasing.

(v) The function 𝐽 : (0,∞)→ ℝ given by 𝐽(𝑦) = 𝑢(1, 𝑦, 𝑦) is convex.
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(vi) For any fixed 𝑤 > 0, the function 𝑢(⋅, ⋅, 𝑤), restricted to the rectangle [−1, 1]×
[−𝑤,𝑤], is diagonally concave, i.e., concave along any line of slope ±1.

(vii) For any fixed 𝑤 > 0, the function 𝑦 �→ 𝑢(1, 𝑦, 𝑤) is nondecreasing on [0, 𝑤].

(viii) For any 𝑤 > 0 and ∣𝑦∣ ≤ 𝑤,

𝑢(1, 𝑦, 𝑤)− (𝑦 − 1)𝑢𝑦(1, 𝑦, 𝑤)− 𝑤𝑢𝑤(1, 𝑦, 𝑤) ≤ 𝛾. (7.103)

(ix) For any 𝑤 > 0 and ∣𝑥∣ ≤ 1, ∣𝑦∣ ≤ 𝑤 we have

𝑢(𝑥, 𝑦, 𝑤) ≥ 𝑤 − 𝛽.

(x) If 𝑤 ∈ (0, 1] and ∣𝑥∣ = ∣𝑦∣ ≤ 𝑤, then 𝑢(𝑥, 𝑦, 𝑤) ≤ 0.

Now we introduce the special function 𝑈 : ℝ× ℝ× (0,∞)× (0,∞)→ ℝ by

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = (∣𝑥∣ ∨ 𝑧)𝑢

(
𝑥

∣𝑥∣ ∨ 𝑧
,

𝑦

∣𝑥∣ ∨ 𝑧
,
∣𝑦∣ ∨ 𝑤

∣𝑥∣ ∨ 𝑧

)
(7.104)

and let 𝑉 (𝑥, 𝑦, 𝑧, 𝑤) = ∣𝑦∣ ∨ 𝑤 − 𝛽∣𝑥∣ ∨ 𝑧 for 𝑥, 𝑦, 𝑧, 𝑤 as above. Let us verify
the conditions 1∘–4∘. The majorization follows immediately from (ix). To show
2∘, we fix 𝑥, 𝑦, 𝑧, 𝑤 as in its statement. Since 𝑈 is homogeneous, we may and do
assume that 𝑧 = 1. By the continuity of 𝑈 , we are allowed to take ∣𝑥∣ < 𝑧 and
∣𝑦∣ < 𝑤. Moreover, since 𝑈 satisfies 𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈(𝑥,−𝑦, 𝑧, 𝑤), we may assume
that 𝜀 = 1. Now let Φ(𝑡) = 𝑈(𝑥+𝑡, 𝑦+𝑡, 𝑧, 𝑤) for 𝑡 ∈ ℝ and observe that it suffices
to prove that

Φ(𝑡) ≤ Φ(0) + Φ′(0)𝑡 (7.105)

for positive 𝑡. Indeed, applying this to the function Φ(𝑡) = 𝑈(−𝑥+ 𝑡,−𝑦+ 𝑡, 𝑧, 𝑤)
we get, for 𝑡 < 0,

Φ(𝑡) = Φ(−𝑡) ≤ Φ(0) + Φ′
(0)(−𝑡) = Φ(0) + Φ′(0)𝑡.

Thus there is a linear function Ψ such that Φ ≤ Ψ on ℝ and Φ(0) = Ψ(0); this
implies the desired concavity.

To show (7.105), we consider two cases: 𝑦 ≥ 𝑥 + 𝑤 − 1 and 𝑦 < 𝑥 + 𝑤 − 1.
We shall only present the details in the first case: the second one can be handled
in a similar manner. Namely, we shall show that

Φ is concave on the set [0, 𝑤 − 𝑦], (7.106)

Φ′(𝑡+) ≤ Φ′((𝑤 − 𝑦)−) for 𝑡 ∈ (𝑤 − 𝑦, 1− 𝑥), (7.107)

Φ is convex on [1− 𝑥,∞), (7.108)

lim
𝑡→∞Φ

′(𝑡) ≤ Φ′((𝑤 − 𝑦)−). (7.109)
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These properties clearly yield (7.105). The first condition is a consequence of
Lemma 7.10 (vi). Property (7.107) follows from items (iii) and (iv) of that lemma;
indeed,

Φ′(𝑡+) = lim
𝑠↓𝑡
(𝑢𝑥 + 𝑢𝑦 + 𝑢𝑤)(𝑥+ 𝑠, 𝑦 + 𝑠, 𝑦 + 𝑠)

≤ lim sup
𝑠↓𝑡

(𝑢𝑥 + 𝑢𝑦)(𝑥+ 𝑠, 𝑦 + 𝑠, 𝑦 + 𝑠)

≤ lim sup
𝑠↑(𝑤−𝑦)

(𝑢𝑥 + 𝑢𝑦)(𝑥 + 𝑠, 𝑦 + 𝑠, 𝑦 + 𝑠) = Φ′((𝑤 − 𝑦)−).

The condition (7.108) is shown exactly in the same manner as in the proof of
inequality (7.29); here we use item (v) of Lemma 7.10. Finally, we turn to (7.109).
We have, for sufficiently large 𝑡,

Φ(𝑡) = 𝑈(𝑥+ 𝑡, 𝑦 + 𝑡, 𝑥+ 𝑡, 𝑦 + 𝑡)

= (𝑥+ 𝑡)𝑢

(
1,

𝑦 + 𝑡

𝑥+ 𝑡
,
𝑦 + 𝑡

𝑥+ 𝑡

)

=

⎧⎨
⎩

𝛾(𝑥+ 𝑡) + 1
2𝛾(𝑥− 𝑦)− 𝛾(𝑦−𝑥)2

4(𝑥+𝑡) if 𝑦 < 𝑥,

3𝛾(𝑥+ 𝑡)− 𝛾(𝑦 + 𝑡)− 𝛾(𝑥+ 𝑡) exp
(

𝑥−𝑦
2(𝑥+𝑡)

)
if 𝑦 ≥ 𝑥,

from which we infer that lim𝑡→∞Φ′(𝑡) = 𝛾. It suffices to use (7.102) and the
condition 2∘ is proved. To show 3∘, observe that by the concavity we have just
proved,

𝑈(𝑥, 𝑦, 𝑧, ∣𝑦∣) ≤ 𝑈(𝑥, 𝑦, ∣𝑥∣, ∣𝑦∣) = 𝑈(𝑥, 𝑦, ∣𝑥∣, ∣𝑦∣) + 𝑈(−𝑥,−𝑦, ∣𝑥∣, ∣𝑦∣)
2

≤ 𝑈(0, 0, ∣𝑥∣, ∣𝑦∣) ≤ 𝑈(0, 0, ∣𝑦∣, ∣𝑦∣) ≤ 0.

Finally, 4∘ is obvious. Consequently, Burkholder’s method gives

𝔼𝑉 (𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗ ∨ 𝜀, ∣𝑔𝑛∣∗) ≤ 𝔼𝑈(𝑓𝑛, 𝑔𝑛, ∣𝑓𝑛∣∗ ∨ 𝜀, ∣𝑔𝑛∣∗) ≤ 0

and letting 𝜀 → 0 yields the claim. □

7.5.4 Sharpness

This is really involved. Suppose that the inequality (7.99) holds with some constant
𝛾: the set of such 𝛾’s forms an interval [𝛽′,∞). As in the previous estimates, we
make use of Theorem 7.2 and exploit the properties of the function

𝑈𝛾(𝑥, 𝑦, 𝑧, 𝑤) = sup𝔼
[∣𝑔𝑛∣∗ ∨𝑤 − 𝛾∣𝑓𝑛∣∗ ∨ 𝑧

]
,

the supremum being taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦).
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Lemma 7.11. The function 𝐹 : [𝛽′,∞) → ℝ given by 𝐹 (𝛾) = 𝑈𝛾(1, 1, 1, 1) is
convex.

Proof. This is straightforward. Fix 𝜆 ∈ (0, 1), 𝛾1, 𝛾2 ≥ 𝛽′ and (𝑓, 𝑔) ∈ 𝑀(1, 1).
Then for any 𝑛,

𝔼
[∣𝑔𝑛∣∗ ∨ 𝑤 − (𝜆𝛾1 + (1− 𝜆)𝛾2)∣𝑓𝑛∣∗ ∨ 𝑧

]
=𝜆𝔼

[∣𝑔𝑛∣∗ ∨ 𝑤 − 𝛾1∣𝑓𝑛∣∗ ∨ 𝑧
]

+ (1− 𝜆)𝔼
[∣𝑔𝑛∣∗ ∨𝑤 − 𝛾2∣𝑓𝑛∣∗ ∨ 𝑧

]
≤𝜆𝐹 (𝛾1) + (1− 𝜆)𝐹 (𝛾2).

It suffices to take the supremum over 𝑓 , 𝑔 and 𝑛 to complete the proof. □

Next suppose that the inequality (7.99) holds with some constant 𝛽0 < 𝛽. By
the previous lemma, enlarging 𝛽0 if necessary, we may assume that 𝑈

𝛽0(1, 1, 1, 1) ≤
𝑈𝛽(1, 1, 1, 1)+1/100. However, we have 𝑈𝛽 ≤ 𝑈 , because 𝑈𝛽 is the least majorant
of (𝑥, 𝑦, 𝑧, 𝑤) �→ ∣𝑦∣ ∨ 𝑤 − 𝛽∣𝑥∣ ∨ 𝑧 satisfying 2∘–4∘. Thus, in particular, we have
𝑈𝛽(1, 1, 1, 1) ≤ 𝑈(1, 1, 1, 1) = 𝛾 ≤ −1 − (1.7)−1. The latter estimate follows from
the bound 𝑤0 < 1.69, see above. Consequently,

𝑈𝛽0(1, 1, 1, 1) < −3/2. (7.110)

From now on, we will work with the function 𝑈𝛽0 . It satisfies 1∘–4∘, with 𝑉 = 𝑉𝛽0 .
Furthermore, it is homogeneous of order 1 and such that

𝑈𝛽0(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈𝛽0(−𝑥, 𝑦, 𝑧, 𝑤) = 𝑈𝛽0(𝑥,−𝑦, 𝑧, 𝑤)

for all 𝑥, 𝑦 ∈ ℝ, 𝑧, 𝑤 > 0. We shall use the following notation: 𝑢0(𝑥, 𝑦, 𝑤) =
𝑈𝛽0(𝑥, 𝑦, 1, 𝑤), 𝐴𝑤(𝑦) = 𝑢0(0, 𝑦, 𝑤), 𝐵

𝑤(𝑦) = 𝑢0(1, 𝑦, 𝑤) and 𝛾0 = 𝑢0(1, 1, 1).

Lemma 7.12. For any 𝑥 ∈ [−1, 1], 𝑦1, 𝑦2 ∈ ℝ and 𝑤1, 𝑤2 > 0 we have

∣𝑢0(𝑥, 𝑦1, 𝑤1)− 𝑢0(𝑥, 𝑦2, 𝑤2)∣ ≤ max{∣𝑦1 − 𝑦2∣, ∣𝑤1 − 𝑤2∣}.
Proof. By the triangle inequality, for any numbers 𝑎1, 𝑎2, . . . , 𝑎𝑛, 𝑏1, 𝑏2, . . . , 𝑏𝑛,

∣𝑦1+ 𝑎1∣ ∨ ∣𝑦1+ 𝑎2∣ ∨ ⋅ ⋅ ⋅ ∨ ∣𝑦1+ 𝑎𝑛∣ ∨𝑤1− ∣𝑦1+ 𝑎1∣ ∨ ∣𝑦2+ 𝑎2∣ ∨ ⋅ ⋅ ⋅ ∨ ∣𝑦2+ 𝑎𝑛∣ ∨𝑤2

≤ max{∣𝑦1 − 𝑦2∣, ∣𝑤1 − 𝑤2∣}.
Therefore, if 𝑓 , 𝑔 are simple martingales such that 𝑓 starts from 𝑥, 𝑔 starts from
0 and 𝑑𝑔𝑛 = ±𝑑𝑓𝑛 for 𝑛 ≥ 1, then, by the definition of 𝑢0,

𝔼((𝑦1 + 𝑔)∗𝑛 ∨ 𝑤1 − 𝛽0𝑓
∗
𝑛 ∨ 1)− 𝑢0(𝑥, 𝑦2, 𝑤2)

≤ 𝔼
[
((𝑦1 + 𝑔)∗𝑛 ∨ 𝑤1 − 𝛽0𝑓

∗
𝑛 ∨ 1)− ((𝑦2 + 𝑔)∗𝑛 ∨ 𝑤1 − 𝛽0𝑓

∗
𝑛 ∨ 1)

]
≤ max{∣𝑦1 − 𝑦2∣, ∣𝑤1 − 𝑤2∣}.

It suffices to take the supremum over 𝑓 , 𝑔 and 𝑛 to obtain

𝑢0(𝑥, 𝑦1, 𝑤1)− 𝑢0(𝑥, 𝑦2, 𝑤2) ≤ max{∣𝑦1 − 𝑦2∣, ∣𝑤1 − 𝑤2∣},
and the claim follows by symmetry. □
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Lemma 7.13. For any 𝑤 > 0, ∣𝑦∣ ≤ 𝑤 and 𝛿 ∈ (0, 1),
𝐵𝑤(𝑦) ≥ 𝑢0(1− 𝛿, 𝑦 + 𝛿, 𝑤) + 𝛿𝛾0. (7.111)

Proof. This is shown exactly in the same manner as (7.44). □
Lemma 7.14. For any 𝑤 > 𝑦 ≥ 1 and 𝛿 ∈ (0, 1) satisfying 𝛿 ≤ (𝑤 − 𝑦)/2,

𝐵𝑤(𝑦) ≥ 𝛿𝐴𝑤(𝑦 + 2𝛿 − 1) + (1− 𝛿)𝐵𝑤(𝑦 + 2𝛿) + 𝛿𝛾0, (7.112)

𝐴𝑤(𝑦 + 2𝛿 − 1) ≥ 𝛿

1 + 𝛿
𝐵𝑤(𝑦 + 2𝛿) +

1

1 + 𝛿
𝑢0(−𝛿, 𝑦 + 𝛿 − 1, 𝑤)

≥ 𝛿

1 + 𝛿
𝐵𝑤(𝑦 + 2𝛿) +

𝛿

1 + 𝛿
𝐵𝑤(𝑦) +

1− 𝛿

1 + 𝛿
𝐴𝑤(𝑦 − 1)

(7.113)

and

(1− 𝛿)(𝐵𝑤(𝑦)−𝐴𝑤(𝑦 − 1) + 𝛾0) ≥ 𝐵𝑤(𝑦 + 2𝛿)−𝐴𝑤(𝑦 − 1 + 2𝛿) + 𝛾0. (7.114)

Proof. Repeat the argumentation leading to (7.45). □
Lemma 7.15. For any 𝑤 > 1,

𝐵𝑤(𝑤) ≤ 𝛾0

[
3− 𝑤 − exp

(
1− 𝑤

2

)]
. (7.115)

Proof. Essentially, we have shown this in the proof of sharpness of (7.29). How-
ever, we shall present a quick proof since we shall need some estimates which will
appear in between. First, we have 𝐴𝑤(0) ≥ 𝐵𝑤(1), by 2∘ applied to (𝑥, 𝑦, 𝑧, 𝑤)
:= (0, 0, 1, 𝑤), 𝜀 = 1 and 𝑡1 = −1, 𝑡2 = 1. Thus, using (7.114) and induction,
(1 − 𝛿)𝑁𝛾0 ≥ (1− 𝛿)𝑁 (𝐵𝑤(1)−𝐴𝑤(0) + 𝛾0) ≥ 𝐵𝑤(1 + 2𝑁𝛿)−𝐴𝑤(2𝑁𝛿) + 𝛾0.

Hence, if we put 𝛿 = (𝑤 − 1)/(2𝑁) and let 𝑁 →∞, we arrive at
𝐴𝑤(𝑤 − 1) ≥ 𝐵𝑤(𝑤) + 𝛾0(1 − exp((1 − 𝑤)/2)). (7.116)

Arguments leading to (7.112), with 𝑦 replaced by 𝑤, give

𝐵𝑤(𝑤) ≥ (1− 𝛿)𝐵𝑤+2𝛿(𝑤 + 2𝛿) + 𝛿𝐴𝑤+𝛿(𝑤 + 2𝛿 − 1) + 𝛿𝛾0,

so, by Lemma 7.12,

𝐵𝑤(𝑤) ≥ (1 − 𝛿)𝐵𝑤+2𝛿(𝑤 + 2𝛿) + 𝛿𝐴𝑤+2𝛿(𝑤 + 2𝛿 − 1) + 𝛿𝛾0 − 𝛿2. (7.117)

Applying (7.116) yields

𝐵𝑤(𝑤) ≥ 𝐵𝑤+2𝛿(𝑤 + 2𝛿) + 𝛿𝛾0(2 − exp((1 − 𝑤 − 2𝛿)/2)− 𝛿2.

Using induction as in the proof of (7.116), this leads to

𝛾0 = 𝐵1(1) ≥ 𝐵𝑤(𝑤) + 𝛾0[𝑤 − 2 + exp((1 − 𝑤)/2)],

which is the claim. □
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Lemma 7.16. Suppose that 𝑤 ∈ (1, 2) and let 1 ≤ 𝑦 ≤ 𝑤. Then

𝐴𝑤(𝑦 − 1)𝑦2 ≥ 𝐵𝑤(𝑦)(𝑦2 − 2𝑦 + 2) + 2(𝑦 − 1)(𝑤 − 𝛽0). (7.118)

Proof. We apply 2∘ three times:

𝐴𝑤(𝑦 − 1) ≥ 𝑦

𝑦 + 2
𝐵𝑤(𝑦) +

2

𝑦 + 2
𝑢0(−𝑦/2, 𝑦/2− 1, 𝑤),

𝑢0(−𝑦/2, 𝑦/2− 1, 𝑤) ≥ 2− 𝑦

𝑦
𝑢0(−1 + 𝑦/2,−𝑦/2, 𝑤) +

2𝑦 − 2
𝑦

𝑢0(−1, 0, 𝑤),

𝑢0(−1 + 𝑦/2,−𝑦/2, 𝑤) = 𝑢0(1 − 𝑦/2, 𝑦/2, 𝑤) ≥ 𝑦

2
𝐴𝑤(𝑦 − 1) + 2− 𝑦

2
𝐵𝑤(𝑦).

Combining these estimates with 𝑢0(−1, 0, 𝑤) ≥ 𝑤 − 𝛽0, a consequence of 1
∘, we

get (7.118). □
Lemma 7.17. Suppose that 𝑤 ∈ (1, 2) and let 1 ≤ 𝑦 ≤ 𝑤. Then

(𝐴𝑤(𝑤 − 1)− 𝑤 + 𝛽0)

[
2 exp

(
𝑤 − 𝑦

2

)
− 1
]

(7.119)

≥ (𝐵𝑤(𝑦)− 𝑤 + 𝛽0)(1 − 2𝑦−1 + 2𝑦−2) + (𝑦 − 𝑤)𝛾0

+ 2(𝐵𝑤(𝑤)− 𝑤 + 𝛽0 + 𝛾0)

[
exp

(
𝑤 − 𝑦

2

)
− 1
]

and

(𝐵𝑤(𝑦)− 𝑤 + 𝛽0)

[
1 +
2(𝑦 − 1)

𝑦2

(
1− exp

(
𝑦 − 𝑤

2

))]

≥ 𝐵𝑤(𝑤) − 𝑤 + 𝛽0 + 𝛾0

[
𝑤 − 𝑦 − 1 + exp

(
𝑦 − 𝑤

2

)]
.

(7.120)

In addition,

𝐵𝑤−2𝛿(𝑤 − 2𝛿) ≥𝐵𝑤(𝑤) + 2𝛿𝛾0 −
𝛿 exp(𝑦−𝑤

2 )

1 + 2𝑦−2(𝑦 − 1)(1− exp(𝑦−𝑤
2 ))

(7.121)

× {2𝑦−2(𝑦 − 1)(𝐵𝑤(𝑤) − 𝑤 + 𝛽0 + 𝛾(𝑤 − 𝑦)) + 𝛾0
}− 𝛿2.

Proof. Using (7.114) inductively yields the following estimate: for 1 ≤ 𝑦′′ ≤
𝑦′ ≤ 𝑤,

exp

(
𝑦′′ − 𝑦′

2

)
(𝐵𝑤(𝑦′′)−𝐴𝑤(𝑦′′ − 1)+ 𝛾0) ≥ 𝐵𝑤(𝑦′)−𝐴𝑤(𝑦′ − 1) + 𝛾0. (7.122)

Take 𝑦′ = 𝑤 and note that 𝐵𝑤(𝑦′′ + 2𝛿) ≥ 𝐵𝑤(𝑦′′)− 2𝛿, a consequence of Lemma
7.12. Plug these two estimates into (7.113) to get

𝐴𝑤(𝑦′′ + 2𝛿 − 1)

≥ 𝐴𝑤(𝑦′′ − 1) + 2𝛿

1 + 𝛿

[
exp

(
𝑤 − 𝑦′′

2

)
(𝐵𝑤(𝑤) −𝐴𝑤(𝑤 − 1) + 𝛾0)− 𝛾0 − 𝛿

]
.
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Now set 𝛿 = (𝑤− 𝑦)/(2𝑁), write the above estimates for 𝑦′′ = 𝑦, 𝑦′′ = 𝑦+2𝛿, . . .,
𝑦′′ = 𝑦 + (2𝑁 − 2)𝛿 and sum them up. We obtain

𝐴𝑤(𝑤 − 1) = 𝐴𝑤(𝑦 + 2𝑁𝛿 − 1) ≥ 𝐴𝑤(𝑦 − 1)− 2𝛿

1 + 𝛿
𝑁(𝛾0 + 𝛿)

+
2𝛿

1 + 𝛿
(𝐵𝑤(𝑤) −𝐴𝑤(𝑤 − 1) + 𝛾0) exp

(
𝑤 − 𝑦

2

)
1− exp(−𝑁𝛿)

1− exp(−𝛿)
.

Letting 𝑁 →∞ gives

𝐴𝑤(𝑤−1) ≥ 𝐴𝑤(𝑦−1)+2(𝐵𝑤(𝑤)−𝐴𝑤(𝑤−1)+𝛾0)

[
exp

(
𝑤 − 𝑦

2

)
− 1
]
+𝛾0(𝑦−𝑤)

and combining this with (7.118) yields the first estimate. We skip the proof of
(7.120), since it can be established using similar argumentation. To get (7.121),
plug (7.120) into (7.119) to obtain

𝐴𝑤(𝑤 − 1) ≥𝐵𝑤(𝑤) + 𝛾0 −
exp(𝑦−𝑤

2 )

1 + 2𝑦−2(𝑦 − 1)(1− exp(𝑦−𝑤
2 ))

× {2𝑦−2(𝑦 − 1)(𝐵𝑤(𝑤) − 𝑤 + 𝛽0 + 𝛾(𝑤 − 𝑦)) + 𝛾0
}
.

It suffices to make use of (7.117) (with 𝑤 replaced by 𝑤 − 2𝛿) to complete the
proof. □

The final estimate we will need is the following. It can be established essen-
tially in the same manner as above; we omit the tedious and lengthy calculations.

Lemma 7.18. For any 𝑤 ≥ 1,

𝐵𝑤(𝑤) ≥ 𝑤2(1 + 𝛾0)

2
+ 2𝑤 − 𝛽0. (7.123)

Now we are ready to complete the proof.

Sharpness of (7.99). The first observation is that 𝛾0 ∈ (−2,−3/2). The inequality
𝛾0 < −3/2 is precisely (7.110). To get the lower bound, apply (7.123) to 𝑤 = 1 to
obtain 𝛾0 ≥ 5 − 2𝛽0 > −2 (we have 𝛽0 < 𝛽 < 3.5). Now let 𝑣0 = −(1 + 𝛾0)

−1 ∈
(1, 2), define 𝑌 𝑣0 as in Section 7.3 and let 𝑦0 be the inverse to 𝑌 𝑣0 . Finally, let
𝑣1 = 𝑌 𝑣0(1) and

𝐶(𝑤) = − 2𝛾0
1 + 𝑦0

exp

(
𝑦0 − 𝑤

2

)
+ 𝛾0(1− 𝑤) +

𝛾0(𝑦
2
0 + 2)

2(1 + 𝑦0)
+ 𝑤 − 𝛽0

for 𝑤 ∈ [𝑣1, 𝑣0]. Observe that since 𝑦0(𝑣0) = 𝑣0, we have, after some manipulations,

𝐶(𝑣0) =
3

2
𝑣0 − 𝛽0 =

𝑣20(1 + 𝛾0)

2
+ 2𝑣0 − 𝛽0 ≤ 𝐵𝑣0(𝑣0), (7.124)
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by virtue of Lemma 7.18. Furthermore, it can be verified that 𝐶 satisfies the
differential equation

𝐶′(𝑤) = − 𝛾0 +
exp
(𝑦0−𝑤

2

)
2
[
1 + 2𝑦−2

0 (𝑦0 − 1)(1− exp(𝑦0−𝑤
2 ))

]
× {2𝑦−2

0 (𝑦0 − 1)(𝐶(𝑤) − 𝑤 + 𝛽0 + 𝛾(𝑤 − 𝑦0)) + 𝛾0
}
,

for 𝑤 ∈ (𝑣1, 𝑣0). Note that 𝐶′′ is bounded on (𝑣1, 𝑣0). To see this, observe that the
solution 𝑌 𝑣0 to (7.88) can be extended to an increasing 𝐶∞ function on a certain
open interval 𝐼 containing [1, 𝑣0]. Consequently, 𝑦0, 𝑦

′
0, 𝑦

′′
0 are bounded on (𝑣1, 𝑣0)

and hence 𝐶′′ also has this property. Therefore for some absolute constant 𝑟,

𝐶(𝑤 − 2𝛿) ≤𝐶(𝑤) + 2𝛿𝛾0 −
𝛿 exp

(𝑦0−𝑤
2

)
1 + 2𝑦−2

0 (𝑦0 − 1)(1− exp(𝑦0−𝑤
2 ))

× {2𝑦−2
0 (𝑦0 − 1)(𝐶(𝑤) − 𝑤 + 𝛽0 + 𝛾(𝑤 − 𝑦0)) + 𝛾0

}
+ 𝑟𝛿2.

(7.125)

Combining this with (7.121), applied to 𝑦 = 𝑦0 (which is allowed, since 𝑦0 ∈ (1, 2)),
yields

𝐵𝑤−2𝛿(𝑤 − 2𝛿)− 𝐶(𝑤 − 2𝛿) ≥ (𝐵𝑤(𝑤) − 𝐶𝑤(𝑤)) ⋅ 𝑅(𝛿, 𝑤)− (𝑟 + 1)𝛿2,

where 𝑅(𝛿, 𝑤) is a certain constant lying in [0, 1]. By induction and (7.124), we
obtain 𝐵(𝑣1)− 𝐶(𝑣1) ≥ 0, which implies, by (7.115), that

𝛾0

[
3− 𝑣1 − exp

(
1− 𝑣1
2

)]
≥ 𝐶(𝑣1).

This is equivalent to

𝛽0 ≥ 𝑣1 +
5

4

(
1 +

1

𝑣0

)
= 𝑌 𝑣0(1) +

5

4

(
1 +

1

𝑣0

)

and gives 𝛽0 ≥ 𝛽, by virtue of (7.92). This contradicts the assumption 𝛽0 < 𝛽 and
completes the proof. □
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7.6 Double maximal inequality for
nonnegative martingales

7.6.1 Formulation of the result

If the dominated martingale is nonnegative, then the constant in (7.99) decreases.
We have the following fact.

Theorem 7.14. Suppose that 𝑋, 𝑌 are real-valued martingales such that 𝑋 is
nonnegative and 𝑌 is differentially subordinate to 𝑋. Then

∣∣ ∣𝑌 ∣∗∣∣1 ≤ 3∣∣𝑋∗∣∣1 (7.126)

and the constant is the best possible.

As in the proof of the preceding estimate, we focus on the version for ±1-
transforms in the discrete-time case.

7.6.2 Proof of Theorem 7.14

A special function. Arguing as above, it suffices to construct 𝑈(⋅, ⋅, 1, ⋅). Let 𝑆 =
{(𝑥, 𝑦, 𝑤) : 𝑥 ∈ [0, 1], ∣𝑦∣ ≤ 𝑤} and consider the following subsets of 𝑆:

𝐷1 = {(𝑥, 𝑦, 𝑤) ∈ 𝑆 : ∣𝑦∣ ≤ 𝑥},
𝐷2 = {(𝑥, 𝑦, 𝑤) ∈ 𝑆 : 𝑥 ≤ ∣𝑦∣ ≤ 𝑥+ 𝑤 − 1},
𝐷3 = {(𝑥, 𝑦, 𝑤) ∈ 𝑆 : 𝑥+ 𝑤 − 1 < ∣𝑦∣ ≤ 𝑤}.

Let 𝑢 : 𝑆 → ℝ be given as follows. First, if 𝑤 ≥ 1, then 𝑢(𝑥, 𝑦, 𝑤) equals⎧⎨
⎩

2
3 exp[

1
2 (1− 𝑤)]

{
2 + (2𝑥+ ∣𝑦∣ − 2)(−𝑥+ ∣𝑦∣+ 1)1/2}+ 𝑤 − 3 on 𝐷1,

2𝑥 exp[ 12 (−𝑥+ ∣𝑦∣ − 𝑤 + 1)] + 𝑤 − 3 on 𝐷2,

2𝑥− 𝑥 log(𝑥− ∣𝑦∣+ 𝑤) + 𝑤 − 3 on 𝐷3

(with the convention 0 log 0 = 0). If 𝑤 < 1, then we set 𝑢(𝑥, 𝑦, 𝑤) = 𝑢(𝑥, 𝑦, 1).

The special function 𝑈 : [0,∞)× ℝ× (0,∞)× (0,∞)→ ℝ is given by

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = (𝑥 ∨ 𝑧)𝑢

(
𝑥

𝑥 ∨ 𝑧
,

𝑦

𝑥 ∨ 𝑧
,
∣𝑦∣ ∨ 𝑤

𝑥 ∨ 𝑧

)
.

This function satisfies 1∘–4∘, which can be seen by repeating the argumenta-
tion presented in the previous section. We omit the details and refer the interested
reader to [152]. □

Sharpness. We shall be brief. Suppose that 𝛽 > 0 is the best constant in (7.126)
in the discrete-time case, when 𝑌 is assumed to be a ±1-transform of 𝑋 . Let 𝑈0
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be the function guaranteed by Theorem 7.2. The function 𝑈0 satisfies 1
∘–4∘, is

homogeneous and for any 𝑥 ≥ 0, 𝑧 > 0 and 𝑦1, 𝑦2 ∈ ℝ, 𝑤1, 𝑤2 > 0 we have

∣𝑈0(𝑥, 𝑦1, 𝑧, 𝑤1)− 𝑈0(𝑥, 𝑦2, 𝑧, 𝑤2)∣ ≤ max{∣𝑦1 − 𝑦2∣, ∣𝑤1 − 𝑤2∣}. (7.127)

Arguing as in the proof of (7.44) and (7.45), we get, for 𝑤 > 0 and 𝛿 ∈ (0, 1),
𝑈0(1, 𝑤, 1, 𝑤) ≥ 𝑈0(1− 𝛿, 𝑤 + 𝛿, 1, 𝑤 + 𝛿) + 𝛿𝑈0(1, 1, 1, 1) (7.128)

and

𝑈0(1− 𝛿, 𝑤+ 𝛿, 1, 𝑤+ 𝛿) ≥ (1− 𝛿)𝑈0(1, 𝑤+2𝛿, 1, 𝑤+2𝛿) + 𝛿(𝑤+ 𝛿− 𝛽). (7.129)

Combining (7.128) and (7.129), we get

𝑈0(1, 𝑤, 1, 𝑤) ≥ (1− 𝛿)𝑈0(1, 𝑤 + 2𝛿, 1, 𝑤 + 2𝛿) + 𝛿𝑈0(1, 1, 1, 1) + 𝛿(𝑤 + 𝛿 − 𝛽).

Substituting 𝐹 (𝑤) = 𝑈0(1, 𝑤, 1, 𝑤) − 𝑈0(1, 1, 1, 1) − (𝑤 − 𝛽 + 2), we rewrite the
above inequality in the form 𝐹 (𝑤) ≥ (1 − 𝛿)𝐹 (𝑤 + 2𝛿) − 𝛿2. This, by induction,
yields

𝐹 (𝑤) ≥ (1− 𝛿)𝑛𝐹 (𝑤 + 2𝑛𝛿)− 𝑛𝛿2.

Now fix 𝑧 > 1 and take 𝑤 = 1, 𝛿 = (𝑧 − 1)/(2𝑛) (here 𝑛 must be sufficiently large
so that 𝛿 < 1). Letting 𝑛 →∞ gives

𝛽 − 3 = 𝐹 (1) ≥ 𝐹 (𝑧) exp

(
1− 𝑧

2

)
.

However, by (7.127), 𝐹 has at most linear growth; thus, letting 𝑧 →∞, we obtain
𝛽 − 3 ≥ 0. This completes the proof. □

7.7 Bounds for one-sided maximal functions

7.7.1 Formulation of the result

We turn to related 𝐿1 estimates which involve one-sided maximal function of the
dominated process. Let 𝛽0 = 2.0856 . . . be the positive solution to the equation

2 log

(
8

3
− 𝛽0

)
= 1− 𝛽0

and 𝛽+
0 =

14
9 = 1.555 . . ..

Theorem 7.15. Let 𝑋, 𝑌 be real-valued martingales such that 𝑌 is differentially
subordinate to 𝑋.

(i) We have
∣∣𝑌 ∗∣∣1 ≤ 𝛽0∣∣∣𝑋 ∣∗∣∣1, (7.130)

and the constant 𝛽0 is the best possible. It is already the best possible in the
discrete-time setting, even when 𝑌 is assumed to be a ±1-transform of 𝑋.
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(ii) If 𝑋 is nonnegative, then

∣∣𝑌 ∗∣∣1 ≤ 𝛽+
0 ∣∣𝑋∗∣∣1, (7.131)

and the constant 𝛽+
0 is the best possible. It is already the best possible in the

discrete-time setting, even when 𝑌 is assumed to be a ±1-transform of 𝑋.

In the case when the dominating sequence is a nonnegative supermartingale,
we have the following result.

Theorem 7.16. Let 𝑋 be a nonnegative supermartingale and let 𝑌 be 1-subordinate
to 𝑓 . Then

∣∣𝑌 ∗∣∣1 ≤ 3∣∣ ∣𝑋 ∣∗∣∣1 (7.132)

and the constant 3 is the best possible. It is already the best possible in the discrete-
time case, when 𝑌 is assumed to be a ±1 transform of 𝑋.

We shall only prove discrete-time versions of the above results and restrict
ourselves to ±1-transforms.

7.7.2 Proof of Theorem 7.15

Proof of (7.130). A very interesting feature of the 𝐿1 estimates for one-sided max-
imal functions is that there is an additional reduction of the dimension of the prob-
lem. First, it is not difficult to see that we may assume that 𝑓0 is constant. Second,
we may assume that 𝑔0 ≥ 0 almost surely: if this is not the case, we replace 𝑣0 by
sgn𝑓0 and the new sequence 𝑔 we obtain has a larger one-sided maximal function.
Now we search for a function on 𝐷 = ℝ× ℝ× [0,∞)× ℝ, given by the formula

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼𝑔∗𝑛 ∨ 𝑤 − 𝛽𝔼∣𝑓𝑛∣∗ ∨ 𝑧},
with the supremum taken over the usual parameters. We have a reduction of the
dimension of this problem, coming from the fact that 𝑈0 is homogeneous. A new
argument is that for any 𝑑 > 0,

𝑈0(𝑥, 𝑦 + 𝑑, 𝑧, 𝑤 + 𝑑) = sup
𝑀(𝑥,𝑦+𝑑)

{𝔼𝑔∗𝑛 ∨ (𝑤 + 𝑑)− 𝛽𝔼∣𝑓𝑛∣∗ ∨ 𝑧}

= sup
𝑀(𝑥,𝑦)

{𝔼(𝑔𝑛 + 𝑑)∗ ∨ (𝑤 + 𝑑)− 𝛽𝔼∣𝑓𝑛∣∗ ∨ 𝑧}

= 𝑑+ sup
𝑀(𝑥,𝑦)

{𝔼𝑔∗𝑛 ∨𝑤 − 𝛽𝔼∣𝑓𝑛∣∗ ∨ 𝑧}

= 𝑑+ 𝑈0(𝑥, 𝑦, 𝑧, 𝑤).

Consequently, it suffices to find the appropriate 𝑈(⋅, ⋅, 1, 0) and then extend it to
the whole 𝐷 by putting

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑦 ∨ 𝑤 + (∣𝑥∣ ∨ 𝑧)𝑈

(
𝑥

∣𝑥∣ ∨ 𝑧
,
𝑦 − (𝑦 ∨𝑤)

∣𝑥∣ ∨ 𝑧
, 1, 0

)
.



7.7. Bounds for one-sided maximal functions 349

Let us introduce an auxiliary parameter. The equation

2 log

(
2− 2
3𝑎

)
=

𝑎− 2
3𝑎

, 𝑎 >
1

3
, (7.133)

has a unique solution 𝑎 = 0.46986 . . . , related to 𝛽0 by the identity

𝛽0 =
2𝑎+ 2

3𝑎
.

Let 𝑆 denote the strip [−1, 1]× (−∞, 0] and consider the following subsets of 𝑆.

𝐷1 = {(𝑥, 𝑦) : ∣𝑥∣+ 𝑦 > 0},
𝐷2 = {(𝑥, 𝑦) : 0 ≥ ∣𝑥∣+ 𝑦 > 1− 𝛽0},
𝐷3 = {(𝑥, 𝑦) : ∣𝑥∣+ 𝑦 ≤ 1− 𝛽0}.

Introduce 𝑢 : 𝑆 → ℝ by

𝑢(𝑥, 𝑦) =

⎧⎨
⎩

𝑎(2∣𝑥∣ − 𝑦 − 2)(1− ∣𝑥∣ − 𝑦)1/2 − 3𝑎∣𝑥∣+ 𝑦 if (𝑥, 𝑦) ∈ 𝐷1,

3𝑎(2− ∣𝑥∣) exp(12 (∣𝑥∣ + 𝑦)) + (1− 3𝑎)𝑦 − 8𝑎 if (𝑥, 𝑦) ∈ 𝐷2,
9𝑎2

4(3𝑎−1) (1− ∣𝑥∣) exp(∣𝑥∣+ 𝑦)− 𝛽0 if (𝑥, 𝑦) ∈ 𝐷3.

We have the following fact, an analogue of Lemmas 7.2 and 7.9. The proof is
straightforward, so we shall not present the details, referring the reader to [138].

Lemma 7.19. The function 𝑢 has the following properties:

𝑢(1, ⋅) is convex, (7.134)

𝑢(1, 𝑦) ≥ −𝛽0, (7.135)

𝑢(𝑥, 0) ≥ −𝛽0, (7.136)

𝑢 is diagonally concave. (7.137)

Define 𝑈 : ℝ× ℝ× (0,∞)× (0,∞)→ ℝ by

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = 𝑦 ∨𝑤 + (∣𝑥∣ ∨ 𝑧)𝑢

(
𝑥

∣𝑥∣ ∨ 𝑧
,
𝑦 − (𝑦 ∨ 𝑤)

∣𝑥∣ ∨ 𝑧

)
. (7.138)

Using Lemma 7.19, we check that 𝑈 satisfies the properties 1∘–4∘, just repeating
the argumentation from the proofs of (7.29) and (7.99). □

Proof of (7.131). We shall only present the special function leading to this esti-
mate. Let 𝑆+ denote the strip [0, 1]× (−∞, 0] and let

𝐷1 =
{
(𝑥, 𝑦) ∈ 𝑆+ : 𝑥− 𝑦 > 2

3 , 𝑥 ≤ 2
3

}
,

𝐷2 =
{
(𝑥, 𝑦) ∈ 𝑆+ : 𝑥+ 𝑦 < 2

3 , 𝑥 > 2
3

}
,

𝐷3 =
{
(𝑥, 𝑦) ∈ 𝑆+ : 𝑥+ 𝑦 ≥ 2

3

}
,

𝐷4 =
{
(𝑥, 𝑦) ∈ 𝑆+ : 𝑥− 𝑦 ≤ 2

3

}
.
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Introduce the function 𝑢+ : 𝑆+ → ℝ by

𝑢+(𝑥, 𝑦) =

⎧⎨
⎩

𝑥 exp[ 32 (−𝑥+ 𝑦) + 1]− 𝛽+
0 , if (𝑥, 𝑦) ∈ 𝐷1,

(43 − 𝑥) exp[ 32 (𝑥+ 𝑦)− 1]− 𝛽+
0 , if (𝑥, 𝑦) ∈ 𝐷2,

−𝑥+ 𝑦 − 1√
3
(1− 𝑥− 𝑦)1/2(2− 2𝑥+ 𝑦), if (𝑥, 𝑦) ∈ 𝐷3,

𝑥− 𝑥 log(32 (𝑥− 𝑦))− 𝛽+
0 , if (𝑥, 𝑦) ∈ 𝐷4.

The special function 𝑈 is then given by (7.138), with 𝑢 replaced by 𝑢+. □

Sharpness of (7.130). Suppose that the best constant in (7.130), restricted to ±1-
transforms, equals 𝛽 and let 𝑈0 be the function guaranteed by Theorem 7.2. By
definition, 𝑈0 satisfies

𝑈0(𝑡𝑥, 𝑡𝑦, 𝑡𝑧, 𝑡𝑤) = 𝑡𝑈0(𝑥, 𝑦, 𝑧, 𝑤) for 𝑡 > 0, (7.139)

and
𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = 𝑈0(𝑥, 𝑦 + 𝑡, 𝑧, 𝑤 + 𝑡)− 𝑡 for 𝑡 > −𝑤. (7.140)

Introduce the functions 𝐴, 𝐵 : (−∞, 0]→ ℝ, 𝐶 : [0, 1]→ ℝ by

𝐴(𝑦) = 𝑈0(0, 𝑦, 1, 0), 𝐵(𝑦) = 𝑈0(1, 𝑦, 1, 0) = 𝑈0(−1, 𝑦, 1, 0), 𝐶(𝑥) = 𝑈0(𝑥, 0, 1, 0).

Step 1. We start with the observation that for 𝑥 ∈ (0, 1] and 𝛿 ∈ (0, 𝑥], the
property (7.64) gives

𝐶(𝑥) ≥ 2𝛿

1− 𝑥+ 2𝛿
𝐵(𝑥− 1) + 1− 𝑥

1− 𝑥+ 2𝛿
(𝐶(𝑥 − 2𝛿) + 𝛿)

≥ 2𝛿

1− 𝑥+ 2𝛿
𝐵(𝑥− 1− 2𝛿) + 1− 𝑥

1− 𝑥+ 2𝛿
(𝐶(𝑥 − 2𝛿) + 𝛿),

where the latter inequality follows from the fact that 𝐵 is nondecreasing (by its
definition). Furthermore,

𝐵(𝑥 − 1) ≥ 𝛿 + 𝛿𝐵(0) +
𝛿

1− 𝑥+ 2𝛿
𝐶(𝑥− 2𝛿) + 1− 𝑥+ 𝛿

1− 𝑥+ 2𝛿
𝐵(𝑥− 1− 2𝛿).

Equivalently,

𝐶(𝑥)− 𝐶(𝑥 − 2𝛿) ≥ 2𝛿
[
𝐵(𝑥− 1− 2𝛿)
1− 𝑥+ 2𝛿

− 𝐶(𝑥− 2𝛿)
1− 𝑥+ 2𝛿

]
+
2𝛿(1− 𝑥)

1− 𝑥+ 2𝛿
,

2𝐵(𝑥− 1)− 2𝐵(𝑥− 1− 2𝛿) ≥ 2𝛿
[

𝐶(𝑥 − 2𝛿)
1− 𝑥+ 2𝛿

− 𝐵(𝑥 − 1− 2𝛿)
1− 𝑥+ 2𝛿

]
+ 2𝛿(1 +𝐵(0)).

Adding these two estimates gives

𝐶(𝑥)+2𝐵(𝑥−1)−𝐶(𝑥−2𝛿)−2𝐵(𝑥−1−2𝛿)≥ 2𝛿(2+𝐵(0))− 4𝛿2

1− 𝑥+ 2𝛿
. (7.141)
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Now fix an integer 𝑛, substitute 𝛿 = 1/(2𝑛), 𝑥 = 𝑘/𝑛, 𝑘 = 1, 2, . . . , 𝑛 in (7.141)
and sum the resulting inequalities; we get

𝐶(1) + 2𝐵(0)− 𝐶(0)− 2𝐵(−1) ≥ 2 +𝐵(0)− 1
𝑛2

𝑛∑
𝑘=1

1

1− 𝑘−1
𝑛

.

Passing to the limit 𝑛 → ∞ and using the equalities 𝐶(1) = 𝐵(0), 𝐶(0) = 𝐴(0)
we arrive at

2𝐵(0)−𝐴(0)− 2𝐵(−1) ≥ 2. (7.142)

Step 2. Now let us show that

𝐴(0) ≥ 𝐵(−1) + 1. (7.143)

To do this, use the property 2∘ twice to obtain

𝐴(0) ≥ 𝛿

1 + 𝛿
𝐵(−1) + 1

1 + 𝛿
(𝐶(𝛿) + 𝛿)

≥ 𝛿

1 + 𝛿
𝐵(−1) + 1

1 + 𝛿

(
𝛿𝐵(−1) + (1− 𝛿)(𝛿 +𝐴(0)) + 𝛿

)
,

or, equivalently, 𝐴(0) ≥ 𝐵(−1) + 1− 𝛿
2 . As 𝛿 is arbitrary, (7.143) follows.

Step 3. The property 2∘, used twice, yields

𝐴(𝑦 − 2𝛿) ≥ 𝛿

1 + 𝛿
𝐵(𝑦 − 2𝛿 − 1) + 1

1 + 𝛿
𝑈0(−𝛿, 𝑦 − 𝛿, 1, 0)

≥ 𝛿

1 + 𝛿
𝐵(𝑦 − 2𝛿 − 1) + 𝛿

1 + 𝛿
𝐵(𝑦 − 1) + 1− 𝛿

1 + 𝛿
𝐴(𝑦)

(7.144)

if 𝛿 < 1 and 𝑦 ≤ 0. Moreover, if 𝑦 < 0, 𝛿 ∈ (0, 1) and 𝑡 > −𝑦 + 1, then

𝐵(𝑦 − 1) ≥ 𝑡

𝑡+ 𝛿
𝑈0(1− 𝛿, 𝑦 − 1− 𝛿, 1, 0) +

𝛿

𝑡+ 𝛿
𝑈0(1 + 𝑡, 𝑦 − 1 + 𝑡, 1, 0)

=
𝑡

𝑡+ 𝛿
𝑈0(1− 𝛿, 𝑦 + 1− 𝛿, 1, 0) +

𝛿(1 + 𝑡)

𝑡+ 𝛿

(
𝑦 − 1 + 𝑡

1 + 𝑡
+ 𝑈0(1, 0, 1, 0)

)
,

which upon taking 𝑡 →∞ gives
𝐵(𝑦 − 1) ≥ 𝑈0(1− 𝛿, 𝑦 − 1− 𝛿, 1, 0) + 𝛿(1 +𝐵(0)). (7.145)

Combining this estimate with the following consequence of 2∘:

𝑈0(1− 𝛿, 𝑦 − 1− 𝛿, 1, 0) ≥ 𝛿𝐴(𝑦 − 2𝛿) + (1− 𝛿)𝐵(𝑦 − 1− 2𝛿)
gives

𝐵(𝑦 − 1) ≥ 𝛿𝐴(𝑦 − 2𝛿) + (1− 𝛿)𝐵(𝑦 − 1− 2𝛿) + 𝛿(1 +𝐵(0)). (7.146)
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Now multiply (7.144) throughout by 1 + 𝛿 and add it to (7.146) to obtain

𝐴(𝑦 − 2𝛿)−𝐵(𝑦 − 1− 2𝛿) ≥ (1− 𝛿)(𝐴(𝑦) −𝐵(𝑦 − 1)) + 𝛿(1 +𝐵(0)),

which, by induction, leads to the estimate

𝐴(−2𝑛𝛿)−𝐵(−2𝑛𝛿 − 1)− 1−𝐵(0) ≥ (1− 𝛿)𝑛(𝐴(0)−𝐵(−1)− 1−𝐵(0)),

valid for any nonnegative integer 𝑛. Fix 𝑦 < 0, 𝛿 = −𝑦/(2𝑛) and let 𝑛 → ∞ to
obtain

𝐴(𝑦)−𝐵(𝑦−1)−1−𝐵(0) ≥ 𝑒𝑦/2(𝐴(0)−𝐵(−1)−1−𝐵(0)) ≥ −𝐵(0)𝑒𝑦/2, (7.147)

where the last estimate follows from (7.143).

Now we come back to (7.146) and write it in the equivalent form

𝐵(𝑦 − 1)−𝐵(𝑦 − 1− 2𝛿) ≥ 𝛿(𝐴(𝑦 − 2𝛿)−𝐵(𝑦 − 1− 2𝛿)) + 𝛿(1 +𝐵(0)).

By (7.147), we get

𝐵(𝑦 − 1)−𝐵(𝑦 − 1− 2𝛿) ≥ 𝛿(−𝑒𝑦/2𝐵(0) + 2 + 2𝐵(0)).

This gives, by induction,

𝐵(−1)−𝐵(−2𝑛𝛿 − 1) =
𝑛∑

𝑘=0

[𝐵(−2𝑘𝛿 − 1)−𝐵(−2𝑘𝛿 − 1− 2𝛿)]

≥ 𝑛𝛿(2 + 2𝐵(0))− 𝛿𝐵(0)
1− 𝑒−𝑛𝛿

1− 𝑒−𝛿
.

Now fix 𝑦 < 0, take 𝛿 = −𝑦/(2𝑛) and let 𝑛 →∞ to obtain
𝐵(−1)−𝐵(𝑦 − 1) ≥ −𝑦(1 +𝐵(0))−𝐵(0)(1− 𝑒𝑦/2). (7.148)

Now, by (7.142) and (7.143),

𝐵(−1) = 1
3
𝐵(−1) + 2

3
𝐵(−1) ≤ 1

3
𝐴(0) +

2

3
𝐵(−1) + 1

3
≤ 2
3
𝐵(0)− 1.

Furthermore, by the definition of 𝐵 we have 𝐵(𝑦 − 1) ≥ −𝛽. Plugging these
estimates into (7.148) yields

𝛽 ≥ −𝑦(1 +𝐵(0))−𝐵(0)(1 − 𝑒𝑦/2) + 1− 2
3
𝐵(0).

This implies that 1 + 𝐵(0) ≤ 0, otherwise we would obtain 𝛽 = ∞ (note that
𝑦 < 0 is arbitrary). Take 𝑦 ∈ (−∞, 0] satisfying

𝑒𝑦/2 =
2

𝐵(0)
+ 2.
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We get

𝛽 ≥ −2(1 +𝐵(0)) log

(
2 +

2

𝐵(0)

)
+ 3 +

1

3
𝐵(0)

and the right-hand side, as a function of 𝐵(0) ∈ (−∞,−1], attains its minimum
𝛽0 at 𝐵(0) = −3𝑎 (where 𝑎 is given by (7.133)). Hence 𝛽 ≥ 𝛽0 and the proof is
complete. □

Sharpness of (7.131) for nonnegative martingales. Suppose that for any nonneg-
ative martingale 𝑓 and its ±1 transform 𝑔 we have

∣∣𝑔∗∣∣1 ≤ 𝛽∣∣𝑓∗∣∣1
and let 𝑈+

0 be the corresponding special function coming from Theorem 7.2. From
its definition it follows that

𝑈+
0 (𝑡𝑥, 𝑡𝑦, 𝑡𝑧, 𝑡𝑤) = 𝑡𝑈+

0 (𝑥, 𝑦, 𝑧, 𝑤) for 𝑡 > 0, (7.149)

and
𝑈+
0 (𝑥, 𝑦, 𝑧, 𝑤) = 𝑈+

0 (𝑥, 𝑦 + 𝑡, 𝑧, 𝑤 + 𝑡)− 𝑡 for 𝑡 > −𝑤.

Furthermore,
the function 𝑈+

0 (1, ⋅, 1, 0) is nondecreasing. (7.150)

It will be convenient to work with the functions

𝐴(𝑦) = 𝑈+
0

(
2

3
, 𝑦, 1, 0

)
, 𝐵(𝑦) = 𝑈+

0 (1, 𝑦, 1, 0), 𝐶(𝑥) = 𝑈+
0 (𝑥, 0, 1, 0).

As previously, we divide the proof into a few intermediate steps.

Step 1. First let us note that the arguments leading to the estimate (7.141)
are valid for these functions and hence so is (7.141) itself. For a fixed positive
integer 𝑛, let us write (7.141) for 𝛿 = 1/(6𝑛), 𝑥 = 2

3
+ 2𝑘𝛿, 𝑘 = 1, 2, . . . , 𝑛 and

sum all these inequalities to obtain

𝐶(1) + 2𝐵(0)− 𝐶

(
2

3

)
− 2𝐵

(
−1
3

)
≥ 1
3
(1 +𝐵(0))− 1

9𝑛2

𝑛∑
𝑘=1

1
1
3 − 𝑘−1

3𝑛

.

Now let 𝑛 →∞ and use 𝐶(1) = 𝐵(0) to get

3𝐵(0) ≥ 𝐶

(
2

3

)
+ 2𝐵

(
−1
3

)
+
1

3
(1 +𝐵(0)). (7.151)

Step 2. We will show that

𝐶

(
2

3

)
≥ 2
3
𝐵

(
−1
3

)
+
4

9
− 𝛽

3
. (7.152)
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To this end, note that, using (7.64) twice, for 𝛿 < 1/3,

𝐶

(
2

3

)
≥ 3𝛿

1 + 3𝛿
𝐵

(
−1
3

)
+

1

1 + 3𝛿

[
𝛿 + 𝐶

(
2

3
− 𝛿

)]

≥ 3𝛿

1 + 3𝛿
𝐵

(
−1
3

)
+

1

1 + 3𝛿

{
𝛿 +
3𝛿

2
(−𝛽) +

2− 3𝛿
2

[
𝛿 + 𝐶

(
2

3

)]}
.

This is equivalent to

𝐶

(
2

3

)
≥ 2
3
𝐵

(
−1
3

)
+
2

9

(
2− 3
2
𝛿

)
− 𝛽

3

and it suffices to let 𝛿 → 0.
Step 3. Using the property (7.64), we get, for 𝑦 < −1/3 (see (7.145) and the

arguments leading to it),

𝐵(𝑦) ≥ 𝑈+
0 (1 − 𝛿, 𝑦 − 𝛿, 1, 0) + 𝛿(1 +𝐵(0)).

Furthermore, again by (7.64),

𝑈+
0 (1 − 𝛿, 𝑦 − 𝛿, 1, 0) ≥ (1 − 3𝛿)𝐵(𝑦 − 2𝛿) + 3𝛿𝐴

(
𝑦 +
1

3
− 2𝛿

)

and hence

𝐵(𝑦) ≥ (1 − 3𝛿)𝐵(𝑦 − 2𝛿) + 3𝛿𝐴
(

𝑦 +
1

3
− 2𝛿

)
+ 𝛿(1 +𝐵(0)). (7.153)

Moreover,

𝐴

(
𝑦 +
1

3
− 2𝛿

)
≥ 3𝛿

2 + 3𝛿
𝑈+
0

(
0, 𝑦 − 1

3
− 2𝛿, 1, 0

)
(7.154)

+
2

2 + 3𝛿
𝑈+
0

(
2

3
+ 𝛿, 𝑦 +

1

3
− 𝛿, 1, 0

)

≥ 3𝛿

2 + 3𝛿
(−𝛽) +

2

2 + 3𝛿

[
3𝛿𝐵(𝑦) + (1− 3𝛿)𝐴

(
𝑦 +
1

3

)]
.

Step 4. Now we will combine (7.153) and (7.154) and use them several times.
Multiply (7.154) by 𝛾 > 0 (to be specified later) and add it to (7.153). We obtain

𝐵(𝑦) ⋅
(
1− 6𝛾𝛿

2 + 3𝛿

)
−𝐴

(
𝑦 +
1

3

)
⋅ (2 − 6𝛿)𝛾
2 + 3𝛿

≥ 𝐵(𝑦 − 2𝛿) ⋅ (1− 3𝛿)−𝐴

(
𝑦 +
1

3
− 2𝛿

)
⋅ (𝛾 − 3𝛿) + 𝛿

(
1 +𝐵(0)− 3𝛽𝛾

2 + 3𝛿

)

≥ 𝐵(𝑦 − 2𝛿) ⋅ (1− 3𝛿)−𝐴

(
𝑦 +
1

3
− 2𝛿

)
⋅ (𝛾 − 3𝛿) + 𝛿

(
1 +𝐵(0)− 3𝛽𝛾

2

)
.
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Now the choice 𝛾 = (5 −√
9− 24𝛿)/4 allows to write the inequality above in the

form

𝐹 (𝑦) ≥ 𝑄𝛿𝐹 (𝑦 − 2𝛿) + 𝛿

(
1 +𝐵(0)− 3𝛽𝛾

2

)
, (7.155)

where

𝐹 (𝑦) = 𝐵(𝑦) ⋅
(
1− 6𝛾𝛿

2 + 3𝛿

)
−𝐴

(
𝑦 +
1

3

)
⋅ (2 − 6𝛿)𝛾
2 + 3𝛿

and

𝑄𝛿 = (1− 3𝛿)
(
1− 6𝛾𝛿

2 + 3𝛿

)−1

.

The inequality (7.155), by induction, leads to

𝐹 (−1/3) ≥ 𝑄𝑛
𝛿𝐹 (−1/3 + 2𝑛𝛿) + 𝛿

(
1 +𝐵(0)− 3𝛽𝛾

2

)
⋅ 𝑄

𝑛
𝛿 − 1

𝑄𝛿 − 1 .

Now fix 𝑌 < −1/3, take 𝛿 = (𝑌 + 1/3)/(2𝑛) and let 𝑛 →∞. Then

𝛾 → 1
2
, 𝑄𝑛

𝛿 → exp
(
3

4

(
𝑌 +

1

3

))

and we arrive at

𝐵

(
−1
3

)
− 1
2
𝐴(0) ≥ exp

(
3

4

(
𝑌 +

1

3

))(
𝐵(𝑌 )− 1

2
𝐴

(
𝑌 +

1

3

))

+
2

3

(
1 +𝐵(0)− 3𝛽

4

)[
exp

(
3

4
(𝑌 +

1

3
)

)
− 1
]
.

Now we have 𝐵(𝑌 ) ≥ −𝛽 and 𝐴(𝑌 + 1
3
) ≤ 𝐴(0). Hence, letting 𝑌 → −∞ yields

𝐹 (−1/3) ≥ −2
3

(
1 +𝐵(0)− 3𝛽

4

)
. (7.156)

Now combine (7.151), (7.152) and (7.156) to obtain 𝛽 ≥ 14/9. The proof is com-
plete. □

On the search of the suitable majorant. We shall focus on the inequality (7.130).
The reader is encouraged to compare the argumentation below with the corre-
sponding search for the inequality (7.29); there are many similarities.

Suppose that the best constant in this estimate equals 𝛽 and let

𝑉 (𝑥, 𝑦, 𝑧, 𝑤) = (𝑦 ∨ 𝑤)− 𝛽(∣𝑥∣ ∨ 𝑧).

First, write the formula for the corresponding function 𝑈0:

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼(𝑔𝑛 ∨ 𝑤)− 𝛽𝔼(∣𝑓𝑛∣∗ ∨ 𝑧)},
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where the supremum is taken over all 𝑛 and all (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦). This function
satisfies (7.139) and (7.140), which implies that it is enough to find 𝑈(⋅, ⋅, 1, 0) :
[−1, 1] × (−∞, 0] → ℝ. Furthermore, by symmetry, it suffices to construct this
function on [0, 1]× (−∞, 0]. First, note that the set 𝐽 = {(𝑥, 𝑦) ∈ [0, 1]× (−∞, 0] :
𝑈0(𝑥, 𝑦, 1, 0) = 𝑉 (𝑥, 𝑦, 1, 0)} is contained in {1} × (−∞, 0]. Indeed, if 𝑥 ∈ (0, 1)
and 𝑦 ≤ 0, then there is a pair (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) such that ∣∣𝑓 ∣∣∞ ≤ 1 and 𝑔∗ > 0
with non-zero probability. Consequently,

𝑈0(𝑥, 𝑦, 1, 0) ≥ 𝔼𝑉 (𝑓∞, 𝑔∞, 1, 0) > −𝛽 = 𝑉 (𝑥, 𝑦, 1, 0).

After some experimentation, we are led to the assumption

(A1) 𝐽 = {1} × (−∞, 𝛾] for some 𝛾 < −1.
In particular, this gives 𝑈(1, 𝑦, 1, 0) = −𝛽 for 𝑦 ≤ 𝛾 (as usual, we have passed
from 𝑈0 to 𝑈). Next, we impose the regularity assumption

(A2) 𝑈(⋅, ⋅, 1, 0) is of class 𝐶1 on (−1, 1) × (−∞, 0); the functions 𝑈(1, ⋅, 1, 0)
and 𝑈(⋅, 0, 1, 0) are of class 𝐶1 on (−∞, 0) and (−1, 1), respectively.

To handle 𝑈(1, 𝑦, 1, 0) for 𝑦 ∈ (𝛾, 0), we make the following conjecture, based on
(7.145).

(A3) 𝑈𝑥(1−, 𝑦, 1, 0) + 𝑈𝑦(1, 𝑦, 1, 0) = 1 + 𝑈(1, 0, 1, 0) for 𝑦 < 0.

The next condition concerns the behavior of 𝑈(⋅, ⋅, 1, 0) in the interior of (−1, 1)×
(−∞, 0).

(A4) When restricted to [0, 1]× (−∞, 0], the function 𝑈(⋅, ⋅, 1, 0) is linear along
the line segments of slope −1.

Now we proceed in the same manner as in the search corresponding to (7.29). Let
𝐴 = 𝑈(0, ⋅, 1, 0), 𝐵 = 𝑈(1, ⋅, 1, 0) and 𝐶 = 𝑈(⋅, 0, 1, 0). The assumption (A2) and
the symmetry of 𝑈 with respect to the first coordinate imply 𝑈𝑥(0, 𝑦, 1, 0) = 0 for
𝑦 < 0, which, by (A4), yields the differential equation

𝐴′(𝑦) = 𝐴(𝑦)−𝐵(𝑦 − 1) for 𝑦 < 0. (7.157)

If 𝑦 < 𝛾 + 1, then (A1) gives 𝐵(𝑦 − 1) = −𝛽 and we get that

𝐴(𝑦) = 𝑐1𝑒
𝑦 − 𝛽,

for some constant 𝑐1. Next, if 𝑦 ∈ (𝛾,−1), then (A3) and (A4) imply
2𝐵′(𝑦) = 𝐴(𝑦 + 1)−𝐵(𝑦) + 1 +𝐵(0),

which, combined with (7.157), gives

2𝐵(𝑦) = 𝐴(𝑦 + 1) + (1 +𝐵(0))𝑦 + 𝑐2

for some 𝑐2. Plugging this into (7.157) and solving the obtained differential equa-
tion yields that

𝐴(𝑦) = 𝑐2 + (1 +𝐵(0))(𝑦 + 1) + 𝑐3𝑒
𝑦/2 for 𝑦 ∈ (𝛾 + 1, 0),
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where 𝑐3 is another constant. Next we deal with 𝐵 on (−1, 0). Using (A3) and
(A4), we get

2𝐵′(𝑦) =
𝐵(𝑦)− 𝐶(𝑦 + 1)

𝑦
+ 1 +𝐵(0). (7.158)

Next, for any 𝑥 ∈ (0, 1) and sufficiently small 𝛿 > 0 we have, by (7.140) and 2∘,

𝑈(𝑥, 0, 1, 0) ≥ 1
2

[
𝑈(𝑥− 𝛿, 𝛿, 1, 0) + 𝑈(𝑥+ 𝛿,−𝛿, 1, 0)

]
=
1

2

[
𝑈(𝑥− 𝛿, 𝛿, 1, 𝛿) + 𝑈(𝑥+ 𝛿,−𝛿, 1, 0)

]
.

If we subtract 𝑈(𝑥, 0, 1, 0) from both sides, divide throughout by 𝛿 and let 𝛿 → 0,
we are led to the following assumption

(A5) 𝑈𝑦(𝑥, 0, 1, 0) = 1 for 𝑥 ∈ (0, 1).
This equality, together with (A4), implies

𝐶′(𝑥) =
𝐵(𝑥− 1)− 𝐶(𝑥)

1− 𝑥
+ 1 for 𝑥 ∈ [0, 1).

Combining this with (7.158) yields 2𝐵′(𝑦) = −𝐶′(𝑦 + 1) + 2 + 𝐵(0), or 2𝐵(𝑦) =
−𝐶(𝑦 + 1) + (2 + 𝐵(0))𝑦 + 𝑐4; plugging this into (7.158) again and solving the
obtained differential equation, we get

𝐵(𝑦) =
𝑐4
3
+ 𝑦 + 𝑐5(−𝑦)3/2.

The final observation is that the symmetry condition, together with (A2), gives
𝐶′(0) = 0. Now, setting 𝑦 = 0 in the equality above, we get 𝑐4 = 3𝐵(0); in
addition, the equations 𝐵(−1−) = 𝐵(−1+), 𝐵′(1−) = 𝐵′(1+), 𝐵(𝛾−) = 𝐵(𝛾+),
𝐵′(𝛾−) = 𝐵(𝛾+) give further connections between 𝑐2, 𝑐3, 𝑐5, 𝛾, 𝛽 and 𝐵(0).
Solving the obtained complicated system of equations, one gets

𝛽 = (1 +𝐵(0))

(
5

3
+ 2 log

𝐵(0)

2(1 +𝐵(0))
− 4
3

𝐵(0)

1 +𝐵(0)

)
.

The right-hand side, as a function of 𝐵(0) ∈ (−∞,−1), attains its maximum 𝛽0

for 𝐵(0) = −3𝑎, with 𝑎 defined by (7.133). This gives rise to the final assumption

(A6) 𝐵(0) = −3𝑎,
from which all the remaining parameters (𝑐1, 𝑐2 and so on) can be easily derived.
The obtained function 𝑈(⋅, ⋅, 1, 0) coincides with the function 𝑢 above. □

7.7.3 Proof of Theorem 7.16

Proof of (7.132). As before, we shall only present the formula for the special func-
tion. We introduce 𝑉 : [0,∞) × ℝ × [0,∞) × ℝ → ℝ by setting 𝑉 (𝑥, 𝑦, 𝑧, 𝑤) =
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(𝑦 ∨ 𝑤)− 3(𝑥 ∨ 𝑧) and define 𝑢 : [0, 1]× (−∞, 0]→ ℝ by

𝑢(𝑥, 𝑦) =

{
2𝑥− 𝑥 log(𝑥− 𝑦)− 3 if 𝑥− 𝑦 ≤ 1,
2𝑥 exp

[
1
2 (−𝑥+ 𝑦 + 1)

]− 3 if 𝑥− 𝑦 > 1,

with the convention 0 log 0 = 0. The function 𝑈 : [0,∞)× ℝ× (0,∞)× ℝ→ ℝ is
given by

𝑈(𝑥, 𝑦, 𝑧, 𝑤) = (𝑦 ∨𝑤) + (𝑥 ∨ 𝑧)𝑢

(
𝑥

𝑥 ∨ 𝑧
,
𝑦 − (𝑦 ∨ 𝑤)

𝑥 ∨ 𝑧

)
.

It suffices to verify the conditions 1∘–4∘, which is done in a similar manner as
above. The interested reader is referred to the original paper [154] for details. □

Sharpness. See the proof of the optimality of the constant 3 in (7.126). In fact the
argumentation presented there can be repeated, we only need to replace (7.127)
by the equality

𝑈0(1, 𝑤1, 1, 𝑤1) = 𝑈0(1, 𝑤2, 1, 𝑤2) + 𝑤1 − 𝑤2.

This guarantees that the corresponding function 𝐹 has linear growth and com-
pletes the proof. □

7.8 𝑳𝒑 bounds for one-sided maximal function

7.8.1 Formulation of the result

For any 𝑝 ∈ (1,∞], let

𝐶𝑝 =

⎧⎨
⎩

Γ

(
2𝑝− 1
𝑝− 1

)1−1/𝑝

if 1 < 𝑝 ≤ 2,
(
2𝑝/(𝑝−1) − 𝑝

𝑝− 1
∫ 2

1

𝑠1/(𝑝−1)𝑒𝑠−2d𝑠

)1−1/𝑝

if 2 < 𝑝 < ∞,

1 + 𝑒−1 if 𝑝 =∞.

We shall establish the following fact.

Theorem 7.17. Suppose that 𝑋, 𝑌 are real-valued martingales such that 𝑌 is dif-
ferentially subordinate to 𝑋. If 1 < 𝑝 ≤ ∞, then

∣∣𝑌 ∗∣∣1 ≤ 𝐶𝑝∣∣𝑋 ∣∣𝑝 (7.159)

and the constant 𝐶𝑝 is the best possible. It is already the best possible in the
discrete-time setting and when 𝑌 is assumed to be a ±1-transform of 𝑋.
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The second result of this section can be stated as follows.

Theorem 7.18. Suppose that 𝑋 is a nonnegative submartingale and let 𝑌 be a
real-valued process which is 1-subordinate to 𝑋. Then

∣∣𝑌 ∗∣∣𝑝 ≤ 2Γ(𝑝+ 1)1/𝑝∣∣𝑋 ∣∣∞, 1 ≤ 𝑝 < ∞, (7.160)

and the inequality is sharp. It is already the best possible in the discrete-time
setting, even when 𝑌 is a ±1-transform of 𝑋.

We shall only present the proof of these results in the discrete-time case for
±1-transforms.

7.8.2 Proof of Theorem 7.17 for 1 < 𝒑 ≤ 2

Proof of (7.159). First we define the function 𝛾𝑝 : [0,∞)→ (−∞, 0] by

𝛾𝑝(𝑡) = − exp(𝑝𝑡𝑝−1)

∫ ∞

𝑡

exp(−𝑝𝑠𝑝−1)𝑑𝑠. (7.161)

Since

𝛾𝑝(𝑡) = −
∫ ∞

0

exp

{
−𝑝(𝑝− 1)

∫ 𝑠

0

(𝑡+ 𝑢)𝑝−2d𝑢

}
d𝑠,

the function 𝛾𝑝 is nonincreasing on [0,∞). Let 𝐺𝑝 : (−∞, 𝛾𝑝(0)] → [0,∞) denote
the inverse to the function 𝑡 �→ 𝛾𝑝(𝑡)−𝑡, 𝑡 ≥ 0. We will need the following estimate.
Lemma 7.20. 𝐺𝑝𝐺

′′
𝑝 + (𝑝− 2)(𝐺′

𝑝)
2 ≤ 0.

Proof. The inequality to be proved is equivalent to (𝐺𝑝/𝐺
′
𝑝)

′ ≥ 𝑝−1. Since 𝛾′
𝑝(𝑡) =

𝑝(𝑝− 1)𝑡𝑝−2𝛾𝑝(𝑡) + 1, we obtain

𝐺′
𝑝(𝑥) = (𝛾𝑝(𝐺𝑝(𝑥)) − 1)−1 = [𝑝(𝑝− 1)𝐺𝑝−2

𝑝 (𝑥)(𝑥 +𝐺𝑝(𝑥))]
−1

and

1 +𝐺′
𝑝(𝑥) =

𝛾𝑝(𝐺𝑝(𝑥))

𝑝(𝑝− 1)𝐺𝑝−2
𝑝 (𝑥)𝛾𝑝(𝐺𝑝(𝑥))

.

Therefore(
𝐺𝑝(𝑥)

𝐺′
𝑝(𝑥)

)′
= [𝑝(𝑝− 1)𝐺𝑝−1

𝑝 (𝑥)(𝑥 +𝐺𝑝(𝑥))]
′ = 𝑝− 1 + 𝐺𝑝(𝑥)𝛾

′
𝑝(𝐺𝑝(𝑥))

𝛾𝑝(𝐺(𝑥))
≥ 𝑝− 1,

because 𝐺𝑝(𝑥) ≥ 0 and 𝛾𝑝(𝐺𝑝(𝑥)) < 0, 𝛾
′
𝑝(𝐺𝑝(𝑥)) ≤ 0. □

Let 𝐷 = {(𝑥, 𝑦, 𝑤) ∈ ℝ3 : 𝑦 ≤ 𝑤} and let 𝑉 : 𝐷 → ℝ be given by 𝑉 (𝑥, 𝑦, 𝑤) =
(𝑦 ∨ 𝑤)− ∣𝑥∣𝑝 + 𝛾𝑝(0). We are ready to introduce the special function. Set

𝐷1 = {(𝑥, 𝑦, 𝑤) ∈ 𝐷 : 𝑦 − 𝑤 − ∣𝑥∣ ≥ 𝛾𝑝(0)},
𝐷2 = {(𝑥, 𝑦, 𝑤) ∈ 𝐷 : 𝑦 − 𝑤 − ∣𝑥∣ < 𝛾𝑝(0) and ∣𝑥∣ ≥ 𝐺𝑝(𝑦 − 𝑤 − ∣𝑥∣)},
𝐷0 = 𝐷 ∖ (𝐷1 ∪𝐷2).
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Let 𝑈𝑝 : 𝐷 → ℝ be given by

𝑈𝑝(𝑥, 𝑦, 𝑤) =

⎧⎨
⎩

− (𝑦−𝑤)2−𝑥2

2𝛾𝑝(0)
+

𝛾𝑝(0)
2 + 𝑦 on 𝐷1,

𝑤 + 𝛾𝑝(0)

+(𝑝− 1)𝐺𝑝(𝑦 − 𝑤 − ∣𝑥∣)𝑝 − 𝑝∣𝑥∣𝐺𝑝(𝑦 − 𝑤 − ∣𝑥∣)𝑝−1 on 𝐷2,

𝑤 − ∣𝑥∣𝑝 + 𝛾𝑝(0) on 𝐷0.

We will now verify that 𝑈𝑝 satisfies 1
∘–4∘ and thus establishes (7.159). To

do this, it suffices to show the following facts.

Lemma 7.21.

(i) The function 𝑈𝑝 is of class 𝐶1 in the interior of 𝐷.

(ii) For any 𝜀 ∈ {−1, 1} and (𝑥, 𝑦, 𝑤) ∈ 𝐷, the function 𝐹 = 𝐹𝜀,𝑥,𝑦,𝑤 : (−∞, 𝑤−
𝑦]→ ℝ given by 𝐹 (𝑡) = 𝑈𝑝(𝑥+ 𝜀𝑡, 𝑦 + 𝑡, 𝑤) is concave.

(iii) For any 𝜀 ∈ {−1, 1} and 𝑥, 𝑦, ℎ ∈ ℝ,

𝑈𝑝(𝑥+ 𝜀𝑡, 𝑦 + 𝑡, (𝑦 + 𝑡) ∨ 𝑦) ≤ 𝑈𝑝(𝑥, 𝑦, 𝑦) + 𝜀𝑈𝑝𝑥(𝑥, 𝑦, 𝑦)𝑡+ 𝑡. (7.162)

(iv) We have
𝑈𝑝(𝑥, 𝑦, 𝑤) ≥ 𝑉𝑝(𝑥, 𝑦, 𝑤) for (𝑥, 𝑦, 𝑤) ∈ 𝐷. (7.163)

(v) We have
𝑈𝑝(𝑥, 𝑦, 𝑤) ≤ 0 when 𝑦 ≤ 𝑤 ≤ ∣𝑥∣. (7.164)

Proof. (i) This is straightforward: 𝑈𝑝 is of class 𝐶1 in the interior of 𝐷0, 𝐷1 and
𝐷2, so the claim reduces to a tedious verification that the partial derivatives 𝑈𝑝𝑥,
𝑈𝑝𝑦 and 𝑈𝑝𝑤 match at the common boundaries of 𝐷0, 𝐷1 and 𝐷2.

(ii) In view of (i), it suffices to show that 𝐹 ′′(𝑡) ≤ 0 for those 𝑡, for which
the second derivative exists. By virtue of the translation property 𝐹𝜀,𝑥,𝑦,𝑤(𝑢) =
𝐹𝜀,𝑥+𝜀𝑠,𝑦+𝑠,𝑤(𝑢 − 𝑠), valid for all 𝑢 and 𝑠, it suffices to check that 𝐹 ′′(𝑡) ≤ 0 for
𝑡 = 0. Furthermore, since 𝑈𝑝𝑥(0, 𝑦, 𝑤) = 0 and 𝑈𝑝(𝑥, 𝑦, 𝑤) = 𝑈𝑝(−𝑥, 𝑦, 𝑤), we may
restrict ourselves to 𝑥 > 0.

If 𝜀 = 1, then we easily verify that 𝐹 ′′(0) = 0 if (𝑥, 𝑦, 𝑤) lies in the interior
(𝐷1 ∪𝐷2)

∘ of 𝐷1 ∪𝐷2 and 𝐹 ′′(0) = −𝑝(𝑝− 1)𝑥𝑝−2 ≤ 0 if (𝑥, 𝑦, 𝑤) ∈ 𝐷∘
0 . Thus it

remains to check the case 𝜀 = −1. We start from the observation that 𝐹 ′′(0) = 0
if (𝑥, 𝑦, 𝑤) belongs to 𝐷∘

1 . If (𝑥, 𝑦, 𝑤) ∈ 𝐷∘
2 , then

𝐹 ′′(0) = 4𝑝(𝑝− 1)𝐺𝑝−3
𝑝

[
𝐺𝑝𝐺

′
𝑝(𝐺

′
𝑝 + 1) + (𝐺𝑝 − 𝑥)((𝑝 − 2)(𝐺′

𝑝)
2 +𝐺𝑝𝐺

′′
𝑝)
]
,

where all the functions on the right are evaluated at 𝑥0 = 𝑦−𝑤− 𝑥. Since 𝑦 ≤ 𝑤,
we have 𝑥 ≤ −𝑥0 and, in view of Lemma 7.20,

𝐹 ′′(0) ≤ 4𝑝(𝑝− 1)𝐺𝑝−3
𝑝 (𝑥0)[𝐺𝑝(𝑥0)𝐺

′
𝑝(𝑥0)(𝐺

′
𝑝(𝑥0) + 1)

+ (𝐺𝑝(𝑥0) + 𝑥0)((𝑝− 2)(𝐺′
𝑝(𝑥0))

2 +𝐺𝑝(𝑥0)𝐺
′′
𝑝(𝑥0))]

= 0.

(7.165)
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Here in the latter passage we have used the equality

𝐺𝑝(𝑥)𝐺
′′
𝑝(𝑥) + (𝑝− 2)(𝐺′

𝑝(𝑥))
2 = −𝐺𝑝(𝑥)𝐺

′
𝑝(𝑥)(𝐺

′
𝑝(𝑥) + 1)

𝐺𝑝(𝑥) + 𝑥
,

which can be easily extracted from the proof of Lemma 7.20. Thus we are done
with 𝐷∘

2 . Finally, if (𝑥, 𝑦, 𝑤) belongs to 𝐷∘
0 , then 𝐹 ′′(0) = −𝑝(𝑝− 1)𝑥𝑝−2 ≤ 0.

(iii) We may assume that 𝑥 ≥ 0, due to the symmetry of the function 𝑈𝑝.
Note that 𝑈𝑝𝑦(𝑥, 𝑦−, 𝑦) = 1; therefore, if 𝑡 ≤ 0, then the estimate follows from
the concavity of 𝑈𝑝 along the lines of slope ±1, established in the previous part.
If 𝑡 > 0, then

𝑈𝑝(𝑥+ 𝜀𝑡, 𝑦 + 𝑡, (𝑦 + 𝑡) ∨ 𝑦) = 𝑈𝑝(𝑥, 𝑦 + 𝑡, 𝑦 + 𝑡) = 𝑦 + 𝑡+ 𝑈𝑝(𝑥+ 𝜀𝑡, 0, 0),

and hence we will be done if we show that the function 𝑠 �→ 𝑈𝑝(𝑠, 0, 0) is concave
on [0,∞). However, its second derivative equals 1/𝛾𝑝(0) < 0 for 𝑠 < 𝛾𝑝(0) and

𝑝(𝑝− 1)𝐺𝑝−3
𝑝 (−𝑠)[(𝐺𝑝(−𝑠)− 𝑠)((𝑝− 2)(𝐺′

𝑝(−𝑠))2 +𝐺𝑝(−𝑠)𝑝−2𝐺′′
𝑝(−𝑠))

+𝐺𝑝(−𝑠)𝐺′
𝑝(−𝑠)(𝐺′

𝑝(−𝑠) + 2)]

= 𝑝(𝑝− 1)𝐺𝑝(−𝑠)𝑝−2𝐺′
𝑝(−𝑠) ≤ 0

for 𝑠 > 𝛾𝑝(0). Here we have used the equality from (7.165), with 𝑥0 = −𝑠.

(iv) Again, it suffices to deal only with nonnegative 𝑥. On the set 𝐷0 both
sides of (7.163) are equal. To prove the majorization on 𝐷2, let Φ(𝑠) = 𝛾𝑝(0)− 𝑠𝑝

for 𝑠 ≥ 0. Observe that
𝑈𝑝(𝑥, 𝑦, 𝑤) = 𝑤 +Φ(𝐺𝑝(𝑦 − 𝑤 − 𝑥)) + Φ′(𝐺𝑝(𝑦 − 𝑤 − 𝑥))(𝑥 −𝐺𝑝(𝑦 − 𝑤 − 𝑥)),

which, by the concavity of Φ, is not smaller than 𝑤 +Φ(𝑥). Finally, the estimate
for (𝑥, 𝑦, 𝑤) ∈ 𝐷1 is a consequence of the fact that

𝑈𝑝𝑦(𝑥, 𝑦−, 𝑤) =
𝛾𝑝(0)− (𝑦 − 𝑤)

𝛾𝑝(0)
≥ 0,

so
𝑈𝑝(𝑥, 𝑦, 𝑤) − 𝑉𝑝(𝑥, 𝑦, 𝑤) ≥ 𝑈𝑝(𝑥, 𝑦0, 𝑤) − 𝑉𝑝(𝑥, 𝑦0, 𝑤) ≥ 0.

Here (𝑥, 𝑦0, 𝑤) ∈ ∂𝐷2 and the latter bound follows from the majorization on 𝐷2,
which we have just established.

(v) It suffices to establish the bound for 𝑦 = 𝑤. We have

𝑈𝑝(𝑥, 𝑦, 𝑦) = 𝑈𝑝(∣𝑥∣, 0, 0) + 𝑦 ≤ 𝑈𝑝(∣𝑥∣, 0, 0) + ∣𝑥∣.
As shown in the proof of (iii), 𝑠 �→ 𝑈𝑝(𝑠, 0, 0), 𝑠 ≥ 0, is concave, hence so is the
function 𝑠 �→ 𝑈𝑝(𝑠, 0, 0) + 𝑠, 𝑠 ≥ 0. It suffices to note that its derivative vanishes
at −𝛾𝑝(0), so the value at this point (which is equal to 0), is the supremum we are
searching for. □

Sharpness. As we have already seen (cf. (7.25)), the constant 𝐶𝑝 is already optimal
in the inequality ∣∣𝑓∗∣∣1 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝. In other words, the estimate (7.159) is sharp,
even if 𝑋 = 𝑌 . □
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7.8.3 The proof of Theorem 7.17 for 𝒑 > 2

Proof of (7.159). Here the argumentation is similar, so we will be brief. Suppose
that 𝑝 is finite and let 𝛾𝑝 : [0,∞)→ (−∞, 0) be given by

𝛾𝑝(𝑡) = exp(−𝑝𝑡𝑝−1)

[
−
∫ 𝑡

𝑝−1/(𝑝−1)

exp(𝑝𝑠𝑝−1)d𝑠− 𝑝−1/(𝑝−1)𝑒

]

= −𝑡+ 𝑝(𝑝− 1) exp(−𝑝𝑡𝑝−1)

∫ 𝑡

𝑝−1/(𝑝−1)

𝑠𝑝−1 exp(𝑝𝑠𝑝−1)d𝑠

if 𝑡 > 𝑝−1/(𝑝−1), and

𝛾𝑝(𝑡) = (𝑝− 2)(𝑡− 𝑝−1/(𝑝−1))− 𝑝−1/(𝑝−1)

if 𝑡 ∈ [0, 𝑝−1/(𝑝−1)]. It is easy to check that 𝛾𝑝 is of class 𝐶1 and nondecreasing.
This implies that the function 𝑡 �→ 𝛾𝑝(𝑡) + 𝑡, 𝑡 ≥ 𝑝−1/(𝑝−1), is invertible: let 𝐺𝑝

denote its inverse. We have the following version of Lemma 7.20.

Lemma 7.22. 𝐺𝑝𝐺
′′
𝑝 + (𝑝− 2)(𝐺′

𝑝)
2 ≥ 0.

Define

𝑀𝑝 =
𝑝− 1

𝑝𝑝/(𝑝−1)

[
2𝑝/(𝑝−1) − 𝑝

𝑝− 1
∫ 2

1

𝑠1/(𝑝−1)𝑒𝑠−2d𝑠

]
(7.166)

and let 𝑉 : 𝐷 → ℝ be given by

𝑉 (𝑥, 𝑦, 𝑤) = (𝑦 ∨ 𝑤) − ∣𝑥∣𝑝 +𝑀𝑝.

Introduce 𝐻𝑝 : ℝ
2 → ℝ by

𝐻𝑝(𝑥, 𝑦) = (𝑝− 1)1−𝑝(−(𝑝− 1)∣𝑥∣+ ∣𝑦∣)(∣𝑥∣+ ∣𝑦∣)𝑝−1

and let

𝐷1 = {(𝑥, 𝑦, 𝑤) ∈ 𝐷 : 𝑦 − 𝑤 ≥ 𝛾𝑝(𝑥), 𝑥+ 𝑦 − 𝑤 ≤ 0},
𝐷2 = {(𝑥, 𝑦, 𝑤) ∈ 𝐷 : 𝑦 − 𝑤 ≥ 𝛾𝑝(𝑥), 𝑥+ 𝑦 − 𝑤 > 0},
𝐷0 = 𝐷 ∖ (𝐷1 ∪𝐷2).

The special function 𝑈𝑝 : 𝐷 → ℝ is defined by

𝑈𝑝(𝑥, 𝑦, 𝑤) =

⎧⎨
⎩

𝑤 +𝐻𝑝(𝑥, 𝑦 − 𝑤 + (𝑝− 1)𝑝−1/(𝑝−1))−𝑀𝑝 on 𝐷1,

𝑤 −𝑀𝑝

+(𝑝− 1)𝐺𝑝(∣𝑥∣+ 𝑦 − 𝑤)𝑝 − 𝑝∣𝑥∣𝐺𝑝(∣𝑥∣+ 𝑦 − 𝑤)𝑝−1 on 𝐷2,

𝑤 − ∣𝑥∣𝑝 −𝑀𝑝 on 𝐷0.

Here is the analogue of Lemma 7.21: it implies that 𝑈𝑝 satisfies the conditions
1∘–4∘. We omit the proof.
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Lemma 7.23.

(i) The function 𝑈𝑝 is of class 𝐶1.

(ii) For any 𝜀 ∈ {−1, 1} and (𝑥, 𝑦, 𝑧) ∈ 𝒜, the function 𝐹 = 𝐹𝜀,𝑥,𝑦,𝑧 : (−∞, 𝑧 −
𝑦]→ ℝ, given by 𝐹 (𝑡) = 𝑈𝑝(𝑥 + 𝜀𝑡, 𝑦 + 𝑡, 𝑧), is concave.

(iii) For any 𝜀 ∈ {−1, 1} and 𝑥, 𝑦, ℎ ∈ ℝ,

𝑈𝑝(𝑥+ 𝜀𝑡, 𝑦 + 𝑡, (𝑦 + 𝑡) ∨ 𝑦) ≤ 𝑈𝑝(𝑥, 𝑦, 𝑦) + 𝜀𝑈𝑝𝑥(𝑥, 𝑦, 𝑦)𝑡+ 𝑡. (7.167)

(iv) We have
𝑈𝑝(𝑥, 𝑦, 𝑧) ≥ 𝑉𝑝(𝑥, 𝑦, 𝑧) for (𝑥, 𝑦, 𝑧) ∈ 𝒜. (7.168)

(v) We have
sup𝑈𝑝(𝑥, 𝑦, 𝑦) = 0, (7.169)

where the supremum is taken over all 𝑥, 𝑦 satisfying ∣𝑥∣ = ∣𝑦∣.
Sharpness, 2 < 𝑝 < ∞. The proof is based on “mixture” of examples and Theorem
7.2. We have, by Young’s inequality,

𝑐∣∣𝑓 ∣∣𝑝 ≤ ∣∣𝑓 ∣∣𝑝𝑝 + 𝑝−𝑝/(𝑝−1)(𝑝− 1)𝑐𝑝/(𝑝−1),

so if (7.159) held with some 𝑐 < 𝐶𝑝, then we would have

∣∣𝑔∗∣∣1 ≤ ∣∣𝑓 ∣∣𝑝𝑝 + 𝐶 (7.170)

for some 𝐶 < 𝑝−𝑝/(𝑝−1)(𝑝 − 1)𝐶𝑝/(𝑝−1)
𝑝 = 𝑀𝑝. Therefore it suffices to show that

the smallest 𝐶, for which (7.170) is valid, equals 𝑀𝑝.

Suppose then, that (7.170) holds with some universal 𝐶, and let us use The-
orem 7.2, with 𝑉 = 𝑉𝑝 given by 𝑉𝑝(𝑥, 𝑦, 𝑧) = (𝑦 ∨ 𝑧) − ∣𝑥∣𝑝 − 𝐶. As a result, we
obtain a function 𝑈0 satisfying 1

∘, 2∘, 3∘ and 4∘. Observe that for any (𝑥, 𝑦, 𝑧) ∈ 𝐷
and 𝑡 ∈ ℝ,

𝑈0(𝑥, 𝑦, 𝑧) = 𝑡+ 𝑈0(𝑥, 𝑦 − 𝑡, 𝑧 − 𝑡). (7.171)

This is a consequence of the fact that the function 𝑉𝑝 also has this property, and
the very definition of 𝑈0.

Now it is convenient to split the proof into a few intermediate steps.

Step 1. First we will show that for any 𝑦,

𝑈0(0, 𝑦, 𝑦) ≥ 𝑦 + (𝑝− 1)𝑝−𝑝/(𝑝−1) = 𝑈𝑝(0, 𝑦, 𝑦). (7.172)

In view of (7.171), it suffices to prove this for 𝑦 = 0. Let 𝑑 = 𝑝−1/(𝑝−1) and 𝛿 > 0.
Applying 1∘′ to 𝜀 = −1, 𝑥 = 𝑦 = 𝑧 = 0 and a mean-zero 𝑇 taking the values 𝛿
and −𝑑, we obtain

𝑈0(0, 0, 0) ≥ 𝑑

𝑑+ 𝛿
𝑈0(−𝛿, 𝛿, 𝛿) +

𝛿

𝑑+ 𝛿
𝑈0(𝑑,−𝑑, 0).
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By (7.171), 𝑈0(−𝛿, 𝛿, 𝛿) = 𝛿+𝑈0(−𝛿, 0, 0). Furthermore, by 2∘, 𝑈0(𝑑,−𝑑, 0) ≥ −𝑑𝑝,
so the above estimate yields

𝑈0(0, 0, 0) ≥ 𝑑

𝑑+ 𝛿
(𝛿 + 𝑈0(−𝛿, 0, 0))− 𝛿

𝑑+ 𝛿
∣𝑑∣𝑝. (7.173)

Similarly, one uses the property 1∘′ and then 2∘, and gets

𝑈0(−𝛿, 0, 0) ≥ 𝑑

𝑑+ 𝛿
𝑈0(0, 𝛿, 𝛿) +

𝛿

𝑑+ 𝛿
𝑈0(−𝑑− 𝛿,−𝑑, 0)

≥ 𝑑

𝑑+ 𝛿
(𝛿 + 𝑈0(0, 0, 0))− 𝛿

𝑑+ 𝛿
(𝑑+ 𝛿)𝑝.

Combining this with (7.173), subtracting 𝑈0(0, 0, 0) from both sides of the obtained
estimate, dividing throughout by 𝛿 and letting 𝛿 → 0 leads to 𝑈0(0, 0, 0) ≥ 𝑑−𝑑𝑝 =
𝑈𝑝(0, 0, 0), which is what we need.

In consequence, by the definition of 𝑈0, for any 𝑦 ∈ ℝ and 𝜅 > 0 there is a
pair (𝑓𝜅,𝑦, 𝑔𝜅,𝑦) ∈ 𝑀(0, 𝑦) satisfying

𝑈𝑝(0, 𝑦, 𝑦) ≤ 𝑉𝑝(𝑓
𝜅,𝑦
∞ , 𝑔𝜅,𝑦∞ , (𝑔𝜅,𝑦∞ )

∗) + 𝜅. (7.174)

Step 2. Let 𝑁 be a positive integer and let 𝛿 = 𝑡0/𝑁 , where

𝑡0 = 𝑝−1/(𝑝−1)

∫ 2

1

𝑠1/(𝑝−1)𝑒𝑠−2d𝑠

satisfies 𝑡0 + 𝑈𝑝(𝑡0, 0, 0) = 0. We will need the following auxiliary fact.

Lemma 7.24. There is a universal 𝑅 such that the following holds. If 𝑥 ∈ [𝛿, 𝑡0],
𝑦 ∈ ℝ and 𝑇 is a centered random variable taking values in [𝛾𝑝(𝐺𝑝(𝑥)), 𝛿], then

𝔼𝑈𝑝(𝑥− 𝑇, 𝑦 + 𝑇, (𝑦 + 𝑇 ) ∨ 𝑦) ≤ 𝑈𝑝(𝑥, 𝑦, 𝑦) +𝑅𝛿2. (7.175)

Proof. We start from the observation that for any fixed 𝑥 ∈ [𝛿, 𝑡0] and 𝑦 ∈ ℝ, if
𝑡 ∈ [−𝛾𝑝(𝐺𝑝(𝑥)), 0],

𝑈𝑝(𝑥− 𝑡, 𝑦 + 𝑡, 𝑦) = 𝑈𝑝(𝑥, 𝑦, 𝑦)− 𝑈𝑝𝑥(𝑥, 𝑦, 𝑦)𝑡+ 𝑡.

For 𝑡 ∈ (0, 𝛿], by the concavity of 𝑠 �→ 𝑈𝑝(𝑠, 0, 0),

𝑈𝑝(𝑥− 𝑡, 𝑦 + 𝑡, 𝑦 + 𝑡) = 𝑦 + 𝑡+ 𝑈𝑝(𝑥 − 𝑡, 0, 0)

≥ 𝑦 + 𝑡+ 𝑈𝑝(𝑥, 0, 0)− 𝑈𝑝𝑥(𝑥, 0, 0)𝑡−𝑅𝛿2

= 𝑈𝑝(𝑥, 𝑦, 𝑦)− 𝑈𝑝𝑥(𝑥, 𝑦, 𝑦)𝑡+ 𝑡−𝑅𝛿2.

Here, for example, one may take 𝑅 = − inf𝑥∈[0,𝑡0] 𝑈𝑝𝑥𝑥(𝑥, 0, 0), which is finite. The
inequality (7.175) follows immediately from the two above estimates. □
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Now consider a martingale 𝑓 = (𝑓𝑛)
𝑁
𝑛=1, starting from 𝑡0 which satisfies the

following condition: if 0 ≤ 𝑛 ≤ 𝑁 −1, then on the set {𝑓𝑛 = 𝑡−𝑛𝛿}, the difference
𝑑𝑓𝑛+1 takes the values −𝛿 and −𝛾𝑝(𝐺𝑝(𝑓𝑛(𝜔))); on the complement of this set,
𝑑𝑓𝑛+1 ≡ 0. Let 𝑔 be a ±1 transform of 𝑓 , given by 𝑔0 = 𝑓0 and 𝑑𝑔𝑛 = −𝑑𝑓𝑛,
𝑛 = 1, 2, . . . , 𝑁 . The key fact about the pair (𝑓, 𝑔) is that

𝔼𝑈𝑝(𝑓𝑛, 𝑔𝑛, 𝑔
∗
𝑛) ≤ 𝔼𝑈𝑝(𝑓𝑛+1, 𝑔𝑛+1, 𝑔

∗
𝑛+1)+𝑅𝛿2, 𝑛 = 0, 1, 2, . . . , 𝑁−1. (7.176)

This is an immediate consequence of Lemma 7.24 (applied conditionally with
respect to ℱ𝑛) and the fact that 𝑈𝑝(𝑓𝑛, 𝑔𝑛, 𝑔

∗
𝑛) ∕= 𝑈𝑝(𝑓𝑛+1, 𝑔𝑛+1, 𝑔

∗
𝑛+1) if and only

if 𝑓𝑛 = 𝑡− 𝑛𝛿, or 𝑔𝑛 = 𝑡+ 𝑛𝛿 = 𝑔∗𝑛.
Another property of the pair (𝑓, 𝑔) is that if 𝑓𝑁 ∕= 0, then 𝑈𝑝(𝑓𝑁 , 𝑔𝑁 , 𝑔∗𝑁 ) =

𝑉𝑝(𝑓𝑁 , 𝑔𝑁 , 𝑔∗𝑁). Indeed, 𝑓𝑁 ∕= 0 implies 𝑑𝑓𝑛 > 0 for some 𝑛 ≥ 1 and then, by
construction,

𝑔∗𝑁 − 𝑔𝑁 = 𝑔∗𝑛 − 𝑔𝑛 = −𝑑𝑔𝑛 = 𝑑𝑓𝑛 = 𝛾𝑝(𝑓𝑛) = 𝛾𝑝(𝑓𝑁).

Thus we may write

𝑀𝑝 = 𝑈𝑝(𝑡0, 𝑡0, 𝑡0)

≤ 𝔼𝑈𝑝(𝑓𝑁 , 𝑔𝑁 , 𝑔∗𝑁 ) +𝑅𝑁𝛿2

= 𝔼𝑉𝑝(𝑓𝑁 , 𝑔𝑁 , 𝑔∗𝑁 )1{𝑓𝑁 ∕=0} + 𝑈𝑝(0, 2𝑡0, 2𝑡0)ℙ(𝑓𝑁 = 0) +𝑅𝑁𝛿2,

(7.177)

since 𝑔𝑁 = 𝑔∗𝑁 = 2𝑡0 on the set {𝑓𝑁 = 0}.
Step 3. Now let us extend the pair (𝑓, 𝑔) as follows. Fix 𝜅 > 0 and put

𝑓𝑁 = 𝑓𝑁+1 = 𝑓𝑁+2 = ⋅ ⋅ ⋅ and 𝑔𝑁 = 𝑔𝑁+1 = 𝑔𝑁+2 = ⋅ ⋅ ⋅ on {𝑓𝑁 ∕= 0}, while on
{𝑓𝑁 = 0}, let the conditional distribution of (𝑓𝑛, 𝑔𝑛)𝑛≥𝑁 with respect to {𝑓𝑁 = 0}
be that of the pair (𝑓𝜅,2𝑡0 , 𝑔𝜅,2𝑡0), obtained at the end of Step 1. The resulting
process (𝑓, 𝑔) consists of simple martingales and, by (7.174) and (7.177),

𝑀𝑝 ≤ 𝔼𝑉𝑝(𝑓∞, 𝑔∞, 𝑔∗∞) +𝑅𝑁𝛿2 + 𝜅ℙ(𝑓𝑁 = 0).

Now it suffices to note that choosing 𝑁 sufficiently large and 𝜅 sufficiently small,
we can make the expression 𝑅𝑁𝛿2+𝜅ℙ(𝑓𝑁 = 0) arbitrarily small. This shows that
𝑀𝑝 is indeed the smallest 𝐶 which is allowed in (7.170). □

Sharpness, 𝑝 =∞. We may assume that ∣∣𝑓 ∣∣∞ = 1. The proof will be based on
a version of Theorem 7.2. Namely, let let 𝑈0 : {(𝑥, 𝑦, 𝑧) : ∣𝑥∣ ≤ 1, 𝑦 ≤ 𝑧} → ℝ be
given by

𝑈0(𝑥, 𝑦, 𝑧) = 𝔼(𝑔∗∞ ∨ 𝑧),

where the supremum is taken over the class of all pairs (𝑓, 𝑔) ∈ 𝑀(𝑥, 𝑦) such
that ∣∣𝑓 ∣∣∞ ≤ 1. Then 𝑈0 satisfies the appropriate modifications of conditions 1

∘,
2∘ and 4∘. Furthermore, note that the function 𝑈0 satisfies (7.171) (with obvious
restriction to 𝑥 lying in [−1, 1]).
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Now we shall exploit the properties of this function. First we will show that

𝑈0(0, 0, 0) ≥ 1. (7.178)

To prove this, take 𝛿 ∈ (0, 1) and use 2∘ to obtain

𝑈0(0, 0, 0) ≥ 1

1 + 𝛿
𝑈0(𝛿, 𝛿, 𝛿) +

𝛿

1 + 𝛿
𝑈0(−1,−1, 0).

We have 𝑈0(−1,−1, 0) ≥ 0 by 1∘, and 𝑈0(𝛿, 𝛿, 𝛿) = 𝛿+𝑈(𝛿, 0, 0) by (7.171). Thus,

𝑈0(0, 0, 0) ≥ 𝛿 + 𝑈0(𝛿, 0, 0)

1 + 𝛿
. (7.179)

Similarly, using 2∘ and then 1∘,

𝑈(𝛿, 0, 0) ≥ (1− 𝛿)𝑈0(0, 𝛿, 𝛿) + 𝛿𝑈0(1, 𝛿 − 1, 0) ≥ (1 − 𝛿)
[
𝛿 + 𝑈0(0, 0, 0)

]
.

Plug this into (7.179), subtract 𝑈0(0, 0, 0) from both sides, divide throughout by
𝛿 and let 𝛿 → 0 to get (7.178).

Next, fix a positive integer 𝑁 and set 𝛿 = (1 − 𝑒−1)/𝑁 . For any 𝑘 =
1, 2, . . . , 𝑁 , we have, by 1∘, 2∘ and (7.171),

𝑈0(𝑘𝛿, 0, 0) ≥ 𝛿

1− 𝑘𝛿 + 𝛿
𝑈0(1, 𝑘𝛿 − 1, 0) + 1− 𝑘𝛿

1− 𝑘𝛿 + 𝛿
𝑈0((𝑘 − 1)𝛿, 𝛿, 𝛿)

≥ 1− 𝑘𝛿

1− 𝑘𝛿 + 𝛿

[
𝛿 + 𝑈0((𝑘 − 1)𝛿, 0, 0)

]
,

or, equivalently,

𝑈0(𝑘𝛿, 0, 0)

1− 𝑘𝛿
≥ 𝑈0((𝑘 − 1)𝛿, 0, 0)

1− (𝑘 − 1)𝛿 +
𝛿

1− (𝑘 − 1)𝛿 .

By induction, it follows that

𝑒𝑈0(1 − 𝑒−1, 0, 0) =
𝑈0(𝑁𝛿, 0, 0)

1−𝑁𝛿
≥ 𝑈0(0, 0, 0) +

𝑁∑
𝑘=1

𝛿

1− (𝑘 − 1)𝛿 .

Letting 𝑁 →∞ and using (7.178), we arrive at

𝑒𝑈0(1 − 𝑒−1, 0, 0) ≥ 1 +
∫ 1−𝑒−1

0

d𝑥

1− 𝑥
= 2,

and hence, by (7.171),

𝑈0(1− 𝑒−1, 1− 𝑒−1, 1− 𝑒−1) = 1− 𝑒−1 + 𝑈0(1− 𝑒−1, 0, 0) ≥ 1 + 𝑒−1.

This yields the optimality of 𝐶∞, by the very definition of 𝑈0. □

On the search of the suitable majorant. The search is based on exploiting the
properties of the function

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼((𝑔∗𝑛 ∨ 𝑧)− ∣𝑓𝑛∣𝑝
)}.

The reasoning is similar to the ones presented previously; we omit the details. □
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7.8.4 Proof of Theorem 7.18

We may and do assume that ∣∣𝑓 ∣∣∞ ≤ 1.
Proof of (7.160) for 𝑝 = 1. Let 𝑈 be the special function introduced in the proof
of Theorem 7.16. Let 𝑊1 : [0, 1]× ℝ× ℝ→ ℝ be given by the formula

𝑊1(𝑥, 𝑦, 𝑤) = 𝑈(1− 𝑥, 𝑦, 1, 𝑤) + 3.

It can be verified that 𝑊1 has the following properties:

if 𝜀 ∈ {−1, 1} and 𝑦, 𝑤 ∈ ℝ, then the function
𝑡 �→ 𝑊1(𝑡, 𝑦 + 𝜀𝑡, 𝑤), 𝑡 ∈ [0, 1], is concave and nonincreasing; (7.180)

𝑊1(𝑥, 𝑦, 𝑤) ≥ 𝑦 ∨ 𝑤. (7.181)

Property (7.180) implies that the process (𝑊1(𝑓𝑛, 𝑔𝑛, 𝑔
∗
𝑛))𝑛≥0 is a supermartingale.

Combining this with (7.181) and (7.180) again gives

𝔼𝑔∗𝑛 ≤ 𝔼𝑊1(𝑓𝑛, 𝑔𝑛, 𝑔
∗
𝑛) ≤ 𝔼𝑊1(𝑓0, 𝑔0, 𝑔

∗
0) ≤ 𝔼𝑊1(0, 0, 0) = 2,

which is the desired bound. □

Proof of (7.160) for 𝑝 > 1. This time the special function 𝑊𝑝 : [0, 1]×ℝ×ℝ→ ℝ

is given by

𝑊𝑝(𝑥, 𝑦, 𝑤) = 𝑝(𝑝− 1)
∫ ∞

0

𝑎𝑝−2𝑊1(𝑥, 𝑦 − 𝑎, (𝑤 − 𝑎) ∨ 0)d𝑎.

By (7.180), for any 𝜀 ∈ {−1, 1} and 𝑦, 𝑤 ∈ ℝ and any 𝑎 > 0, the function

𝑡 �→ 𝑊1(𝑡, 𝑦 − 𝑎+ 𝜀𝑡, (𝑤 − 𝑎) ∨ 0)
is concave and nonincreasing. This implies that 𝑡 �→ 𝑊𝑝(𝑡, 𝑦+ 𝑡, 𝑤) has the analo-
gous property, and consequently the process (𝑊𝑝(𝑓𝑛, 𝑔𝑛, 𝑔

∗
𝑛))𝑛≥0 is a supermartin-

gale. On the other hand, by (7.181), we have

𝑊𝑝(𝑥, 𝑦, 𝑤) ≥ 𝑝(𝑝− 1)
∫ ∞

0

𝑎𝑝−2 [(𝑦 − 𝑎) ∨ (𝑤 − 𝑎) ∨ 0] d𝑎

= 𝑝(𝑝− 1)
∫ 𝑦∨𝑤

0

𝑎𝑝−2((𝑦 ∨𝑤) − 𝑎)d𝑎 = (𝑦 ∨ 𝑤)𝑝.

Therefore,

𝔼(𝑔∗𝑛)
𝑝 ≤ 𝔼𝑊𝑝(𝑓𝑛, 𝑔𝑛, 𝑔

∗
𝑛) ≤ 𝔼𝑊𝑝(𝑓0, 𝑔0, 𝑔

∗
0) ≤ 𝑊𝑝(0, 0, 0)

= 𝑝(𝑝− 1)
∫ ∞

0

𝑎𝑝−2𝑊1(0,−𝑎, 0)d𝑎 = 2𝑝Γ(𝑝+ 1),

which is the claim. □
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Sharpness. Fix 𝛿 ∈ (0, 1) and consider the following example. Let 𝜉1, 𝜉2, . . . be a
sequence of independent mean zero random variables which take values in the set
{−𝛿, 1− 𝛿}. Let 𝑆 = (𝑆𝑛)𝑛≥0 be given as follows. Set 𝑆0 ≡ 0 and, for 𝑛 ≥ 1,

𝑆2𝑛−1 = 𝜉1 + 𝜉2 + ⋅ ⋅ ⋅+ 𝜉𝑛−1 + 𝑛𝛿,

𝑆2𝑛 = 𝜉1 + 𝜉2 + ⋅ ⋅ ⋅+ 𝜉𝑛 + 𝑛𝛿.

It is very easy to check that 𝑆 is a nonnegative submartingale. Introduce the
stopping time 𝜏 = inf{𝑛 : 𝑆𝑛 = 1} and let 𝑓𝑛 = 𝑆𝜏∧𝑛, 𝑛 = 0, 1, 2, . . .. By Doob’s
optional sampling theorem, 𝑓 is also a nonnegative submartingale. Furthermore, it
can be easily verified that 𝑓 is bounded by 1. Let 𝑔𝑛 be given by 𝑑𝑔𝑛 = (−1)𝑛+1𝑑𝑓𝑛,
𝑛 = 0, 1, 2, . . .. Directly from the definition, we see that 𝑔 has the following
behavior: it starts from 0 and then increases in 𝛿 at each step, until it finally
drops, at time 𝜏 , from (𝜏 − 1)𝛿 to 𝜏𝛿 − 1, and stays there forever. Consequently,

ℙ(𝑔∗ = (𝑛− 1)𝛿) = ℙ(𝜏 = 𝑛) = (1− 𝛿)𝑛/2−1𝛿, 𝑛 = 2, 4, 6, . . .

and hence

𝔼(𝑔∗)𝑝 =
∞∑
𝑘=1

[(2𝑘 − 1)𝛿]𝑝(1− 𝛿)𝑘−1𝛿.

It is not difficult to show that the right-hand side converges to 2𝑝Γ(𝑝+1) as 𝛿 → 0.
This shows that the inequality (7.160) is sharp. □

7.9 Burkholder’s method for continuous-path

semimartingales

Another very interesting problem is to study the above estimates for continuous-
path semimartingales. It turns out that, in contrast with the non-maximal setting,
the passage from the general to the continuous-path case results in a decrease of the
values of optimal constants. This raises the question of how to refine Burkholder’s
method so that one can exploit the additional regularity of trajectories, and we
will address it now.

Let ℋ be a separable Hilbert space (we may and do assume that it is equal
to ℓ2), set 𝐷 = ℋ × ℋ × [0,∞) × [0,∞) and fix a Borel function 𝑉 : 𝐷 → ℝ

satisfying (7.1), which is bounded on bounded sets. Suppose we are interested in
the inequality

𝔼𝑉 (𝑋𝑡, 𝑌𝑡, ∣𝑋𝑡∣∗, ∣𝑌𝑡∣∗) ≤ 0, (7.182)

to be valid for all 𝑡 ≥ 0 and the class of all pairs (𝑋,𝑌 ) of continuous and bounded
ℋ-valued martingales such that 𝑌 is differentially subordinate to 𝑋 . Suppose that
𝑈 : 𝐷 → ℝ is of class 𝐶2 and satisfies the following conditions.
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1∘ 𝑈 ≥ 𝑉 on 𝐷.

2∘ There is a function 𝑀 : 𝐷 → [0,∞), bounded on any set of the form
{(𝑥, 𝑦, 𝑧, 𝑤) : ∣𝑥∣, ∣𝑦∣ ≤ 𝐿, 1/𝐿 ≤ 𝑧, 𝑤 ≤ 𝐿} for some 𝐿 > 0, such that for
any (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 and ℎ, 𝑘 ∈ ℋ,

(𝑈𝑥𝑥(𝑥, 𝑦, 𝑧, 𝑤)ℎ, ℎ) + 2(𝑈𝑥𝑦(𝑥, 𝑦, 𝑧, 𝑤)ℎ, 𝑘) + (𝑈𝑦𝑦(𝑥, 𝑦, 𝑧, 𝑤)𝑘, 𝑘)

≤ 𝑀(𝑥, 𝑦, 𝑧, 𝑤)(∣𝑘∣2 − ∣ℎ∣2).

3∘ For any (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 such that 𝑤 = ∣𝑦∣ ≤ ∣𝑥∣ ≤ 𝑧

𝑈(𝑥, 𝑦, 𝑧, 𝑤) ≤ 0.

4∘ For any 𝑥 ∕= 0 and ∣𝑦∣ ≤ 𝑤 we have 𝑈𝑧(𝑥, 𝑦, ∣𝑥∣, 𝑤) ≤ 0. For any 𝑦 ∕= 0 and
∣𝑥∣ ≤ 𝑧, 𝑈𝑤(𝑥, 𝑦, 𝑧, ∣𝑦∣) ≤ 0.

Theorem 7.19. If 𝑈 satisfies 1∘–4∘, then (7.182) holds for all bounded ℋ-valued
continuous-path martingales 𝑋, 𝑌 such that 𝑌 is differentially subordinate to 𝑋.

Proof. It suffices to show that

𝔼𝑈(𝑋𝑡, 𝑌𝑡, ∣𝑋𝑡∣∗, ∣𝑌𝑡∣∗) ≤ 0 (7.183)

for any 𝑡. Furthermore, since 𝑋 , 𝑌 are bounded and 𝑈 is continuous, we may
assume that

ℙ(∣𝑋𝑡∣, ∣𝑌𝑡∣ belong to (𝛿, 𝛿−1) for all 𝑡 ≥ 0) = 1,
where 𝛿 > 0 is a fixed small number: simply replace 𝑋 , 𝑌 by (𝛿,𝑋), (𝛿, 𝑌 ) if
necessary. Let

𝑀 = sup{𝑀(𝑥, 𝑦, 𝑧, 𝑤) : ∣𝑥∣, ∣𝑦∣ ∈ (𝛿, 𝛿−1)} < ∞

and, as usual, denote the 𝑖th and 𝑗th coordinate of 𝑋 and 𝑌 by 𝑋 𝑖 and 𝑌 𝑗 ,
respectively.

For a fixed 𝑡 ≥ 0 and 𝜀 > 0, there is 𝐷 = 𝐷(𝜀) ≥ 1 such that if 𝑑 ≥ 𝐷, then

𝔼

∑
𝑘>𝑑

[𝑋𝑘, 𝑋𝑘]𝑡 = 𝔼

∑
𝑘>𝑑

∣𝑋𝑘
𝑡 ∣2 < 𝜀. (7.184)

For 0 ≤ 𝑠 ≤ 𝑡, let

𝑋(𝑑)
𝑠 = (𝑋1

𝑠 , 𝑋
2
𝑠 , . . . , 𝑋

𝑑
𝑠 , 0, 0, . . .),

𝑌 (𝑑)
𝑠 = (𝑌 1

𝑠 , 𝑌 2
𝑠 , . . . , 𝑌 𝑑

𝑠 , 0, 0, . . .)

and

𝑍(𝑑)
𝑠 = (𝑋(𝑑)

𝑠 , 𝑌 (𝑑)
𝑠 , ∣𝑋(𝑑)

𝑠 ∣∗, ∣𝑌 (𝑑)
𝑠 ∣∗).



370 Chapter 7. Maximal Inequalities

Since 𝑋(𝑑), 𝑌 (𝑑) take values in a finite-dimensional subspace of ℋ, Itô’s formula
is applicable. Thus, using 3∘, we obtain

𝑈(𝑍
(𝑑)
𝑡 ) = 𝑈(𝑍

(𝑑)
0 ) + 𝐼1 + 𝐼2 + 𝐼3 ≤ 𝐼1 + 𝐼2 + 𝐼3, (7.185)

with

𝐼1 =

∫ 𝑡

0

𝑈𝑥(𝑍
(𝑑)
𝑠 )d𝑋

(𝑑)
𝑠 +

∫ 𝑡

0

𝑈𝑦(𝑍
(𝑑)
𝑠 )d𝑌

(𝑑)
𝑠 ,

𝐼2 =

∫ 𝑡

0

𝑈𝑧(𝑍
(𝑑)
𝑠 )d∣𝑋(𝑑)

𝑠 ∣∗ +
∫ 𝑡

0

𝑈𝑤(𝑍
(𝑑)
𝑠 )d∣𝑌 (𝑑)

𝑠 ∣∗,

𝐼3 =

∫ 𝑡

0

𝑈𝑥𝑥(𝑍
(𝑑)
𝑠 )𝑑[𝑋

(𝑑), 𝑋(𝑑)]𝑠 + 2

∫ 𝑡

0

𝑈𝑥𝑦(𝑍
(𝑑)
𝑠 )𝑑[𝑋

(𝑑), 𝑌 (𝑑)]𝑠

+

∫ 𝑡

0

𝑈𝑦𝑦(𝑍
(𝑑)
𝑠 )𝑑[𝑌

(𝑑), 𝑌 (𝑑)]𝑠.

The random variable 𝐼1 has null expectation. The term 𝐼2 is nonpositive: by 4
∘, we

have 𝑈𝑧(𝑍
(𝑑)∗
𝑠 ) ≤ 0 on {𝑠 : 𝑋(𝑑)

𝑠 = 𝑋
(𝑑)∗
𝑠 }, and this set is precisely the support of

𝑑𝑋
(𝑑)∗
𝑠 . The second integral is dealt with likewise and it remains to handle 𝐼3. Let

0 ≤ 𝑠0 < 𝑠1 ≤ 𝑡. For any 𝑗 ≥ 0, let (𝜂𝑗𝑖 )1≤𝑖≤𝑖𝑗 be a sequence of nondecreasing finite

stopping times with 𝜂𝑗0 = 𝑠0, 𝜂𝑗𝑖𝑗 = 𝑠1, such that lim𝑗→∞max1≤𝑖≤𝑖𝑗−1 ∣𝜂𝑗𝑖+1−𝜂𝑗𝑖 ∣ =
0. Keeping 𝑗 fixed, we apply, for each 𝑖 = 0, 1, 2, . . . , 𝑖𝑗 , the property 2

∘ to

𝑥 = 𝑋(𝑑)
𝑠0 , 𝑦 = 𝑌 (𝑑)

𝑠0 , 𝑧 = ∣𝑋(𝑑)
𝑠0 ∣∗, 𝑤 = ∣𝑌 (𝑑)

𝑠0 ∣∗

and
ℎ = ℎ𝑗

𝑖 = 𝑋
(𝑑)

𝜂𝑗
𝑖+1

−𝑋
(𝑑)

𝜂𝑗
𝑖

, 𝑘 = 𝑘𝑗
𝑖 = 𝑌

(𝑑)

𝜂𝑗
𝑖+1

− 𝑌
(𝑑)

𝜂𝑗
𝑖

.

Summing the obtained 𝑖𝑗 + 1 inequalities and letting 𝑗 →∞ yields
𝑑∑

𝑚=1

𝑑∑
𝑛=1

[
𝑈𝑥𝑚𝑥𝑛(𝑍

(𝑑)
𝑠0 )[(𝑋

(𝑑))𝑚, (𝑋(𝑑))𝑛]𝑠1𝑠0 + 2𝑈𝑥𝑚𝑦𝑛(𝑍
(𝑑)
𝑠0 )[(𝑋

(𝑑))𝑚, (𝑌 (𝑑))𝑛]𝑠1𝑠0

+ 𝑈𝑦𝑚𝑦𝑛(𝑍
(𝑑)
𝑠0 )[(𝑌

(𝑑))𝑚, (𝑌 (𝑑))𝑛]𝑠1𝑠0

]

≤ 𝑀

𝑑∑
𝑘=1

(
[(𝑌 (𝑑))𝑘, (𝑌 (𝑑))𝑘]𝑠1𝑠0 − [(𝑋(𝑑))𝑘, (𝑋(𝑑))𝑘]𝑠1𝑠0

)
.

If we approximate 𝐼3 by discrete sums, we see that the inequality above leads to

𝐼3 ≤ 𝑀

𝑑∑
𝑘=1

(
[(𝑌 (𝑑))𝑘, (𝑌 (𝑑))𝑘]𝑡0 − [(𝑋(𝑑))𝑘, (𝑋(𝑑))𝑘]𝑡0

)
≤ −𝑀

∑
𝑘>𝑑

(
[𝑌 𝑘, 𝑌 𝑘]𝑡0 − [𝑋𝑘, 𝑋𝑘]𝑡0

)
,

where the last passage is due to the differential subordination.
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Now take the expectation of both sides of (7.185) and use (7.184) to ob-

tain 𝔼𝑈(𝑍
(𝑑)
𝑡 ) ≤ 𝑀𝜀. Then let 𝑑 → ∞ to get 𝔼𝑈(𝑋𝑡, 𝑌𝑡, ∣𝑋𝑡∣∗, ∣𝑌𝑡∣∗) ≤ 𝑀𝜀, by

Lebesgue’s dominated convergence theorem. Since 𝜀 was chosen arbitrarily, (7.183)
follows. □

When the dominating process is a sub- or supermartingale, the statement is
similar. We shall formulate the conditions 1∘–4∘ when 𝑋 is assumed to be a sub-
martingale, the passage to −𝑋 yields corresponding versions for supermartingales.
So, suppose we want to prove (7.182) for all submartingales 𝑋 and all ℋ-valued
processes 𝑌 that are 𝛼-subordinate to 𝑋 . Let 𝐷 = ℝ×ℋ× [0,∞)× [0,∞). Then
we search for functions 𝑈 : 𝐷 → ℝ that enjoy the following properties:

1∘ 𝑈 ≥ 𝑉 on 𝐷.

2∘ We have 𝑈𝑥(𝑥, 𝑦, 𝑧, 𝑤) + 𝛼∣𝑈𝑦(𝑥, 𝑦, 𝑧, 𝑤)∣ ≤ 0 provided ∣𝑥∣ ≤ 𝑧 and ∣𝑦∣ ≤ 𝑤.
Furthermore, there is a function 𝑀 : 𝐷 → [0,∞), bounded on any set of
the form {(𝑥, 𝑦, 𝑧, 𝑤) : ∣𝑥∣, ∣𝑦∣, 𝑤, 𝑧 ≤ 𝐿} for some 𝐿 > 0, such that for any
(𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 and ℎ ∈ ℝ, 𝑘 ∈ ℋ,

𝑈𝑥𝑥(𝑥, 𝑦, 𝑧, 𝑤)ℎ2 + 2(𝑈𝑥𝑦(𝑥, 𝑦, 𝑧, 𝑤)ℎ, 𝑘) + (𝑈𝑦𝑦(𝑥, 𝑦, 𝑧, 𝑤)𝑘, 𝑘)

≤ 𝑀(𝑥, 𝑦, 𝑧, 𝑤)(∣𝑘∣2 − ℎ2).

3∘ For any (𝑥, 𝑦, 𝑧, 𝑤) ∈ 𝐷 such that 𝑤 = ∣𝑦∣ ≤ ∣𝑥∣ ≤ 𝑧

𝑈(𝑥, 𝑦, 𝑧, 𝑤) ≤ 0.

4∘ For any 𝑥 ∕= 0 and ∣𝑦∣ ≤ 𝑤 we have 𝑈𝑧(𝑥, 𝑦, ∣𝑥∣, 𝑤) ≤ 0. For any 𝑦 ∕= 0 and
∣𝑥∣ ≤ 𝑧, 𝑈𝑤(𝑥, 𝑦, 𝑧, ∣𝑦∣) ≤ 0.

Theorem 7.20. If there is 𝑈 satisfying the conditions 1∘–4∘ above, then (7.182)
holds for all bounded continuous-path submartingales 𝑋 and all bounded contin-
uous-path processes 𝑌 which are 𝛼-subordinate to 𝑋.

We omit the analogous proof.

The problem of showing the reverse implication of Theorems 7.19 and 7.20
is in general much more delicate. It is natural to proceed as previously; let us first
focus on the martingale setting. For any 𝑥, 𝑦 ∈ ℝ, let𝑀(𝑥, 𝑦) denote the class of all
bounded continuous-path martingales (𝑋,𝑌 ) such that 𝑋 starts from 𝑥, 𝑌 starts

from 𝑦 and we have 𝑌𝑡 = 𝑦 +
∫ 𝑡

0+
𝐻𝑠d𝑋𝑠 for some predictable 𝐻 taking values in

{−1, 1}. Obviously, if (𝑋,𝑌 ) ∈ 𝑀(𝑥, 𝑦), then the pointwise limit (𝑋∞, 𝑌∞) exists
almost surely. For a given 𝑉 as above, define

𝑈0(𝑥, 𝑦, 𝑧, 𝑤) = sup{𝔼𝑉 (𝑋∞, 𝑌∞, ∣𝑋 ∣∗ ∨ 𝑧, ∣𝑌 ∣∗ ∨ 𝑤)},

where the supremum is taken over 𝑀(𝑥, 𝑦). The main difficulty is that there is no
reason for the function 𝑈0 to be of class 𝐶2. However, as we shall see below, one
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may still recover some properties of 𝑈0, which are useful in proving the sharpness.
While dealing with submartingales, one fixes 𝛼 ≥ 0, 𝑥 ≥ 0 and 𝑦 ∈ ℝ and denotes
by 𝑀𝛼(𝑥, 𝑦) the class of all pairs (𝑋,𝑌 ) of bounded real-valued Itô processes of
the form

𝑋𝑡 = 𝑥+

∫ 𝑡

0+

𝜙𝑠d𝐵𝑠 +

∫ 𝑡

0+

𝜓𝑠d𝑠, 𝑌𝑡 = 𝑦 +

∫ 𝑡

0+

𝜁𝑠d𝐵𝑠 +

∫ 𝑡

0+

𝜉𝑠d𝑠,

with ∣𝜁𝑠∣ = ∣𝜙𝑠∣ and ∣𝜉𝑠∣ = 𝛼∣𝜓𝑠∣ for all 𝑠 ≥ 0.
(7.186)

Then the function 𝑈0 is defined analogously: again, it is not difficult to see that
the pointwise limits 𝑋∞, 𝑌∞ exist with probability 1 (for example, using escape
estimates). The same problems appear: in general, we are not able to deduce
any regularity properties of this function (however, for some specific 𝑉 , we will
overcome this).

7.10 Maximal bounds for continuous-path martingales

7.10.1 Formulation of the result

We start with the following martingale inequality.

Theorem 7.21. Suppose 𝑋, 𝑌 are ℋ-valued continuous martingales such that 𝑌 is
differentially subordinate to 𝑋. Then the inequalities

∣∣𝑌 ∣∣𝑝 ≤
√
2

𝑝
∣∣∣𝑋 ∣∗∣∣𝑝, 1 ≤ 𝑝 < 2, (7.187)

and

∣∣𝑌 ∣∣𝑝 ≤ (𝑝− 1)∣∣∣𝑋 ∣∗∣∣𝑝, 2 ≤ 𝑝 < ∞ (7.188)

hold and the constants are the best possible. They are the best possible even when
𝑋 is assumed to take values in ℝ and 𝑌 is the Itô integral, with respect to 𝑋, of
some predictable 𝐻 taking values in {−1, 1}.

7.10.2 Proof of Theorem 7.21

Proof of (7.187). For 𝑝 ∈ [1, 2), we will write 𝛽 = 𝛽𝑝 =
√
2/𝑝. Let 𝑈, 𝑉 : ℋ ×

ℋ× (0,∞)→ ℝ (note that 𝑧 = 0 is not allowed) be given by

𝑈(𝑥, 𝑦, 𝑧) =
𝑝

2
𝛽𝑝−2(∣𝑦∣2 − ∣𝑥∣2 − (𝛽2 − 1)𝑧2)𝑧𝑝−2 (7.189)

and 𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣𝑝 − 𝛽𝑝𝑧𝑝.

Lemma 7.25. The function 𝑈 satisfies the conditions 1∘–4∘.
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Proof. To prove the majorization, observe that we may assume that 𝑧 = 1, due to
homogeneity. Now, by the mean value property of the concave function 𝑡 �→ 𝑡𝑝/2,

𝑈(𝑥, 𝑦, 1) =
𝑝

2
𝛽𝑝−2(∣𝑦∣2 − ∣𝑥∣2 − (𝛽2 − 1)) ≥ 𝑝

2
𝛽𝑝−2(∣𝑦∣2 − 𝛽2)

=
𝑝

2
(𝛽2)𝑝/2−1(∣𝑦∣2 − 𝛽2) ≥ ∣𝑦∣𝑝 − 𝛽𝑝 = 𝑉 (𝑥, 𝑦, 1).

To check 2∘, note that

(𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ, ℎ) + 2(𝑈𝑥𝑦(𝑥, 𝑦, 𝑧)ℎ, 𝑘) + (𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)𝑘, 𝑘) = 𝑝𝛽𝑝−2𝑧𝑝−2(∣𝑘∣2 − ∣ℎ∣2)

and the function 𝑀(𝑥, 𝑦, 𝑧) = 𝑝𝛽𝑝−2𝑧𝑝−2 has the required boundedness property.
Condition 3∘ is evident. Finally, we have

𝑈𝑧(𝑥, 𝑦, ∣𝑥∣) = 𝑝(𝑝− 2)
2

𝛽𝑝−2∣𝑦∣2∣𝑥∣𝑝−3 ≤ 0,

which gives 4∘. □

Now the proof is immediate: using localization, reduce the inequality to
bounded martingales. That is, for a fixed 𝑛, we consider the stopping time 𝑇𝑛 =

inf{𝑡 : ∣𝑋𝑡∣ ≥ 𝑛 or ∣𝑌𝑡∣ ≥ 𝑛} and define the martingales (𝑋(𝑛)
𝑡 ) and (𝑌

(𝑛)
𝑡 ) by

𝑋
(𝑛)
𝑡 =

{
𝑋𝑇𝑛∧𝑡 if 𝑇𝑛 > 0,

0 if 𝑇𝑛 = 0,

with a similar definition for 𝑌
(𝑛)
𝑡 . Since 𝑈 and 𝑋(𝑛), 𝑌 (𝑛) satisfy the conditions

of Theorem 7.19, we have, for any 𝑡 ≥ 0,

𝔼∣𝑌 (𝑛)
𝑡 ∣𝑝 ≤ 𝛽𝑝

𝔼(∣𝑋(𝑛)
𝑡 ∣∗)𝑝 ≤ 𝛽𝑝

𝔼(∣𝑋 ∣∗)𝑝.

Now let 𝑛 →∞ to obtain ∣∣𝑌𝑡∣∣𝑝 ≤ 𝛽∣∣∣𝑋 ∣∗∣∣𝑝, by means of Fatou’s lemma. It now
suffices to take the supremum over 𝑡 to get the claim. □

Remark. The function 𝑈 leading to the inequality (7.187) is not unique. For ex-
ample, one can try to work with the following alternative. First introduce the
auxiliary Φ : [𝛽 − 1,∞)→ ℝ by

Φ(𝑡) = 𝑒−𝑡

[
−𝑝

∫ 𝑡

𝛽−1

𝑒𝑠(𝑠+ 1)𝑝−1𝑑𝑠+ 𝑝𝛽𝑝−2(1− 𝛽)𝑒𝛽−1

]
. (7.190)

and let 𝑢 : [0, 1]× [0,∞)→ ℝ be given by

𝑢(𝑥, 𝑦) =

{
(𝑦 − 𝑥+ 1)𝑝 + (1− 𝑥)Φ(𝑦 − 𝑥)− 𝛽𝑝 if 𝑦 − 𝑥 ≥ 𝛽 − 1,
1
2𝑝𝛽

𝑝−2(𝑦2 − 𝑥2 − 𝛽2 + 1) if 𝑦 − 𝑥 < 𝛽 − 1. (7.191)
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The special function 𝑈 : ℝ𝑑 × ℝ𝑑 × (0,∞) is defined by

𝑈(𝑥, 𝑦, 𝑧) = (∣𝑥∣ ∨ 𝑧)𝑝𝑢

( ∣𝑥∣
∣𝑥∣ ∨ 𝑧

,
∣𝑦∣

∣𝑥∣ ∨ 𝑧

)
. (7.192)

This function has almost all the required properties; however, it is not of class 𝐶2

on the set {(𝑥, 𝑦, 𝑧) : ∣𝑦∣ − ∣𝑥∣ = (𝛽 − 1)(∣𝑥∣ ∨ 𝑧)} and one needs to use smooth-
ing arguments to overcome this difficulty. We omit the details (but see the next
section).

7.10.3 Sharpness

Let 1 ≤ 𝑝 < ∞ be fixed and suppose that 𝜅 is the best constant in the inequality

∣∣𝑌 ∣∣𝑝 ≤ 𝜅∣∣∣𝑋 ∣∗∣∣𝑝, (7.193)

to be valid for all (𝑋,𝑌 ) ∈ ℳ(𝑥, 𝑦) such that 𝑦 = ±𝑥. Recall that for any 𝑥, 𝑦 ∈ ℝ,
the class𝑀(𝑥, 𝑦) consists of all bounded continuous path martingales (𝑋,𝑌 ) such

that 𝑋 starts from 𝑥, 𝑌 starts from 𝑦 and we have 𝑌𝑡 = 𝑦 +
∫ 𝑡

0+
𝐻𝑠d𝑋𝑠 for some

predictable 𝐻 taking values in {−1, 1}. Let 𝜅′ > 𝜅 and consider the function
𝑈0 : ℝ× ℝ× [0,∞)→ ℝ, given by

𝑈0(𝑥, 𝑦, 𝑧) = sup
ℳ(𝑥,𝑦)

{𝔼∣𝑌∞∣𝑝 − (𝜅′)𝑝𝔼(∣𝑋∞∣∗ ∨ 𝑧)𝑝}.

Lemma 7.26. The function 𝑈0 has the following properties.

(i) 𝑈0(𝑥, 𝑦, 𝑧) < ∞ for any (𝑥, 𝑦, 𝑧) ∈ ℝ× ℝ× [0,∞),
(ii) For any (𝑥, 𝑦, 𝑧) ∈ ℝ× ℝ× [0,∞),

𝑈0(𝜆𝑥,±𝜆𝑦, ∣𝜆∣𝑧) = ∣𝜆∣𝑝𝑈0(𝑥, 𝑦, 𝑧) for 𝜆 ∕= 0. (7.194)

(iii) For any (𝑥, 𝑦, 𝑧) ∈ ℝ× ℝ× [0,∞),
𝑈0(𝑥, 𝑦, 𝑧) ≥ ∣𝑦∣𝑝 − (𝜅′)𝑝(∣𝑥∣ ∨ 𝑧)𝑝. (7.195)

(iv) For any (𝑥, 𝑦, 𝑧) ∈ ℝ×ℝ× [0,∞), ∣𝑥∣ ≤ 𝑧, 𝜀 ∈ {−1, 1}, if 𝛼1, 𝛼2 ∈ (0, 1) and
𝑡1, 𝑡2 ∈ (−𝑥− 𝑧,−𝑥+ 𝑧) satisfy 𝛼1 + 𝛼2 = 1 and 𝛼1𝑡1 + 𝛼2𝑡2 = 0, then

𝑈0(𝑥, 𝑦, 𝑧) ≥ 𝛼1𝑈0(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1, 𝑧) + 𝛼2𝑈0(𝑥 + 𝑡2, 𝑦 + 𝜀𝑡2, 𝑧).

(v) If 𝑦 ∈ ℝ, 𝛿 > 0 and 𝑎 ∈ (0, 2), then

𝑈0(1, 𝑦, 1) ≥ 𝛿

𝑎+ 𝛿
𝑈0(1− 𝑎, 𝑦 + 𝑎, 1 + 𝛿) +

𝑎

𝑎+ 𝛿
𝑈0(1 + 𝛿, 𝑦 − 𝛿, 1 + 𝛿)

≥ 𝛿

𝑎+ 𝛿
[𝑈0(1− 𝑎, 𝑦 + 𝑎, 1) + (𝜅′)𝑝(1 − (1 + 𝛿)𝑝)]

+
𝑎

𝑎+ 𝛿
(1 + 𝛿)𝑝𝑈0

(
1,

𝑦 − 𝛿

1 + 𝛿
, 1

)
.

(7.196)
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Proof. (i) Let (𝑥, 𝑦, 𝑧) ∈ ℝ×ℝ×[0,∞) and (𝑋,𝑌 ) ∈ 𝑀(𝑥, 𝑦). Since (𝑌 −𝑦+𝑥,𝑋) ∈
𝑀(𝑥, 𝑥), we have, by the triangle inequality and (7.193),

∣∣𝑌∞∣∣𝑝 ≤ ∣∣(𝑌 − 𝑦 + 𝑥)∞∣∣𝑝 + ∣𝑦 − 𝑥∣ ≤ 𝜅∣∣∣𝑋 ∣∗∣∣𝑝 + ∣𝑦 − 𝑥∣
≤ ((𝜅′)𝑝∣∣∣𝑋 ∣∗ ∨ 𝑧∣∣𝑝𝑝 + 𝐶 ⋅ ∣𝑦 − 𝑥∣𝑝)1/𝑝,

where 𝐶 depends only on 𝜅, 𝜅′ and 𝑝. Thus 𝑈0(𝑥, 𝑦, 𝑧) ≤ 𝐶∣𝑦 − 𝑥∣𝑝.
(ii) This is quick: (𝑋,𝑌 ) ∈ 𝑀(𝑥, 𝑦) if and only if (𝜆𝑋,±𝜆𝑌 ) ∈ 𝑀(𝜆𝑥,±𝜆𝑦).

(iii) The pair (𝑥, 𝑦) of constant martingales belongs to 𝑀(𝑥, 𝑦).

(iv) We will use the continuous analogue the “splicing argument”. Suppose
that (𝑋 𝑖, 𝑌 𝑖) ∈ ℳ(𝑥 + 𝑡𝑖, 𝑦 + 𝜀𝑡𝑖) and let 𝐻𝑖 be corresponding predictable pro-
cesses, 𝑖 = 1, 2. Intuitively speaking, we will “glue” the two pairs using Brownian
motion and obtain a pair belonging to 𝑀(𝑥, 𝑦). To this end, we may and do as-
sume that these processes are given on the same probability space equipped with
the same filtration. Suppose 𝐵 is a Brownian motion starting from 𝑥, independent
of these two pairs. Let 𝜏 = inf{𝑡 : 𝐵𝑡 ∈ {𝑥+ 𝑡1, 𝑥+ 𝑡2}} and set

𝑋𝑡 =

{
𝐵𝑡 if 𝑡 ≤ 𝜏,

𝑋 𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥+ 𝑡𝑖,

𝐻𝑡 =

{
𝜀 if 𝑡 ≤ 𝜏,

𝐻𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥+ 𝑡𝑖

and 𝑌𝑡 = 𝑦+
∫
(0,𝑡] 𝐻𝑠d𝑋𝑠. It is easy to see that 𝑋 is a martingale with respect to

the natural filtration and (𝑋,𝑌 ) ∈ 𝑀(𝑥, 𝑦). With probability 1,

𝑌∞ = 𝑌 1
∞1{𝐵𝜏=𝑥+𝑡1} + 𝑌 2

∞1{𝐵𝜏=𝑥+𝑡2} (7.197)

and, since ∣𝑥+ 𝑡1∣, ∣𝑥+ 𝑡2∣ ≤ 𝑧,

∣𝑋 ∣∗ ∨ 𝑧 = (∣𝑋1∣∗ ∨ 𝑧)1{𝐵𝜏=𝑥+𝑡1} + (∣𝑋2∣∗ ∨ 𝑧)1{𝐵𝜏=𝑥+𝑡2}. (7.198)

Therefore

𝑊 (𝑥, 𝑦, 𝑧) ≥ 𝔼∣𝑌∞∣𝑝 − (𝜅′)𝑝𝔼(∣𝑋 ∣∗ ∨ 𝑧)𝑝

=

2∑
𝑖=1

(𝔼∣𝑌 𝑖
∞∣𝑝 − (𝜅′)𝑝𝔼(∣𝑋 𝑖∣∗ ∨ 𝑧)𝑝)ℙ(𝐵𝜏 = 𝑥+ 𝑡𝑖)

=

2∑
𝑖=1

𝛼𝑖(𝔼∣𝑌 𝑖
∞∣𝑝 − (𝜅′)𝑝𝔼(∣𝑋 𝑖∣∗ ∨ 𝑧)𝑝).

(7.199)

Now take supremum on the right-hand side over the classes𝑀(𝑥+ 𝑡1, 𝑦+ 𝜀𝑡1) and
𝑀(𝑥+ 𝑡2, 𝑦 + 𝜀𝑡2) to obtain the desired estimate.

(v) We repeat the argumentation from the previous part, with 𝑥 = 𝑧 = 1,
𝜀 = −1, 𝑡1 = −𝑎 and 𝑡2 = 𝛿. Equation (7.197) remains valid; however, (7.198)
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is no longer true: we still have (∣𝑋 ∣∗ ∨ 1)1{𝐵𝜏=1+𝛿} = (∣𝑋2∣∗ ∨ 1)1{𝐵𝜏=1+𝛿}, but
the equality (∣𝑋 ∣∗∨1)1{𝐵𝜏=1−𝑎} = (∣𝑋1∣∗ ∨1)1{𝐵𝜏=1−𝑎} does not hold in general.
Nonetheless, we have the inequality

∣𝑋 ∣∗ ∨ 1 ≤ (∣𝑋1∣∗ ∨ (1 + 𝛿))1{𝐵𝜏=1−𝑎} + (∣𝑋2∣∗ ∨ 1)1{𝐵𝜏=1+𝛿}. (7.200)

But, by the very definition of 𝑈0,

𝑈0(𝑥, 𝑦, 𝑧1) ≤ 𝑈0(𝑥, 𝑦, 𝑧2) for 𝑧1 ≥ 𝑧2, (7.201)

so arguing as in (7.199), we get the first inequality in (7.196). To deal with the
second one, we need to compare 𝑈0(1−𝑎, 𝑦+𝑎, 1+ 𝛿) and 𝑈0(1−𝑎, 𝑦+𝑎, 1). Note
that for 𝑥, 𝛿 ≥ 0 we have (𝑥 ∨ (1 + 𝛿))𝑝 − (𝑥 ∨ 1)𝑝 ≤ (1 + 𝛿)𝑝 − 1. Thus, for any
(𝑋,𝑌 ) ∈ 𝑀(1− 𝑎, 𝑦 + 𝑎),

𝑈0(1 − 𝑎, 𝑦 + 𝑎, 1 + 𝛿) ≥ 𝔼∣𝑌∞∣𝑝 − (𝜅′)𝑝𝔼
(∣𝑋 ∣∗ ∨ (1 + 𝛿)

)𝑝
≥ 𝔼∣𝑌∞∣𝑝 − (𝜅′)𝑝𝔼

(∣𝑋 ∣∗ ∨ 1)𝑝 + (𝜅′)𝑝(1− (1 + 𝛿)𝑝).

Taking supremum over all such (𝑋,𝑌 ) yields

𝑈0(1− 𝑎, 𝑦 + 𝑎, 1 + 𝛿) ≥ 𝑈0(1− 𝑎, 𝑦 + 𝑎, 1) + (𝜅′)𝑝(1 − (1 + 𝛿)𝑝).

Thus the second inequality in (7.196) follows, since, by homogeneity of 𝑈0,

𝑈0(1 + 𝛿, 𝑦 − 𝛿, 1 + 𝛿) = (1 + 𝛿)𝑝𝑈0(1,
𝑦 − 𝛿

1 + 𝛿
, 1).

This completes the proof. □

Now we are ready to prove that the inequalities (7.187) and (7.188) are sharp.

Sharpness of (7.187). We keep the notation 𝛽 = 𝛽𝑝 =
√
2/𝑝. Apply (iv) with

𝑥 = 𝛽/2, 𝑦 = 1− 𝛽/2, 𝑧 = 1, 𝜀 = −1, 𝑡1 = 1− 𝛽 and 𝑡2 = 1− 𝛽/2 (𝛼1 and 𝛼2 are
uniquely determined by 𝑡1 and 𝑡2) to get

𝑈0

(
𝛽

2
, 1− 𝛽

2
, 1

)
≥ 2− 𝛽

𝛽
𝑈0

(
1− 𝛽

2
,
𝛽

2
, 1

)
+
2𝛽 − 2

𝛽
𝑈0(1, 0, 1). (7.202)

The condition (iv) with 𝑥 = 1− 𝛽/2, 𝑦 = 𝛽/2, 𝑧 = 1, 𝜀 = 1, 𝑡1 = 𝛽/2 and 𝑡2 = −1
implies

𝑈0

(
1− 𝛽

2
,
𝛽

2
, 1

)
≥ 2

𝛽 + 2
𝑈0(1, 𝛽, 1) +

𝛽

𝛽 + 2
𝑈0

(
−𝛽

2
,−1 + 𝛽

2
, 1

)
. (7.203)

By homogeneity, 𝑈0

(
−𝛽

2 ,−1 + 𝛽
2 , 1
)
= 𝑈0

(
𝛽
2 , 1− 𝛽

2 , 1
)
. Furthermore, (iii) im-

plies 𝑈0(1, 𝛽, 1) ≥ 𝛽𝑝 − (𝜅′)𝑝; combining this with (7.202) and (7.203) gives

𝛽2

2
𝑈0

(
𝛽

2
, 1− 𝛽

2
, 1

)
≥
(
1− 𝛽

2

)
(𝛽𝑝−(𝜅′)𝑝)+

(
𝛽2

2
+

𝛽

2
− 1
)

𝑈0(1, 0, 1). (7.204)
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Now exploit (v), with 𝑦 = 0, 𝑎 = 1− 𝛽/2 and 𝛿 > 0, to obtain

𝑈0(1, 0, 1) ≥ 2𝛿

2− 𝛽 + 2𝛿

[
𝑈0

(
𝛽

2
, 1− 𝛽

2
, 1

)
+ (𝜅′)𝑝

(
1− (1 + 𝛿)𝑝

)]

+
2− 𝛽

2− 𝛽 + 2𝛿
(1 + 𝛿)𝑝𝑈0 (1,−𝛿/(1 + 𝛿), 1) .

(7.205)

By (ii), 𝑈0 (1,−𝛿/(1 + 𝛿), 1) = 𝑈0(1, 𝛿/(1 + 𝛿), 1); moreover, if we use the first
inequality in (7.196), with 𝑦, 𝑎, 𝛿 replaced by the numbers 𝛿/(1+𝛿), (1− 𝛽

2 )
1+2𝛿
1+𝛿 −

𝛿
1+𝛿 and 𝛿/(1 + 𝛿), respectively, we obtain

𝑈0

(
1,

𝛿

1 + 𝛿
, 1

)
≥ 2𝛿

(2− 𝛽)(1 + 2𝛿)

(
1 + 2𝛿

1 + 𝛿

)𝑝

𝑈0

(
𝛽

2
,

(
1− 𝛽

2

)
, 1

)

+
(2− 𝛽)(1 + 2𝛿)− 2𝛿
(2 − 𝛽)(1 + 2𝛿)

(
1 + 2𝛿

1 + 𝛿

)𝑝

𝑈0 (1, 0, 1) .

Plug this into (7.205), subtract 𝑈0(1, 0, 1) from both sides, divide throughout by
2𝛿 and let 𝛿 → 0 to obtain

0 ≥ 2𝑈0(𝛽/2, 1− 𝛽/2, 1)

2− 𝛽
+

(
𝑝− 2

2− 𝛽

)
𝑈0(1, 0, 1).

Combining this with (7.204) and using 𝛽 =
√
2/𝑝 we get

1

𝑝
𝑈0

(
𝛽

2
, 1− 𝛽

2
, 1

)
≥
(
1− 1√

2𝑝

)((
2

𝑝

)𝑝/2

− (𝜅′)𝑝
)
+
1

𝑝
𝑈0

(
𝛽

2
, 1− 𝛽

2
, 1

)

or 𝜅′ ≥ √2/𝑝. Since 𝜅′ > 𝜅 was arbitrary, we conclude that the constant
√
2/𝑝

can not be replaced in (7.187) by a smaller one. □

Sharpness of (7.188). Apply (iv) with 𝑥 = 0, 𝑦 = 𝑝, 𝑧 = 1, 𝜀 = −1, 𝑡1 = 1 and
𝑡2 = −𝛿 to get

𝑈0(0, 𝑝, 1) ≥ 𝛿

1 + 𝛿
𝑈0(1, 𝑝− 1, 1) + 1

1 + 𝛿
𝑈0(−𝛿, 𝑝+ 𝛿, 1)

≥ 𝛿

1 + 𝛿
((𝑝− 1)𝑝 − (𝜅′)𝑝) +

1

1 + 𝛿
𝑈0(𝛿, 𝑝+ 𝛿, 1),

(7.206)

where we have used the majorization (iii) and the homogeneity. Using again (iv),
this time with 𝑥 = 𝛿, 𝑦 = 𝑝+ 𝛿, 𝑧 = 1, 𝜀 = −1, 𝑡1 = 1− 𝛿 and 𝑡2 = −𝛿, we get

𝑈0(𝛿, 𝑝+ 𝛿, 1) ≥ 𝛿𝑈0(1, 𝑝+ 2𝛿 − 1, 1) + (1− 𝛿)𝑈0(0, 𝑝+ 2𝛿, 1)

≥ 𝛿𝑈0(1, 𝑝+ 2𝛿 − 1, 1) + (1− 𝛿)𝑈0(0, 𝑝+ 2𝛿, 1 + 2𝛿/𝑝),
(7.207)
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where in the last passage we have exploited (7.201). Now by (v), with 𝑦, 𝑎, 𝛿
replaced by 𝑝 + 2𝛿 − 1, 1 and 2𝛿/𝑝, respectively, together with the majorization
and homogeneity, we have

𝑈0(1, 𝑝+ 2𝛿 − 1, 1) ≥ 2𝛿

𝑝+ 2𝛿
𝑈0(0, 𝑝+ 2𝛿, 1 + 2𝛿/𝑝)

+
𝑝

𝑝+ 2𝛿
𝑈0(1 + 2𝛿/𝑝, (1 + 2𝛿/𝑝)(𝑝− 1), 1 + 2𝛿/𝑝)

≥ 2𝛿

𝑝+ 2𝛿
(1 + 2𝛿/𝑝)𝑝𝑈0(0, 𝑝, 1)

+
𝑝

𝑝+ 2𝛿
(1 + 2𝛿/𝑝)𝑝((𝑝− 1)𝑝 − (𝜅′)𝑝).

(7.208)

Now combine (7.207) with (7.208), and insert the obtained lower bound for
𝑈0(𝛿, 𝑝 + 𝛿, 1) into (7.206). We obtain an estimate, which, after subtracting
𝑈0(0, 𝑝, 1) from both sides, dividing throughout by 𝛿 and letting 𝛿 → 0, becomes

0 = 𝑈0(0, 𝑝, 1) ⋅ lim
𝛿→0

[
1− 1− 𝛿

1 + 𝛿

(
1 +
2𝛿

𝑝

)𝑝]
≥ 2((𝑝− 1)𝑝 − (𝜅′)𝑝).

This implies 𝜅′ ≥ 𝑝− 1 and, consequently, 𝜅 ≥ 𝑝− 1. □

On the search of the suitable majorant. Let us sketch an argument which leads to
the right choice of the optimal constant 𝛽𝑝, 1 < 𝑝 < 2, and the right guess of the
special function 𝑈 used in the proof of (7.187).

First we will indicate how to construct the function described in the remark
at the end of Section 7.3. Let 𝑝 ∈ [1, 2) be fixed and write down the desired
inequality

∣∣𝑌 ∣∣𝑝 ≤ 𝛽∣∣∣𝑋 ∣∗∣∣𝑝,
with the optimal 𝛽 ≥ 1 to be determined; some experimentation shows that 𝛽
should be smaller than 2. Let us restrict ourselves to the real-valued martingales:
ℋ = ℝ. Since the function 𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣𝑝− 𝛽𝑝(∣𝑥∣ ∧ 𝑧)𝑝 is homogeneous of order
𝑝, we assume that 𝑈 also has this property. Let 𝑢(𝑥, 𝑦) = 𝑈(𝑥, 𝑦, 1) for 𝑥 ∈ [−1, 1]
and 𝑦 ∈ ℝ. In addition, we assume that 𝑈 is of class 𝐶1 on ℝ× ℝ× (0,∞).

It is natural to expect that there should be some similarities between 𝑈 and
the special function used by Burkholder in [25]: both functions concern essentially
the same maximal inequality (strictly speaking, this is the case if 𝑝 = 1; but for
𝑝 > 1, the conditions imposed below also lead to the right function). Burkholder’s
majorant suggests that we should search for 𝑢 in the class of functions that satisfy
the following assumptions (A1)–(A3):

(A1) For all 𝑥 ∈ [−1, 1] and 𝑦 ∈ ℝ,

𝑢(𝑥, 𝑦) = 𝑢(−𝑥, 𝑦) = 𝑢(𝑥,−𝑦). (7.209)
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(A2) If 0 < 𝑥 < 1 and 𝑥 ≤ 𝑦, then

𝑢(𝑥, 𝑦) = (1− 𝑥)𝐴(−𝑥 + 𝑦) + 𝑥𝐵(1 − 𝑥+ 𝑦) (7.210)

and if 0 < 𝑦 < 𝑥 < 1, then

𝑢(𝑥, 𝑦) =
1− 𝑥

1− 𝑥+ 𝑦
𝐶(𝑥 − 𝑦) +

𝑦

1− 𝑥+ 𝑦
𝐵(1− 𝑥+ 𝑦), (7.211)

where 𝐴 = 𝑢(0, ⋅), 𝐵 = 𝑢(1, ⋅) and 𝐶 = 𝑢(⋅, 0).
(A3) For all 𝑦 ≥ 𝛽 we have 𝑢(1, 𝑦) = 𝑈(1, 𝑦, 1) = 𝑉 (1, 𝑦, 1).

Lemma 7.27. If 𝑢 satisfies conditions (A1)–(A3), then for 𝑥 ∈ [0, 1] and 𝑦 ≥
𝑥+ 𝛽 − 1 we have

𝑢(𝑥, 𝑦) = (𝑦−𝑥+1)𝑝−𝛽𝑝+(1−𝑥)𝑒𝑥−𝑦

[
𝐴(𝛽 − 1)𝑒𝛽−1 − 𝑝

∫ −𝑥+𝑦

𝛽−1

𝑒𝑠(𝑠+ 1)𝑝−1d𝑠

]
.

Proof. By (7.210), for any 𝑦 ≥ 𝛽 − 1 and 𝛿 ∈ (0, 1) we have

𝑢(𝛿, 𝑦 + 𝛿) = (1− 𝛿)𝐴(𝑦) + 𝛿𝐵(1 + 𝑦).

Subtracting 𝐴(𝑦) from both sides, dividing by 𝛿 and letting 𝛿 → 0 yields 𝑢𝑥(0, 𝑦)+
𝑢𝑦(0, 𝑦) = −𝐴(𝑦) + 𝐵(1 + 𝑦). But 𝑢𝑦(0, 𝑦) = 𝐴′(𝑦) and, by (7.209), 𝑢𝑥(0, 𝑦) = 0,
so we obtain

𝐴′(𝑦) = −𝐴(𝑦) + (𝑦 + 1)𝑝 − 𝛽𝑝.

Solving this differential equation gives

𝐴(𝑦) = −𝑝𝑒−𝑦

∫ 𝑦

𝛽−1

𝑒𝑠(𝑠+ 1)𝑝−1d𝑠+ (𝑦 + 1)𝑝 − 𝛽𝑝 +𝐴(𝛽 − 1)𝑒−𝑦+𝛽−1,

and plugging this into (7.210) yields the claim. □

Now we will find the function 𝑢 on the remaining part of the domain. It is
easy to see that the property (iv) from the definition of 𝒰(𝑉 ) implies that the
function 𝑤 : 𝑠 �→ 𝑢(𝑠, 1− 𝑠), 𝑠 ∈ [0, 1], is concave. From Lemma 7.27, we know the
explicit form of 𝑤 on the interval [0, 1− 𝛽/2]. Some experimentation suggests the
following assumption, which is not satisfied by Burkholder’s majorant, but in our
case leads to the right function. This is the key condition.

(A4) 𝑤 is linear on [1− 𝛽/2, 1].

Lemma 7.28. Under the assumptions (A1)–(A4), for all 𝑥, 𝑦 ∈ [0, 1] such that
𝑥+ 𝑦 ≤ 1 and −𝑥+ 𝑦 ≤ 𝛽 − 1, we have,

𝑢(𝑥, 𝑦) =
𝑝𝛽𝑝−2

2
(𝑦2 − 𝑥2 − 𝛽2 + 1). (7.212)



380 Chapter 7. Maximal Inequalities

Proof. Let
𝑎𝛽 = (𝛽 − 1)𝐴(𝛽 − 1) + 𝑝𝛽𝑝−1(𝛽 − 2). (7.213)

Since 𝑢 is of class 𝐶1, we obtain that for 𝑠 ∈ [1− 𝛽/2, 1],

𝑤(𝑠) = 𝑢(1− 𝛽/2, 𝛽/2) + (𝑢𝑥(1− 𝛽/2, 𝛽/2)− 𝑢𝑦(1− 𝛽/2, 𝛽/2))(𝑠− 1 + 𝛽/2)

=
𝛽

2
𝐴(𝛽 − 1) + 𝑎𝛽(𝑠− 1 + 𝛽/2).

Suppose that 𝑦 ∈ [0, 𝛽 − 1]. By (7.210), the function 𝑠 �→ 𝑢(𝑠, 𝑦 + 𝑠) is linear, so,
for 0 < 𝛿 < (1− 𝑦)/2,

𝑢(𝛿, 𝑦 + 𝛿) =
2𝛿

1− 𝑦
𝑤

(
1− 𝑦

2

)
+
1− 𝑦 − 2𝛿
1− 𝑦

𝐴(𝑦).

Subtract 𝐴(𝑦) from both sides, divide throughout by 𝛿 and let 𝛿 → 0 to obtain

𝐴′(𝑦) = 𝑢𝑥(0, 𝑦) + 𝑢𝑦(0, 𝑦) = −2𝐴(𝑦)
1− 𝑦

+
2

1− 𝑦
𝑤

(
1− 𝑦

2

)
.

Solving the differential equation, we get

𝐴(𝑦) =
𝛽

2
𝐴(𝛽 − 1) + 𝑎𝛽

(
𝛽

2
− 𝑦

)
+

𝐴(𝛽 − 1)− 𝑎𝛽
2(2− 𝛽)

(1− 𝑦)2.

By (7.209), 𝐴′(0) = 0; this gives 𝐴(𝛽 − 1) = 𝑎𝛽(𝛽 − 1), so, by (7.213),

𝑎𝛽 = −𝑝𝛽𝑝−2 and 𝐴(𝑦) =
𝑝𝛽𝑝−2

2
(𝑦2 + 1− 𝛽2).

This enables us to obtain (7.212) for 𝑦 ≥ 𝑥: it suffices to observe that

𝑢(𝑥, 𝑦) =
2𝑥

1 + 𝑥− 𝑦
𝑤

(
1− 𝑦

2

)
+
1− 𝑥− 𝑦

1 + 𝑥− 𝑦
𝐴(𝑦 − 𝑥),

which follows directly from (7.210).

If 𝑦 < 𝑥, we proceed similarly: by (7.211), we have, for 𝑥 ∈ [0, 1) and 0 <
𝛿 < (1− 𝑥)/2,

𝑢(𝑥+ 𝛿, 𝛿) =
1− 𝑥− 2𝛿
1− 𝑥

𝐶(𝑥) +
2𝛿

1− 𝑥
𝑤

(
1 + 𝑥

2

)
.

Subtract 𝐶(𝑥) from both sides, divide by 𝛿 and let 𝛿 → 0 to obtain a differential
equation for 𝐶. Solve it and use 𝐶′(0) = 0 to get 𝐶(𝑥) = 𝑝𝛽𝑝−2(−𝑥2 − 𝛽2 + 1)/2.
To obtain (7.212), apply the following consequence of (7.211):

𝑢(𝑥, 𝑦) =
2𝑦

1− 𝑥+ 𝑦
𝑤

(
1 + 𝑥− 𝑦

2

)
+
1− 𝑥− 𝑦

1− 𝑥+ 𝑦
𝐶(𝑥− 𝑦).

The claim follows. □
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Lemma 7.29. If 𝑢 satisfies (A1)–(A4), then 𝛽 ≥√2/𝑝.
Proof. Since 𝑈 is homogeneous of order 𝑝, we have 𝑥𝑝𝑢(1, 0) = 𝑈(𝑥, 0, 𝑥) for 𝑥 > 0.
Differentiating at 1 and using the property (iii) from the definition of the class
𝒰(𝑉 ), we get

𝑝𝐶(1) = 𝑝𝑢(1, 0) = 𝑈𝑥(1, 0, 1) + 𝑈𝑧(1, 0, 1) ≤ 𝑈𝑥(1, 0, 1) = 𝐶′(1),

which is the claim. □

We impose the following condition.

(A5) We have 𝛽 =
√
2/𝑝.

To complete the description of 𝑢, it remains to guess its values on the set
𝐸 = {(𝑥, 𝑦) : 𝑥 ∈ [0, 1], 1− 𝑥 < 𝑦 < 𝑥+ 𝛽 − 1}. Here is our final assumption.

(A6) For (𝑥, 𝑦) ∈ 𝐸, the formula (7.212) is valid.

As one easily checks, in this way we have obtained the function 𝑢 given by
(7.191). The description of 𝑈 is completed by (7.192). As already mentioned in
the remark at the end of Section 7.3, this function is not sufficiently smooth, so
Itô’s formula is not directly applicable. However, as we have seen in the preceding
chapters, in general the majorant corresponding to a given martingale inequality is
not uniquely determined. When 𝑈 is described by different expressions on pairwise
disjoint subsets, it is useful to look at 𝑈 , given by one of these expressions on the
whole domain. Fortunately, a similar phenomenon occurs also in our case. The
function 𝑈 defined by (7.189), much simpler and more regular than the one just
obtained above, is sufficient for our purposes. □

7.11 A maximal bound for continuous-path
supermartingales

7.11.1 Formulation of the result

Theorem 7.22. Let 𝛼 be a fixed nonnegative number. Assume that 𝑋 is a nonneg-
ative continuous-path supermartingale and 𝑌 is 𝛼-subordinate to 𝑋. Then

∣∣𝑌 ∣∣1 ≤ 𝛽∣∣𝑋∗∣∣1, (7.214)

where 𝛽 = 𝛽(𝑝𝑜𝑠𝑠𝑢𝑝) = 𝛼 + 1 + ((2𝛼 + 1)𝑒)−1. The constant is the best possible,
even if we restrict ourselves to Itô processes of the form (7.186).
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7.11.2 Proof of Theorem 7.22

Proof of (7.214). This inequality holds for general, not necessarily continuous-
path processes: see Theorem 7.10 above. □

Sharpness. Let 𝛼 ≥ 0, 𝛽 > 0 be fixed and suppose that we have

∣∣𝑌 ∣∣1 ≤ 𝛽∣∣𝑋∗∣∣1 (7.215)

for any Itô processes 𝑋 , 𝑌 of the form (7.186), with the additional condition
that 𝑋 is a nonnegative supermartingale. Let 𝐷 = [0,∞) × ℝ × [0,∞), define
𝑉𝛽(𝑥, 𝑦, 𝑧) = ∣𝑦∣ − 𝛽(∣𝑥∣ ∨ 𝑧) for (𝑥, 𝑦, 𝑧) ∈ 𝐷 and let 𝑈 : 𝐷 → ℝ be the function
given by

𝑈0(𝑥, 𝑦, 𝑧) = sup
𝑀𝛼(𝑥,𝑦)

{𝔼𝑉𝛽(𝑋∞, 𝑌∞, ∣𝑋 ∣∗ ∨ 𝑧)}.

Lemma 7.30. The function 𝑈0 has the following properties:

𝑈0 ≥ 𝑉𝛽 on 𝐷, (7.216)

𝑈0(𝑥, 𝑦, 𝑧1) ≤ 𝑈0(𝑥, 𝑦, 𝑧2) if (𝑥, 𝑦, 𝑧𝑖) ∈ 𝐷 and 𝑧1 ≥ 𝑧2 ≥ 𝑥, (7.217)

𝑈0(𝑥, ⋅, 𝑧) : 𝑦 �→ 𝑈0(𝑥, 𝑦, 𝑧) is convex for any fixed 0 ≤ 𝑥 ≤ 𝑧, 𝑧 > 0. (7.218)

For all 𝜀 ∈ {−1, 1}, 𝜆1, 𝜆2 ∈ (0, 1), 𝑥 ∈ [0, 𝑧], 𝑦 ∈ ℝ, 𝑧 > 0 and 𝑡1, 𝑡2 ∈ [−𝑥, 𝑧−𝑥]
such that 𝜆1 + 𝜆2 = 1 and 𝜆1𝑡1 + 𝜆2𝑡2 = 0,

𝑈0(𝑥, 𝑦, 𝑧) ≥ 𝜆1𝑈0(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1, 𝑧) + 𝜆2𝑈0(𝑥+ 𝑡2, 𝑦 + 𝜀𝑡2, 𝑧). (7.219)

Furthermore,

𝑈0(𝑥, 𝑦, 𝑧) ≥ 𝑈0(𝑥− 𝑑, 𝑦 ± 𝛼𝑑, 𝑧) if 𝑥 ≤ 𝑧 and 0 < 𝑑 ≤ 𝑥, (7.220)

Finally,

𝑈0(𝑥, 𝑦, 𝑧) ≤ 0 if ∣𝑦∣ ≤ 𝑥 ≤ 𝑧. (7.221)

Proof. The first thing which needs to be checked is the finiteness of 𝑈0. This is
straightforward: if (𝑥, 𝑦, 𝑧) ∈ 𝐷 and (𝑋,𝑌 ) ∈ 𝑀𝛼(𝑥, 𝑦), then 𝑌 −𝑦 is 𝛼-subordinate
to 𝑋 ; hence, by the triangle inequality and (7.215),

𝔼𝑉𝛽(𝑋𝑡, 𝑌𝑡, 𝑋
∗ ∨ 𝑧) ≤ ∣𝑦∣+ 𝔼𝑉𝛽(𝑋𝑡, 𝑌𝑡 − 𝑦,𝑋∗ ∨ 𝑧) ≤ ∣𝑦∣.

Since (𝑋,𝑌 ) ∈ 𝑀𝛼(𝑥, 𝑦) and 𝑡 ≥ 0 were arbitrary, we obtain 𝑈0(𝑥, 𝑦, 𝑧) ≤ ∣𝑦∣ <
∞. To show (7.216), it suffices to note that the constant pair (𝑥, 𝑦) belongs to
the class 𝑀𝛼(𝑥, 𝑦). The condition (7.217) follows directly from the definition of
𝑈0 and the fact that 𝑉𝛽 also has this property. To prove (7.218), fix (𝑥, 𝑦1, 𝑧),
(𝑥, 𝑦2, 𝑧) ∈ 𝐷, 𝜆 ∈ (0, 1) and let 𝑦 = 𝜆𝑦1 + (1− 𝜆)𝑦2. Take (𝑋,𝑌 ) from 𝑀𝛼(𝑥, 𝑦).
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Since (𝑋, 𝑦1 − 𝑦 + 𝑌 ) and (𝑋, 𝑦2 − 𝑦 + 𝑌 ) belong to 𝑀𝛼(𝑥, 𝑦1) and 𝑀𝛼(𝑥, 𝑦2),
respectively, we have, by the triangle inequality,

𝔼𝑉𝛽(𝑋∞, 𝑌∞, 𝑋∗ ∨ 𝑧) ≤ 𝜆𝔼𝑉𝛽(𝑋∞, 𝑦1 − 𝑦 + 𝑌∞, 𝑋∗ ∨ 𝑧)

+ (1 − 𝜆)𝔼𝑉𝛽(𝑋∞, 𝑦2 − 𝑦 + 𝑌∞, 𝑋∗ ∨ 𝑧)

≤ 𝜆𝑈(𝑥, 𝑦1, 𝑧) + (1− 𝜆)𝑈(𝑥, 𝑦2, 𝑧).

Now it suffices to take the supremum over 𝑋 and 𝑌 and (7.218) follows.

We turn to (7.219). In fact, we will prove the following stronger version, which
allows one of 𝑡𝑖’s to take values larger than 𝑧 − 𝑥. Namely, for all 𝜀 ∈ {−1, 1},
𝜆1, 𝜆2 ∈ (0, 1), 𝑥 ∈ [0, 𝑧], 𝑦 ∈ ℝ, 𝑧 > 0 and 𝑡1 < 0 < 𝑡2 such that 𝜆1 + 𝜆2 = 1,
𝜆1𝑡1 + 𝜆2𝑡2 = 0 and 𝑥+ 𝑡1 ≥ 0,

𝑈0(𝑥, 𝑦, 𝑧) ≥ 𝜆1

[
𝑈0(𝑥+ 𝑡1, 𝑦 + 𝜀𝑡1, 𝑧)− 𝛽(𝑥+ 𝑡2 − 𝑧)+

]
+ 𝜆2𝑈0(𝑥+ 𝑡2, 𝑦 + 𝜀𝑡2, 𝑧).

(7.222)

This more general statement is needed in the proof of the optimality of the con-
stant 𝛽(possub). We will prove (7.222) only for 𝜀 = 1; the argumentation for
𝜀 = −1 is similar. Let 𝑥𝑖 = 𝑥 + 𝑡𝑖, 𝑦𝑖 = 𝑦 + 𝑡𝑖 and take two pairs (𝑋

1, 𝑌 1) and
(𝑋2, 𝑌 2) from 𝑀𝛼(𝑥1, 𝑦1) and 𝑀𝛼(𝑥2, 𝑦2), respectively. Let 𝜓𝑖, 𝜙𝑖, 𝜁𝑖 and 𝜉𝑖 de-
note the corresponding predictable processes in the decompositions of 𝑋 𝑖 and 𝑌 𝑖.
We may and do assume that these processes are given on the same probability
space equipped with the same filtration and are driven by the same Brownian mo-
tion 𝑊 . Enlarging the probability space if necessary, we may assume that there
is a Brownian motion 𝐵 starting from 𝑥, which is independent of 𝑊 . We use 𝐵
to “glue” (𝑋1, 𝑌 1) and (𝑋2, 𝑌 2) into one Itô process (𝑋,𝑌 ). Precisely, introduce
the stopping time 𝜏 = inf{𝑡 : 𝐵𝑡 ∈ {𝑥1, 𝑥2}} and set

𝑋𝑡 =

{
𝐵𝑡 if 𝑡 ≤ 𝜏,

𝑋 𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖,

and

𝑌𝑡 =

{
𝑦 − 𝑥+𝐵𝑡 if 𝑡 ≤ 𝜏,

𝑌 𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖.

Then (𝑋,𝑌 ) ∈ 𝑀𝛼(𝑥, 𝑦), with

𝜙𝑡 =

{
1 if 𝑡 ≤ 𝜏,

𝜙𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖,

𝜓𝑡 =

{
0 if 𝑡 ≤ 𝜏,

𝜓𝑖
𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖

and

𝜁𝑡 =

{
1 if 𝑡 ≤ 𝜏,

𝜁𝑖𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖,
𝜉𝑡 =

{
0 if 𝑡 ≤ 𝜏,

𝜉𝑖𝑡−𝜏 if 𝑡 > 𝜏 and 𝐵𝜏 = 𝑥𝑖.
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We have, with probability 1,

𝑌∞ = 𝑌 1
∞1{𝐵𝜏=𝑥1} + 𝑌 2

∞1{𝐵𝜏=𝑥2}

and, since 𝑥1 < 𝑥 < 𝑥2,

(𝑋∗ ∨ 𝑧)1{𝐵𝜏=𝑥1} ≤ (𝑋1∗ ∨ 𝑥2 ∨ 𝑧)1{𝐵𝜏=𝑥1}
≤ [(𝑋1∗ ∨ 𝑧) + (𝑥2 − 𝑧)+

]
1{𝐵𝜏=𝑥1},

(𝑋∗ ∨ 𝑧)1{𝐵𝜏=𝑥2} = (𝑋
2∗ ∨ 𝑧)1{𝐵𝜏=𝑥2}.

Therefore, we get

𝑈0(𝑥, 𝑦, 𝑧) ≥ 𝔼∣𝑌∞∣ − 𝛽𝔼(𝑋∗ ∨ 𝑧)

≥ −𝛽(𝑥2 − 𝑧)+ℙ(𝐵𝜏 = 𝑥1) +
2∑

𝑖=1

(
𝔼∣𝑌 𝑖

∞∣ − 𝛽𝔼(𝑋 𝑖∗ ∨ 𝑧)
)
ℙ(𝐵𝜏 = 𝑥𝑖)

= −𝜆1𝛽(𝑥2 − 𝑧)+ +
2∑

𝑖=1

𝜆𝑖(𝔼∣𝑌 𝑖
∞∣ − 𝛽𝔼(𝑋 𝑖∗ ∨ 𝑧)).

Now take the supremum on the right-hand side over the classes 𝑀𝛼(𝑥1, 𝑦1) and
𝑀𝛼(𝑥2, 𝑦2) to obtain (7.222).

Next we establish (7.220). Take (𝑋,𝑌 ) ∈ 𝑀𝛼(𝑥− 𝑑, 𝑦−𝛼𝑑) and consider the
process (𝑋 ′, 𝑌 ′) defined by the formula

(𝑋 ′, 𝑌 ′)𝑡 =

{
(𝑥− 𝑡, 𝑦 − 𝛼𝑡) if 𝑡 ≤ 𝑑,

(𝑋𝑡−𝑑, 𝑌𝑡−𝑑) if 𝑡 > 𝑑,

with respect to the filtration (ℱ ′
𝑡) = (ℱ(𝑡−𝑑)∨0). It is easy to see that (𝑋

′, 𝑌 ′) ∈
𝑀𝛼(𝑥, 𝑦), (𝑋∞, 𝑌∞) = (𝑋 ′

∞, 𝑌 ′
∞) and 𝑋 ′∗ ∨ 𝑧 = 𝑋∗ ∨ 𝑧, so

𝔼𝑉𝛽(𝑋∞, 𝑌∞, 𝑋∗ ∨ 𝑧) = 𝔼𝑉𝛽(𝑋
′
∞, 𝑌 ′

∞, 𝑋 ′∗) ≤ 𝑈(𝑥, 𝑦, 𝑧).

Take the supremum over (𝑋,𝑌 ) to get 𝑈(𝑥− 𝑑, 𝑦−𝛼𝑑, 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧). Finally, to
show (7.221), suppose that the point (𝑥, 𝑦, 𝑧) ∈ 𝐷 satisfies ∣𝑦∣ ≤ 𝑥 ≤ 𝑧. The first
inequality implies that for any (𝑋,𝑌 ) ∈ 𝑀𝛼(𝑥, 𝑦), the process 𝑌 is 𝛼-subordinate
to 𝑋 , so

𝔼𝑉𝛽(𝑋𝑡, 𝑌𝑡, 𝑋
∗
𝑡 ∨ 𝑧) ≤ 0.

Therefore, the claim follows and the proof is complete. □

Let 𝑢(𝑥, 𝑦) = 𝑈(𝑥, 𝑦, 1) for 𝑥 ∈ [0, 1] and 𝑦 ∈ ℝ. We will also use the notation
𝐵(𝑦) = 𝑢(1, 𝑦) for 𝑦 ∈ ℝ. By Lemma 8.6, 𝑈 belongs to 𝒰 sup(𝑉𝛽) and satisfies
𝑏(𝑈) ≤ 0. In consequence, we have

𝑢(𝑥, 𝑦) ≥ ∣𝑦∣ − 𝛽 for all 𝑥 ∈ [0, 1], 𝑦 ∈ ℝ, (7.223)

𝑢 is diagonally concave. (7.224)
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and

𝑢(𝑥, 𝑦) ≥ 𝑢(𝑥− 𝑑, 𝑦 − 𝛼𝑑) for 0 ≤ 𝑥− 𝑑 ≤ 𝑥 ≤ 1 and 𝑦 ∈ ℝ (7.225)

𝑢(𝑥,±𝑥) ≤ 0 for 𝑥 ∈ [0, 1], (7.226)

Furthermore, it is easy to see that 𝑢 satisfies

𝑢(𝑥, 𝑦) = 𝑢(𝑥,−𝑦) for all 𝑥 ∈ [0, 1] and 𝑦 ∈ ℝ. (7.227)

We will show that the existence of 𝑢 : [0, 1]×ℝ→ ℝ satisfying these properties
implies 𝛽 ≥ 𝛽(possup). We consider two cases.

The case 𝜶 = 0. Here the calculations are relatively simple. Take small 𝛿 > 0 (in
fact, 𝛿 ∈ (0, 1) is enough) and use (7.225) with 𝑥 = 1, 𝑦 ∈ ℝ and 𝑑 = 𝛿 to obtain

𝐵(𝑦) = 𝑢(1, 𝑦) ≥ 𝑢(1− 𝛿, 𝑦).

Next apply (7.224) to get

𝑢(1−𝛿, 𝑦) ≥ 𝛿𝑢(0, 𝑦+1−𝛿)+(1−𝛿)𝑢(1, 𝑦−𝛿) = 𝛿𝑢(0, 𝑦+1−𝛿)+(1−𝛿)𝐵(𝑦−𝛿).

Combine the two estimates above with the following consequence of (7.223):

𝑢(0, 𝑦 + 1− 𝛿) ≥ (𝑦 + 1− 𝛿)− 𝛽.

We obtain
𝐵(𝑦) ≥ 𝛿(𝑦 + 1− 𝛿 − 𝛽) + (1− 𝛿)𝐵(𝑦 − 𝛿),

which can be rewritten

𝐵(𝑦)− (𝑦 − 𝛽) ≥ (1− 𝛿)
[
𝐵(𝑦 − 𝛿)− (𝑦 − 𝛿 − 𝛽)

]
. (7.228)

Write this estimate twice, with 𝑦 = 𝛿 and 𝑦 = 0:

𝐵(𝛿)− (𝛿 − 𝛽) ≥ (1 − 𝛿)(𝐵(0) + 𝛽),

𝐵(0) + 𝛽 ≥ (1 − 𝛿)(𝐵(−𝛿)− (−𝛿 − 𝛽)).

But, by (7.227), 𝐵 is an even function, so 𝐵(−𝛿) = 𝐵(𝛿). Thus, combining the
above two estimates yields

(𝐵(0) + 𝛽)(2𝛿 − 𝛿2) ≥ 2𝛿(1− 𝛿).

Dividing throughout by 𝛿 and letting 𝛿 → 0 gives
𝐵(0) + 𝛽 ≥ 1. (7.229)

Now we come back to (7.228). By induction, we get, for any integer 𝑁 ,

𝐵(𝑦)− (𝑦 − 𝛽) ≥ (1− 𝛿)𝑁
[
𝐵(𝑦 −𝑁𝛿)− (𝑦 −𝑁𝛿 − 𝛽)

]
.
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Let 𝑦 = 1 and 𝛿 = 1/𝑁 . If we pass with 𝑁 to infinity and use (7.229), we get

𝐵(1)− (1− 𝛽) ≥ 𝑒−1(𝐵(0) + 𝛽) ≥ 𝑒−1.

It suffices to apply (7.226) to get 𝛽 ≥ 1 + 𝑒−1, as claimed.

The case 𝜶 > 0. See the sharpness of (7.31) and repeat the argumentation, word
by word. In particular, compare (7.53)–(7.56) to (7.223)–(7.226). □

On the search of the suitable majorant. This is similar to the search in the mar-
tingale case. We omit the details. □

7.12 A maximal bound for continuous-path
submartingales

7.12.1 Formulation of the result

Theorem 7.23. Let 𝛼 be a fixed nonnegative number. Assume that 𝑋 is a nonneg-
ative continuous-path submartingale and 𝑌 is 𝛼-subordinate to 𝑋. Then

∣∣𝑌 ∣∣1 ≤ 𝛽∣∣𝑋∗∣∣1, (7.230)

where 𝛽 = 𝛽(possub) = 𝛼 +
(

2𝛼+2
2𝛼+1

)1/2
. The constant is the best possible, even if

we restrict ourselves to Itô processes of the form (7.186).

7.12.2 Proof of Theorem 7.23

Proof of (7.230). First we introduce auxiliary parameters

𝛾 =

(
2(𝛼+ 1)

2𝛼+ 1

)1/2

, 𝛾 = 𝛾 − 1

2𝛼+ 1
, 𝜆 =

𝛾

2
exp

(
−1 + 2

𝛾

)

and let

𝛽 = 𝛽(possub) = 𝛼+ 𝛾.

Consider the subsets 𝐷1, 𝐷2, 𝐷3 of [0, 1]× ℝ, defined by

𝐷1 =

{
(𝑥, 𝑦) : 𝑥 ≤ 𝛼

2𝛼+ 1
, 𝑥+ ∣𝑦∣ ≥ 𝛾

}
,

𝐷2 =

{
(𝑥, 𝑦) : 𝑥 >

𝛼

2𝛼+ 1
, −𝑥+ ∣𝑦∣ ≥ 𝛾 − 1

}
,

𝐷3 = ([0, 1]× ℝ)∖ (𝐷1 ∪𝐷2).
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As previously, first we introduce an auxiliary function 𝑢 : [0, 1] × ℝ → ℝ. This
time it is defined as follows. On the set 𝐷1, put

𝑢(𝑥, 𝑦) = −𝛼𝑥+ ∣𝑦∣+𝛼+𝜆 exp

[
−2𝛼+ 1

𝛼+ 1

(
𝑥+ ∣𝑦∣ − 𝛼

2𝛼+ 1

)](
𝑥+

1

2𝛼+ 1

)
−𝛽.

If (𝑥, 𝑦) ∈ 𝐷2, then set

𝑢(𝑥, 𝑦) = −𝛼𝑥+ ∣𝑦∣+ 𝛼+ 𝜆 exp

[
−2𝛼+ 1

𝛼+ 1

(
−𝑥+ ∣𝑦∣+ 𝛼

2𝛼+ 1

)]
(1− 𝑥)− 𝛽.

Finally, on 𝐷3, let

𝑢(𝑥, 𝑦) =
∣𝑦∣2 − 𝑥2 − 1

2𝛾
−
(

𝛼− 𝛼

𝛾(2𝛼+ 1)

)
𝑥.

One easily verifies that 𝑢 is of class𝐶1 on (0, 1)×ℝ. The special function 𝑈 : 𝐷 → ℝ

corresponding to (7.230) is given by the formula

𝑈(𝑥, 𝑦, 𝑧) = (𝑥 ∨ 𝑧)𝑢
( 𝑥

𝑥 ∨ 𝑧
,

𝑦

𝑥 ∨ 𝑧

)
.

Furthermore, let 𝑉 (𝑥, 𝑦, 𝑧) = ∣𝑦∣ − 𝛽(∣𝑥∣ ∨ 𝑧).

Lemma 7.31. The function 𝑈 satisfies (7.216), (7.217), (7.218), (7.219),

𝑈(𝑥, 𝑦, 𝑧) ≥ 𝑈(𝑥+ 𝑑, 𝑦 ± 𝛼𝑑, 𝑧) if 0 ≤ 𝑥 < 𝑥+ 𝑑 ≤ 𝑧, (7.231)

and (7.221).

Proof. This is straightforward. We omit the tedious calculations. □

The only problem is that 𝑈 is not smooth enough and hence we need an
additional convolution argument.

Lemma 7.32. For any 𝜅 > 0 there is 𝑈 = 𝑈
𝜅
, which is of class 𝐶∞ and satisfies

(7.216), (7.217), (7.218), (7.219), (7.231) and

𝑈(𝑥, 𝑦, 𝑧) ≤ 𝜅 if ∣𝑦∣ ≤ 𝑥 ≤ 𝑧. (7.232)

Proof. Let 𝑔 : ℝ3 → [0,∞) be a 𝐶∞ function, supported on the ball of center
(0, 0, 0) and radius 1, satisfying

∫
ℝ3 𝑔 = 1 and such that

𝑔(𝑟, 𝑠, 𝑡) = 𝑔(𝑟,−𝑠, 𝑡) = 𝑔(𝑟, 𝑠,−𝑡) for all 𝑟, 𝑠 and 𝑡. (7.233)

Let 𝛿 = 𝜅/(5𝛽) > 0 and let 𝑈 = 𝑈
𝜅
: 𝐷 → ℝ be given by

𝑈(𝑥, 𝑦, 𝑧) =

∫
[−1,1]3

𝑈(𝑥+ 2𝛿 − 𝑟𝛿, 𝑦 − 𝑠𝛿, 𝑧 + 5𝛿 − 𝑡𝛿)𝑔(𝑟, 𝑠, 𝑡)d𝑟 d𝑠 d𝑡+ 𝜅.
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We will show that this function has the desired properties. Clearly, 𝑈 if of class 𝐶∞.
To prove that 𝑈 satisfies (7.216), we use the fact that 𝑈 enjoys this majorization
and hence, by the symmetry condition (7.233),

𝑈(𝑥, 𝑦, 𝑧) ≥ 𝑦 − 𝛽(𝑧 + 5𝛿) + 𝛿

∫
[−1,1]3

(−𝑠+ 𝛽𝑡)𝑔(𝑟, 𝑠, 𝑡)d𝑟 d𝑠 d𝑡+ 5𝛽𝛿 = 𝑦 − 𝛽𝑧.

The inequality 𝑈(𝑥, 𝑦, 𝑧) ≥ −𝑦 − 𝛽𝑧 is established in the same manner. The
remaining properties (7.217), (7.218), (7.219) and (7.231) follow immediately from
the definition of 𝑈 . Finally, note that if ∣𝑦∣ ≤ 𝑥 ≤ 𝑧, then

∣𝑦 − 𝑠𝛿∣ ≤ 𝑥+ 2𝛿 − 𝑟𝛿 ≤ 𝑧 + 5𝛿 − 𝑡𝛿,

for any 𝑟, 𝑠, 𝑡 ∈ [−1, 1]. Thus, for such 𝑥, 𝑦, 𝑧,

𝑈(𝑥, 𝑦, 𝑧) ≤ 𝜅,

and the proof is complete. □

Now let us translate the properties listed in the above lemma into their
differential counterparts.

Lemma 7.33. Let 𝑈 = 𝑈
𝜅
be as in the previous lemma. We have the following.

(i) For any 𝑥 > 0 and 𝑦 ∈ ℝ,

𝑈𝑧(𝑥, 𝑦, 𝑥) ≤ 0. (7.234)

(ii) For any (𝑥, 𝑦, 𝑧) ∈ 𝐷, 0 < 𝑥 ≤ 𝑧, we have

𝑈𝑥(𝑥, 𝑦, 𝑧) + 𝛼∣𝑈𝑦(𝑥, 𝑦, 𝑧)∣ ≤ 0. (7.235)

(iii) For all (𝑥, 𝑦, 𝑧) ∈ 𝐷 with 0 < 𝑥 ≤ 𝑧 there is 𝑐 = 𝑐(𝑥, 𝑦, 𝑧) ≥ 0 such that if ℎ,
𝑘 ∈ ℝ, then

𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ2 + 2𝑈𝑥𝑦(𝑥, 𝑦, 𝑧)ℎ𝑘 + 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)𝑘2 ≤ 𝑐(𝑘2 − ℎ2). (7.236)

Proof. The property (i) follows from (7.217), while (ii) is an immediate conse-
quence of (7.231). To show (iii), note that by (7.218),

𝑈𝑦𝑦(𝑥, 𝑦, 𝑧) ≥ 0 if 0 < 𝑥 ≤ 𝑧, 𝑦 ∈ ℝ. (7.237)

By (7.219), for any fixed 𝑧 the function 𝑈(⋅, ⋅, 𝑧) is concave along any line segment
of slope ±1, contained in [0, 𝑧]× ℝ. Therefore,

𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)± 2𝑈𝑥𝑦(𝑥, 𝑦, 𝑧) + 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧) ≤ 0 for 0 < 𝑥 ≤ 𝑧, 𝑦 ∈ ℝ.

In particular this implies that 𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)+𝑈𝑦𝑦(𝑥, 𝑦, 𝑧) ≤ 0 and hence, by (7.237),
𝑈𝑥𝑥(𝑥, 𝑦, 𝑧) ≤ 0 if 0 < 𝑥 ≤ 𝑧, 𝑦 ∈ ℝ. (7.238)
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Consequently, if ℎ, 𝑘 ∈ ℝ, then

𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ2 + 2𝑈𝑥𝑦(𝑥, 𝑦, 𝑧)ℎ𝑘 + 𝑈𝑦𝑦(𝑥, 𝑦)𝑘2

≤ 𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)ℎ2 − (𝑈𝑥𝑥(𝑥, 𝑦, 𝑧) + 𝑈𝑦𝑦(𝑥, 𝑦, 𝑧))
ℎ2 + 𝑘2

2
+ 𝑈𝑦𝑦(𝑥, 𝑦)𝑘2

=
𝑈𝑦𝑦(𝑥, 𝑦, 𝑧)− 𝑈𝑥𝑥(𝑥, 𝑦, 𝑧)

2
(𝑘2 − ℎ2).

Hence, by (7.237) and (7.238), (iii) holds and we are done. □

In other words, the function 𝑈
𝜅
satisfies the conditions 1∘, 2∘ and 4∘, while

the condition 3∘ is replaced by (7.232). Consequently, Burkholder’s method im-
plies that for any bounded continuous-path 𝑋 , 𝑌 such that 𝑋 is a nonnegative
submartingale and 𝑌 is 𝛼-subordinate to 𝑋 we have

𝔼𝑉𝛽(𝑋𝑡, 𝑌𝑡, 𝑋
∗
𝑡 ∨ 𝜀) ≤ 𝔼𝑈(𝑋𝑡, 𝑌𝑡, 𝑋

∗
𝑡 ∨ 𝜀) ≤ 𝔼𝑈 (𝑋0, 𝑌0, 𝑋

∗
0 ∨ 𝜀) ≤ 𝜅.

It suffices to let 𝜅 → 0 and use a localizing argument to get the claim. □

Sharpness. As in the supermartingale case, one has to consider two possibilities:
𝛼 = 0 and 𝛼 > 0. We will focus on the second case, and leave the details of the
first to the reader. So, fix positive 𝛼, 𝛽0 and assume that

∣∣𝑌 ∣∣1 ≤ 𝛽0∣∣𝑋∗∣∣1
for any nonnegative continuous submartingale𝑋 and any semimartingale 𝑌 which
is 𝛼-subordinate to 𝑋 . Let 𝑈0 be given by

𝑈0(𝑥, 𝑦, 𝑧) = sup
𝑀𝛼(𝑥,𝑦)

{𝔼𝑉𝛽(𝑋∞, 𝑌∞, 𝑋∗)}

and set 𝑢(𝑥, 𝑦) = 𝑈(𝑥, 𝑦, 1). Furthermore, let

𝐵(𝑦) = 𝑢(0, 𝑦) and 𝐶(𝑦) = 𝑢

(
𝛼

2𝛼+ 1
, 𝑦 − 𝛼

2𝛼+ 1

)
for 𝑦 ≥ 𝛼/(2𝛼+ 1).

The function 𝑢 satisfies (7.53), (7.54) and the following analogue of (7.55):

𝑢(𝑥, 𝑦) ≥ 𝑢(𝑥+ 𝑑, 𝑦 + 𝛼𝑑) for 0 ≤ 𝑥 ≤ 𝑥+ 𝑑 ≤ 1 and 𝑦 ∈ ℝ.

We split the proof into a few parts.

Step 1. Observe that the “reflected” function 𝑢 : [0, 1] × ℝ → ℝ given by
𝑢(𝑥, 𝑦) = 𝑢(1− 𝑥, 𝑦) satisfies the conditions (7.53)–(7.55). Therefore, some of the
calculations from Subsection 7.3.3 can be repeated. In particular, (7.62) yields

𝐶(𝑦)− (𝛼+ 1)𝐵(𝑦) + 𝛼𝑦 +
2𝛼3

2𝛼+ 1
+ 𝛼− 𝛽0𝛼 ≤ 0,
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where 𝐵 and 𝐶 are the corresponding restrictions of 𝑢. Coming back to 𝑢, 𝐵, 𝐶
just defined above, the latter inequality becomes

𝐶(𝑦)− (𝛼+ 1)𝐵(𝑦) + 𝛼𝑦 +
2𝛼3

2𝛼+ 1
+ 𝛼− 𝛽0𝛼 ≤ 0. (7.239)

Step 2. Here we will use a new argument. Applying (7.222) and the homo-
geneity of 𝑈0, we get

𝑢(1, 0) = 𝑈0(1, 0, 1)

≥ 2𝛿

𝛾 + 2𝛿
𝑢
(
1− 𝛾

2
,
𝛾

2

)
− 2𝛽0𝛿

2

𝛾 + 2𝛿
+

𝛾

𝛾 + 2𝛿
𝑈0(1 + 𝛿,−𝛿, 1 + 𝛿)

=
2𝛿

𝛾 + 2𝛿
𝑢
(
1− 𝛾

2
,
𝛾

2

)
+

𝛾(1 + 𝛿)

𝛾 + 2𝛿
𝑢

(
1,

𝛿

1 + 𝛿

)
− 2𝛽0𝛿

2

𝛾 + 2𝛿
.

(7.240)

Moreover, by the diagonal concavity,

𝑢

(
1,

𝛿

1 + 𝛿

)
≥ 2𝛿

𝛾(1 + 𝛿) + 𝛿
𝑢

(
1− 𝛾

2
+

𝛿

2(1 + 𝛿)
,
𝛾

2
+

𝛿

2(1 + 𝛿)

)

+
𝛾(1 + 𝛿)− 𝛿

𝛾(1 + 𝛿) + 𝛿

1 + 2𝛿

1 + 𝛿
𝑢(1, 0),

and

𝑢
(
1− 𝛾

2
,
𝛾

2

)
≥ 𝛾(2𝛼+ 1)

2(𝛼+ 1)
𝐶(𝛾) +

2(𝛼+ 1)− 𝛾(2𝛼+ 1)

2(𝛼+ 1)
𝑢(1, 𝛾)

≥ 𝛾(2𝛼+ 1)

2(𝛼+ 1)
𝐶(𝛾) +

2(𝛼+ 1)− 𝛾(2𝛼+ 1)

2(𝛼+ 1)
(𝛾 − 𝛽0),

(7.241)

where the first passage above was allowed due to 𝛾 < 2(𝛼 + 1)/(2𝛼+ 1) and the
second follows from the majorization. Plug these two estimates into (7.240) and
combine the result with the following consequence of the diagonal concavity:

𝑢(1− 𝛾

2
+

𝛿

2(1 + 𝛿)
,
𝛾

2
+

𝛿

2(1 + 𝛿)
) ≥(𝛾(1 + 𝛿) + 𝛿)(2𝛼+ 1)

2(𝛼+ 1)(1 + 𝛿)
𝐶(𝛾)

+

(
1− (𝛾(1 + 𝛿) + 𝛿)(2𝛼+ 1)

2(𝛼+ 1)(1 + 𝛿)

)
(𝛾 − 𝛽0).

What we get is a rather complicated estimate of the form

𝑢(1, 0) ≥ 𝑎1𝐶(𝛾) + 𝑎2(𝛾 − 𝛽0) + 𝑎3𝑢(1, 0)− 2𝛽0𝛿
2

𝛾 + 2𝛿
, (7.242)

where the coefficients 𝑎1, 𝑎2 and 𝑎3 depend on 𝛼 and 𝛿. We will not derive the
explicit formulas for these; we will only need their asymptotic behavior as 𝛿 → 0:

𝑎1 =
2𝛼+ 1

𝛼+ 1
𝛿 + 𝑜(𝛿), 𝑎2 =

2(𝛼+ 1)− 𝛾(2𝛼+ 1)

𝛾(𝛼+ 1)
𝛿 + 𝑜(𝛿)
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and

𝑎3 = 1 +
𝛾 − 2

𝛾
𝛿 + 𝑜(𝛿).

These equations can be easily derived from the above estimates. Now, subtracting
𝑢(1, 0) from both sides of (7.242), dividing throughout by 𝛿 and letting 𝛿 → 0
gives

0 ≥ 2𝛼+ 1
𝛼+ 1

𝐶(𝛾) +
2(𝛼+ 1)− 𝛾(2𝛼+ 1)

𝛾(𝛼+ 1)
(𝛾 − 𝛽0) +

𝛾 − 2
𝛾

𝑢(1, 0). (7.243)

Step 3. We use the diagonal concavity of 𝑢 to obtain

𝐶(𝛾) ≥ 𝛾(2𝛼+ 1)

𝛾(2𝛼+ 1) + 2𝛼
𝐵(𝛾) +

2𝛼

𝛾(2𝛼+ 1) + 2𝛼
𝑢

(
𝛾

2
+

𝛼

2𝛼+ 1
,
𝛾

2
− 𝛼+ 1

2𝛼+ 1

)

and

𝑢

(
𝛾

2
+

𝛼

2𝛼+ 1
,
𝛾

2
− 𝛼+ 1

2𝛼+ 1

)
≥ 2(𝛼+ 1)− 𝛾(2𝛼+ 1)

𝛾(2𝛼+ 1)
𝑢
(
1− 𝛾

2
,
𝛾

2

)

+
2𝛾(2𝛼+ 1)− 2(𝛼+ 1)

𝛾(2𝛼+ 1)
𝑢(1, 0).

Combining these two estimates and applying the lower bounds for 𝑢(1− 𝛾
2
, 𝛾
2
) and

𝑢(1, 0) coming from (7.241) and (7.243), we obtain, after tedious but straightfor-
ward computations,

(𝛼 + 1)(2𝛼+ 1)(2− 𝛾)

𝛼(2(𝛼+ 1)− 𝛾(2𝛼+ 1))
(𝐶(𝛾)− (𝛼+ 1)𝐵(𝛾)) ≥ (𝛾𝛼+ 𝛼+ 1)(𝛾 − 𝛽0).

However, 𝛾 < 2(𝛼+ 1)/(2𝛼+ 1) < 2 and, by (7.239),

𝐶(𝛾)− (𝛼+ 1)𝐵(𝛾) ≤ −𝛼𝛾 − 2𝛼3

2𝛼+ 1
− 𝛼+ 𝛽0𝛼.

Therefore, the preceding inequality yields

𝛽0 ≥ 𝛾 +
2𝛼(2 − 𝛾)(𝛼+ 1)2

(𝛼+ 1)(2− 𝛾)(2𝛼+ 1) + (𝛾𝛼+ 𝛼+ 1)(2(𝛼+ 1)− 𝛾(2𝛼+ 1))
,

or, after some calculation, 𝛽0 ≥ 𝛾 + 𝛼. This completes the proof. □

On the search of the suitable majorant. This is similar to the search in the mar-
tingale case. We omit the details. □
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7.13 Notes and comments

Section 7.1. The method appeared first in Burkholder’s paper [35]: it was shown
there how to establish maximal inequalities for martingales and their transforms
(however, [32] also contains some results in this direction). The version of the
technique for supermartingales was described in the author’s paper [131] and the
modification for one-sided maximal functions can be found in [138]. See also [156],
where the method was applied under strong differential subordination.

Section 7.2. Doob’s weak type and moment inequalities for submartingale
maximal functions (for 1 ≤ 𝑝 ≤ ∞ and 1 < 𝑝 ≤ ∞, respectively) can be found
in [70]. The above approach is taken from [32]. The moment inequality (7.21) for
nonnegative supermartingales was proved by Shao [184]; the extension presented
above is a new result. The version of Doob’s inequality for different orders of
moments was studied for 𝑝 = 1 < 𝑞 by Jacka [98], using probabilistic methods,
and Gilat [84], using analytic methods. The general statement is due to Peskir
[169], who proved the estimate using the theory of optimal stopping.

Section 7.3. Theorem 7.9 was established by Burkholder [35] in the case when
𝑌 is a stochastic integral with respect to 𝑋 of some predictable process taking
values in [−1, 1]. The above statement for differentially subordinate martingales
is new. So is the proof of the optimality of the constant 𝛽 = 2.536 . . .: Burkholder
showed this by constructing an appropriate example. Theorem 7.10 was partially
studied by the author in [131], in the stochastic integral setting. The version for
supermartingales and their 𝛼-subordinates presented above is new.

Section 7.4. The material of that section is taken from [156].

Section 7.5. The validity of the double maximal inequality with some absolute
constant is trivial and follows, for example, from Davis’ maximal inequality for
the square function [57]. The optimal value of the constant was determined by the
author in [162].

Section 7.6. The results presented in that section come from [152].

Section 7.7. The 𝐿1-inequalities for one-sided maximal function (with some
absolute constants) follow immediately from the results of the previous two sec-
tions. The optimal values were found in [138]: the approach presented above is
taken from that paper.

Section 7.8. The results from that section are taken from [147].

Sections 7.9–7.12. The modification of Burkholder’s method for continuous-
path martingales was first described by the author in [153]. That paper contains
also the proof of Theorem 7.21. The proofs of Theorem 7.22 and Theorem 7.23
are taken from [164].



Chapter 8

Square Function Inequalities

As we have mentioned in Chapter 2, the inequalities for differentially subordinated
martingales imply related estimates for the square function. However, in general,
the inequalities we obtain are not sharp. In this chapter we shall present an ap-
proach which can be used to derive the optimal constants and review the results
in this direction. Recall that if 𝑓 is a martingale taking values in a Banach space
ℬ with norm ∣ ⋅ ∣, then its square function is given by

𝑆(𝑓) =

[ ∞∑
𝑘=0

∣𝑑𝑓𝑘∣2
]1/2

.

We will also use the notation

𝑆𝑛(𝑓) =

[
𝑛∑

𝑘=0

∣𝑑𝑓𝑘∣2
]1/2

,

for the truncated square function, 𝑛 = 0, 1, 2, . . ..

8.1 Modification of Burkholder’s method

First we introduce a version of Burkholder’s technique which allows to study the
estimates involving a martingale, its maximal and square function simultaneously.
Let ℬ be a separable Banach space, set 𝐷 = ℬ× [0,∞)× [0,∞) and fix 𝑉 : 𝐷 → ℝ,
which satisfies the condition

𝑉 (𝑥, 𝑦, 𝑧) = 𝑉 (𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧) for all (𝑥, 𝑦, 𝑧) ∈ 𝐷.

We are interested in showing that

𝔼𝑉 (𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗) ≤ 0, 𝑛 = 0, 1, 2, . . . (8.1)

for any simple discrete-time martingale 𝑓 taking values in ℬ. Suppose that 𝑈 :
𝐷 → ℝ enjoys the following four properties:

     DOI 10.1007/978-3-0348-0370-0_8, © Springer Basel 2012 
A. Os kowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 393
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1∘ 𝑈(𝑥, 𝑦, 𝑧) ≥ 𝑉 (𝑥, 𝑦, 𝑧) for any (𝑥, 𝑦, 𝑧) ∈ 𝐷,

2∘ 𝔼𝑈(𝑥 + 𝑑,
√

𝑦2 + ∣𝑑∣2, 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧) for any (𝑥, 𝑦, 𝑧) ∈ 𝐷 such that ∣𝑥∣ ≤ 𝑧
and any simple centered random variable 𝑑 taking values in ℬ,

3∘ 𝑈(𝑥, ∣𝑥∣, ∣𝑥∣) ≤ 0 for all 𝑥 ∈ ℬ,
4∘ 𝑈(𝑥, 𝑦, 𝑧) = 𝑈(𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧) for all (𝑥, 𝑦, 𝑧) ∈ 𝐷.

Theorem 8.1. Let 𝑉 be as above. Then there is a function 𝑈 satisfying 1∘–4∘ if
and only if (8.1) is valid.

Proof. The underlying concept is the same. If 𝑈 satisfies the conditions 2∘ and
4∘, then the process (𝑈(𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗))𝑛≥0 is a supermartingale: indeed, for any
𝑛 ≥ 1,

𝔼
[
𝑈(𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗)∣ℱ𝑛−1

]
= 𝔼

[
𝑈(𝑓𝑛−1 + 𝑑𝑓𝑛,

√
𝑆2
𝑛−1(𝑓) + ∣𝑑𝑓𝑛∣2, ∣𝑓𝑛−1∣∗)∣ℱ𝑛−1

]
≤ 𝑈(𝑓𝑛−1, 𝑆𝑛−1(𝑓), ∣𝑓𝑛−1∣∗).

Thus, by 1∘ and 3∘,

𝔼𝑉 (𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗) ≤ 𝔼𝑈(𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗) ≤ 𝔼𝑈(𝑓0, 𝑆0(𝑓), ∣𝑓0∣∗) ≤ 0.

We turn to the reverse implication. The desired special function is given by

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼𝑉 (𝑓𝑛,
√

𝑦2 − ∣𝑥∣2 + 𝑆2
𝑛(𝑓), ∣𝑓𝑛∣ ∨ 𝑧)},

where the supremum is taken over all 𝑛 and all simple martingales 𝑓 starting
from 𝑥 which are given on the probability space ([0, 1],ℬ([0, 1]), ∣ ⋅ ∣). Here the
filtration may vary. To see that 𝑈0 majorizes 𝑉 , it suffices to observe that for
𝑛 = 0 the expression in the parentheses equals 𝑉 (𝑥, 𝑦, ∣𝑥∣ ∨ 𝑧) = 𝑉 (𝑥, 𝑦, 𝑧). To
show 2∘, we make use of the “splicing argument”. Let 𝑑 be as in the statement
and let 𝐾 = {𝑥1, 𝑥2, . . . , 𝑥𝑘} be the set of its values: ℙ(𝑑 = 𝑥𝑗) = 𝑝𝑗 > 0 and∑𝑘

𝑗=1 𝑝𝑗 = 1. For any 𝜀 > 0 and 1 ≤ 𝑗 ≤ 𝑘, let 𝑓 𝑗 be a simple sequence starting
from 𝑥+ 𝑥𝑗 , such that

𝔼𝑉 (𝑓 𝑗
∞,
√

𝑦2+ ∣𝑥𝑗 ∣2−∣𝑥+𝑥𝑗 ∣2+𝑆2∞(𝑓 𝑗),∣𝑓 𝑗 ∣∗∨𝑧)≥𝑈(𝑥+𝑥𝑗 ,
√

𝑦2+ ∣𝑥𝑗 ∣2,𝑧)−𝜀.

Let 𝑎0 = 0 and 𝑎𝑗 =
∑𝑗

ℓ=1 𝑝ℓ, 𝑗 = 1, 2, . . . , 𝑘. We define a simple sequence 𝑓 by
𝑓0 ≡ 𝑥 and

𝑓𝑛(𝜔) = 𝑓 𝑗
𝑛−1((𝜔 − 𝑎𝑗−1)/(𝑎𝑗 − 𝑎𝑗−1)), 𝑛 ≥ 1,

when 𝜔 ∈ (𝑎𝑗−1, 𝑎𝑗 ]. Then 𝑓 is a simple martingale with respect to its natural
filtration. Consequently,

𝑈(𝑥, 𝑦, 𝑧) ≥ 𝔼𝑉 (𝑓∞,
√

𝑦2 − ∣𝑥∣2 + 𝑆2∞(𝑓), ∣𝑓 ∣∗ ∨ 𝑧).
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Since ∣𝑥∣ ≤ 𝑧, we have ∣𝑓 ∣∗ ∨ 𝑧 = sup𝑛≥1 ∣𝑓𝑛∣ ∨ 𝑧 and the right-hand side above
equals

𝑘∑
𝑗=1

∫ 𝑎𝑗

𝑎𝑗−1

𝑉 (𝑓∞(𝜔),
√

𝑦2 − ∣𝑥∣2 + 𝑆2∞(𝑓)(𝜔), ∣𝑓 ∣∗(𝜔) ∨ 𝑧)d𝜔

=

𝑘∑
𝑗=1

𝑝𝑗𝔼𝑉 (𝑓 𝑗
∞,
√

𝑦2 + ∣𝑥𝑗 ∣2 − ∣𝑥+ 𝑥𝑗 ∣2 + 𝑆2∞(𝑓 𝑗), ∣𝑓 𝑗∣∗ ∨ 𝑧)

≥
𝑘∑

𝑗=1

𝑝𝑗𝑈(𝑥+ 𝑥𝑗 ,
√

𝑦2 + ∣𝑥𝑗 ∣2, 𝑧)− 𝑘𝜀 = 𝔼𝑈(𝑥+ 𝑑,
√

𝑦2 + ∣𝑑∣2, 𝑧)− 𝑘𝜀.

Since 𝜀 was arbitrary, this gives 2∘. Condition 3∘ follows immediately from (8.1)
and the definition of 𝑈0. Finally, 4∘ is a direct consequence of the formula for 𝑈0.
This completes the proof. □

Remark 8.1. Obviously, the above theorem can be used when the estimate involves
only 𝑓 and 𝑆(𝑓), simply by omitting the variable 𝑧. Then the condition 4∘ is
“empty” and need not be taken into consideration.

While studying square function inequalities, it is often of interest to deter-
mine optimal constants for conditionally symmetric martingales. Then the above
approach works and the only modification is that in 2∘ one has to consider sym-
metric random variables 𝑑. By easy induction on the number of values of 𝑑, this
condition can be simplified to the case when these random variables take only two
values. That is, it can be rewritten in the equivalent form

2∘ for any (𝑥, 𝑦, 𝑧) ∈ 𝐷 such that ∣𝑥∣ ≤ 𝑧 and any 𝑑 ∈ ℬ,

1

2

[
𝑈(𝑥+ 𝑑,

√
𝑦2 + ∣𝑑∣2, 𝑧) + 𝑈(𝑥− 𝑑,

√
𝑦2 + ∣𝑑∣2, 𝑧)

]
≤ 𝑈(𝑥, 𝑦, 𝑧).

This observation shows the following general fact: the optimal constants for con-
ditionally symmetric martingales are equal to those coming from the dyadic case.
However it should be stressed that typically they do differ from those of the general
case. We shall see this below.

Remark 8.2. The method described above deals only with discrete-time martin-
gales. However, in general the passage to the continuous-time analogues requires
no additional effort: in most cases it is just a matter of standard approximation;
see, e.g., Lemma 2.2 in Burkholder’s paper [38]. Thus, in what follows, we shall
concentrate on martingales indexed by {0, 1, 2, . . .}.
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8.2 Weak type estimates

8.2.1 Formulation of the result

As usual, we begin our study by reviewing the facts concerning weak type esti-
mates. We have the following statement for general martingales.

Theorem 8.2. If 𝑓 is an ℋ-valued martingale, then

∣∣𝑆(𝑓)∣∣1,∞ ≤ √
𝑒∣∣𝑓 ∣∣1. (8.2)

The constant is the best possible, even if ℋ = ℝ.

It turns out that the estimate above characterizes Hilbert spaces.

Theorem 8.3. If ℬ is not a Hilbert space, then there is a ℬ-valued martingale 𝑓
such that

ℙ(𝑆(𝑓) ≥ 1) > √
𝑒∣∣𝑓 ∣∣1.

The best constants in the corresponding weak type (𝑝, 𝑝) inequalities, with
𝑝 > 1 and 𝑝 ∕= 2, are not known.

In the case when 𝑓 is assumed to be conditionally symmetric, we shall prove
the following two results.

Theorem 8.4. If 𝑓 is a conditionally symmetric ℋ-valued martingale, then

∣∣𝑆(𝑓)∣∣1,∞ ≤ 𝐾∣∣𝑓 ∣∣1, (8.3)

where

𝐾 = exp

(
−1
2

)
+

∫ 1

0

exp

(
− 𝑡2

2

)
d𝑡 ≈ 1, 4622 .

The constant 𝐾 is the best possible.

The second result is the following weak type estimate in the reverse direction.

Theorem 8.5. For any ℋ-valued conditionally symmetric martingale 𝑓 we have

∣∣𝑓 ∣∣𝑝,∞ ≤ 𝐶𝑝∣∣𝑆(𝑓)∣∣𝑝, 1 ≤ 𝑝 ≤ 2, (8.4)

where

𝐶𝑝
𝑝 =
21−𝑝/2𝜋𝑝−3/2Γ((𝑝+ 1)/2)

Γ(𝑝+ 1)
⋅ 1 + 1

32 +
1
52 +

1
72 + ⋅ ⋅ ⋅

1− 1
3𝑝+1 +

1
5𝑝+1 − 1

7𝑝+1 + ⋅ ⋅ ⋅
.

The constant 𝐶𝑝 is the best possible.

For the remaining values of the parameter 𝑝, the question about the best
constants in the corresponding estimates is open.
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8.2.2 Proof of Theorem 8.2

Proof of (8.2). By standard approximation, it suffices to show that for any simple
martingale 𝑓 we have

ℙ(𝑆𝑛(𝑓) ≥ 1) ≤
√

𝑒𝔼∣𝑓𝑛∣, 𝑛 = 0, 1, 2, . . . .

This estimate has the form for which Burkholder’s method is directly applicable.
Let 𝑉 (𝑥, 𝑦) = 1{𝑦≥1}−

√
𝑒∣𝑥∣ for 𝑥 ∈ ℋ and 𝑦 ∈ [0,∞). The corresponding special

function 𝑈 : ℋ× [0,∞)→ ℝ is given by

𝑈(𝑥, 𝑦) =

{
1− (1− 𝑦2)1/2 exp

[
∣𝑥∣2

2(1−𝑦2)

]
if ∣𝑥∣2 + 𝑦2 < 1,

1−√
𝑒∣𝑥∣ if ∣𝑥∣2 + 𝑦2 ≥ 1.

(8.5)

We shall verify the properties 1∘, 2∘ and 3∘. To show the majorization, we may
assume that ∣𝑥∣2 + 𝑦2 < 1; then the inequality takes the form

exp

[ ∣𝑥∣2
2(1− 𝑦2)

]
≤ √

𝑒
∣𝑥∣√
1− 𝑦2

+
1√
1− 𝑦2

and follows immediately from the elementary bound exp(𝑠2/2) ≤ √
𝑒 𝑠 + 1, 𝑠 ∈

[0, 1], applied to 𝑠 = ∣𝑥∣/
√
1− 𝑦2. To check 2∘, let

𝐴(𝑥, 𝑦) =

{
−𝑥(1− 𝑦2)−1/2 exp

[
∣𝑥∣2

2(1−𝑦2)

]
if ∣𝑥∣2 + 𝑦2 < 1,

−√𝑒 𝑥′ if ∣𝑥∣2 + 𝑦2 ≥ 1.
We shall establish the pointwise inequality

𝑈(𝑥+ 𝑑,
√

𝑦2 + 𝑑2) ≤ 𝑈(𝑥, 𝑦) +𝐴(𝑥, 𝑦) ⋅ 𝑑 (8.6)

for all 𝑥, 𝑑 ∈ ℋ and 𝑦 ≥ 0. This will clearly yield 2∘, by taking expectation. We
start by showing that 𝑈(𝑥, 𝑦) ≤ 1−√

𝑒∣𝑥∣ for all 𝑥 ∈ ℋ and 𝑦 ≥ 0. This is trivial
for ∣𝑥∣2 + 𝑦2 ≥ 1, while for remaining 𝑥, 𝑦 can be transformed into an equivalent
inequality

∣𝑥∣2
1− 𝑦2

≤ exp
( ∣𝑥∣2
1− 𝑦2

− 1
)

,

which is obvious. Consequently, when ∣𝑥∣2 + 𝑦2 ≥ 1, we have
𝑈(𝑥+𝑑,

√
𝑦2 + 𝑑2) ≤ 1−√𝑒∣𝑥+𝑑∣ ≤ 1−√𝑒∣𝑥∣+𝐴(𝑥, 𝑦) ⋅𝑑 = 𝑈(𝑥, 𝑦)+𝐴(𝑥, 𝑦) ⋅𝑑.

Now suppose that ∣𝑥∣2+ 𝑦2 < 1. Observe that for 𝑋, 𝐷 ∈ ℋ with ∣𝐷∣ < 1 we have

exp

[ ∣𝐷∣2∣𝑋 ∣2 + 2𝑋 ⋅𝐷 + ∣𝐷∣2
1− ∣𝐷∣2

]
≥ exp

[
(𝑋 ⋅𝐷)2 + 2𝑋 ⋅𝐷 + ∣𝐷∣2

1− ∣𝐷∣2
]

≥ (𝑋 ⋅𝐷)2 + 2𝑋 ⋅𝐷 + ∣𝐷∣2
1− ∣𝐷∣2 + 1

=
(1 +𝑋 ⋅𝐷)2
1− ∣𝐷∣2 .
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Plugging 𝑋 = 𝑥/
√
1− 𝑦2 and 𝐷 = 𝑑/

√
1− 𝑦2 we get (8.6) in the case when

∣𝑥 + 𝑑∣2 + 𝑦2 + 𝑑2 ≤ 1. Finally, if ∣𝑥∣2 + 𝑦2 < 1 < ∣𝑥 + 𝑑∣2 + 𝑦2 + 𝑑2, then
substituting 𝑋 and 𝐷 as previously, we have ∣𝑋 ∣ < 1, ∣𝑋 +𝐷∣2 + ∣𝐷∣2 > 1 and
(8.6) can be written in the form

exp

( ∣𝑋 ∣2 − 1
2

)
(1 +𝑋 ⋅𝐷) ≤ ∣𝑋 +𝐷∣

or

exp

( ∣𝑋 ∣2 − 1
2

)(
1 +

∣𝑋 +𝐷∣2 − ∣𝑋 ∣2 − ∣𝐷∣2
2

)
≤ ∣𝑋 +𝐷∣.

Now we fix ∣𝑋 ∣, ∣𝑋 + 𝐷∣ and maximize the left-hand side over 𝐷. Consider two
cases. If ∣𝑋 + 𝐷∣2 + (∣𝑋 + 𝐷∣ − ∣𝑋 ∣)2 < 1, then there is 𝐷′ ∈ ℋ satisfying
∣𝑋 +𝐷∣ = ∣𝑋 +𝐷′∣ and ∣𝑋 +𝐷′∣2 + ∣𝐷′∣2 = 1. Consequently,

exp

( ∣𝑋 ∣2 − 1
2

)(
1 +

∣𝑋 +𝐷∣2 − ∣𝑋 ∣2 − ∣𝐷∣2
2

)

≤ exp
( ∣𝑋 ∣2 − 1

2

)(
1 +

∣𝑋 +𝐷′∣2 − ∣𝑋 ∣2 − ∣𝐷′∣2
2

)
≤ ∣𝑋 +𝐷′∣ = ∣𝑋 +𝐷∣.

Here the first inequality follows from the fact that ∣𝐷′∣ < ∣𝐷∣, while to obtain the
second we have applied (8.6) to 𝑥 = 𝑋 , 𝑦 = 0 and 𝑑 = 𝐷′ (for these 𝑥, 𝑦 and 𝑑 we
have already established the bound). Suppose then, that ∣𝑋 +𝐷∣2 + (∣𝑋 +𝐷∣ −
∣𝑋 ∣)2 ≥ 1. This inequality is equivalent to

∣𝑋 +𝐷∣ ≥ 1− ∣𝑋 ∣2√
2− ∣𝑋 ∣2 − ∣𝑋 ∣

and hence

exp

( ∣𝑋 ∣2 − 1
2

)(
1 +

∣𝑋 +𝐷∣2 − ∣𝑋 ∣2 − ∣𝐷∣2
2

)
− ∣𝑋 +𝐷∣

≤ exp
( ∣𝑋 ∣2 − 1

2

)(
1 +

∣𝑋 +𝐷∣2 − ∣𝑋 ∣2 − (∣𝑋 +𝐷∣ − ∣𝑋 ∣)2
2

)
− ∣𝑋 +𝐷∣

= exp

( ∣𝑋 ∣2 − 1
2

)
(1− ∣𝑋 ∣2) +

[
exp

( ∣𝑋 ∣2 − 1
2

)
∣𝑋 ∣ − 1

]
∣𝑋 +𝐷∣

≤ 1− ∣𝑋 ∣2√
2− ∣𝑋 ∣2 − ∣𝑋 ∣

[
exp

( ∣𝑋 ∣2 − 1
2

)√
2− ∣𝑋 ∣2 − 1

]
.

It suffices to observe that the last expression in the square brackets is nonpositive,
which follows from the estimate exp(1−∣𝑋 ∣2) ≥ 2−∣𝑋 ∣2. This completes the proof
of 2∘. Finally, 3∘ is a consequence of (8.6): 𝑈(𝑥, ∣𝑥∣) ≤ 𝑈(0, 0) + 𝐴(0, 0) ⋅ 𝑥 = 0.
This completes the proof of (8.2). □
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Sharpness. We shall show that the constant
√

𝑒 is the best possible even if we
restrict ourselves to the real-valued martingales 𝑓 that satisfy 𝑆(𝑓) ≥ 1 almost
surely. To do this, let us introduce the special function

𝑈0(𝑥, 𝑦) = inf{𝔼∣𝑓𝑛∣},
where the infimum is taken over all 𝑛 and all martingales from𝑀(𝑥, 𝑦). This class
consists of all simple martingales starting from 𝑥 and satisfying

∣𝑦∣2 − 𝑥2 + 𝑆2(𝑓) ≥ 1 almost surely. (8.7)

Obviously, 𝑈0 is symmetric: 𝑈0(−𝑥, 𝑦) = 𝑈0(𝑥, 𝑦). Let us show that 𝑈0(𝑥, 𝑦) = ∣𝑥∣
when 𝑥2 + ∣𝑦∣2 ≥ 1. The inequality 𝑈0(𝑥, 𝑦) ≥ ∣𝑥∣ is trivial. The reverse estimate
is also immediate when 𝑦 ≥ 1 (we take a constant martingale), and for 𝑦 < 1, we

consider 𝑓 ∈ 𝑀(𝑥, 𝑦) such that 𝑑𝑓1 = ±
√
1− 𝑦2 and 𝑑𝑓2 = 𝑑𝑓3 = ⋅ ⋅ ⋅ ≡ 0.

The next move is the following. Reasoning as in Theorem 8.1, we show that
𝑈0 satisfies the convexity condition

2∘ For any 𝑥 ∈ ℝ, 𝑦 ≥ 0 and any centered simple random variable 𝑑 we have

𝔼𝑈0(𝑥 + 𝑑,
√

𝑦2 + 𝑑2) ≥ 𝑈0(𝑥, 𝑦).

Furthermore, the restriction to 𝑓 satisfying (8.7) has the advantage that the func-
tion 𝑈0 has an additional homogeneity-type property. Namely, for all 𝑥 ∈ ℝ and
𝑦 ∈ [0, 1) we have

𝑈0(𝑥, 𝑦) =
√
1− 𝑦2𝑈0

(
𝑥√
1− 𝑦2

, 0

)
, (8.8)

which follows immediately from the fact that 𝑓 ∈ 𝑀(𝑥, 𝑦) if and only if

𝑓/
√
1− 𝑦2 ∈ 𝑀(𝑥/

√
1− 𝑦2, 0).

Now apply 2∘ to some 𝑥 ∈ (0, 1), 𝑦 = 0 and a centered random variable 𝑑 which
takes two values: 𝛿 > 0 and −2𝑥/(1 + 𝑥2). We get

𝑈0(𝑥, 0) ≤ 𝛿(1 + 𝑥2)

2𝑥+ 𝛿(1 + 𝑥2)
𝑈0

(
−𝑥(1− 𝑥2)

1 + 𝑥2
,
2𝑥

1 + 𝑥2

)
+

2𝑥

2𝑥+ 𝛿(1 + 𝑥2)
𝑈0 (𝑥+ 𝛿, 𝛿)

≤ 𝛿(1 − 𝑥2)

2𝑥+ 𝛿(1 + 𝑥2)
𝑈0(𝑥, 0) +

2𝑥
√
1− 𝛿2

2𝑥+ 𝛿(1 + 𝑥2)
𝑈0 (𝑥+ 𝛿, 0) ,

by (8.8) and the inequality 𝑈0(𝑥+ 𝛿, 𝛿) ≤ 𝑈0(𝑥+ 𝛿, 0), which follows directly from
the definition of 𝑈0. This implies

𝑈0(𝑥+ 𝛿, 0)

𝑈0(𝑥, 0)
≥ 1 + 𝛿𝑥√
1− 𝛿2

> 1 + 𝛿𝑥. (8.9)
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Now fix a (large) positive integer 𝑁 and apply this inequality to 𝑥 = 𝑛/𝑁 and
𝛿 = 1/𝑁 , where 𝑛 = 1, 2, . . . , 𝑁 − 1. Multiplying the obtained estimates, we get

𝑈0(1, 0)

𝑈0(1/𝑁, 0)
>

𝑁−1∏
𝑛=1

(
1 +

𝑛

𝑁2

)
.

The right-hand side converges to 𝑒1/2 as 𝑁 →∞. Furthermore, we have 𝑈0(1, 0) =
1 (see the beginning) and, by 2∘,

𝑈0(0, 0) ≤ (𝑈0(1/𝑁, 1/𝑁) + 𝑈0(−1/𝑁, 1/𝑁))/2 = 𝑈0(1/𝑁, 1/𝑁) ≤ 𝑈0(1/𝑁, 0).

This yields 𝑈0(0, 0) ≤ 𝑒−1/2, which is precisely the claim. □

On the search of the suitable majorant. In fact, much of the work in this direction
has been already carried out in the proof of sharpness. For 𝑈0 defined there, we
know that 𝑈0(𝑥, 𝑦) = ∣𝑥∣ when 𝑥2 + 𝑦2 ≥ 1; for the remaining 𝑥 and 𝑦, (8.8) and
(8.9) hold. Reasoning as above, the latter estimate yields 𝑈0(𝑥, 0) ≤ exp(𝑥2 − 1),
so, by the homogeneity property,

𝑈0(𝑥, 𝑦) ≥
√
1− 𝑦2 exp

(
𝑥2

1− 𝑦2
− 1
)

.

It is natural to conjecture that we have equality above; then the formula for the
special function follows immediately. Namely, we take

𝑈(𝑥, 𝑦) = 1− 𝐶𝑈0(𝑥, 𝑦),

which is precisely (8.5).

For an alternative approach using the method of moments, see Cox [53]. □

8.2.3 Proof of Theorem 8.3

Let (ℬ, ∣∣ ⋅ ∣∣) be a separable Banach space and let 𝛽(ℬ) be the least extended
positive number 𝛽 such that for any ℬ-valued martingale 𝑓 we have

ℙ(𝑆(𝑓) ≥ 1) ≤ 𝛽∣∣𝑓 ∣∣1. (8.10)

For 𝑥 ∈ ℬ and 𝑦 ≥ 0, let𝑀(𝑥, 𝑦) denote the class of all simple ℬ-valued martingales
𝑓 given on the probability space ([0, 1],ℬ(0, 1), ∣ ⋅ ∣), such that 𝑓0 ≡ 𝑥 and

𝑦2 − ∣∣𝑥∣∣2 + 𝑆2(𝑓) ≥ 1 almost surely.

Here the filtration may vary. The key object is the function 𝑈0 : ℬ × [0,∞)→ ℝ,
given by

𝑈0(𝑥, 𝑦) = inf{𝔼∣∣𝑓𝑛∣∣},
where the infimum is taken over all 𝑛 and all 𝑓 ∈ 𝑀(𝑥, 𝑦). Repeating the arguments
from Section 8.1, we show the following fact.
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Lemma 8.1. The function 𝑈0 enjoys the following properties.

1∘′ For any 𝑥 ∈ ℬ and 𝑦 ≥ 0 we have 𝑈0(𝑥, 𝑦) ≥ ∣∣𝑥∣∣.
2∘′ For any 𝑥 ∈ ℬ, 𝑦 ≥ 0 and any simple centered ℬ-valued random variable 𝑇 ,

𝔼𝑈0(𝑥+ 𝑇,
√

𝑦2 + ∣∣𝑇 ∣∣2) ≥ 𝑈0(𝑥, 𝑦).

3∘′ For any 𝑥 ∈ ℬ we have 𝑈0(𝑥, ∣∣𝑥∣∣) ≥ 𝛽(ℬ)−1.

Further properties are described in the next lemma.

Lemma 8.2.

(i) The function 𝑈0 satisfies the symmetry condition

𝑈0(𝑥, 𝑦) = 𝑈0(−𝑥, 𝑦)

for all 𝑥 ∈ ℬ and 𝑦 ≥ 0.
(ii) The function 𝑈0 has the homogeneity-type property

𝑈0(𝑥, 𝑦) =
√
1− 𝑦2𝑈0

(
𝑥√
1− 𝑦2

, 0

)

for all 𝑥 ∈ ℬ and 𝑦 ∈ [0, 1).
(iii) If 𝑧 ∈ ℬ satisfies ∣∣𝑧∣∣ = 1 and 0 ≤ 𝑠 < 𝑡 ≤ 1, then

𝑈0(𝑠𝑧, 0) ≤ 𝑈0(𝑡𝑧, 0) exp((𝑠2 − 𝑡2)∣∣𝑧∣∣2/2). (8.11)

Proof. (i) It suffices to use the equivalence 𝑓 ∈ 𝑀(𝑥, 𝑦) if and only if −𝑓 ∈
𝑀(−𝑥, 𝑦).

(ii) This follows immediately from the fact that 𝑓 ∈ 𝑀(𝑥, 𝑦) if and only if

𝑓/
√
1− 𝑦2 ∈ 𝑀(𝑥/

√
1− 𝑦2, 0).

(iii) Fix 𝑥 ∈ ℬ with 0 < ∣∣𝑥∣∣ < 1 and 𝛿 > 0 such that ∣∣𝑥 + 𝛿𝑥∣∣ ≤ 1. Apply
2∘′ to 𝑦 = 0 and a centered random variable 𝑇 which takes two values: 𝛿𝑥 and
−2𝑥/(1 + ∣∣𝑥∣∣2). We get

𝑈0(𝑥, 0) ≤ 𝛿∣∣𝑥∣∣(1 + ∣∣𝑥∣∣2)
2∣∣𝑥∣∣+ 𝛿∣∣𝑥∣∣(1 + ∣∣𝑥∣∣2)𝑈

0

(
−𝑥(1 − ∣∣𝑥∣∣2)
1 + ∣∣𝑥∣∣2 ,

2∣∣𝑥∣∣
1 + ∣∣𝑥∣∣2

)

+
2∣∣𝑥∣∣

2∣∣𝑥∣∣+ 𝛿∣∣𝑥∣∣(1 + ∣∣𝑥∣∣2)𝑈
0 (𝑥+ 𝛿𝑥, 𝛿∣∣𝑥∣∣) .

By (i) and (ii), the first term on the right equals

𝛿∣∣𝑥∣∣∣∣1− ∣∣𝑥∣∣2∣∣
2∣∣𝑥∣∣+ 𝛿∣∣𝑥∣∣(1 + ∣∣𝑥∣∣2)𝑈

0(𝑥, 0).



402 Chapter 8. Square Function Inequalities

The second summand can be bounded from above by

2∣∣𝑥∣∣
2∣∣𝑥∣∣+ 𝛿∣∣𝑥∣∣(1 + ∣∣𝑥∣∣2)𝑈

0 (𝑥+ 𝛿𝑥, 0) ,

because𝑀(𝑥+𝛿𝑥, 0) ⊂ 𝑀(𝑥+𝛿𝑥, 𝛿∣∣𝑥∣∣). Using these two facts into the inequality
above and recalling that ∣∣𝑥∣∣ ≤ 1 (so ∣1− ∣∣𝑥∣∣2∣ = 1− ∣∣𝑥∣∣2) we get

𝑈0(𝑥+ 𝛿𝑥, 0)

𝑈0(𝑥, 0)
≥ 1 + 𝛿∣∣𝑥∣∣2.

This gives

𝑈0(𝑥(1 + 𝑘𝛿), 0)

𝑈0(𝑥(1 + (𝑘 − 1)𝛿), 0) ≥ 1 + 𝛿(1 + (𝑘 − 1)𝛿)∣∣𝑥∣∣2,

provided ∣∣𝑥(1+𝑘𝛿)∣∣ ≤ 1. Consequently, if𝑁 is an integer such that ∣∣𝑥(1+𝑁𝛿)∣∣ ≤
1, then

𝑈0(𝑥(1 +𝑁𝛿), 0)

𝑈0(𝑥, 0)
≥

𝑁∏
𝑘=1

(1 + 𝛿(1 + (𝑘 − 1)𝛿)∣∣𝑥∣∣2). (8.12)

Now we turn to (8.11). Assume first that 𝑠 > 0. Put 𝑥 = 𝑠𝑧, 𝛿 = (𝑡/𝑠− 1)/𝑁 and
let 𝑁 →∞ in the inequality above to obtain

𝑈0(𝑡𝑧, 0)

𝑈0(𝑠𝑧, 0)
≥ exp

(
1

2
∣∣𝑧∣∣2(𝑡2 − 𝑠2)

)
,

which is the claim. Next, suppose that 𝑠 = 0. For any 0 < 𝑠′ < 𝑡 we have, by 2∘′,

𝑈0(0, 0) ≤ 1
2
𝑈0(𝑠′𝑧, ∣∣𝑠′𝑧∣∣) + 1

2
𝑈0(−𝑠′𝑧, ∣∣𝑠′𝑧∣∣) = 𝑈0(𝑠′𝑧, ∣∣𝑠′𝑧∣∣) ≤ 𝑈0(𝑠′𝑧, 0),

where in the latter passage we have used the inclusion 𝑀(𝑠′𝑧, 0) ⊂ 𝑀(𝑠′𝑧, ∣∣𝑠′𝑧∣∣).
Thus,

𝑈0(𝑡𝑧, 0)

𝑈0(0, 0)
≥ 𝑈0(𝑡𝑧, 0)

𝑈0(𝑠′𝑧, 0)
≥ exp

(
1

2
∣∣𝑧∣∣2(𝑡2 − (𝑠′)2)

)

and it remains to let 𝑠′ → 0. □

Next, let us assume that 𝛽(ℬ) = √
𝑒. This allows us to derive the explicit

formula for 𝑈0.

Lemma 8.3. If 𝛽(ℬ) = √𝑒, then

𝑈0(𝑥, 𝑦) =

{√
1− 𝑦2 exp

(
∣∣𝑥∣∣2

2(1−𝑦2) − 1
2

)
if ∣∣𝑥∣∣2 + 𝑦2 < 1,

∣∣𝑥∣∣ if ∣∣𝑥∣∣2 + 𝑦2 ≥ 1.



8.2. Weak type estimates 403

Proof. First let us focus on the set {(𝑥, 𝑦) : ∣∣𝑥∣∣2 + 𝑦2 ≥ 1}. By 1∘, we have
𝑈0(𝑥, 𝑦) ≤ ∣∣𝑥∣∣. To get the reverse estimate, consider a martingale 𝑓 such that
𝑓0 ≡ 𝑥, 𝑑𝑓1 takes the values −𝑥 and 𝑥, and 𝑑𝑓2 = 𝑑𝑓3 = ⋅ ⋅ ⋅ ≡ 0. Then 𝑦2− ∣∣𝑥∣∣2+
𝑆2(𝑓) = 𝑦2 + ∣∣𝑥∣∣2 ≥ 1 (so 𝑓 ∈ 𝑀(𝑥, 𝑦)) and ∣∣𝑓 ∣∣1 = ∣∣𝑥∣∣. Now suppose that
∣∣𝑥∣∣2 + 𝑦2 < 1. Using items (ii) and (iii) of Lemma 8.2, we have

𝑈0(𝑥, 𝑦) =
√
1− 𝑦2𝑈0

(
𝑥√
1− 𝑦2

, 0

)
≥ 𝑈0(0, 0)

√
1− 𝑦2 exp

( ∣∣𝑥∣∣2
2(1− 𝑦2)

)
,

so, by 3∘′ in Lemma 8.1,

𝑈0(𝑥, 𝑦) ≥
√
1− 𝑦2 exp

( ∣∣𝑥∣∣2
2(1− 𝑦2)

− 1
2

)
.

To get the reverse bound, we use the homogeneity of 𝑈0 and (8.11) again:

𝑈0(𝑥, 𝑦) =
√
1− 𝑦2𝑈0

(
𝑥√
1− 𝑦2

, 0

)

≤
√
1− 𝑦2𝑈0

(
𝑥

∣𝑥∣ , 0
)
exp

(
1

2

( ∣∣𝑥∣∣2
1− 𝑦2

− 1
))

=
√
1− 𝑦2 exp

( ∣∣𝑥∣∣2
2(1− 𝑦2)

− 1
2

)
,

where in the last line we have used the equality 𝑈0(𝑥, 0) = ∣∣𝑥∣∣ valid for 𝑥 of norm
1 (we have just established this in the first part of the proof). For completeness,
let us mention here that if 𝑥 = 0, then 𝑥/∣𝑥∣ should be replaced above by any
vector of norm one. □
Lemma 8.4. Suppose that 𝛽(ℬ) = √𝑒 and assume that 𝑥, 𝑦 ∈ ℬ and 𝛼 > 0 satisfy

∣∣𝑥∣∣ < 1, ∣∣𝑥+ 𝛼𝑥 + 𝑦∣∣2 + ∣∣𝛼𝑥 + 𝑦∣∣2 < 1 and ∣∣𝑥+ 𝛼𝑥− 𝑦∣∣2 + ∣∣𝛼𝑥− 𝑦∣∣2 < 1.

Then

2 + 2𝛼∣∣𝑥∣∣2 ≤
√
1− ∣∣𝛼𝑥 + 𝑦∣∣2 exp

[ ∣∣𝑥+ 𝛼𝑥 + 𝑦∣∣2
2(1− ∣∣𝛼𝑥+ 𝑦∣∣2) −

∣∣𝑥∣∣2
2

]

+
√
1− ∣∣𝛼𝑥− 𝑦∣∣2 exp

[ ∣∣𝑥+ 𝛼𝑥− 𝑦∣∣2
2(1− ∣∣𝛼𝑥 − 𝑦∣∣2) −

∣∣𝑥∣∣2
2

]
.

(8.13)

Proof. Consider a random variable 𝑇 such that

ℙ

(
𝑇 = − 2𝑥

1 + ∣∣𝑥∣∣2
)
= 𝑝, ℙ(𝑇 = 𝛼𝑥 + 𝑦) = ℙ(𝑇 = 𝛼𝑥 − 𝑦) =

1− 𝑝

2
,

where 𝑝 ∈ (0, 1) is chosen so that 𝔼𝑇 = 0. That is,

𝑝 =
𝛼(1 + ∣∣𝑥∣∣2)
2 + 𝛼(1 + ∣∣𝑥∣∣2) .
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By 2∘′, we have 𝑈0(𝑥, 0) ≤ 𝔼𝑈0(𝑥+ 𝑇, ∣∣𝑇 ∣∣). Since ∣∣𝑥 + 𝑇 ∣∣2 + ∣∣𝑇 ∣∣2 < 1 almost
surely, the previous lemma implies that this can be rewritten in the equivalent
form

exp

( ∣∣𝑥∣∣2
2

)
≤ 𝑝

√
1−

(
2∣∣𝑥∣∣
1 + ∣∣𝑥∣∣2

)2

exp

⎛
⎜⎜⎝
∣∣∣∣∣∣𝑥(−1+∣∣𝑥∣∣2

1+∣∣𝑥∣∣2
)∣∣∣∣∣∣2

2

(
1−

(
2∣∣𝑥∣∣

1+∣∣𝑥∣∣2
)2)

⎞
⎟⎟⎠

+
1− 𝑝

2

√
1− ∣∣𝛼𝑥 + 𝑦∣∣2 exp

( ∣∣𝑥+ 𝛼𝑥 + 𝑦∣∣2
2(1− ∣∣𝛼𝑥+ 𝑦∣∣2)

)

+
1− 𝑝

2

√
1− ∣∣𝛼𝑥 − 𝑦∣∣2 exp

( ∣∣𝑥+ 𝛼𝑥 − 𝑦∣∣2
2(1− ∣∣𝛼𝑥− 𝑦∣∣2)

)
.

However, the first term on the right equals

𝛼(1 − ∣∣𝑥∣∣2)
2 + 𝛼(1 + ∣∣𝑥∣∣2) exp

( ∣∣𝑥∣∣2
2

)

and, in addition, (1 − 𝑝)/2 = (2 + 𝛼(1 + ∣∣𝑥∣∣2))−1. Consequently, it suffices to
multiply both sides of the inequality above by (2 + 𝛼(1 + ∣∣𝑥∣∣2)) exp (−∣∣𝑥∣∣2/2);
the claim follows. □

Now we are ready to complete the proof of the characterization. Suppose
that 𝑎, 𝑏 belong to the unit ball 𝐾 of ℬ and take 𝜀 ∈ (0, 1/2). Applying (8.13) to
𝑥 = 𝜀𝑎, 𝑦 = 𝜀2𝑏 and 𝛼 = 𝜀 gives

2 + 2𝜀3∣∣𝑎∣∣2 ≤
√
1− 𝜀4∣∣𝑎+ 𝑏∣∣2 exp(𝑚(𝑎, 𝑏))
+
√
1− 𝜀4∣∣𝑎− 𝑏∣∣2 exp(𝑚(𝑎,−𝑏)),

(8.14)

where

𝑚(𝑎, 𝑏) =
𝜀2∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2
2(1− 𝜀4∣∣𝑎+ 𝑏∣∣2) −

𝜀2∣∣𝑎∣∣2
2

=
𝜀2

2
(∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2 − ∣∣𝑎∣∣2) + 𝜀6∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2∣∣𝑎+ 𝑏∣∣2

2(1− 𝜀4∣∣𝑎− 𝑏∣∣2) .

It is easy to see that there exists an absolute constant 𝑀1 such that

sup
𝑎,𝑏∈𝐾

∣𝑚(𝑎, 𝑏)∣ ≤ 𝑀1𝜀
3.

Consequently, there is a universal 𝑀2 > 0 such that if 𝜀 is sufficiently small, then

exp(𝑚(𝑎, 𝑏)) ≤ 1 +𝑚(𝑎, 𝑏) +𝑚(𝑎, 𝑏)2

≤ 1 + 𝜀2

2
(∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2 − ∣∣𝑎∣∣2) +𝑀2𝜀

6
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for any 𝑎, 𝑏 ∈ 𝐾. Since
√
1− 𝑥 ≤ 1 − 𝑥/2 for 𝑥 ∈ (0, 1), the inequality (8.14)

implies

2 + 2𝜀3∣∣𝑎∣∣2 ≤(1− 𝜀4∣∣𝑎+ 𝑏∣∣2/2)
(
1 +

𝜀2

2
(∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2 − ∣∣𝑎∣∣2) +𝑀2𝜀

6

)

+ (1 − 𝜀4∣∣𝑎− 𝑏∣∣2/2)
(
1 +

𝜀2

2
(∣∣𝑎+ 𝜀(𝑎− 𝑏)∣∣2 − ∣∣𝑎∣∣2) +𝑀2𝜀

6

)
.

This, after some manipulations, leads to

∣∣𝑎+ 𝜀(𝑎+ 𝑏)∣∣2 + ∣∣𝑎+ 𝜀(𝑎− 𝑏)∣∣2 − 2∣∣𝑎(1 + 𝜀)∣∣2
≥ 𝜀2(∣∣𝑎+ 𝑏∣∣2 + ∣∣𝑎− 𝑏∣∣2 − 2∣∣𝑎∣∣2)− 2𝜀4𝑀3,

where 𝑀3 is a positive constant not depending on 𝜀, 𝑎 and 𝑏. Equivalently,∣∣∣∣
∣∣∣∣𝑎+ 𝜀

1 + 𝜀
𝑏

∣∣∣∣
∣∣∣∣
2

+

∣∣∣∣
∣∣∣∣𝑎− 𝜀

1 + 𝜀
𝑏

∣∣∣∣
∣∣∣∣
2

− 2∣∣𝑎∣∣2 − 2
∣∣∣∣
∣∣∣∣ 𝜀

1 + 𝜀
𝑏

∣∣∣∣
∣∣∣∣
2

≥ 𝜀2

(1 + 𝜀)2
(∣∣𝑎+ 𝑏∣∣2 + ∣∣𝑎− 𝑏∣∣2 − 2∣∣𝑎∣∣2 − 2∣∣𝑏∣∣2)− 2 𝜀4

(1 + 𝜀)2
𝑀3.

Next, let 𝑐 ∈ ℬ, 𝛾 > 0 and substitute 𝑎 = 𝛾𝑐; we assume that 𝛾 is small enough to
ensure that 𝑎 ∈ 𝐾. If we divide both sides by 𝛾2 and substitute 𝛿 = 𝜀(1+𝜀)−1𝛾−1,
we obtain

∣∣𝑐+ 𝛿𝑏∣∣2 + ∣∣𝑐− 𝛿𝑏∣∣2 − 2∣∣𝑐∣∣2 − 2∣∣𝛿𝑏∣∣2
≥ 𝛿2(∣∣𝛾𝑐+ 𝑏∣∣2 + ∣∣𝛾𝑐− 𝑏∣∣2 − 2∣∣𝛾𝑐∣∣2 − 2∣∣𝑏∣∣2)− 2𝜀2𝛿2𝑀3

≥ 𝛿2(∣∣𝛾𝑐+ 𝑏∣∣2 + ∣∣𝛾𝑐− 𝑏∣∣2 − 2∣∣𝛾𝑐∣∣2 − 2∣∣𝑏∣∣2)− 2𝛿4𝑀3

Let 𝛾 and 𝜀 go to 0 so that 𝛿 remains fixed. We obtain that for any 𝛿 > 0, 𝑏 ∈ 𝐾
and 𝑐 ∈ ℬ,

∣∣𝑐+ 𝛿𝑏∣∣2 + ∣∣𝑐− 𝛿𝑏∣∣2 − 2∣∣𝑐∣∣2 − 2∣∣𝛿𝑏∣∣2 ≥ −2𝛿4𝑀3. (8.15)

Now let 𝑁 be a large positive integer and consider a symmetric random walk
(𝑔𝑛)𝑛≥0 over the integers, starting from 0. Let 𝜏 = inf{𝑛 : ∣𝑔𝑛∣ = 𝑁}. The in-
equality (8.15), applied to 𝛿 = 𝑁−1, implies that for any 𝑎 ∈ ℬ and 𝑏 ∈ 𝐾, the
process

(𝜉𝑛)𝑛≥0 =

(∣∣∣∣
∣∣∣∣𝑎+ 𝑏𝑔𝜏∧𝑛

𝑁

∣∣∣∣
∣∣∣∣
2

−
{ ∣∣𝑏∣∣2

𝑁2
− 𝑀3

𝑁4

}
(𝜏 ∧ 𝑛)

)
𝑛≥0

is a submartingale. Since 𝔼(𝜏 ∧ 𝑛) = 𝔼𝑔2𝜏∧𝑛, we obtain

𝔼

[∣∣∣∣
∣∣∣∣𝑎+ 𝑏𝑔𝜏∧𝑛

𝑁

∣∣∣∣
∣∣∣∣
2

−
{ ∣∣𝑏∣∣2

𝑁2
− 𝑀3

𝑁4

}
𝑔2𝜏∧𝑛

]
= 𝔼𝜉𝑛 ≥ 𝔼𝜉0 = ∣∣𝑎∣∣2.
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Letting 𝑛 →∞ and using Lebesgue’s dominated convergence theorem gives
1

2

[∣∣𝑎+ 𝑏∣∣2 + ∣∣𝑎− 𝑏∣∣2]− ∣∣𝑏∣∣2 + 𝑀3

𝑁2
≥ ∣∣𝑎∣∣2.

It suffices to let 𝑁 go to ∞ to obtain
∣∣𝑎+ 𝑏∣∣2 + ∣∣𝑎− 𝑏∣∣2 ≥ 2∣∣𝑎∣∣2 + 2∣∣𝑏∣∣2.

We have assumed that 𝑏 belongs to the unit ball 𝐾, but, by homogeneity, the
above estimate extends to any 𝑏 ∈ ℬ. Putting 𝑎+ 𝑏 and 𝑎− 𝑏 in the place of 𝑎 and
𝑏, respectively, we obtain the reverse estimate

∣∣𝑎+ 𝑏∣∣2 + ∣∣𝑎− 𝑏∣∣2 ≤ 2∣∣𝑎∣∣2 + 2∣∣𝑏∣∣2.
This implies that the parallelogram identity is satisfied and hence ℬ is a Hilbert
space.

8.2.4 Proof of Theorem 8.4

We shall need the following auxiliary fact.

Lemma 8.5. Assume 𝜓 : ℝ→ ℝ is even, of class 𝐶2 and with the further property
that 𝜓, 𝜓′′ are convex. Then for any 𝑢, 𝑣 ∈ ℋ,

∣𝜓′(∣𝑢∣)𝑢′ − 𝜓′(∣𝑣∣)𝑣′∣ ≤ ∣𝑢 − 𝑣∣
2
[𝜓′′(∣𝑢∣) + 𝜓′′(∣𝑣∣)] . (8.16)

Proof. Squaring both sides, we see that the inequality above is equivalent to 𝐴 ≤
𝐵(𝑢′, 𝑣′), where 𝐴, 𝐵 depend only on ∣𝑢∣ and ∣𝑣∣. Therefore we only need to check
the inequality for 𝑢, 𝑣 satisfying (𝑢′, 𝑣′) = ±1. If (𝑢′, 𝑣′) = 1, then (8.16) takes the
form

∣𝜓′(∣𝑢∣)− 𝜓′(∣𝑣∣)∣ ≤ ∣𝑢− 𝑣∣
[
𝜓′′(∣𝑢∣) + 𝜓′′(∣𝑣∣)

2

]
,

and follows from

∣𝜓′(∣𝑢∣)− 𝜓′(∣𝑣∣)∣ =
∣∣∣∣∣
∫ ∣𝑢∣

∣𝑣∣
𝜓′′(𝑠)d𝑠

∣∣∣∣∣ ≤ ∣∣𝑢∣ − ∣𝑣∣∣ ⋅ 𝜓
′′(∣𝑢∣) + 𝜓′′(∣𝑣∣)

2
.

The last inequality is a consequence of the convexity of 𝜓′′. If (𝑢′, 𝑣′) = −1, then,
since 𝜓′ is odd,

∣𝜓′(∣𝑢∣)𝑢′ − 𝜓′(∣𝑣∣)𝑣′∣ = ∣𝜓′(∣𝑢∣) + 𝜓′(∣𝑣∣)∣ = ∣𝜓′(∣𝑢∣)− 𝜓′(−∣𝑣∣)∣

=

∣∣∣∣∣
∫ ∣𝑢∣

−∣𝑣∣
𝜓′′(𝑠)d𝑠

∣∣∣∣∣ ≤ ∣∣𝑢∣+ ∣𝑣∣∣ ⋅ 𝜓
′′(∣𝑢∣) + 𝜓′′(∣𝑣∣)

2
= ∣𝑢− 𝑣∣ ⋅ 𝜓′′(∣𝑢∣) + 𝜓′′(∣𝑣∣)

2
.

The proof is complete. □



8.2. Weak type estimates 407

Proof of (8.3). We must show that for any dyadic martingale 𝑓 .

ℙ(𝑆𝑛(𝑓) ≥ 1) ≤ 𝐾𝔼∣𝑓𝑛∣, 𝑛 = 0, 1, 2, . . . .

Let 𝑉 (𝑥, 𝑦) = 1{𝑦≥1}−𝐾∣𝑥∣ for 𝑥 ∈ ℋ and 𝑦 ≥ 0. To introduce the corresponding
special function, define 𝜓 : [−1, 1]→ ℝ by

𝜓(𝑠) = 𝐾−1

(
𝑒−𝑠2/2 + 𝑠

∫ 𝑠

0

𝑒−𝑡2/2d𝑡

)
. (8.17)

It is easy to check that 𝜓 satisfies the differential equation

𝜓′′(𝑠) + 𝑠𝜓′(𝑠)− 𝜓(𝑠) = 0 for 𝑠 ∈ (−1, 1). (8.18)

Let 𝑈 : ℋ× [0,∞)→ ℝ be given by

𝑈(𝑥, 𝑦) =

⎧⎨
⎩1−𝐾

√
1− 𝑦2𝜓

(
∣𝑥∣√
1−𝑦2

)
if ∣𝑥∣2 + 𝑦2 < 1,

1−𝐾∣𝑥∣ if ∣𝑥∣2 + 𝑦2 ≥ 1.

Let us prove that 𝑈 and 𝑉 satisfy the conditions 1∘, 2∘ and 3∘. The majorization
is obvious when ∣𝑥∣2 + 𝑦2 ≥ 1, and for the remaining 𝑥, 𝑦 it can be written in the
form

𝜓(𝑠) ≤ 𝑠+
1

𝐾
√
1− 𝑦2

, where 𝑠 =
∣𝑥∣√
1− 𝑦2

< 1.

However, 𝜓 is convex, so it suffices to check the above estimate for 𝑠 = 0 and
𝑠 = 1; in both cases the bound holds and 1∘ follows. We turn to 2∘. Observe first
that

𝑈(𝑥, 𝑦) ≤ 1−𝐾∣𝑥∣ for all 𝑥 ∈ ℋ, 𝑦 ≥ 0. (8.19)

This is trivial for ∣𝑥∣2 + 𝑦2 ≥ 1, and for the remaining 𝑥, 𝑦 follows immediately
from the estimate 𝜓(𝑠) ≤ 𝑠, which can be verified by standard analysis of the
derivative. Consequently, when ∣𝑥∣2 + 𝑦2 ≥ 1,

𝑈(𝑥, 𝑦) = 1−𝐾∣𝑥∣ ≥ 1
2

[
(1−𝐾∣𝑥+ 𝑑∣) + (1 −𝐾∣𝑥− 𝑑∣)]

≥ 1
2

[
𝑈(𝑥+ 𝑑,

√
𝑦2 + 𝑑2) + 𝑈(𝑥− 𝑑,

√
𝑦2 + 𝑑2)

]
.

Suppose then that ∣𝑥∣2 + 𝑦2 < 1. We shall prove 2∘ only in the case when ∣𝑥 ±
𝑑∣2 + 𝑦2 ≤ 1, for the remaining values of 𝑑 the reasoning is similar. Let

𝐺(𝑠) =
1

2

[
𝑈(𝑥+ 𝑑𝑠,

√
𝑦2 + 𝑑2𝑠2) + 𝑈(𝑥− 𝑑,

√
𝑦2 + 𝑑2𝑠2)

]
, 𝑠 ∈ [0, 1]

and note that we must prove that 𝐺(0) ≥ 𝐺(1). Of course we will be done if we
show that 𝐺 is nonincreasing. We may and do assume that 𝑦 = 0: otherwise we



408 Chapter 8. Square Function Inequalities

divide throughout by
√
1− 𝑦2 and substitute 𝑋 = 𝑥/

√
1− 𝑦2, 𝐷 = 𝑑/

√
1− 𝑦2.

Setting 𝑥± = (𝑥± 𝑑𝑠)/
√
1− ∣𝑑∣2𝑠2 and using (8.18), we compute that

𝐺′(𝑠) = − (𝜓′(∣𝑥+∣)𝑥′
+ − 𝜓′(∣𝑥−∣)𝑥′

−
) ⋅ 𝑑

2
+

∣𝑑∣2𝑠
2
√
1− ∣𝑑∣2𝑠2 (𝜓

′′(𝑥−) + 𝜓′′(𝑥+)).

By (8.16), applied to −𝜓, and the equality

∣𝑥+ − 𝑥−∣
2

=
∣𝑑∣𝑠√
1− ∣𝑑∣2𝑠2 ,

we obtain

𝐺′(𝑠) ≤ − (𝜓′(∣𝑥+∣)𝑥′
+ − 𝜓′(∣𝑥−∣)𝑥′

−
) ⋅ 𝑑

2
− ∣∣𝜓′(∣𝑥+∣)𝑥′

+ − 𝜓′(∣𝑥−∣)𝑥′
−
∣∣ ∣𝑑∣
2
≤ 0,

and 2∘ follows. Finally, 3∘ is an immediate consequence of 2∘. The inequality is
established. □

Sharpness. We shall show that the estimate is sharp for continuous-time martin-
gales (we interpret the square function as a quadratic covariance process). This
approach, frequently used below for other inequalities in the dyadic setting, has
the advantage that we may use Brownian motion, for which the calculations are
easier to handle. So, let 𝐵 = (𝐵𝑡)𝑡≥0 be a standard Brownian motion starting
from 0 and 𝜀 be a Rademacher random variable independent of 𝐵. Introduce the
stopping time 𝜏 = inf{𝑡 : 𝐵2

𝑡 + 𝑡 ≥ 1}, satisfying 𝜏 ≤ 1 almost surely, and let the
process 𝑋 = (𝑋𝑡)𝑡≥0 be given by

𝑋𝑡 = 𝐵𝜏∧𝑡 + 𝜀𝐵𝜏𝐼{𝑡≥1}.

The process 𝑋 is a Brownian motion, which stops at the moment 𝜏 , and then at
time 1 jumps to one of the points 0, 2𝐵𝜏 with probability 1/2 and stays there
forever. Clearly, it is a martingale with respect to its natural filtration. Its square
bracket process satisfies

[𝑋,𝑋 ]1 = [𝐵]𝜏 + ∣𝐵𝜏 ∣2 = 𝜏 +𝐵2
𝜏 = 1 almost surely,

and, as we shall prove now, ∣∣𝑋 ∣∣1 = 1/𝐾. Observe that ∣∣𝑋 ∣∣1 = ∣∣𝑋1∣∣1 =
∣∣𝑋𝜏 ∣∣1 = ∣∣𝐵𝜏 ∣∣1. Let 𝑈 : ℝ× ℝ+ → ℝ be given by

𝑈(𝑥, 𝑡) =
√
1− 𝑡 exp

(
− 𝑥2

2(1− 𝑡)

)
+ ∣𝑥∣

∫ ∣𝑥∣/√1−𝑡

0

exp(−𝑠2/2)d𝑠,

if 𝑡 + 𝑥2 < 1, and 𝑈(𝑥, 𝑡) = 𝐾∣𝑥∣ otherwise. It can be readily verified that 𝑈
is continuous and satisfies the heat equation 𝑈𝑡 +

1
2𝑈𝑥𝑥 = 0 on the set {(𝑥, 𝑡) :

𝑡+ 𝑥2 < 1}. This implies that (𝑈(𝐵𝜏∧𝑡, 𝜏 ∧ 𝑡))𝑡≥0 is a martingale adapted to ℱ𝐵

and therefore
𝐾∣∣𝐵𝜏 ∣∣1 = 𝔼𝑈(𝐵𝜏 , 𝜏) = 𝑈(0, 0) = 1.
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This shows the sharpness of (8.2) in the continuous-time setting. Now the passage
to the discrete-time case can be carried out using standard approximation tech-
niques. However, our proof will be a bit different. Suppose that the best constant
in the inequality (8.2) for dyadic martingales equals 𝐾0. Let 𝑈0 : ℝ× [0,∞)→ ℝ

be given by

𝑈0(𝑥, 𝑦) = sup{ℙ(𝑦2 − 𝑥2 + 𝑆2(𝑓) ≥ 1)−𝐾0∣∣𝑓 ∣∣1},

where the supremum is taken over all the simple martingales starting from 𝑥 and
dyadic differences 𝑑𝑓𝑛, 𝑛 = 1, 2, . . ., and set𝑊 (𝑥, 𝑡) = 𝑈0(𝑥,

√
𝑡). It is not difficult

to see that 𝑊 is continuous. Indeed, let 𝑓 , 𝑓0 ≡ 𝑥, be as in the definition of 𝑊 .
Fix 𝑥′ and let 𝑓 ′ = 𝑓 + 𝑥′ − 𝑥. Then 𝑥2 − 𝑆2(𝑓) = (𝑥′)2 − 𝑆2(𝑓 ′) and, for any
𝑡 ≥ 0,

ℙ(𝑡−𝑥2+𝑆2(𝑓) ≥ 1)−𝐾0∣∣𝑓 ∣∣1 ≤ ℙ(𝑡−(𝑥′)2+𝑆2(𝑓 ′) ≥ 1)−𝐾0∣∣𝑓 ′∣∣1+𝐾0∣𝑥−𝑥′∣,

which implies𝑊 (𝑥, 𝑡) ≤ 𝑊 (𝑥′, 𝑡)+𝐾0∣𝑥−𝑥′∣ so for fixed 𝑡,𝑊 (⋅, 𝑡) is 𝐾0-Lipschitz.
Hence, applying (iii), for any 𝑠 < 𝑡 and any 𝑥,

𝑊 (𝑥, 𝑠) ≥ 1
2
[𝑊 (𝑥−√

𝑡− 𝑠, 𝑡) +𝑊 (𝑥+
√

𝑡− 𝑠, 𝑡] ≥ 𝑊 (𝑥, 𝑡)−𝐾0

√
𝑡− 𝑠.

On the other hand, 𝑊 (𝑥, 𝑠) ≤ 𝑊 (𝑥, 𝑡), by the definition of 𝑊 . Therefore, for any
𝑥, 𝑊 (𝑥, ⋅) is continuous. This yields the continuity of 𝑊 .

Now extend 𝑊 to the whole ℝ2 by setting 𝑊 (𝑥, 𝑡) = 𝑊 (𝑥, 0) for 𝑡 < 0. Let
𝛿 > 0 and convolve𝑊 with a nonnegative smooth function 𝑔𝛿 satisfying ∣∣𝑔𝛿∣∣1 = 1
and supported on the ball centered at (0, 0) and of radius 𝛿. We obtain a smooth
function 𝑊 𝛿, for which 2∘ is still valid. Dividing this inequality by 𝑑2 and letting
𝑑 → 0 gives𝑊 𝛿

𝑡 +
1
2𝑊

𝛿
𝑥𝑥 ≤ 0 and hence, by Itô’s formula, 𝔼𝑊 𝛿(𝐵𝜏 , 𝜏) ≤ 𝑊 𝛿(0, 0).

Now let 𝛿 → 0 and use the continuity of𝑊 and Lebesgue’s dominated convergence
theorem to conclude that 𝔼𝑊 (𝐵𝜏 , 𝜏) ≤ 𝑊 (0, 0). The final step is that, by 2∘,

𝑊 (𝐵𝜏 −𝐵𝜏 , 𝜏 +𝐵2
𝜏 ) +𝑊 (𝐵𝜏 +𝐵𝜏 , 𝜏 +𝐵2

𝜏 ) ≤ 2𝑊 (𝐵𝜏 , 𝜏) almost surely,

which yields 𝔼𝑊 (𝑋1, [𝑋,𝑋 ]1) ≤ 𝑊 (0, 0) and, by the first part, 𝐾0 ≥ 𝐾. □

On the search of the suitable majorant. As in the general case, we define

𝑈0(𝑥, 𝑦) = inf{𝔼∣𝑓𝑛∣},

where the infimum is taken over all 𝑛 and all simple martingales 𝑓 with dyadic
𝑘th differences, 𝑘 = 1, 2, . . .. Furthermore, let 𝑊 (𝑥, 𝑦2) = 𝑈0(𝑥, 𝑦). Arguing as
above, we obtain that

𝑊 (𝑥, 𝑡) = ∣𝑥∣ when 𝑥2 + 𝑡 ≥ 1.
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Now, suppose that

(A1) 𝑊 is of class 𝐶2 on {(𝑥, 𝑡) : 𝑥2 + 𝑡 < 1}.
Repeating the proof of Theorem 8.1, we see that the function 𝑈0 satisfies the
convexity property: in particular, for 𝑥2 + 𝑡 < 1 and 𝑠 > 0,

𝑊 (𝑥+ 𝑠, 𝑡+ 𝑠2) +𝑊 (𝑥− 𝑠, 𝑡+ 𝑠2)−𝑊 (𝑥, 𝑡)

2𝑠2

=
𝑈(𝑥+ 𝑠,

√
𝑡+ 𝑠2) + 𝑈(𝑥− 𝑠,

√
𝑡+ 𝑠2)− 2𝑈(𝑥,

√
𝑡)

2𝑠2
≥ 0.

Letting 𝑠 → 0 gives 𝑊𝑡 +
1
2𝑊𝑥𝑥 ≥ 0 and leads to the assumption

(A2) 𝑊 satisfies 𝑊𝑡 +
1
2𝑊𝑥𝑥 = 0 on {(𝑥, 𝑡) : 𝑥2 + 𝑡 < 1}.

This yields the special function used above. To see this, note that (8.8) holds and
gives

𝑊 (𝑥, 𝑡) = 𝑈0(𝑥,
√

𝑡) =
√
1− 𝑡𝑈0

(
𝑥√
1− 𝑡

, 0

)
.

Let 𝜓(𝑠) = 𝑈0(𝑠, 0) for 𝑠 ∈ [−1, 1]. Then the function 𝜓 is of class 𝐶2, is even and
we have 𝜓(1) = 1. Furthermore, (A2) implies that 𝜓 satisfies (8.18) and we easily
compute that this function must be given by (8.17). □

8.2.5 Proof of Theorem 8.5

Here the reasoning is similar to that presented in the proof of the weak type
inequality for orthogonal martingales. Let 𝐻 = ℝ × (0,∞), 𝑆 = ℝ × (−1, 1)
and 𝑆+ = (0,∞) × (−1, 1). For 1 ≤ 𝑝 ≤ 2, introduce the harmonic function
𝒜 = 𝒜𝑝 : 𝐻 → ℝ given by the Poisson integral

𝒜(𝛼, 𝛽) =
1

𝜋

∫ ∞

−∞

𝛽
∣∣ 2
𝜋 log ∣𝑡∣

∣∣𝑝
(𝛼− 𝑡)2 + 𝛽2

d𝑡.

It is easy to see that the function 𝒜 satisfies

lim
(𝛼,𝛽)→(𝑧,0)

𝒜(𝛼, 𝛽) =

(
2

𝜋

)𝑝

∣ log ∣𝑧∣∣𝑝, 𝑧 ∕= 0. (8.20)

Consider the conformal mapping 𝜑 given by 𝜑(𝑧) = 𝑖𝑒𝜋𝑧/2, or, in the real coordi-
nates,

𝜑(𝑥, 𝑦) =
(
−𝑒𝜋𝑥/2 sin

(𝜋

2
𝑦
)

, 𝑒𝜋𝑥/2 cos
(𝜋

2
𝑦
))

, (𝑥, 𝑦) ∈ ℝ
2,

which maps 𝑆 onto 𝐻 . Let 𝐴 = 𝐴𝑝 be defined on the strip 𝑆 by 𝐴(𝑥, 𝑦) =
𝒜(𝜑(𝑥, 𝑦)). Then the function 𝐴 is harmonic on 𝑆, since it is the real part of an
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analytic function. By (8.20), we can extend 𝐴 to the continuous function on the
closure 𝑆 of 𝑆 by 𝐴(𝑥,±1) = ∣𝑥∣𝑝. One easily checks that for (𝑥, 𝑦) ∈ 𝑆,

𝐴(𝑥, 𝑦) =
1

𝜋

∫
ℝ

cos
(
𝜋
2 𝑦
) ∣∣ 2

𝜋 log ∣𝑠∣+ 𝑥
∣∣𝑝

(𝑠− sin(𝜋2 𝑦))2 + cos2(𝜋2 𝑦)
d𝑠 (8.21)

for ∣𝑦∣ < 1. Substituting 𝑠 := 1/𝑠 and 𝑠 := −𝑠 above, we see that 𝐴 satisfies

𝐴(𝑥, 𝑦) = 𝐴(−𝑥, 𝑦) = 𝐴(𝑥,−𝑦) for (𝑥, 𝑦) ∈ 𝑆. (8.22)

Finally, let 𝑈 = 𝑈𝑝 : [0,∞)× ℝ→ ℝ be given by 𝑈(𝑥, 𝑦) = 𝑥𝑝 for ∣𝑦∣ > 1 and

𝑈(𝑥, 𝑦) = 𝑐𝑝

∫
ℝ

𝐴(𝑢𝑥, 𝑦) exp(−𝑢2/2)d𝑢

otherwise; here 𝑐𝑝 =
(∫

ℝ
∣𝑢∣𝑝 exp(−𝑢2/2)d𝑢

)−1
=
(
2(𝑝+1)/2Γ

(
𝑝+1
2

))−1
. Clearly, 𝑈

is continuous and, by (8.22), we have

𝑈(𝑥, 𝑦) = 2𝑐𝑝

∫ ∞

0

𝐴(𝑢𝑥, 𝑦) exp(−𝑢2/2)d𝑢 on 𝑆+. (8.23)

Introduce 𝑉 : [0,∞) × ℋ → ℝ by 𝑉 (𝑥, 𝑦) = 𝑈(0, 0)1{∣𝑥∣≥1} − 𝑥𝑝. The key
properties of 𝑈 are the following. We omit the proof, analogous argumentation
can be found in Chapter 6.

Lemma 8.6.

(i) The function 𝑈 satisfies the differential equation

𝑈𝑥(𝑥, 𝑦) + 𝑥𝑈𝑦𝑦(𝑥, 𝑦) = 0 on 𝑆+. (8.24)

(ii) 𝑈 is superharmonic on 𝑆+.

(iii) 𝑈(0, 0) = 𝐶−𝑝
𝑝 .

(iv) For any (𝑥, 𝑦) ∈ [0,∞)× ℝ,

𝑥𝑝 ≤ 𝑈(𝑥, 𝑦) ≤ 𝑥𝑝 + 𝑈(0, 0)1{∣𝑦∣<1}. (8.25)

(v) 𝑈𝑥(𝑥, 𝑦) ≥ 0 on (0,∞)× ℝ and 𝑈𝑦(𝑥, 𝑦) ≤ 0 on (0,∞)× ((0,∞)∖ {1}).
In the lemmas below, we will use the following notation. For 𝑎 ∈ ℋ, let

𝑎′ = 𝑎/∣𝑎∣ if 𝑎 ∕= 0 and 𝑎′ = 0 otherwise; furthermore, 𝑎∗ = 𝑎 for ∣𝑎∣ ≤ 1 and
𝑎∗ = 𝑎/∣𝑎∣ otherwise.
Lemma 8.7. For any 𝑎, 𝑏 ∈ ℋ we have ∣𝑎∗ + 𝑏∗∣ ≤ ∣𝑎+ 𝑏∣.
Proof. If both ∣𝑎∣, ∣𝑏∣ ≤ 1, the claim is obvious. If ∣𝑎∣ > 1 ≥ ∣𝑏∣,
∣𝑎+ 𝑏∣2 − ∣𝑎∗ + 𝑏∗∣2 = ∣𝑎∣2 − 1 + 2⟨𝑎 ⋅ 𝑏⟩(1− ∣𝑎∣−1) ≥ ∣𝑎∣2 − 1− 2∣𝑎∣(1− ∣𝑎∣−1) ≥ 0
and similarly for ∣𝑏∣ > 1 ≥ ∣𝑎∣. Finally, if ∣𝑎∣ > 1 and ∣𝑏∣ > 1, then
∣𝑎+𝑏∣2−∣𝑎∗+𝑏∗∣2 = ∣𝑎∣2+ ∣𝑏∣2+2⟨𝑎 ⋅𝑏⟩(1−(∣𝑎∣∣𝑏∣)−1)−2 ≥ ∣𝑎∣2+ ∣𝑏∣2−2∣𝑎∣∣𝑏∣ ≥ 0,
as desired. □
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Lemma 8.8. For any (𝑥, 𝑦) ∈ [0,∞)×ℋ and any 𝑑 ∈ ℋ,

2𝑈(𝑥, ∣𝑦∣) ≤ 𝑈
(
(𝑥2 + ∣𝑑∣2)1/2, ∣𝑦 + 𝑑∣)+ 𝑈

(
(𝑥2 + ∣𝑑∣2)1/2, ∣𝑦 − 𝑑∣). (8.26)

Proof. It is convenient to split the proof into three parts.

Case 1: ∣𝑦∣ ≥ 1. Then the estimate is trivial: indeed, by part (iv) of Lemma
8.6,

2𝑈(𝑥, ∣𝑦∣) ≤ 2(𝑥2 + ∣𝑑∣2)𝑝/2 ≤ 𝑈((𝑥2 + ∣𝑑∣2)1/2, ∣𝑦+ 𝑑∣) +𝑈((𝑥2 + ∣𝑑∣2)1/2, ∣𝑦− 𝑑∣).
Case 2: ∣𝑦∣ < 1, ∣𝑦±𝑑∣ ≤ 1. For 𝑡 ∈ [0, 1], let 𝜓(𝑡) = 𝑈

(
𝑥𝑡
+, ∣𝑦𝑡+∣

)
+𝑈
(
𝑥𝑡
+, ∣𝑦𝑡−∣

)
,

where 𝑥𝑡
+ = (𝑥

2 + 𝑡2∣𝑑∣2)1/2 and 𝑦𝑡± = 𝑦 ± 𝑡𝑑. We have that 𝜓′(𝑡)/∣𝑑∣ equals
𝑡∣𝑑∣
𝑥𝑡
+

[
𝑈𝑥

(
𝑥𝑡
+, ∣𝑦𝑡+∣

)
+ 𝑈𝑥

(
𝑥𝑡
+, ∣𝑦𝑡−∣

)]
+
(
𝑈𝑦

(
𝑥𝑡
+, ∣𝑦𝑡+∣

)
(𝑦𝑡+)

′ − 𝑈𝑦

(
𝑥𝑡
+, ∣𝑦𝑡−∣

)
(𝑦𝑡−)

′) ⋅ 𝑑′
(when ∣𝑦+ 𝑡𝑑∣ = 0, the differentiation is allowed since 𝑈𝑦(𝑥, 0) = 0). We will prove
that this is nonnegative, which will clearly yield the claim. It suffices to show that

∣𝑦𝑡+−𝑦𝑡−∣
2𝑥𝑡

+

[
𝑈𝑥

(
𝑥𝑡
+,∣𝑦𝑡+∣

)
+𝑈𝑥

(
𝑥𝑡
+,∣𝑦𝑡−∣

)]≥ ∣∣𝑈𝑦

(
𝑥𝑡
+,∣𝑦𝑡+∣

)
(𝑦𝑡+)

′−𝑈𝑦

(
𝑥𝑡
+,∣𝑦𝑡−∣

)
(𝑦𝑡−)

′∣∣.
Note that if we square both sides, the estimate becomes 𝐴 ≤ 𝐵 ⋅ (𝑦𝑡+)′ ⋅ (𝑦𝑡−)′,
where 𝐴 and 𝐵 depend only on ∣𝑦𝑡+∣ and ∣𝑦𝑡−∣. Thus it suffices to prove it for
(𝑦𝑡+)

′ = ±(𝑦𝑡−)′. When (𝑦𝑡+)′ and (𝑦𝑡−)′ are equal, we use (8.24) and conclude that
the inequality reads

−
∣∣∣𝑦𝑡+∣ − ∣𝑦𝑡−∣

∣∣
2

[
𝑈𝑦𝑦

(
𝑥𝑡
+, ∣𝑦𝑡+∣

)
+ 𝑈𝑦𝑦

(
𝑥𝑡
+, ∣𝑦𝑡−∣

)] ≥
∣∣∣∣∣
∫ ∣𝑦𝑡

+∣

∣𝑦𝑡
−∣

𝑈𝑦𝑦(𝑥
𝑡
+, 𝑠)d𝑠

∣∣∣∣∣ .
This follows from the fact that 𝑈𝑦𝑦 is nonpositive and concave: by Lemma 7.69,
we have 𝑥2𝑈𝑦𝑦𝑦𝑦(𝑥, 𝑦) = 𝑈𝑥𝑥(𝑥, 𝑦) + 𝑈𝑦𝑦(𝑥, 𝑦) ≤ 0 for (𝑥, 𝑦) ∈ 𝑆+. The case
(𝑦𝑡+)

′ = −(𝑦𝑡−)′ is dealt with in the same manner.
Case 3: ∣𝑦∣ < 1, 𝑑 > 1 − ∣𝑦∣. This can be reduced to the previous case.

Set 𝑦+ = (𝑦 + 𝑑)∗, 𝑦− = (𝑦 − 𝑑)∗ and 𝑦 = (𝑦+ + 𝑦−)/2, 𝑑 = (𝑦+ − 𝑦−)/2,
𝑥̃ = (𝑥2 + ∣𝑑∣2 − 𝑑2)1/2. By Lemma 8.7, ∣𝑦∣ ≤ ∣𝑦∣ and ∣𝑑∣ ≤ ∣𝑑∣, so 𝑥̃ ≥ 𝑥. Now,
using part (v) of Lemma 8.6 and the fact that 𝑦, 𝑑 satisfy the assumptions of Case
2, we obtain

2𝑈(𝑥, 𝑦) ≤ 2𝑈(𝑥̃, 𝑦) ≤ 𝑈((𝑥̃2 + 𝑑2)1/2, 𝑦+) + 𝑈((𝑥̃2 + 𝑑2)1/2, 𝑦−)

and the latter sum is precisely the right-hand side of (8.26). □
Remark 8.3. The choice 𝑥 = 0, 𝑦 = 0 in (8.26) gives 𝑈(0, 0) ≤ 𝑈(𝑑, 𝑑) for all
𝑑 ≥ 0.

Thus, the functions (𝑥, 𝑦) → 𝑈(0, 0) − 𝑈(𝑥, 𝑦) and 𝑉 satisfy the properties
1∘, 2∘ and 3∘. The result follows.
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Sharpness. Suppose that 𝛾𝑝 is the optimal constant in (8.4) for real-valued dyadic
martingales. Arguing as in the inequality above, this yields a corresponding weak
type inequality

ℙ(∣𝐵𝜏 ∣ ≥ 1) ≤ 𝛾𝑝
𝑝𝔼𝜏𝑝/2, (8.27)

where 𝐵 is a standard Brownian motion and 𝜏 is any stopping time of 𝐵. On the
other hand, let 𝜂 = inf{𝑡 : ∣𝐵𝑡∣ = 1} and consider the process (𝑈(√𝜂 ∧ 𝑡, 𝐵𝜂∧𝑡))𝑡≥0.
By (8.24) and Itô’s formula, it is a martingale with expectation equal to 𝑈(0, 0).
By (8.25) and the exponential integrability of 𝜂, this martingale converges al-
most surely and in 𝐿1 to 𝜂𝑝/2, which, by Lemma 8.6, yields 𝐶−𝑝

𝑝 = 𝔼𝜂𝑝/2 and,

consequently, 1 = ℙ(∣𝐵𝜂∣ ≥ 1) = 𝐶𝑝
𝑝𝔼𝜂𝑝/2. By (8.27), this implies 𝛾𝑝 ≥ 𝐶𝑝 and

completes the proof. □

On the search of the suitable majorant. Consider the function

𝑈0(𝑥, 𝑦) = inf{𝔼(𝑦2 − 𝑥2 + 𝑆2
𝑛(𝑓))

𝑝/2},
where the infimum is taken over all 𝑛 and all simple dyadic martingales 𝑓 starting
from 𝑥 and satisfying ℙ(∣𝑓∞∣ ≥ 1) = 1. We easily see that 𝑈0(𝑥, 𝑦) = 𝑦𝑝 when
∣𝑥∣ ≥ 1. Passing to continuous-time martingales raises the problem of finding 𝑈
on the strip 𝑆 satisfying the heat equation. This leads to the function above. □

8.3 Moment estimates

8.3.1 Formulation of the result

Burkholder’s 𝐿𝑝 estimate for differentially subordinate martingales yields the fol-
lowing result.

Theorem 8.6. Suppose that 𝑓 is a Hilbert-space-valued martingale. Then for 1 <
𝑝 < ∞,

(𝑝∗ − 1)−1∣∣𝑓 ∣∣𝑝 ≤ ∣∣𝑆(𝑓)∣∣𝑝 ≤ (𝑝∗ − 1)∣∣𝑓 ∣∣𝑝. (8.28)

The left-hand inequality is sharp for 𝑝 ≥ 2 and the right-hand inequality is sharp
for 1 < 𝑝 ≤ 2. In the remaining case, the optimal constants are not known.

When 𝑝 = 1, then the right-hand inequality above does not hold with any
finite constant. However, the left-hand inequality does. We shall prove the follow-
ing.

Theorem 8.7. Suppose that 𝑓 is a Hilbert-space-valued martingale. Then

∣∣𝑓 ∣∣1 ≤ 2∣∣𝑆(𝑓)∣∣1 (8.29)

and the constant is the best possible.

When 𝑓 is assumed to be conditionally symmetric, the constants change and
involve the special functions studied in Appendix.



414 Chapter 8. Square Function Inequalities

Theorem 8.8. Let 𝑓 be a conditionally symmetric martingale taking values in a
Hilbert space ℋ. Let 𝜈𝑝 be the smallest positive zero of the confluent hypergeometric
function and 𝑧𝑝 be the largest positive zero of the parabolic cylinder function of
parameter 𝑝. Then we have

∣∣𝑓 ∣∣𝑝 ≤ 𝜈𝑝∣∣𝑆(𝑓)∣∣𝑝 for 0 < 𝑝 ≤ 2, (8.30)

∣∣𝑓 ∣∣𝑝 ≤ 𝑧𝑝∣∣𝑆(𝑓)∣∣𝑝 for 𝑝 ≥ 3 (8.31)

and

𝜈𝑝∣∣𝑆(𝑓)∣∣𝑝 ≤ ∣∣𝑓 ∣∣𝑝 for 𝑝 ≥ 2. (8.32)

The inequalities are sharp. They are already sharp when 𝑓 is assumed to be a
dyadic martingale taking values in ℝ.

8.3.2 Proof of Theorem 8.6

As already mentioned, the validity of (8.28) follows immediately from moment
estimate for differentially subordinate martingales. Thus all we need is to deal
with the optimality of the constants.

The left-hand inequality in (8.28) is sharp for 𝑝 ≥ 2. Suppose that the inequality
holds for all real-valued martingales with some constant 𝐶 and let

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑓𝑛∣𝑝 − 𝐶𝑝
𝔼(𝑦2 − ∣𝑥∣2 + 𝑆𝑝

𝑛(𝑓))
𝑝/2},

where the supremum is taken over the corresponding parameters. It is easy to see
that 𝑈0 is homogeneous of order 𝑝 and, by Theorem 8.1, satisfies the properties
1∘, 2∘ and 3∘. Fix a small 𝛿 > 0 and apply 2∘ with 𝑥 = 𝛿, 𝑦 = 1 and a mean zero
random variable 𝑑 taking the values

𝑠 =
2𝛿

1− 𝛿2
and 𝑡 = −−1 + (𝑝− 1)

√
1− 𝑝(𝑝− 2)𝛿2

𝑝(𝑝− 2) .

We obtain

𝑈0(1, 𝛿) ≥ 𝑠

𝑠− 𝑡
𝑈0(1 + 𝑡,

√
𝛿2 + 𝑡2) +

−𝑡

𝑠− 𝑡
𝑈0(1 + 𝑠,

√
𝛿2 + 𝑠2). (8.33)

Now, by 1∘,

𝑈0(1 + 𝑡,
√

𝛿2 + 𝑡2) ≥ (1 + 𝑡)𝑝 − 𝐶𝑝(𝛿2 + 𝑡2)𝑝/2

= (𝛿2 + 𝑡2)𝑝/2
[
(𝑝− 1)𝑝 − 𝐶𝑝

]
= (𝛿2 + 𝑡2)𝑝/2

[
(𝑝∗ − 1)𝑝 − 𝐶𝑝

]
and, by homogeneity,

𝑈0(1 + 𝑠,
√

𝛿2 + 𝑠2) = 𝑈0

(
1 + 𝛿2

1− 𝛿2
,
𝛿(1 + 𝛿2)

1− 𝛿2

)
=

(
1 + 𝛿2

1− 𝛿2

)𝑝

𝑈0(1, 𝛿).
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Using these two facts in (8.33) and subtracting 𝑈0(1, 𝛿) from both sides gives

0 ≥ 𝑠(𝛿2 + 𝑡2)𝑝/2

𝑠− 𝑡

[
(𝑝∗ − 1)𝑝 − 𝐶𝑝

]
+ 𝑈0(1, 𝛿)

[ −𝑡

𝑠− 𝑡

(
1 + 𝛿2

1− 𝛿2

)𝑝

− 1
]
.

Now divide throughout by 𝛿 and let 𝛿 → 0. Then the second term above converges
to 0 and we shall obtain

0 ≥ 2𝑝1−𝑝
[
(𝑝∗ − 1)𝑝 − 𝐶𝑝

]
.

That is, we have 𝐶 ≥ 𝑝∗ − 1 and we are done. □

The right-hand inequality in (8.28) is sharp for 1 < 𝑝 ≤ 2. This can be established
in a similar manner. The details are left to the reader. □

8.3.3 Proof of Theorem 8.7

First we prove some auxiliary inequalities that will be needed later.

Lemma 8.9. Let 𝑥, 𝑑 ∈ ℋ, 𝑦 ∈ ℝ+, 𝑦 < ∣𝑥∣. Then√
𝑦2 + ∣𝑑∣2 − 𝑦 ≥

√
∣𝑥∣2 + ∣𝑑∣2 − ∣𝑥∣. (8.34)

If, in addition,
√

𝑦2 + ∣𝑑∣2 ≥ ∣𝑥+ 𝑑∣, then√
2𝑦2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 − 2𝑦 ≥

√
2∣𝑥∣2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 − 2∣𝑥∣. (8.35)

Proof. The inequality (8.34) is equivalent to

∣𝑥∣ − 𝑦 ≥
√
∣𝑥∣2 + ∣𝑑∣2 −

√
𝑦2 + ∣𝑑∣2 = ∣𝑥∣2 − 𝑦2√∣𝑥∣2 + ∣𝑑∣2 +√𝑦2 + ∣𝑑∣2 ,

or √
∣𝑥∣2 + ∣𝑑∣2 +

√
𝑦2 + ∣𝑑∣2 ≥ ∣𝑥∣+ 𝑦,

which is obvious.

Now we turn to (8.35). We may write it as follows:

2∣𝑥∣ − 2𝑦 ≥
√
2∣𝑥∣2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 −

√
2𝑦2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2

=
2∣𝑥∣2 − 2𝑦2√

2∣𝑥∣2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 +√2𝑦2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 ,

which can be transformed into√
2∣𝑥∣2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 +

√
2𝑦2 + 2∣𝑑∣2 − ∣𝑥+ 𝑑∣2 ≥ ∣𝑥∣+ 𝑦.

The left-hand side of the inequality above is equal to

∣𝑥− 𝑑∣+
√
∣𝑥+ 𝑑∣2 + 2(𝑦2 + ∣𝑑∣2 − ∣𝑥+ 𝑑∣2)



416 Chapter 8. Square Function Inequalities

and, due to the assumption
√

𝑦2 + ∣𝑑∣2 ≥ ∣𝑥+ 𝑑∣, is bounded from below by
∣𝑥− 𝑑∣+ ∣𝑥+ 𝑑∣ ≥ 2∣𝑥∣ > ∣𝑥∣ + 𝑦.

This is precisely what we need. □

Proof of (8.29). Let 𝑉 : ℋ × [0,∞) → ℝ be given by 𝑉 (𝑥, 𝑦) = ∣𝑥∣ − 2𝑦. The
corresponding special function 𝑈 : ℋ× [0,∞)→ ℝ is given by

𝑈(𝑥, 𝑦) =

{
−√2𝑦2 − ∣𝑥∣2 if 𝑦 ≥ ∣𝑥∣,
∣𝑥∣ − 2𝑦 if 𝑦 < ∣𝑥∣. (8.36)

We shall verify the conditions 1∘–4∘; in fact, the last condition is empty, since
there is no maximal function in the studied estimate. To prove the majorization,
we may assume that 𝑦 ≥ ∣𝑥∣. The inequality takes the form

2𝑦 − ∣𝑥∣ ≥
√
2𝑦2 − ∣𝑥∣2

and can be rewritten as 2(𝑦 − ∣𝑥∣)2 ≥ 0, after squaring both sides. To establish
2∘, assume first that 𝑦 ≥ ∣𝑥∣. If 𝑦 = 0, then 𝑥 = 0 and the inequality is trivial: it
reduces to the inequality 𝔼∣𝑑∣ ≥ 0. Suppose then, that 𝑦 > 0. It suffices to show
that for any 𝑑 ∈ ℋ,

𝑈(𝑥+ 𝑑,
√

𝑦2 + 𝑑2) ≤ 𝑈(𝑥, 𝑦) +
𝑥 ⋅ 𝑑√
2𝑦2 − ∣𝑥∣2 .

Then 2∘ follows by taking expectations of both sides. We have

2(
√

𝑦2 + ∣𝑑∣2)2 − ∣𝑥+ 𝑑∣2 ≥ 2∣𝑥∣2 + 2∣𝑑∣2 − ∣𝑥∣2 − 2(𝑥 ⋅ 𝑑)− ∣𝑑∣2 = ∣𝑥− 𝑑∣2 ≥ 0
and

𝑈(𝑥+ 𝑑,
√

𝑦2 + ∣𝑑∣2) ≤ −
√
2(𝑦2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2,

see the proof of 1∘ above. Hence it suffices to check the inequality

√
2(𝑦2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2 ≥

√
2𝑦2 − ∣𝑥∣2 − 𝑥 ⋅ 𝑑√

2𝑦2 − ∣𝑥∣2 , (8.37)

or √
2𝑦2 − ∣𝑥∣2

√
2𝑦2 − ∣𝑥∣2 − 2(𝑥 ⋅ 𝑑) + ∣𝑑∣2 ≥ 2𝑦2 − ∣𝑥∣2 − 𝑥 ⋅ 𝑑.

But we have

(2𝑦2 − ∣𝑥∣2)(2𝑦2 − ∣𝑥∣2 − 2𝑥 ⋅ 𝑑+ ∣𝑑∣2)
≥ (2𝑦2 − ∣𝑥∣2)2 − 2(2𝑦2 − ∣𝑥∣2)(𝑥 ⋅ 𝑑) + ∣𝑥∣2∣𝑑∣2
≥ (2𝑦2 − ∣𝑥∣2 − 𝑥 ⋅ 𝑑)2

and the inequality follows.
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Now suppose that 𝑦 < ∣𝑥∣ and let 𝑑 ∈ ℋ. Again, we will be done if we show
that

𝑈(𝑥+ 𝑑,
√

𝑦2 + ∣𝑑∣2) ≤ 𝑈(𝑥, 𝑦) +
𝑥 ⋅ 𝑑
∣𝑥∣ .

If
√

𝑦2 + 𝑑2 < ∣𝑥+ 𝑑∣, then this is equivalent to

2
√

𝑦2 + 𝑑2 − ∣𝑥+ 𝑑∣ ≥ 2𝑦 − ∣𝑥∣ − 𝑥 ⋅ 𝑑
∣𝑥∣ ,

or

2
√

𝑦2 + ∣𝑑∣2 − 2𝑦 ≥ ∣𝑥+ 𝑑∣ − ∣𝑥∣ − 𝑥 ⋅ 𝑑
∣𝑥∣ . (8.38)

By (8.34), we may bound the left-hand side of the above inequality from below by
2
√∣𝑥∣2 + ∣𝑑∣2 − 2∣𝑥∣ and, therefore, it suffices to prove that

2
√
∣𝑥∣2 + ∣𝑑∣2 − ∣𝑥+ 𝑑∣ ≥ ∣𝑥∣ − 𝑥 ⋅ 𝑑

∣𝑥∣ . (8.39)

Setting 𝑦 = ∣𝑥∣ in (8.37), we get
√
2(∣𝑥∣2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2 ≥ ∣𝑥∣ − 𝑥 ⋅ 𝑑

∣𝑥∣ (8.40)

and it suffices to note that

2
√
∣𝑥∣2 + ∣𝑑∣2 − ∣𝑥+ 𝑑∣ ≥

√
2(∣𝑥∣2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2.

This establishes (8.39). Let us now consider the case
√

𝑦2 + ∣𝑑∣2 ≥ ∣𝑥 + 𝑑∣. We
must prove that

√
2(𝑦2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2 ≥ 2𝑦 − ∣𝑥∣ − 𝑥 ⋅ 𝑑

∣𝑥∣ ,

or √
2(𝑦2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2 − 2𝑦 ≥ −∣𝑥∣ − 𝑥 ⋅ 𝑑

∣𝑥∣ .

By inequality (8.35), the left-hand side is not smaller than√
2(∣𝑥∣2 + ∣𝑑∣2)− ∣𝑥+ 𝑑∣2 − 2∣𝑥∣,

which, with the aid of (8.40), yields the desired inequality. The last step is to verify
that 𝑈 satisfies 3∘. But this is obvious: 𝑈(𝑥, ∣𝑥∣) = −∣𝑥∣ ≤ 0. This completes the
proof of (8.29). □

Sharpness of (8.29). Suppose that the best constant in (8.29) for real-valued mar-
tingales 𝑓 equals 𝐶. Let 𝑉 (𝑥, 𝑦) = ∣𝑥∣ − 𝐶∣𝑦∣ and

𝑈0(𝑥, 𝑦) = sup{𝔼𝑉 (𝑓𝑛,
√

𝑦2 − ∣𝑥∣2 + 𝑆2
𝑛(𝑓))},
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where the supremum is taken over all 𝑛 and all simple martingales 𝑓 starting from
𝑥. For a fixed nonnegative integer 𝑛, apply 2∘ to 𝑥 = 𝑛, 𝑦 =

√
𝑛 and a mean zero

random variable 𝑑 taking the values 𝑠 < 0 and 1. We obtain

𝑠

𝑠− 1𝑈(𝑛+ 1,
√

𝑛+ 1) +
1

1− 𝑠
𝑈(𝑛+ 𝑠,

√
𝑛+ 𝑠2) ≤ 𝑈(𝑛,

√
𝑛),

which, by 1∘, implies

𝑠

𝑠− 1𝑈(𝑛+ 1,
√

𝑛+ 1) +
1

1− 𝑠
𝑉 (𝑛+ 𝑠,

√
𝑛+ 𝑠2) ≤ 𝑈(𝑛,

√
𝑛).

Now we let 𝑠 → −∞ and get

𝑈(𝑛+ 1,
√

𝑛+ 1) + 1− 𝐶 ≤ 𝑈(𝑛,
√

𝑛).

This, by induction, implies that for any nonnegative integer 𝑛,

𝑈(𝑛,
√

𝑛) ≤ 𝑈(0, 0) + 𝑛(𝐶 − 1),

so, by 3∘ and the further use of 1∘, 𝑉 (𝑛,
√

𝑛) ≤ 𝑛(𝐶 − 1). Equivalently,

𝐶 ≥ 2𝑛

𝑛+
√

𝑛

and letting 𝑛 →∞ yields the result. □

8.3.4 Proof of Theorem 8.8

We shall only focus on the second estimate; the remaining ones can be established
in a similar manner. See [197].

Proof of (8.31). Suppose that 𝑝 ≥ 3. Clearly, if suffices to prove that for any
𝜀 > 0,

∣∣𝑓𝑛∣∣𝑝 ≤ 𝑧𝑝∣∣𝑆(𝑓) + 𝜀∣∣𝑝
and, consequently, we may consider functions 𝑈𝑝, 𝑉𝑝 defined only on ℋ × (0,∞)
(that is, we may assume that 𝑦 ∕= 0). Let 𝑉𝑝 be given by 𝑉𝑝(𝑥, 𝑦) = ∣𝑥∣𝑝 − 𝑧𝑝𝑝𝑦

𝑝,
𝑥 ∈ ℋ, 𝑦 > 0. Let 𝜙𝑝 be defined by (A.4) in the Appendix. The special function
𝑈𝑝 : ℋ× (0,∞)→ ℝ is given as follows:

𝑈𝑝(𝑥, 𝑦) =

{
𝛼𝑝𝑦

𝑝𝜙𝑝(∣𝑥∣/𝑦) if ∣𝑥∣ ≥ 𝑧𝑝𝑦,

∣𝑥∣𝑝 − 𝑧𝑝𝑦
𝑝 if ∣𝑥∣ < 𝑧𝑝𝑦.

Here

𝛼𝑝 =
𝑝𝑧𝑝−1

𝑝

𝜙′
𝑝(𝑧𝑝)

=
𝑧𝑝−1
𝑝

𝜙𝑝−1(𝑧𝑝)
.
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To show that 𝑈𝑝 ≥ 𝑉𝑝, it suffices to consider 𝑥, 𝑦 satisfying ∣𝑥∣ ≥ 𝑧𝑝𝑦, for which
the estimate becomes

𝐹 (𝑠) := 𝛼𝑝𝜙𝑝(𝑠)− 𝑠𝑝 + 𝑧𝑝𝑝 ≥ 0, 𝑠 ≥ 𝑧𝑝.

We see that 𝐹 (𝑧𝑝) = 0, so it suffices to show that

𝐹 ′(𝑠) = 𝛼𝑝𝜙
′
𝑝(𝑠)− 𝑝𝑠𝑝−1 ≥ 0 𝑠 > 𝑧𝑝.

Since we have equality when 𝑠 ↓ 𝑧𝑝, we will be done if we prove that the function
𝑠 �→ 𝜙′

𝑝(𝑠)/𝑠
𝑝−1 is nondecreasing on [𝑧𝑝,∞). Differentiating, this is equivalent to

proving that 𝜙′′
𝑝(𝑠)𝑠− (𝑝− 1)𝜙′

𝑝(𝑠) ≥ 0 or 𝜙′′′
𝑝 (𝑠) ≥ 0 on [𝑧𝑝,∞). This is proved in

part (v) of Lemma A.11 in the Appendix.

The proof of the concavity property 2∘ is very elaborate, so we will only
sketch it and refer the interested reader to [197] for details. First one shows the
condition for ℋ = ℝ. For a fixed 𝑥 ∈ ℝ, 𝑦 > 0, introduce the function

𝐺(𝑑) =
1

2

[
𝑈𝑝(𝑥+ 𝑑,

√
𝑦2 + 𝑑2) + 𝑈𝑝(𝑥− 𝑑,

√
𝑦2 + 𝑑2)

]
− 𝑈𝑝(𝑥, 𝑦)

=
1

2
(𝑦2 + 𝑑2)𝑝/2

[
𝑈𝑝

(
𝑥+ 𝑑√
𝑦2 + 𝑑2

, 1

)
+ 𝑈𝑝

(
𝑥− 𝑑√
𝑦2 + 𝑑2

, 1

)]
− 𝑦𝑝𝑈𝑝

(
𝑥

𝑦
, 1

)
.

One can check that 𝐺′(𝑑) ≤ 0 for all 𝑑 > 0, considering separately six cases,

depending on the positions of the points (𝑥, 𝑦), (𝑥 ± 𝑑,
√

𝑦2 + 𝑑2). This gives
𝐺(𝑑) ≤ 𝐺(0) = 0 for all 𝑑 ≥ 0 and 2∘ follows. In the case when ℋ is a general
Hilbert space, let 𝑥, 𝑑 ∈ ℋ, 𝑦 ≥ 0, substitute 𝑋 = ∣𝑥∣, 𝐷 = ∣𝑑∣ and let 𝑥 ⋅ 𝑑 =
𝑋𝐷 cos 𝜃. One writes the condition in the form

1

2
(𝑦2 +𝐷2)𝑝/2

[
𝑈𝑝

(√
𝑋2 +𝐷2 + 2𝑋𝐷 cos 𝜃

𝑦2 +𝐷2
, 1

)
(8.41)

+ 𝑈𝑝

(√
𝑋2 +𝐷2 − 2𝑋𝐷 cos 𝜃

𝑦2 +𝐷2
, 1

)]
− 𝑦𝑝𝑈𝑝

(
𝑋

𝑦
, 1

)
≤ 0.

The real-valued case considered earlier implies that the estimate holds when
cos 𝜃 = 1. Consequently, if we define 𝐺 : [0, 1]→ ℝ by

𝐺(𝑡) = 𝑈𝑝

(√
𝑋2 +𝐷2 + 2𝑋𝐷𝑡

𝑦2 +𝐷2
, 1

)
+ 𝑈𝑝

(√
𝑋2 +𝐷2 − 2𝑋𝐷𝑡

𝑦2 +𝐷2
, 1

)
,

then it suffices to show that 𝐺′(𝑡) > 0 on (0, 1). Again, this is done by tedious
verification of six cases depending on the values of 𝑋 , 𝑦, 𝐷 and 𝑡. We omit the
details. Finally, the condition 3∘ follows immediately from 2∘. This completes the
proof. □
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Remark 8.4. One can check that when 2 < 𝑝 < 3 and we define 𝑈𝑝, 𝑉𝑝 by the
above formulas, then the condition 2∘ does not hold, even in the real-valued case.
It is not difficult to see that this implies that for 2 < 𝑝 < 3 the optimal constant
in (8.31) is strictly larger than 𝑧𝑝.

Sharpness. Fix 𝑝 ≥ 3. Let 𝐶 > 0 be a constant such that for any dyadic martingale
𝑓 we have ∣∣𝑓 ∣∣𝑝 ≤ 𝐶∣∣𝑆(𝑓)∣∣𝑝. Thus, using approximation, if 𝐵 = (𝐵𝑡)𝑡≥0 is a
standard Brownian motion and 𝜏 is a stopping time of 𝐵, then

∣∣𝐵𝜏 ∣∣𝑝 ≤ 𝐶∣∣𝜏 ∣∣𝑝.
However, as shown by Davis [59], the optimal constant in this inequality equals
𝑧𝑝. Consequently, 𝐶 ≥ 𝑧𝑝 and we are done. □

On the search of the suitable majorant. As already mentioned above, while study-
ing estimates for dyadic martingales and their square functions, it is often fruitful
to look at corresponding estimates for a stopped Brownian motion. In other words,
instead of investigating the properties of

𝑈0(𝑥, 𝑦) = sup{𝔼∣𝑓𝑛∣𝑝 − 𝐶𝑝
𝔼(𝑦2 − 𝑥2 + 𝑆2

𝑛(𝑓))
𝑝/2},

we study the following optimal stopping problem:

𝑈(𝑥, 𝑦) = sup{𝔼∣𝐵𝜏 ∣𝑝 − 𝐶𝑝
𝔼(𝑦2 − 𝑥2 + [𝐵,𝐵]𝜏 )

𝑝/2}
= sup{𝔼∣𝐵𝜏 ∣𝑝 − 𝐶𝑝

𝔼(𝑦2 + 𝜏)𝑝/2},
where the Brownian motion starts from 𝑥 and the supremum is taken over all
stopping times of 𝐵 satisfying 𝔼𝜏𝑝/2 < ∞. This leads to 𝐶 = 𝑧𝑝 and the function
𝑈𝑝 studied above: see Pedersen and Peskir [167]. See also the search corresponding
to the inequality (6.12), presented in Subsection 6.3.3 of Chapter 6. □

8.4 Moment estimates for nonnegative martingales

8.4.1 Formulation of the result

If a martingale is nonnegative, then the inequalities (8.28) hold also for 𝑝 < 1. Let

𝐶𝑝 =

(∫ ∞

1

(1 + 𝑡2)𝑝/2
d𝑡

𝑡2

)1/𝑝

, if 𝑝 ∕= 0,

𝐶0 = lim
𝑝→0

𝐶𝑝 = exp

(∫ ∞

1

1

2
log(1 + 𝑡2)

d𝑡

𝑡2

)
.

We shall prove the following fact.

Theorem 8.9. If 𝑓 is a nonnegative martingale, then

∣∣𝑓 ∣∣𝑝 ≤ ∣∣𝑆(𝑓)∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝, if 𝑝 < 1, (8.42)

and the inequality is sharp.
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8.4.2 Proof of Theorem 8.9

Proof of (8.42). Since 𝑝 < 1 and the martingale is nonnegative, we have that
∣∣𝑓 ∣∣𝑝 = ∣∣𝑓0∣∣𝑝. Thus all we need is the double inequality

∣∣𝑓0∣∣𝑝 ≤ ∣∣𝑆𝑛(𝑓)∣∣𝑝 ≤ 𝐶𝑝∣∣𝑓0∣∣𝑝, 𝑛 = 0, 1, 2, . . . . (8.43)

First note that the left inequality is obvious, since ∣∣𝑓0∣∣𝑝 = ∣∣𝑆0(𝑓)∣∣𝑝 ≤ ∣∣𝑆𝑛(𝑓)∣∣𝑝.
Furthermore, it clearly is sharp. Hence, it remains to prove the right inequality
in (8.43). We focus on the case 𝑝 ∕= 0. Let us introduce the functions 𝑉𝑝, 𝑈𝑝 :
(0,∞)2 → ℝ by

𝑉𝑝(𝑥, 𝑦) = 𝑝𝑦𝑝 and 𝑈𝑝(𝑥, 𝑦) = 𝑝𝑥

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2
d𝑡

𝑡2
.

The desired bound can be stated in the form

𝔼𝑉𝑝(𝑓𝑛, 𝑆𝑛(𝑓)) ≤ 𝔼𝑈𝑝(𝑓0, 𝑓0)

and hence all we need is to verify 1∘ and 2∘. The majorization follows from

𝑈𝑝(𝑥, 𝑦)− 𝑉𝑝(𝑥, 𝑦) = 𝑝𝑥

∫ ∞

𝑥

[
(𝑦2 + 𝑡2)𝑝/2 − 𝑦𝑝

] d𝑡
𝑡2

.

To prove 2∘, we shall show a bit stronger statement: for any positive 𝑥 and any
number 𝑑 > −𝑥,

𝑈(𝑥+ 𝑑,
√

𝑦2 + 𝑑2) ≤ 𝑈(𝑥, 𝑦) + 𝑈𝑥(𝑥, 𝑦)𝑑.

Integration by parts yields

𝑈𝑝(𝑥, 𝑦) = 𝑝(𝑦2 + 𝑥2)𝑝/2 + 𝑝2𝑥

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡 (8.44)

and

𝑈𝑝𝑥(𝑥, 𝑦) = 𝑝

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2
d𝑡

𝑡
− 𝑝
(𝑦2 + 𝑥2)𝑝/2

𝑥
= 𝑝2

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡.

Hence, we must prove that

𝑝(𝑦2 + 𝑑2 + (𝑥 + 𝑑)2)𝑝/2 + 𝑝2(𝑥+ 𝑑)

∫ ∞

𝑥+𝑑

(𝑦2 + 𝑑2 + 𝑡2)𝑝/2−1d𝑡

− 𝑝(𝑦2 + 𝑥2)𝑝/2 − 𝑝2𝑥

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡− 𝑝2𝑑

∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d ≤ 0,

or, equivalently,

𝐹 (𝑥) := 𝑝
(𝑦2 + 𝑑2 + (𝑥 + 𝑑)2)𝑝/2 − (𝑦2 + 𝑥2)𝑝/2

𝑥+ 𝑑

− 𝑝2
[∫ ∞

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡−
∫ ∞

𝑥+𝑑

(𝑦2 + 𝑑2 + 𝑡2)𝑝/2−1d𝑡

]
≤ 0.
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We have

𝐹 ′(𝑥)(𝑥 + 𝑑)2 = 𝑝2(𝑦2 + 𝑥2)𝑝/2−1(𝑥 + 𝑑)𝑑

− 𝑝
[
(𝑦2 + 𝑑2 + (𝑥+ 𝑑)2)𝑝/2 − (𝑦2 + 𝑥2)𝑝/2

]
, (8.45)

which is nonnegative due to the mean value property of the function 𝑡 �→ 𝑡𝑝/2.
Hence

𝐹 (𝑥) ≤ lim
𝑠→∞𝐹 (𝑠) = 0

and the proof is complete. □

Sharpness. Fix 𝜀 > 0 and define 𝑓 by 𝑓𝑛 = (1+𝑛𝜀) (0, (1+𝑛𝜀)−1], 𝑛 = 0, 1, 2, . . ..
Then it is easy to check that 𝑓 is a nonnegative martingale, 𝑑𝑓0 = (0, 1],

𝑑𝑓𝑛 = 𝜀 (0, (1 + 𝑛𝜀)−1]− (1 + (𝑛− 1)𝜀) ((1 + 𝑛𝜀)−1, (1 + (𝑛− 1)𝜀)−1],

for 𝑛 = 1, 2, . . ., and

𝑆(𝑓) =

∞∑
𝑛=0

(1 + 𝑛𝜀2 + (1 + 𝑛𝜀)2)1/2 ((1 + (𝑛+ 1)𝜀)−1, (1 + 𝑛𝜀)−1].

Furthermore, for 𝑝 < 1 we have ∣∣𝑓 ∣∣𝑝 = 1 and, if 𝑝 ∕= 0,

∣∣𝑆(𝑓)∣∣𝑝𝑝 = 𝜀

∞∑
𝑛=0

(1 + 𝑛𝜀2 + (1 + 𝑛𝜀)2)𝑝/2

(1 + (𝑛+ 1)𝜀)(1 + 𝑛𝜀)
,

which is a Riemann sum for 𝐶𝑝
𝑝 . Finally, the case 𝑝 = 0 is dealt with by passing to

the limit; this is straightforward, as the martingale 𝑓 does not depend on 𝑝. □

On the search of the suitable majorant. It is not difficult to obtain the above spe-
cial function 𝑈 . For a fixed 𝑝 < 1, 𝑝 ∕= 0, let

𝑈0(𝑥, 𝑦) = sup{𝔼(𝑦2 − 𝑥2 + 𝑆2
𝑛(𝑓))

𝑝/2},

where the supremum is taken over all simple nonnegative martingales 𝑓 starting
from 𝑥. For a given 𝑥, 𝑦 > 0, what is the choice for 𝑓 which yields the largest ex-
pectation in the parentheses? It is instructive to look at the corresponding moment
inequality (4.37) for nonnegative martingales and their differential subordinates.
There the optimal processes (𝑓, 𝑔) had the following property: if (𝑓0, 𝑔0) = (𝑥, 𝑦),
then at the next step the process moved either to the 𝑦-axis or “a bit to the right”.
It is natural to conjecture that here the situation is similar. That is, the optimal
martingale satisfies the condition 𝑑𝑓𝑛 ∈ {𝜀,−𝑓𝑛−1} on the set {𝑓𝑛−1 > 0} and
𝑑𝑓𝑛 = 0 on {𝑓𝑛−1 = 0}. This leads to the function 𝑈 : see the example above and
apply the homogeneity of 𝑈 . □
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8.5 Ratio inequalities

8.5.1 Formulation of the result

We start with the following negative result.

Theorem 8.10. Let 𝑝, 𝑞, 𝑀 be positive numbers. Then there is a simple martingale
𝑓 such that

𝔼
∣𝑓∞∣𝑝

(1 + 𝑆2(𝑓))𝑞
> 𝑀.

In other words, the expectation of the ratio ∣𝑓∞∣𝑝/(1 + 𝑆2(𝑓))𝑞 cannot be
bounded by an absolute constant for any 𝑝, 𝑞. However, if we narrow the class of
martingales to the conditionally symmetric ones, such a bound exists. We have
the following statement.

Theorem 8.11. Let 𝑝, 𝑞 be fixed positive numbers. If 𝑝 < 2𝑞, then for any condi-
tionally symmetric martingale 𝑓 ,

sup
𝑛

𝔼
∣𝑓𝑛∣𝑝

(1 + 𝑆2
𝑛(𝑓))

𝑞
≤ 𝑧𝑝∗

(
𝑀

(
𝑞 − 𝑝

2
,
1

2
,
𝑧2∗
2

))−1

, (8.46)

where 𝑀 is the Kummer function (see Appendix) and 𝑧∗ = 𝑧∗(𝑝, 𝑞) is the unique
solution to the equation

𝑝𝑀

(
𝑞 − 𝑝

2
,
1

2
,
𝑧2

2

)
= 𝑧2(2𝑞 − 𝑝)𝑀

(
𝑞 − 𝑝

2
+ 1,

3

2
,
𝑧2

2

)
. (8.47)

The constant on the right in (8.46) is the best possible even in the case of real-
valued dyadic martingales.

If 𝑝 ≥ 2𝑞, then there is no finite universal 𝐶𝑝,𝑞 < ∞ for which

sup
𝑛

𝔼
∣𝑓𝑛∣𝑝

(1 + 𝑆2
𝑛(𝑓))

𝑞
≤ 𝐶𝑝,𝑞

holds for any conditionally symmetric martingale 𝑓 .

We also establish the following nonsymmetric ratio inequality for real-valued
conditionally symmetric martingales.

Theorem 8.12. Let 𝑁 = 1, 2, . . . and 𝑞 be a positive number. If 𝑞 > 𝑁 − 1/2, then
for any real-valued conditionally symmetric martingale 𝑓 we have

sup
𝑛

𝔼
𝑓2𝑁−1
𝑛

(1 + 𝑆2
𝑛(𝑓))

𝑞
≤ 𝑧2𝑁−1

∗ exp(−𝑧2∗/4)(𝐷2(𝑁−𝑞)−1(−𝑧∗))−1. (8.48)

Here 𝐷 is a parabolic cylinder function (see Subsection 8.5.2 below) and 𝑧∗ =
𝑧∗(𝑁, 𝑞) is the unique solution to the equation

(2𝑁 − 1)𝐷2(𝑁−𝑞)−1(−𝑧) = 𝑧(2(𝑞 −𝑁) + 1)𝐷2(𝑁−𝑞−1)(−𝑧). (8.49)
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The constant appearing on the right in (8.48) is the best possible even in the case
of dyadic martingales.

If 𝑞 ≤ 𝑁 − 1/2, then there is no universal 𝐶′
𝑁,𝑞 for which

sup
𝑛

𝔼
𝑓2𝑁−1
𝑛

(1 + 𝑆2
𝑛(𝑓))

𝑞
≤ 𝐶′

𝑁,𝑞

is valid for any conditionally symmetric martingale 𝑓 .

We shall only present the proofs of Theorems 8.10 and 8.11. The proof of
Theorem 8.12 is completely analogous and we refer the interested reader to the
original paper [143] for details.

8.5.2 Lack of the ratio inequalities in the general case

Let 𝑝, 𝑞 > 0 be fixed and let 𝑈0 : ℝ× [0,∞)→ (−∞,∞] be defined by

𝑈0(𝑥, 𝑦) = sup

{
𝔼

∣𝑓𝑛∣𝑝
(1 + 𝑦2 − ∣𝑥∣2 + 𝑆2

𝑛(𝑓))
𝑞

}
,

where the supremum is taken over all 𝑛 and all simple martingales starting from 𝑥.
If there is (𝑥, 𝑦) ∈ ℝ× (0,∞) such that 𝑈0(𝑥, 𝑦) =∞, then we are done. Indeed,
it is easy to see that there is a simple martingale 𝑓 starting from 0 such that
ℙ(𝑓∞ = 𝑥, 𝑆(𝑓) = 𝑦) > 0 and hence, by the splicing argument, 𝑓 can be extended
so that the ratio ∣𝑓 ∣𝑝/(1 + 𝑆2(𝑓))𝑞 has arbitrarily large expectation. So, assume
that 𝑈0 is finite. Let us apply 2∘ to some 𝑥 ∈ ℝ, 𝑦 > 0 and a centered random
variable 𝑑 taking values 𝑑1 > 0 > 𝑑2. We get

𝑈0(𝑥, 𝑦) ≥ 𝑑1
𝑑1 − 𝑑2

𝑈0

(
𝑥+ 𝑑2,

√
𝑦2 + 𝑑22

)
+

−𝑑2
𝑑1 − 𝑑2

𝑈0

(
𝑥+ 𝑑1,

√
𝑦2 + 𝑑21

)

≥ −𝑑2
𝑑1 − 𝑑2

𝑈0

(
𝑥+ 𝑑1,

√
𝑦2 + 𝑑21

)
,

since 𝑈0 is nonnegative. Letting 𝑑2 → −∞ we obtain the inequality 𝑈0(𝑥, 𝑦) ≥
𝑈
(
𝑥+ 𝑑1,

√
𝑦2 + 𝑑21

)
, which, by induction, leads to

𝑈0(𝑥, 𝑦) ≥ 𝑈

(
𝑥+𝑁𝑑1,

√
𝑦2 +𝑁𝑑21

)
,

for any nonnegative integer 𝑁 . Take 𝑥 = 0, 𝑦 = 1 and apply 1∘ to get

(𝑁𝑑1)
𝑝

(2 +𝑁𝑑21)
𝑞
≤ 𝑈0(0, 1).

It suffices to take 𝑑1 = 1/
√

𝑁 and let 𝑁 → ∞ to obtain 𝑈0(0, 1) = ∞, a contra-
diction. This proves the claim.
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8.5.3 Proof of Theorem 8.11

Proof of (8.46). Introduce the function 𝑉 :ℋ× (0,∞)→ℝ by 𝑉 (𝑥, 𝑦) = ∣𝑥∣𝑝/𝑦2𝑞.
The special function 𝑈 : ℋ×(0,∞)→ ℝ corresponding to our problem is given by

𝑈(𝑥, 𝑦) = 𝑧𝑝∗𝑦
𝑝−2𝑞𝑀

(
𝑞 − 𝑝

2
,
1

2
,
∣𝑥∣2
2𝑦2

)
/𝑀

(
𝑞 − 𝑝

2
,
1

2
,
𝑧2∗
2

)
.

To show 1∘, denote 𝑎 = ∣𝑥∣/𝑦 and observe that the majorization is equivalent to

𝐹 (𝑎) :=
𝑀(𝑞 − 𝑝

2 ,
1
2 ,

𝑎2

2 )

𝑎𝑝
≥ 𝑀(𝑞 − 𝑝

2 ,
1
2 ,

𝑧2
∗
2 )

𝑧𝑝∗
.

We have, by (A.1),

𝐹 ′(𝑎) = 𝑎−𝑝−1

[
𝑎2(2𝑞 − 𝑝)𝑀

(
𝑞 − 𝑝

2
+ 1,

3

2
,
𝑎2

2

)
− 𝑝𝑀

(
𝑞 − 𝑝

2
,
1

2
,
𝑎2

2

)]
,

so 𝐹 ′(𝑎) < 0 for 𝑎 < 𝑧∗ and 𝐹 ′(𝑎) > 0 for 𝑎 > 𝑧∗. Thus 𝐹 (𝑎) ≥ 𝐹 (𝑧∗), which is
1∘. To prove 2∘, let 𝜓 : ℝ → ℝ be defined by 𝜓(𝑠) = 𝑀(𝑞 − 𝑝/2, 1/2, 𝑠2/2). Fix
𝑥, 𝑑 ∈ ℋ, 𝑦 > 0 and introduce 𝐺 = 𝐺𝑥,𝑦,𝑑 : [0,∞)→ ℝ by the formula

𝐺(𝑠) = (𝑦2 + ∣𝑑∣2𝑠2)𝑝/2−𝑞

[
𝜓

(
∣𝑥− 𝑑𝑠∣√
𝑦2 + ∣𝑑∣2𝑠2

)
+ 𝜓

(
∣𝑥+ 𝑑𝑠∣√
𝑦2 + ∣𝑑∣2𝑠2

)]
.

Since 2∘ is equivalent to the inequality 𝐺(1) ≤ 𝐺(0), we will be done if we show
that 𝐺 is nonincreasing. Clearly, we may assume that 𝑑 ∕= 0. Denote

𝑠1 =
𝑥− 𝑑𝑠√

𝑦2 + ∣𝑑∣2𝑠2 , 𝑠2 =
𝑥+ 𝑑𝑠√

𝑦2 + ∣𝑑∣2𝑠2
and observe that

𝐺′(𝑠)
(𝑦2 + ∣𝑑∣2𝑠2)𝑝/2−𝑞−1

= (𝑝− 2𝑞)∣𝑑∣2𝑠 [𝜓(∣𝑠1∣) + 𝜓(∣𝑠2∣)]

+ 𝜓′(∣𝑠1∣)[−(𝑥− 𝑑𝑠)′ ⋅ 𝑑
√

𝑦2 + ∣𝑑∣2𝑠2 − ∣𝑠1∣∣𝑑∣2𝑠]
+ 𝜓′(∣𝑠2∣)[(𝑥+ 𝑑𝑠)′ ⋅ 𝑑

√
𝑦2 + ∣𝑑∣2𝑠2 − ∣𝑠2∣∣𝑑∣2𝑠].

Now divide throughout by
√

𝑦2 + ∣𝑑∣2𝑠2∣𝑑∣ and note that
∣𝑑∣𝑠√

𝑦2 + ∣𝑑∣2𝑠2 =
∣𝑠1 − 𝑠2∣
2

, (𝑥− 𝑑𝑠)′ = 𝑠′1 and (𝑥+ 𝑑𝑠)′ = 𝑠′2.

Furthermore, as (𝑝 − 2𝑞)𝜓(𝑧) = −𝜓′′(𝑧) + 𝑧𝜓′(𝑧) for all 𝑧, the above equality
transforms into

𝐺′(𝑠)
(𝑦2 + ∣𝑑∣2𝑠2)𝑝/2−𝑞−1/2∣𝑑∣ =−

∣𝑠1 − 𝑠2∣
2

[𝜓′′(∣𝑠1∣) + 𝜓′′(∣𝑠2∣)]

− (𝜓′(∣𝑠1∣)𝑠′1 − 𝜓(∣𝑠2∣)𝑠′2) ⋅ 𝑑′.
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The right-hand side does not exceed

−∣𝑠1 − 𝑠2∣
2

[𝜓′′(∣𝑠1∣) + 𝜓′′(∣𝑠2∣)] + ∣𝜓′(∣𝑠1∣)𝑠′1 − 𝜓′(∣𝑠2∣)𝑠′2∣,

which is nonpositive due to (8.16); it is straightforward to check that 𝜓 has all the
required properties. The initial condition is of the form

3∘ 𝑈(𝑥,
√
1 + ∣𝑥∣2) ≤ 𝐶𝑝,𝑞 for all 𝑥 ∈ ℋ.

Since 𝐶𝑝,𝑞 = 𝑈(0, 1), this follows immediately from 2∘:

𝑈(0, 1) ≥ 1
2

[
𝑈(𝑥,

√
1 + ∣𝑥∣2) + 𝑈(−𝑥,

√
1 + ∣𝑥∣2)] = 𝑈(𝑥,

√
1 + ∣𝑥∣2).

The proof is complete. □

Sharpness. Arguing as in the proof of the weak type inequality, we see that it
suffices to prove that 𝐶𝑝,𝑞 is optimal in the inequality

𝔼

[ ∣𝐵𝜏 ∣𝑝
(1 + 𝜏)𝑞

]
≤ 𝐶𝑝,𝑞,

where 𝐵 is a standard one-dimensional Brownian motion and 𝜏 is a finite stopping
time of 𝐵. For the proof of this, see [167]. □

On the search of the suitable majorant. We proceed as in the above estimates for
conditionally symmetric martingales and begin by studying the corresponding
inequality for the stopped Brownian motion. The optimal stopping problem we
obtain is the following: for given 𝑝, 𝑞 > 0, determine

𝑊 (𝑡, 𝑥) = sup𝔼
∣𝑥+ 𝐵𝜏 ∣𝑝
(𝑡+ 𝜏)𝑞

,

where the supremum is taken over all finite stopping times of 𝐵. Pedersen and
Peskir [167] showed that the value function 𝑊 is infinite if 𝑞 ≤ 𝑝/2, while for
𝑞 > 𝑝/2 it is given by

𝑊 (𝑡, 𝑥) =

{
𝑧𝑝∗𝑡𝑝/2−𝑞𝑀(𝑞 − 𝑝

2
, 1
2
, 𝑥2

2𝑡
)/𝑀(𝑞 − 𝑝

2
, 1
2
,
𝑧2
∗
2
) if ∣𝑥∣/√𝑡 < 𝑧∗,

∣𝑥∣𝑝/𝑡𝑞 if ∣𝑥∣/√𝑡 ≥ 𝑧∗,

where 𝑧∗ is defined in (8.47). This function is the key to (8.46) and leads to the
corresponding special function 𝑈 : ℋ× (0,∞)→ ℝ; namely, a natural guess is to
put 𝑈(𝑥, 𝑦) = 𝑊 (𝑦2, ∣𝑥∣). However, this choice is not convenient: due to the exis-
tence of two different formulas in the definition, the verification of the properties
1∘, 2∘ and 3∘ turns out to be very elaborate. To avoid these technicalities, we use
one of these formulas on the whole domain: fortunately the function we obtain
still enjoys he necessary properties. □
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8.6 Maximal inequalities

We turn to the estimates involving the square and the maximal function of a
martingale.

8.6.1 Formulation of the results

The first result we shall prove is the following.

Theorem 8.13. For any Hilbert-space-valued martingale 𝑓 we have

∣∣𝑆(𝑓)∣∣1 ≤
√
3 ∣∣ ∣𝑓 ∣∗∣∣1 (8.50)

and the constant is the best possible.

The inequality in the reverse direction also holds with some finite constant,
but its optimal value is unknown. The only result in this direction is the following
bound for the one-sided maximal function of a conditionally symmetric martingale.
Let 𝑠0 = −0.8745 . . . be the unique negative solution to the equation∫ 𝑠0

0

exp

(
𝑢2

2

)
d𝑢+ 1 = 0 (8.51)

and set

𝛽 = exp

(
𝑠20
2

)
= 1.4658 . . . .

Theorem 8.14. If 𝑓 is a conditionally symmetric martingale taking values in ℝ,
then

∣∣𝑓∗∣∣1 ≤ 𝛽∣∣𝑆(𝑓)∣∣1. (8.52)

The constant is the best possible. It is already the best possible for dyadic martin-
gales.

Theorem 8.15. For any Hilbert-space-valued martingale 𝑓 we have

∣∣ ∣𝑓 ∣∗∣∣𝑝 ≤ 𝑝∣∣𝑆(𝑓)∣∣𝑝, 𝑝 ≥ 2. (8.53)

The constant 𝑝 is the best possible.

Finally, we shall establish the following fact concerning nonnegative martin-
gales.

Theorem 8.16. If 𝑓 is a nonnegative martingale, then

∣∣𝑆(𝑓)∣∣𝑝 ≤
√
2∣∣𝑓∗∣∣𝑝, if 𝑝 ≤ 1, (8.54)

and the constant
√
2 is the best possible.
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8.6.2 Proof of Theorem 8.13

Proof of (8.50). The claim is equivalent to

𝔼𝑉 (𝑓𝑛, 𝑆𝑛(𝑓), ∣𝑓𝑛∣∗ ∨ 𝜀) ≤ 0, 𝜀 > 0, 𝑛 = 0, 1, 2, . . . ,

where 𝑉 : ℋ× [0,∞)× (0,∞) → ℝ is given by 𝑉 (𝑥, 𝑦, 𝑧) = 𝑦 −√
3(∣𝑥∣ ∨ 𝑧). The

special function 𝑈 is given by

𝑈(𝑥, 𝑦, 𝑧) =
𝑦2 − ∣𝑥∣2 − 2(∣𝑥∣ ∨ 𝑧)2

2
√
3(∣𝑥∣ ∨ 𝑧)

,

for 𝑥 ∈ ℋ, 𝑦 ≥ 0 and 𝑧 > 0. Let us verify that 𝑈 and 𝑉 have the necessary
properties. The majorization 𝑈 ≥ 𝑉 is straightforward:

𝑦2 − ∣𝑥∣2 − 2(∣𝑥∣ ∨ 𝑧)2

2
√
3(∣𝑥∣ ∨ 𝑧)

≥ 𝑦2 − 3(∣𝑥∣ ∨ 𝑧)2

2
√
3(∣𝑥∣ ∨ 𝑧)

=
(𝑦 −√3(∣𝑥∣ ∨ 𝑧))2

2
√
3(∣𝑥∣ ∨ 𝑧)

+ ∣𝑦∣ − 2
√
3(∣𝑥∣ ∨ 𝑧)

≥ ∣𝑦∣ − 2
√
3(∣𝑥∣ ∨ 𝑧).

To show 2∘ we may assume that 𝑧 = 1, due to homogeneity. As usual, we show a
slightly stronger, pointwise statement: for all 𝑥, 𝑑 ∈ ℋ and 𝑦 ≥ 0 with ∣𝑥∣ ≤ 1,

𝑈(𝑥+ 𝑑,
√

𝑦2 + ∣𝑑∣2, 1) ≤ 𝑈(𝑥, 𝑦, 1)− 𝑥 ⋅ 𝑑√
3

.

When ∣𝑥+𝑑∣ ≤ 1, the two sides are equal. If ∣𝑥+𝑑∣ exceeds 1, the estimate becomes

(𝑦2 + ∣𝑑∣2 − ∣𝑥+ 𝑑∣2 + 2∣𝑥+ 𝑑∣)(1 − ∣𝑥+ 𝑑∣) ≤ 0

and follows from

𝑦2 + ∣𝑑∣2 − ∣𝑥+ 𝑑∣2 + 2∣𝑥+ 𝑑∣ ≥ ∣𝑑∣2 − ∣𝑥+ 𝑑∣2 + 2∣𝑥+ 𝑑∣
= ∣𝑑∣2 + 1− (∣𝑥+ 𝑑∣ − 1)2
≥ ∣𝑑∣2 + 1− (∣𝑥∣+ ∣𝑑∣ − 1)2
= (∣𝑥∣+ 2∣𝑑∣)(1 − ∣𝑥∣) + ∣𝑥∣ ≥ 0.

Finally, the conditions 3∘ and 4∘ are obvious. This proves (8.50). □

Sharpness. Suppose that the best constant in (8.50), restricted to real-valued mar-
tingales, equals 𝐶. Let

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼
√

𝑦2 − 𝑥2 + 𝑆2
𝑛(𝑓)− 𝐶𝔼(∣𝑓𝑛∣∗ ∨ 𝑧)},
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where the supremum is taken over the usual parameters. Then 𝑈 satisfies 1∘–4∘

and is homogeneous of order 1. Applying 2∘ to 𝑥 = 𝑧 = 1, 𝑦 < 1 and a centered
random variable 𝑑 taking the values −1 and 𝑁 = 2𝑦2/(1− 𝑦2), gives

𝑈0(1, 𝑦, 1) ≥ 𝑁

𝑁 + 1
𝑈0(0,

√
𝑦2 + 1, 1) +

1

𝑁 + 1
𝑈0(1 +𝑁,

√
𝑦2 +𝑁2, 1)

=
𝑁

𝑁 + 1
𝑈0(0,

√
𝑦2 + 1, 1) + 𝑈0

(
1,

√
𝑦2 +𝑁2

1 +𝑁
, 1

)

=
𝑁

𝑁 + 1
𝑈0(0,

√
𝑦2 + 1, 1) + 𝑈0 (1, 𝑦, 1) .

where in the second passage we used homogeneity. This implies 𝑈0(0, 𝑦, 1) ≤ 0 for
any 𝑦 ∈ [1,√2). Applying 2∘ again and then using 1∘ gives

𝑈0(0, 𝑦, 1) ≥ 1
2

[
𝑈0(−1,

√
𝑦2 + 1, 1) + 𝑈0(1,

√
𝑦2 + 1, 1)

]
= 𝑈0(1,

√
𝑦2 + 1, 1) ≥

√
𝑦2 + 1− 𝐶.

Thus, by the preceding arguments, 𝐶 ≥√𝑦2 + 1 if 𝑦 ∈ [1,√2); this yields 𝐶 ≥ √
3

and shows that no constant smaller than
√
3 suffices in (8.13). □

8.6.3 Proof of Theorem 8.14

Proof of (8.52). The argumentation is similar to that presented in the proofs of
(8.46) and (8.31), so we shall only provide the formula for the special function.
Let

𝜙(𝑠) = −𝑒𝑠
2/2 + 𝑠

∫ 𝑠

0

𝑒𝑡
2/2d𝑡.

Then 𝜙 is a confluent hypergeometric function of parameter 1 (see [1]). Let

𝑉 (𝑥, 𝑦, 𝑧) = (𝑥 ∨ 𝑧)− 𝛽𝑦 and 𝑈(𝑥, 𝑦, 𝑧) = 𝑥+ 𝑦𝜙

(
𝑥− (𝑥 ∨ 𝑧)

𝑦

)
.

Conditions 1∘, 2∘ and 3∘ are verified in the usual way, and in the proof of the
concavity property one exploits the differential equation 𝜙′′(𝑠)− 𝑠𝜙(𝑠)+𝜙(𝑠) = 0.
We omit the details: see [148]. □

Sharpness. By approximation, it suffices to prove that the constant 𝛽 is optimal
for continuous-path martingales. Let us first recall a result of Shepp [185]. Suppose
that 𝐵0 = (𝐵0

𝑡 ) is a Brownian motion starting from 0 and consider the stopping
time 𝑇 = 𝑇𝑎 defined by

𝑇𝑎 = inf{𝑡 > 0 : ∣𝐵0
𝑡 ∣ = 𝑎

√
1 + 𝑡}.

Shepp has shown that if 𝑎 < 𝜈1, then the stopping time 𝑇𝑎 belongs to 𝐿1/2.
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Now let 𝐵1 = (𝐵1
𝑡 ) be a Brownian motion starting from 1 and let

𝜏 = inf{𝑡 > 0 : (𝐵1
𝑡 )

∗ −𝐵1
𝑡 = −𝑠0

√
1 + 𝑡}. (8.55)

In view of Levy’s theorem, the distributions of 𝜏 and 𝑇−𝑠0 coincide, so in particular
we have 𝔼𝜏1/2 < ∞ (since −𝑠0 < 𝜈1). Let 𝑋 = (𝐵1

𝜏∧𝑡) and consider the process
𝑌 = (𝑈(𝑋𝑡, [𝑋,𝑋 ]𝑡, 𝑋

∗
𝑡 )). Using Itô’s formula, it is easy to check that 𝑌 is a

martingale which converges in 𝐿1. Now it suffices to note that 𝔼𝑌0 = 0 and
𝑌𝑡 → 𝑋∗ − 𝛽[𝑋,𝑋 ]1/2 almost surely as 𝑡 →∞. This shows that

∣∣𝑋∗∣∣1 = 𝛽∣∣[𝑋,𝑋 ]1/2∣∣1 (8.56)

and we are done. □

8.6.4 Proof of Theorem 8.15

Proof of (8.53). This follows immediately from Doob’s maximal inequality and
(8.28). □

Sharpness. Suppose that for any real-valued martingale 𝑓 we have ∣∣ ∣𝑓 ∣∗∣∣𝑝 ≤
𝐶∣∣𝑆(𝑓)∣∣𝑝, where 𝐶 > 0 is an absolute constant. Let

𝑈0(𝑥, 𝑦, 𝑧) = sup{𝔼(∣𝑓𝑛∣∗ ∨ 𝑧)𝑝 − 𝐶𝑝
𝔼(𝑦2 − 𝑥2 + 𝑆2

𝑛(𝑓))
𝑝/2},

where the supremum is taken over all 𝑛 and all simple real-valued martingales
starting from 𝑥. Then 𝑈0 satisfies 1∘–4∘ and is homogeneous of order 𝑝. Fix 𝜀 > 0
and apply 2∘ to 𝑥 = 𝑧 = 1, 𝑦 = 𝜀 and to a mean-zero variable 𝑑 taking values
−1/𝑝 and 𝛿 = 2𝜀2/(1− 𝜀2). We obtain

𝑈0(1, 𝜀, 1) ≥ 𝑝𝛿

1 + 𝑝𝛿
𝑈0

(
1− 1

𝑝
,

√
𝜀2 +

1

𝑝2
, 1

)
+

1

1 + 𝑝𝛿
𝑈0(1 + 𝛿,

√
𝜀2 + 𝛿2, 1).

Using 1∘ and 4∘, this implies

𝑈0(1, 𝜀, 1) ≥ 𝑝𝛿

1 + 𝑝𝛿

[
1−

(
𝐶

√
𝜀2 +

1

𝑝2

)𝑝
]
+

1

1 + 𝑝𝛿
𝑈0(1 + 𝛿,

√
𝜀2 + 𝛿2, 1 + 𝛿).

Finally, by homogeneity,

𝑈0(1 + 𝛿,
√

𝜀2 + 𝛿2, 1 + 𝛿) =

(
1 + 𝜀2

1− 𝜀2

)𝑝

𝑈0(1, 𝜀, 1),

so plugging this above and working a little bit yields

𝑈0(1, 𝜀, 1)

[
1− 1

1 + 𝑝𝛿

(
1 + 𝜀2

1− 𝜀2

)𝑝]
≥ 𝑝𝛿

1 + 𝑝𝛿

[
1−

(
𝐶

√
𝜀2 +

1

𝑝2

)𝑝
]

.

Now divide both sides by 𝜀2 and let 𝜀 → 0. Then the left-hand side converges to 0
and we obtain 0 ≥ 2𝑝(1− (𝐶/𝑝)𝑝), that is, 𝐶 ≥ 𝑝. This completes the proof. □
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8.6.5 Proof of Theorem 8.16

The inequality (8.54) may be proved using a special function involving three vari-
ables. However, this function seems to be difficult to construct and we have man-
aged to find it only in the case 𝑝 = 1 (see Remark 8.5 below). To overcome this
problem, we need an extension of Burkholder’s method allowing to work with
other operators: we will establish the stronger result

∣∣𝑇 (𝑓)∣∣𝑝 ≤
√
2∣∣𝑓∗∣∣𝑝, if 𝑝 ≤ 1. (8.57)

Here, given a martingale 𝑓 , we define the sequence (𝑇𝑛(𝑓)) by

𝑇0(𝑓) = ∣𝑓0∣, 𝑇𝑛+1(𝑓) = (𝑇
2
𝑛(𝑓) + 𝑑𝑓2

𝑛+1)
1/2 ∨ 𝑓∗

𝑛+1, 𝑛 = 0, 1, 2, . . . ,

and 𝑇 (𝑓) = lim𝑛→∞ 𝑇𝑛(𝑓). Observe that 𝑇𝑛(𝑓) ≥ 𝑆𝑛(𝑓) for all 𝑛, which can be
easily proved by induction. Thus (8.57) implies (8.54).

Theorem 8.17. Suppose that 𝑈 and 𝑉 are functions from {(𝑥, 𝑦, 𝑧) ∈ (0,∞)3 : 𝑦 ≥
𝑥 ∨ 𝑧} into ℝ satisfying

1∘ 𝑉 (𝑥, 𝑦, 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧),

2∘ if 0 < 𝑥 ≤ 𝑧 ≤ 𝑦 and 𝑑 is a simple mean zero random variable with ℙ(𝑥+𝑑 >
0) = 1, then

𝔼𝑈(𝑥+ 𝑑,
√

𝑦2 + 𝑑2 ∨ (𝑥+ 𝑑), 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧).

3∘ 𝑈(𝑥, 𝑥, 𝑥) ≤ 0 for any 𝑥 ≥ 0.
4∘ 𝑈(𝑥, 𝑦, 𝑧) = 𝑈(𝑥, 𝑦, 𝑥 ∨ 𝑧) for all (𝑥, 𝑦, 𝑧).

Then 𝔼𝑉 (𝑓𝑛, 𝑇𝑛(𝑓), ∣𝑓𝑛∣∗) ≤ 0 for all nonnegative integers 𝑛 and simple positive
martingales 𝑓 .

The proof of this theorem is analogous to that of Theorem 8.1 and is omitted.

We start with some auxiliary technical results.

Lemma 8.10.

(i) If 𝑧 ≥ 𝑑 > 0 and 𝑦 > 0, then

𝑝
[
(𝑦2 + 𝑑2 + 𝑧2)𝑝/2 − (𝑦2 + (𝑧 − 𝑑)2)𝑝/2

]
− 𝑝2𝑧

∫ 𝑧

𝑧−𝑑

(𝑦2 + 𝑡2)𝑝/2−1d𝑡 ≤ 0.
(8.58)

(ii) If −𝑧 < 𝑑 ≤ 0 and 𝑌 > 0, then

𝑝
(𝑌 + (𝑧 + 𝑑)2)𝑝/2 − (𝑌 2 − 𝑑2 + 𝑧2)𝑝/2

𝑧 + 𝑑
+𝑝2

∫ 𝑧

𝑧+𝑑

(𝑌 +𝑡2)𝑝/2−1d𝑡 ≤ 0. (8.59)
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(iii) If 𝑦 ≥ 𝑧 ≥ 𝑥 > 0, then

𝑝
[
(𝑦2 + 𝑥2)𝑝/2 − 2𝑝/2𝑧𝑝

]
+ 𝑝2

𝑥2 + 𝑦2

2𝑥

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡 ≥ 0. (8.60)

(iv) If 𝐷 ≥ 𝑧 ≥ 𝑥 > 0, 𝑦 ≥ 𝑧, then

𝑝
[
(𝑦2 + (𝐷 − 𝑥)2 +𝐷2)𝑝/2 − (𝑦2 + 𝑥2)𝑝/2 + 2𝑝/2(𝑧𝑝 −𝐷𝑝)

]
(8.61)

− 𝑝2𝐷

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡 ≤ 0.

Proof. Denote the left-hand sides of (8.58)–(8.61) by 𝐹1(𝑑), 𝐹2(𝑑), 𝐹3(𝑥) and
𝐹4(𝑥), respectively. The inequalities will follow by simple analysis of the deriva-
tives.

(i) We have

𝐹 ′
1(𝑑) = 𝑝2𝑑[(𝑦2 + 𝑑2 + 𝑧2)𝑝/2−1 − (𝑦2 + (𝑧 − 𝑑)2)𝑝/2−1] ≤ 0,

as (𝑧 − 𝑑)2 ≤ 𝑑2 + 𝑧2. Hence 𝐹1(𝑑) ≤ 𝐹1(0+) = 0.

(ii) The expression 𝐹 ′
2(𝑑)(𝑧 + 𝑑)2 equals

𝑝
[
(𝑌 − 𝑑2 + 𝑧2)𝑝/2 − (𝑌 + (𝑧 + 𝑑)2)𝑝/2 +

𝑝

2
(𝑌 − 𝑑2 + 𝑧2)𝑝/2−1 ⋅ 2𝑑(𝑧 + 𝑑)

]
≥ 0,

due to the mean value property. This yields 𝐹2(𝑑) ≤ 𝐹2(0) = 0.

(iii) We have

𝐹 ′
3(𝑥) =

𝑝2

2

(
1− 𝑦2

𝑥2

)[
(𝑦2 + 𝑥2)𝑝/2−1𝑥+

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡

]
≤ 0

and 𝐹3(𝑥) ≥ 𝐹3(𝑧) = 𝑝[(𝑦2 + 𝑧2)𝑝/2 − 2𝑝/2𝑧𝑝] ≥ 0.
(iv) Finally,

𝐹 ′
4(𝑥) = 𝑝2(𝐷 − 𝑥)

[
−(𝑦2 + (𝐷 − 𝑥)2 +𝐷2)𝑝/2−1 + (𝑦2 + 𝑥2)𝑝/2−1

]
≥ 0

and hence

𝐹4(𝑥) ≤ 𝐹4(𝑧) = 𝑝
[
(𝑦2 + (𝐷 − 𝑧)2 +𝐷2)𝑝/2 − (𝑦2 + 𝑧2)𝑝/2

]
− 𝑝2𝑝/2(𝐷𝑝 − 𝑧𝑝).

The right-hand side decreases as 𝑦 increases. Therefore

𝐹4(𝑧) ≤ 𝑝
[
(𝑧2 + (𝐷 − 𝑧)2 +𝐷2)𝑝/2 − 2𝑝/2𝐷𝑝

]
≤ 0,

as 𝑧2 + (𝐷 − 𝑧)2 +𝐷2 ≤ 2𝐷2. □
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Now we are ready to establish (8.54). Let

𝑉𝑝(𝑥, 𝑦, 𝑧) = 𝑝
(
𝑦𝑝 − 2𝑝/2(𝑥 ∨ 𝑧)𝑝

)
and

𝑈𝑝(𝑥, 𝑦, 𝑧) = 𝑝2𝑥

∫ 𝑥∨𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡+ 𝑝(𝑦2 + 𝑥2)𝑝/2 − 𝑝2𝑝/2(𝑥 ∨ 𝑧)𝑝. (8.62)

We need to check 1∘–4∘. The majorization is a consequence of the identity

𝑈𝑝(𝑥, 𝑦, 𝑧)− 𝑉𝑝(𝑥, 𝑦, 𝑧) = 𝑝[(𝑦2 + 𝑥2)𝑝/2 − 𝑦𝑝] + 𝑝2𝑥

∫ 𝑥∨𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡.

To show 2∘, we shall prove a slightly stronger statement: for any 0 < 𝑥 ≤ 𝑧 ≤ 𝑦
and any 𝑑 > −𝑥,

𝑈(𝑥+ 𝑑,
√

𝑦2 + 𝑑2 ∨ (𝑥+ 𝑑), 𝑧) ≤ 𝑈(𝑥, 𝑦, 𝑧) +𝐴𝑑, (8.63)

where

𝐴 = 𝐴(𝑥, 𝑦, 𝑧) =

{
𝑈𝑥(𝑥, 𝑦, 𝑧), if 𝑥 < 𝑧,

lim𝑡↑𝑧 𝑈𝑥(𝑡, 𝑦, 𝑧) if 𝑥 = 𝑧.

We consider two cases.

The case 𝑥+ 𝑑 ≤ 𝑧. Then (8.63) reads

𝑝(𝑦2 + 𝑑2 + (𝑥+ 𝑑)2)𝑝/2 + 𝑝2(𝑥+ 𝑑)

∫ 𝑧

𝑥+𝑑

(𝑦2 + 𝑑2 + 𝑡2)𝑝/2−1d𝑡

≤ 𝑝(𝑦2 + 𝑥2)𝑝/2 + 𝑝2(𝑥+ 𝑑)

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡,

or, in equivalent form,

𝑝
(𝑦2 + 𝑑2 + (𝑥+ 𝑑)2)𝑝/2 − (𝑦2 + 𝑥2)𝑝/2

𝑥+ 𝑑

− 𝑝2
[∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡−
∫ 𝑧

𝑥+𝑑

(𝑦2 + 𝑑2 + 𝑡2)𝑝/2−1d𝑡

]
≤ 0.

Denote the left-hand side by 𝐹 (𝑥) and observe that (8.45) is valid; this implies
𝐹 (𝑥) ≤ 𝐹 ((𝑧 − 𝑑) ∧ 𝑧). If 𝑧 − 𝑑 < 𝑧, then 𝐹 (𝑧 − 𝑑) ≤ 0, which follows from (8.58).
If conversely, 𝑧 ≤ 𝑧 − 𝑑, then 𝐹 (𝑧) ≤ 0, which is a consequence of (8.59) (with
𝑌 = 𝑦2 + 𝑑2).

The case 𝑥+ 𝑑 > 𝑧. If 𝑥+ 𝑑 ≥
√

𝑦2 + 𝑑2, then (8.63) takes the form

𝑝[(𝑦2 + 𝑥2)𝑝/2 − 2𝑝/2𝑧𝑝] + 𝑝2(𝑥+ 𝑑)

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡 ≥ 0.
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The left-hand side is an increasing function of 𝑑, hence, if we fix all the other
parameters, it suffices to show the inequality for the least 𝑑, which is determined
by the condition 𝑥+ 𝑑 =

√
𝑦2 + 𝑑2, that is, 𝑑 = (𝑦2− 𝑥2)/(2𝑥); however, then the

estimate is exactly (8.60). Finally, assume 𝑥+𝑑 <
√

𝑦2 + 𝑑2. Then (8.63) becomes

𝑝(𝑦2 + 𝑑2 + (𝑥+ 𝑑)2)𝑝/2 − 𝑝2𝑝/2(𝑥+ 𝑑)𝑝

≤ 𝑝(𝑦2 + 𝑥2)𝑝/2 + 𝑝2(𝑥 + 𝑑)

∫ 𝑧

𝑥

(𝑦2 + 𝑡2)𝑝/2−1d𝑡− 𝑝2𝑝/2𝑧𝑝,

which is (8.61) with 𝐷 = 𝑥+ 𝑑.

Thus, 2∘ follows. The remaining conditions 3∘ and 4∘ are straightforward.
The proof of (8.54) is complete.

Remark 8.5. If 𝑝 = 1, then (8.54) can be shown directly without the use of the op-
erators 𝑇𝑛. Namely, we take 𝑉 (𝑥, 𝑦, 𝑧) = 𝑦−√2(𝑥∨𝑧) and then the corresponding
special function is

𝑈(𝑥, 𝑦, 𝑧) =
1

2
√
2

𝑦2 − 𝑥2 − (𝑥 ∨ 𝑧)2

𝑥 ∨ 𝑧
.

See [144] for details.

Sharpness of (8.54). We shall construct an appropriate example. Fix 𝑀 > 1, an
integer 𝑁 ≥ 1 and let 𝑓 = 𝑓 (𝑁,𝑀) be given by

𝑓𝑛 =𝑀𝑛 (0,𝑀−𝑛], 𝑛 = 0, 1, 2, . . . , 𝑁, and 𝑓𝑁 = 𝑓𝑁+1 = 𝑓𝑁+2 = ⋅ ⋅ ⋅ .
Then 𝑓 is a nonnegative martingale,

𝑓∗ =𝑀𝑁(0,𝑀−𝑁 ] +

𝑁∑
𝑛=1

𝑀𝑛−1(𝑀−𝑛,𝑀−𝑛+1],

𝑑𝑓0 = (0, 1], 𝑑𝑓𝑛 = (𝑀
𝑛 −𝑀𝑛−1) (0,𝑀−𝑛]−𝑀𝑛−1 (𝑀𝑛,𝑀−𝑛+1],

for 𝑛 = 1, 2, . . . , 𝑁, and 𝑑𝑓𝑛 = 0 for 𝑛 > 𝑁 . Hence the square function is equal to(
1 +

𝑁∑
𝑘=1

(𝑀𝑘 −𝑀𝑘−1)2

)1/2

=

(
1 +

𝑀 − 1
𝑀 + 1

(𝑀2𝑁 − 1)
)1/2

on the interval (0,𝑀−𝑁 ], and is given by(
1 +

𝑛−1∑
𝑘=1

(𝑀𝑘 −𝑀𝑘−1)2 +𝑀2𝑛−2

)1/2
=

(
1 +

𝑀 − 1
𝑀 + 1

(𝑀2𝑛−2 − 1) +𝑀2𝑛−2

)1/2

on the set (𝑀−𝑛,𝑀−𝑛+1], for 𝑛 = 1, 2, . . . , 𝑁 .

Now, if 𝑀 → ∞, then ∣∣𝑆(𝑓)∣∣1 → 1 +
√
2𝑁 and ∣∣𝑓∗∣∣1 → 1 +𝑁 , therefore,

for 𝑀 and 𝑁 sufficiently large, the ratio ∣∣𝑆(𝑓)∣∣1/∣∣𝑓∗∣∣1 can be made arbitrarily
close to

√
2. Similarly, for 𝑝 < 1, ∣∣𝑆(𝑓)∣∣𝑝/∣∣𝑓∗∣∣𝑝 →

√
2 as 𝑀 →∞ (here we may

keep 𝑁 fixed). Thus the constant
√
2 is the best possible. □
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8.7 Inequalities for the conditional square function

Recall that for any martingale 𝑓 taking values in a Banach space ℬ with norm ∣ ⋅ ∣,
the conditional square function of 𝑓 is given by

𝑠(𝑓) =

[ ∞∑
𝑘=0

𝔼(∣𝑑𝑓𝑘∣2∣ℱ(𝑘−1)∨0)

]1/2
.

We will also use the notation

𝑠𝑛(𝑓) =

[
𝑛∑

𝑘=0

𝔼(∣𝑑𝑓𝑘∣2∣ℱ(𝑘−1)∨0)

]1/2
,

for 𝑛 = 0, 1, 2, . . . .

8.7.1 Formulation of the results

We start with weak type estimates.

Theorem 8.18. Let 𝑓 be an ℋ-valued martingale.

(i) If 0 < 𝑝 ≤ 2, then
∣∣𝑆(𝑓)∣∣𝑝,∞ ≤ (Γ(𝑝/2 + 1))−1/𝑝∣∣𝑠(𝑓)∣∣𝑝 (8.64)

and
∣∣𝑓 ∣∣𝑝,∞ ≤ (Γ(𝑝/2 + 1))−1/𝑝∣∣𝑠(𝑓)∣∣𝑝. (8.65)

The inequalities are sharp, even if ℋ = ℝ.

(ii) If 𝑝 ≥ 2, then
∣∣𝑠(𝑓)∣∣𝑝,∞ ≤

(𝑝

2

)1/2−1/𝑝

∣∣𝑆(𝑓)∣∣𝑝 (8.66)

and

∣∣𝑠(𝑓)∣∣𝑝,∞ ≤
(𝑝

2

)1/2−1/𝑝

∣∣𝑓 ∣∣𝑝. (8.67)

All the inequalities are sharp, even if ℋ = ℝ.

We shall also establish the following moment estimates.

Theorem 8.19. Let 𝑓 be an ℋ-valued martingale.

(i) If 0 < 𝑝 ≤ 2, then

∣∣𝑓 ∣∣𝑝 ≤
√
2

𝑝
∣∣𝑠(𝑓)∣∣𝑝,

∣∣𝑆(𝑓)∣∣𝑝 ≤
√
2

𝑝
∣∣𝑠(𝑓)∣∣𝑝,

(8.68)
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(ii) If 𝑝 ≥ 2, then

∣∣𝑠(𝑓)∣∣𝑝 ≤
√

𝑝

2
∣∣𝑓 ∣∣𝑝,

∣∣𝑠(𝑓)∣∣𝑝 ≤
√

𝑝

2
∣∣𝑆(𝑓)∣∣𝑝.

(8.69)

All the estimates are sharp, even if ℋ = ℝ.

Now we turn to the bounded case. We have the following tail estimates
for 𝑠(𝑓).

Theorem 8.20. Let 𝑓 be an ℋ-valued martingale.

(i) If ∣∣𝑆(𝑓)∣∣∞ ≤ 1, then for any 𝜆 > 0 we have

ℙ(𝑠(𝑓) ≥ 𝜆) ≤ min(𝑒1−𝜆2

, 1). (8.70)

(ii) If ∣∣𝑓 ∣∣∞ ≤ 1, then for any 𝜆 > 0 we have

ℙ(𝑠(𝑓) ≥ 𝜆) ≤ min(𝑒1−𝜆2

, 1). (8.71)

Both bounds are sharp, even if ℋ = ℝ.

Finally, we shall establish the following Φ-estimates.

Theorem 8.21. Let 𝑓 be an ℋ-valued martingale and let Φ : [0,∞) → ℝ be an
increasing convex function.

(i) If ∣∣𝑆(𝑓)∣∣∞ ≤ 1, then

𝔼Φ(𝑠2(𝑓)) ≤
∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡. (8.72)

(ii) If ∣∣𝑓 ∣∣∞ ≤ 1, then
𝔼Φ(𝑠2(𝑓)) ≤

∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡. (8.73)

Both estimates are sharp, even if ℋ = ℝ.

8.7.2 On the method

First we shall modify Burkholder’s approach so that it works for conditional square
functions.

Theorem 8.22. Let 𝐼 be a subinterval of [0,∞) such that 0 ∈ 𝐼 and suppose that
𝑈, 𝑉 are functions from 𝐼 × [0,∞) to ℝ satisfying

1∘ 𝑉 (𝑥, 𝑦) ≤ 𝑈(𝑥, 𝑦) for 𝑥 ∈ 𝐼 and 𝑦 ≥ 0,
2∘ For any 𝑦 ≥ 0, the function 𝑈(⋅, 𝑦) is concave on 𝐼 and

𝑈(𝑥+ 𝑑, 𝑦 + 𝑑) ≤ 𝑈(𝑥, 𝑦), for 𝑑 ≥ 0, 𝑦 ≥ 0 and 𝑥, 𝑥+ 𝑑 ∈ 𝐼. (8.74)

3∘ 𝑈(0, 0) ≤ 0 for all 𝑥 ∈ 𝐼.
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Let 𝑓 is a simple ℋ-valued martingale.

(i) If 𝑆(𝑓) ∈ 𝐼 almost surely, then for any nonnegative integer 𝑛,

𝔼𝑉 (𝑆2
𝑛(𝑓), 𝑠

2
𝑛(𝑓)) ≤ 0. (8.75)

(ii) If ∣𝑓 ∣ ∈ 𝐼 almost surely, then for any nonnegative integer 𝑛,

𝔼𝑉 (∣𝑓𝑛∣2, 𝑠2𝑛(𝑓)) ≤ 0. (8.76)

Proof. By 1∘, it suffices to show the assertions with 𝑉 replaced by 𝑈 .

(i) Let 𝐹𝑛 = 𝑆2
𝑛(𝑓), 𝐺𝑛 = 𝑠2𝑛(𝑓) and set 𝐹−1 = 𝐺−1 ≡ 0, ℱ−1 = {∅,Ω}.

Since for any 𝑛 ≥ 0 the variable 𝐺𝑛 is ℱ𝑛−1-measurable, we have, by the first part
of 2∘ and the conditional Jensen inequality,

𝔼𝑈(𝐹𝑛, 𝐺𝑛) = 𝔼
[
𝔼
(
𝑈(𝐹𝑛, 𝐺𝑛)∣ℱ𝑛−1

)] ≤ 𝔼
[
𝔼𝑈
(
𝔼(𝐹𝑛∣ℱ𝑛−1), 𝐺𝑛

)]
.

The process (𝑈(𝔼(𝐹𝑛∣ℱ𝑛−1), 𝐺𝑛))
∞
𝑛=0 is a supermartingale with respect to (ℱ𝑛−1).

Indeed, for 𝑛 ≥ 0,
𝔼[𝑈(𝔼(𝐹𝑛+1∣ℱ𝑛), 𝐺𝑛+1)∣ℱ𝑛−1]

= 𝔼
[
𝑈
(
𝔼(𝐹𝑛∣ℱ𝑛) + 𝔼(∣𝑑𝑓𝑛+1∣2∣ℱ𝑛), 𝐺𝑛 + 𝔼(∣𝑑𝑓𝑛+1∣2∣ℱ𝑛)

)∣∣ℱ𝑛−1

]
≤ 𝔼[𝑈(𝔼(𝐹𝑛∣ℱ𝑛), 𝐺𝑛)∣ℱ𝑛−1]

≤ 𝑈(𝔼(𝐹𝑛∣ℱ𝑛−1), 𝐺𝑛),

(8.77)

where the first estimate uses (8.74) and the second one follows from 2∘ and the
conditional Jensen inequality. Thus

𝔼𝑈(𝐹𝑛, 𝐺𝑛) ≤ 𝔼𝑈(𝔼(𝐹0∣ℱ−1), 𝐺0) = 𝔼𝑈(𝔼(∣𝑑𝑓0∣2∣ℱ−1),𝔼(∣𝑑𝑓0∣2∣ℱ−1)) ≤ 𝑈(0, 0),

in view of (8.74), and the needed estimate follows.

(ii) We repeat the proof of (i), word by word, this time with the processes
𝐹𝑛 = ∣∣𝑓𝑛∣∣2 and 𝐺𝑛 = 𝑠2𝑛(𝑓), 𝑛 = 0, 1, 2, . . .. The only fact we need is that
𝔼(𝐹𝑛+1∣ℱ𝑛) = 𝐹𝑛 + 𝔼(∣𝑑𝑓𝑛+1∣2∣ℱ𝑛); therefore, the chain (8.77) is still valid and
the claim follows. □

8.7.3 Proof of Theorem 8.18

Proof of (8.64)–(8.67). (i) By straightforward approximation, it suffices to show
that if 𝑓 is a simple martingale, then for 𝑝 ∈ (0, 1],

ℙ(𝑆2
𝑛(𝑓) ≥ 1) ≤ Γ(𝑝+ 1)−1

𝔼(𝑠2𝑛(𝑓))
𝑝

and

ℙ(∣𝑓𝑛∣2 ≥ 1) ≤ Γ(𝑝+ 1)−1
𝔼(𝑠2𝑛(𝑓))

𝑝,
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for 𝑛 = 0, 1, 2, . . .. Thus we are in the position where Theorem 8.22 can be applied.
For 𝑥, 𝑦 ≥ 0, let 𝑉𝑝(𝑥, 𝑦) = 1{𝑥≥1} − Γ(𝑝+ 1)−1𝑦𝑝 and

𝑈𝑝(𝑥, 𝑦) =

{
1− Γ(𝑝+ 1)−1

[
(1− 𝑥)𝑒𝑦

∫∞
𝑦

𝑡𝑝𝑒−𝑡d𝑡+ 𝑥𝑦𝑝
]
if 𝑥 < 1,

1− Γ(𝑝+ 1)−1𝑦𝑝 if 𝑥 ≥ 1.
It suffices to show that 𝑈𝑝 and 𝑉𝑝 satisfy 1

∘, 2∘ and 3∘. To establish the majoriza-
tion 𝑉𝑝 ≤ 𝑈𝑝, observe first that we have equality if 𝑥 ≥ 1. If 𝑥 < 1, then the
inequality can be written in the equivalent form

(1 − 𝑥)

(
𝑒𝑦
∫ ∞

𝑦

𝑡𝑝𝑒−𝑡d𝑡− 𝑦𝑝
)
≤ Γ(𝑝+ 1).

This holds true, since 1− 𝑥 ≤ 1, the function 𝐻 : [0,∞)→ [0,∞), given by

𝐻(𝑦) := 𝑒𝑦
∫ ∞

𝑦

𝑡𝑝𝑒−𝑡d𝑡− 𝑦𝑝 = 𝑝𝑒𝑦
∫ ∞

𝑦

𝑡𝑝−1𝑒−𝑡𝑑𝑡

is nonincreasing: 𝐻 ′(𝑦) = 𝑝(𝑝 − 1)𝑒𝑦 ∫∞
𝑦 𝑡𝑝−2𝑒−𝑡d𝑡 < 0, and 𝐻(0) = Γ(𝑝 + 1).

The first part of 2∘ is guaranteed by the fact that 𝑈𝑝(⋅, 𝑦) continuous, linear and
increasing on [0, 1], and constant on [1,∞). To check (8.74), it suffices to show
that 𝑈𝑝𝑥(𝑥, 𝑦) + 𝑈𝑝𝑦(𝑥, 𝑦) ≤ 0 for 𝑥 ∕= 1, 𝑦 > 0. This is clear for 𝑥 > 1, while for
𝑥 < 1 we have that

𝑈𝑝𝑥(𝑥, 𝑦) + 𝑈𝑝𝑦(𝑥, 𝑦) = 𝐶𝑝(𝑝− 1)𝑥𝑒𝑦
∫ ∞

𝑦

𝑡𝑝−2𝑒−𝑡d𝑡 ≤ 0.

Finally, 3∘ holds: 𝑈(0, 0) = 0. Thus (8.64) and (8.65) are established.
(ii) Here the special function is entirely different. Let 𝛾 : [1− 1/𝑝, 1)→ ℝ be

given by

𝛾(𝑦) =
1

𝑝
(𝑝(1− 𝑦))−1/(𝑝−1).

Consider the following subsets of [0,∞)× [0,∞):
𝐷1 = [0,∞)× [0, 1− 1/𝑝],
𝐷2 = {(𝑥, 𝑦) : 𝑥 > 𝛾(𝑦) + 𝑦 − 1, 1− 1/𝑝 < 𝑦 < 1},
𝐷3 = ([0,∞)× [0, 1))∖ (𝐷1 ∪𝐷2),

𝐷4 = [0,∞)× [1,∞).
Define 𝑈𝑝, 𝑉𝑝 : [0,∞)× [0,∞)→ ℝ by

𝑈𝑝(𝑥, 𝑦) =

⎧⎨
⎩

𝑝𝑝−1( 𝑦
𝑝−1 )

𝑝−1[𝑦 − 𝑝𝑥] on 𝐷1,
1

𝑝(1−𝑦) [(𝑝− 1)𝑝−𝑝/(𝑝−1)(1− 𝑦)−1/(𝑝−1) − 𝑝𝑥] on 𝐷2,

1− 𝑝𝑝−1(1 + 𝑥− 𝑦)𝑝 on 𝐷3,

1− 𝑝𝑝−1𝑥𝑝 on 𝐷4
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and 𝑉𝑝(𝑥, 𝑦) = 1[1,∞)(𝑦) − 𝑝𝑝−1𝑥𝑝. In view of Theorem 8.22, it suffices to check
that 𝑈𝑝, 𝑉𝑝 satisfy the conditions 1

∘, 2∘ and 3∘. To prove the majorization, observe
that if (𝑥, 𝑦) ∈ 𝐷1, then

𝑈𝑝𝑥(𝑥, 𝑦)− 𝑉𝑝𝑥(𝑥, 𝑦) = 𝑝𝑝

[
𝑥𝑝−1 −

(
𝑦

𝑝− 1
)𝑝−1

]
,

which implies that

𝑈𝑝(𝑥, 𝑦)− 𝑉𝑝(𝑥, 𝑦) ≥ 𝑈𝑝(𝑦/(𝑝− 1), 𝑦)− 𝑉𝑝(𝑦/(𝑝− 1), 𝑦) = 0.
If (𝑥, 𝑦) ∈ 𝐷2, then

𝑈𝑝𝑥(𝑥, 𝑦)− 𝑉𝑝𝑥(𝑥, 𝑦) = − 1

1− 𝑦
+ 𝑝𝑝𝑥𝑝−1.

Setting

𝑥0 =
1

𝑝
[𝑝(1 − 𝑦)]−1/(𝑝−1),

we see that (𝑥0, 𝑦) ∈ 𝐷2 and 𝑈𝑝(𝑥, 𝑦) − 𝑉𝑝(𝑥, 𝑦) ≥ 𝑈𝑝(𝑥0, 𝑦) − 𝑉𝑝(𝑥0, 𝑦) = 0. If
(𝑥, 𝑦) belongs to 𝐷3, then 𝑈𝑝𝑥(𝑥, 𝑦)−𝑉𝑝𝑥(𝑥, 𝑦) = 𝑝𝑝[𝑥𝑝−1− (1+𝑥− 𝑦)𝑝−1] < 0, so

𝑈𝑝(𝑥, 𝑦)− 𝑉𝑝(𝑥, 𝑦) ≥ 𝑈𝑝(𝛾(𝑦) + 𝑦 − 1, 𝑦)− 𝑉𝑝(𝛾(𝑦) + 𝑦 − 1, 𝑦),
and the right-hand side is nonnegative, as (𝛾(𝑦)+𝑦−1, 𝑦) belongs to the closure of
𝐷2, where we have already established the majorization. We complete the proof of
1∘ by noting that 𝑈𝑝 = 𝑉𝑝 on 𝐷4. The first part of 2

∘ is clear. To establish (8.74)
it suffices to prove that 𝑈𝑝𝑥+𝑈𝑝𝑦 ≤ 0 in the interiors of the sets 𝐷𝑖, 𝑖 = 1, 2, 3, 4.
The direct calculation shows that 𝑈𝑝𝑥(𝑥, 𝑦) + 𝑈𝑝𝑦(𝑥, 𝑦) equals⎧⎨

⎩
−𝑝𝑝(𝑝− 1)2−𝑝𝑥𝑦𝑝−2 if (𝑥, 𝑦) ∈ 𝐷∘

1 ,

(1− 𝑦)−2[−𝑥+ 𝑦 − 1 + 𝛾(𝑦)] if (𝑥, 𝑦) ∈ 𝐷∘
2 ,

0 if (𝑥, 𝑦) ∈ 𝐷∘
3 ,

−𝑝𝑝𝑥𝑝−1 if (𝑥, 𝑦) ∈ 𝐷∘
4

and it is evident that all the expressions are nonpositive on the corresponding sets.
Finally, 3∘ is obvious. The proof is complete. □

Sharpness of (8.64) and (8.65). Let 𝛿 ∈ (0, 1) be fixed and let (𝑋𝑛)
∞
𝑛=0 be a se-

quence of independent random variables sharing the same distribution given by

ℙ(𝑋𝑛 = 1) = 𝛿 = 1− ℙ(𝑋𝑛 = 0).

Furthermore, let (𝜀𝑛) be a sequence of independent Rademacher variables, in-
dependent also of (𝑋𝑛). Introduce the stopping time 𝜏 = inf{𝑛 : 𝑋𝑛 = 1},
set 𝑑𝑓𝑛 = 𝜀𝑛𝑋𝑛1{𝜏≥𝑛}, 𝑛 = 0, 1, 2, . . . and let (ℱ𝑛) be the natural filtration
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of 𝑓 . Then 𝑓 is a martingale (which is even conditionally symmetric), for which
∣𝑓𝑛∣ ↑ ∣𝑓∞∣ ≡ 1 and 𝑆(𝑓) ≡ 1 almost surely; hence ∣∣𝑓 ∣∣𝑝,∞ = ∣∣𝑠(𝑓)∣∣𝑝,∞ = 1.
Furthermore, as 𝔼(𝑑𝑓2

𝑛∣ℱ𝑛−1) = 1{𝜏≥𝑛}𝔼𝑋𝑛 = 𝛿1{𝜏≥𝑛}, we have 𝑠2(𝑓) = 𝛿(𝜏 + 1).
Since 𝜏 has geometric distribution, we have, for 0 < 𝑝 ≤ 2,

∣∣𝑠(𝑓)∣∣𝑝𝑝 =
∣∣∣∣𝑠2(𝑓)∣∣∣∣𝑝/2

𝑝/2
= 𝛿

∞∑
𝑛=1

(𝛿𝑛)𝑝/2(1− 𝛿)𝑛−1

and we see that the right-hand side, by choosing 𝛿 sufficiently small, can be made
arbitrarily close to

∫∞
0 𝑡𝑝/2𝑒−𝑡d𝑡 = Γ(𝑝/2 + 1). This implies that the constant in

(8.64) and (8.65) is indeed the best possible. □

Sharpness of (8.66) and (8.67). If 𝑝 = 2, then the constant martingale 𝑓0 = 𝑓1 =
𝑓2 = ⋅ ⋅ ⋅ ≡ 1 gives equality in (8.66) and (8.67). Suppose then, that 𝑝 > 2. Let
𝛿 ∈ (0, 1− 2/𝑝), 𝑁 be a positive integer and set

𝑟 =

(
𝑝− 2
𝑝𝛿

)1/𝑁

> 1. (8.78)

Furthermore, assume that 𝑁 is large enough so that 𝑞 := (𝑟− 1)(𝑝− 2)/(2𝑟) < 1.
Consider a sequence (𝑋𝑛)

𝑁
𝑛=0 of independent random variables such that

ℙ

(
𝑋𝑛 =

2𝑟𝑛𝛿

𝑝− 2
)
= 𝑞 = 1− ℙ(𝑋𝑛 = 0), 𝑛 = 0, 1, 2, . . . ,

and 𝑋𝑁 ≡ 2/𝑝. Let (𝜀𝑛)𝑁𝑛=0 be a sequence of independent Rademacher variables,
independent also of (𝑋𝑛). Set 𝜏 = inf{𝑛 : 𝑋𝑛 ∕= 0} and let 𝑑𝑓𝑛 = 𝜀𝑛

√
𝑋𝑛1{𝜏≥𝑛},

𝑛 = 0, 1, 2, . . . , 𝑁 . We easily see that 𝑓 is a conditionally symmetric martingale
satisfying ∣𝑓𝑁 ∣ = 𝑆𝑁 (𝑓) =

√
𝑋𝜏 . Therefore

∣∣𝑓 ∣∣𝑝𝑝 = ∣∣𝑆(𝑓)∣∣𝑝𝑝 =
𝑁−1∑
𝑛=0

(
2𝑟𝑛𝛿

𝑝− 2
)𝑝/2

(1− 𝑞)𝑛𝑞 +

(
2

𝑝

)𝑝/2

(1− 𝑞)𝑁

=

(
2𝛿

𝑝− 2
)𝑝/2

𝑞
1− (𝑟𝑝/2(1− 𝑞))𝑁

1− 𝑟𝑝/2(1 − 𝑞)
+

(
2

𝑝

)𝑝/2

(1 − 𝑞)𝑁 .

(8.79)

On the other hand, it can be easily verified that 𝔼(𝑑𝑓2
𝑛∣ℱ𝑛−1) = (𝑟−1)𝑟𝑛−1𝛿1{𝜏≥𝑛}

for 𝑛 < 𝑁 and 𝔼(𝑑𝑓2
𝑁 ∣ℱ𝑁−1) = (2/𝑝)1{𝜏=𝑁}, so

𝑠2(𝑓) =

𝜏∧(𝑁−1)∑
𝑛=0

(𝑟 − 1)𝑟𝑛−1𝛿 +
2

𝑝
1{𝜏=𝑁} =

𝛿

𝑟
(𝑟(𝜏+1)∧𝑁 − 1) + 2

𝑝
1{𝜏=𝑁}.

On the set {𝜏 = 𝑁} we have, by (8.78),

𝑠2(𝑓) =
𝑝− 2
𝑝𝑟

− 𝛿

𝑟
+
2

𝑝
≥ 1− 𝛿

𝑟
,
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so

ℙ

(
𝑠(𝑓) ≥

(
1− 𝛿

𝑟

)1/2
)
≥ ℙ(𝜏 = 𝑁) = (1 − 𝑞)𝑁 .

Hence

∣∣𝑓 ∣∣𝑝𝑝
∣∣𝑠(𝑓)∣∣𝑝𝑝,∞ =

∣∣𝑆(𝑓)∣∣𝑝𝑝
∣∣𝑠(𝑓)∣∣𝑝𝑝,∞ ≤

(
𝑟

1− 𝛿

)𝑝/2 ∣∣𝑓 ∣∣𝑝𝑝
(1− 𝑞)𝑁

.

Now let 𝑁 →∞ (so 𝑟 tends to 1). We have

lim
𝑁→∞

𝑞

1− 𝑟𝑝/2(1− 𝑞)
= lim

𝑟→1

(
1− 𝑟𝑝/2

(𝑟 − 1)(𝑝− 2) ⋅ 2𝑟 + 𝑟𝑝/2
)−1

= −𝑝− 2
2

and, by (8.78),

lim
𝑁→∞

(1− 𝑞)𝑁 = lim
𝑟→1

(
1− (𝑟 − 1)(𝑝− 2)

2𝑟

)log 𝑝−2
𝑝𝛿 / log 𝑟

=

(
𝑝𝛿

𝑝− 2
)(𝑝−2)/2

.

Therefore, again using (8.78),

lim
𝑁→∞

∣∣𝑓 ∣∣𝑝𝑝
(1− 𝑞)𝑁

=

(
2𝛿

𝑝− 2
)𝑝/2

⋅
(
−𝑝− 2
2

)
⋅
(

𝑝− 2
𝑝𝛿

)(𝑝−2)/2

+

(
2

𝑝− 2
)𝑝/2

⋅ 𝑝− 2
2

⋅
(

𝑝− 2
𝑝

)𝑝/2

+

(
2

𝑝

)𝑝/2

= − 𝛿

(
2

𝑝

)(𝑝−2)/2

+

(
2

𝑝

)𝑝/2−1

.

If 𝛿 is taken sufficiently small, we see that for any 𝜅 > 0 the ratios ∣∣𝑓 ∣∣𝑝𝑝/∣∣𝑠(𝑓)∣∣𝑝
and ∣∣𝑆(𝑓)∣∣𝑝𝑝/∣∣𝑠(𝑓)∣∣𝑝 can be made smaller than (2/𝑝)𝑝/2−1 + 𝜅. This shows that

the constant (𝑝/2)1/2−1/𝑝 is indeed the best possible in (8.66) and (8.67). □

8.7.4 Proof of Theorem 8.19

Proof of (8.68) and (8.69). We must show that

𝔼𝑉 (𝑆2
𝑛(𝑓), 𝑠

2
𝑛(𝑓)) ≤ 0, 𝔼𝑉 (∣𝑓𝑛∣2, 𝑠2𝑛(𝑓)) ≤ 0, 𝑛 = 0, 1, 2, . . . ,

where 𝑉 : [0,∞)× [0,∞)→ ℝ is given by 𝑉 (𝑥, 𝑦) = 𝑥𝑝 − (𝑦/𝑝)𝑝, 0 < 𝑝 ≤ 1. The
corresponding special function 𝑈 : [0,∞)× [0,∞)→ ℝ is given by

𝑈(𝑥, 𝑦) = 𝑝(𝑦/𝑝)𝑝−1(𝑥− 𝑦/𝑝).
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By Theorem 8.22, it suffices to check 1∘, 2∘ and 3∘. The majorization 𝑈 ≥ 𝑉
follows immediately from the mean-value property of the concave function 𝑡 �→ 𝑡𝑝.
The first part of 2∘ is obvious. To prove (8.74), note that

(𝑦 + 𝑑)𝑝
(

𝑥+ 𝑑

𝑦 + 𝑑
− 1

𝑝

)
− 𝑦𝑝

(
𝑥

𝑦
− 1

𝑝

)

= 𝑥[(𝑦 + 𝑑)𝑝−1 − 𝑦𝑝−1] +

{
𝑑(𝑦 + 𝑑)𝑝−1 − 1

𝑝
[(𝑦 + 𝑑)𝑝 − 𝑦𝑝]

}
≤ 0,

since both terms are nonpositive: this is due to the assumption 𝑝 ≤ 1 and the
mean value property. Finally, 3∘ is evident. This proves (8.68) and (8.69).

(ii) This is shown exactly in the same manner, using the functions 𝑉 (𝑥, 𝑦) =
−𝑥𝑝 + (𝑦/𝑝)𝑝 and

𝑈(𝑥, 𝑦) = −𝑝(𝑦/𝑝)𝑝−1(𝑥− 𝑦/𝑝),

for 𝑝 ≥ 1. We omit the details. □

Sharpness. We shall only focus on (8.68) and (8.69). Fix 0 < 𝑝 < 2, take
√

𝑝/2 <
𝑏 < 1 and let 𝑎0 = 1, 𝑎𝑛 = 1 − 𝑏2/𝑛 for 𝑛 ≥ 1. Define a conditionally symmetric
martingale 𝑓 on [0, 1) by setting 𝑑𝑓0 ≡ 0 and

𝑑𝑓𝑛 =
√

𝑛

[
𝑛∏

𝑖=0

𝑎𝑖,
1 + 𝑎𝑛
2

𝑛−1∏
𝑖=0

𝑎𝑖

)
−√

𝑛

[
1 + 𝑎𝑛
2

𝑛−1∏
𝑖=0

𝑎𝑖,

𝑛−1∏
𝑖=0

𝑎𝑖

)

(as usual, we identify a set with its indicator function). We easily see that

∣𝑓𝑛∣2 = 𝑆2
𝑛(𝑓) =

𝑛∑
𝑘=1

𝑘

[
𝑘∏

𝑖=0

𝑎𝑖,

𝑘−1∏
𝑖=0

𝑎𝑖

)

and, after some computations,

𝔼(𝑑𝑓2
𝑛∣ℱ𝑛−1) = 𝑏2

[
0,

𝑛−1∏
𝑖=0

𝑎𝑖

)
,

so

𝑠2𝑛(𝑓) = 𝑏2𝑛

[
0,

𝑛∏
𝑖=0

𝑎𝑖

)
+

𝑛∑
𝑘=1

𝑏2𝑘

[
𝑘∏

𝑖=0

𝑎𝑖,

𝑘−1∏
𝑖=0

𝑎𝑖

)
.

Now, we have

𝔼𝑠𝑝𝑛(𝑓)

[
0,

𝑛∏
𝑖=0

𝑎𝑖

)
= 𝑏𝑝𝑛𝑝/2

𝑛−1∏
𝑖=0

(
1− 𝑏2

𝑛

)
∼ 𝑏𝑝𝑛𝑝/2𝑛−𝑏2 → 0

as 𝑛 → ∞, so the ratio ∣∣𝑠𝑛(𝑓)∣∣𝑝/∣∣𝑓 ∣∣𝑝 = ∣∣𝑠𝑛(𝑓)∣∣𝑝/∣∣𝑆(𝑓)∣∣𝑝 can be made arbi-
trarily close to 𝑏. This shows that the constant

√
2/𝑝 is indeed the best in (8.68)

and (8.69). □
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8.7.5 Proof of Theorem 8.20

Proof of (8.70) and (8.71). For 𝜆 ≤ 1 the inequality is trivial, so we may assume
that 𝜆 > 1. Let 𝑈, 𝑉 : [0, 1]× [0,∞) → ℝ be given by 𝑉 (𝑥, 𝑦) = 1{𝑦≥𝜆2} − 𝑒1−𝜆2

and

𝑈(𝑥, 𝑦) =

⎧⎨
⎩
(1 − 𝑥) exp(𝑦 + 1− 𝜆2)− 𝑒1−𝜆2

if 𝑦 ≤ 𝜆2 − 1,
(1 − 𝑥)(𝜆2 − 𝑦)−1 − 𝑒1−𝜆2

if 𝜆2 − 1 < 𝑦 < 𝑥+ 𝜆2 − 1,
1− 𝑒1−𝜆2

if 𝑦 ≥ 𝑥+ 𝜆2 − 1.

It is straightforward to verify 1∘ and the first part of 2∘. Furthermore, (8.74)
follows from the continuity of 𝑈 on [0, 1)× ℝ and the fact that

𝑈𝑥(𝑥, 𝑦) + 𝑈𝑦(𝑥, 𝑦) =

⎧⎨
⎩
−𝑥 exp(𝑦 + 1− 𝜆2), if 𝑦 < 𝜆2 − 1,
(1− 𝑥− 𝜆2 + 𝑦)(𝜆2 − 𝑦)−2 if 𝜆2 − 1 < 𝑦 < 𝑥+ 𝜆2 − 1,
0, if 𝑦 > 𝑥+ 𝜆2 − 1

is nonpositive. Finally, 𝑈(0, 0) = 0. Hence, by Theorem 8.22,

ℙ(𝑠2(𝑓) ≥ 𝜆2) ≤ 𝑒1−𝜆2

,

provided ∣∣𝑓 ∣∣∞ ≤ 1 or ∣∣𝑆(𝑓)∣∣∞ ≤ 1. This yields (8.70) and (8.71). □

Sharpness. If 𝜆 ≤ 1 then we have equalities if we take 𝑒0 = 𝑒1 = 𝑒2 = ⋅ ⋅ ⋅ ≡ 1
and 𝑓0 = 𝑓1 = 𝑓2 = ⋅ ⋅ ⋅ ≡ 1. Suppose that 𝜆 > 1, take a positive integer 𝑁 and
set 𝛿 = (𝜆2 − 1)/𝑁 . The example is similar to the one used in Section 5.1. Let
(𝑋𝑛)

𝑁
𝑛=0 be a sequence of independent random variables such that

ℙ(𝑋𝑛 = 1) = 𝛿 = 1− ℙ(𝑋𝑛 = 0), 𝑛 = 0, 1, 2, . . . , 𝑁 − 1

and 𝑋𝑁 ≡ 1. Finally, let 𝜏 = inf{𝑛 : 𝑋𝑛 = 1}, (𝜀𝑛) be a sequence of independent
Rademacher variables and 𝑑𝑓𝑛 = 𝜀𝑛𝑋𝑛1{𝜏≥𝑛}, 𝑛 = 0, 1, 2, . . . , 𝑁 , 𝑑𝑓𝑛 ≡ 0 for
𝑛 > 𝑁 .

We easily check that ∣∣𝑓 ∣∣∞ = ∣∣𝑆(𝑓)∣∣∞ = 1 (in fact, for any 0 ≤ 𝑛 ≤ 𝑁 − 1,
𝑆𝑛(𝑓), ∣𝑓𝑛∣ ∈ {0, 1} and 𝑆𝑁 (𝑓) = ∣𝑓𝑁 ∣ = 1 with probability 1). Moreover, we see
that 𝔼(𝑑𝑓2

𝑛∣ℱ𝑛−1) = 𝛿1{𝜏≥𝑛} almost surely for 𝑛 < 𝑁 and hence 𝑠2(𝑓) = (𝜏+1)𝛿 ≤
𝜆− 1 < 𝜆 on 𝜏 < 𝑁 ; on the other hand, as 𝔼(𝑑𝑓2

𝑁 ∣ℱ𝑁−1) = 1 with probability 1,
we have 𝑠(𝑓) = 𝜆 on {𝜏 = 𝑁} and hence

ℙ(𝑠(𝑓) ≥ 𝜆) = (1 − 𝛿)𝑁 .

It suffices to note that the right-hand side converges to 𝑒1−𝜆2

as𝑁 →∞. Therefore
(8.70) and (8.71) are sharp. □
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8.7.6 Proof of Theorem 8.21

Proof of (8.72) and (8.73). With no loss of generality we may assume that Φ is
of class 𝐶1. The functions 𝑈, 𝑉 : [0, 1]× [0,∞)→ ℝ corresponding to our problem
are given by 𝑉 (𝑥, 𝑦) = Φ(𝑦)− ∫∞

0
Φ(𝑡)𝑒−𝑡d𝑡 and

𝑈(𝑥, 𝑦) = 𝑥Φ(𝑦) + (1− 𝑥)𝑒𝑦
∫ ∞

𝑦

𝑒−𝑡Φ(𝑡)d𝑡−
∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡.

Since Φ is nondecreasing, we have

𝑒𝑦
∫ ∞

𝑦

𝑒−𝑡Φ(𝑡)d𝑡 ≥ 𝑒𝑦
∫ ∞

𝑦

𝑒−𝑡Φ(𝑦)d𝑡 = Φ(𝑦),

which gives the majorization 𝑈 ≥ 𝑉 . For a fixed 𝑦, the function 𝑈(⋅, 𝑦) is linear,
so the first part of 2∘ holds. To check (8.74), observe that if 𝑥, 𝑦, 𝑑 are as assumed,
then 𝑈𝑥(𝑥, 𝑦) + 𝑈𝑦(𝑥, 𝑦) equals

𝑥

[
Φ′(𝑦) + Φ(𝑦)− 𝑒𝑦

∫ ∞

𝑦

𝑒−𝑧Φ(𝑧)d𝑧

]
= 𝑥

[
Φ′(𝑦)− 𝑒𝑦

∫ ∞

𝑦

𝑒−𝑧Φ′(𝑧)d𝑧
]
≤ 0,

where we have used integration by parts and the fact that Φ′ is nondecreasing.
Finally, 𝑈(0, 0) = 0. Hence, by Theorem 8.22, for any 𝑛,

𝔼Φ
(
𝑠2𝑛(𝑓)

) ≤ ∫ ∞

0

Φ(𝑡)𝑒−𝑡d𝑡,

which is what we need. □

Sharpness. For 𝛿 ∈ (0, 1), let 𝑓 be a martingale as in Subsection 5.1. We have
∣∣𝑓 ∣∣∞ = ∣∣𝑆(𝑓)∣∣∞ = 1,

𝔼Φ(𝑠2(𝑓)) = 𝛿

∞∑
𝑛=1

Φ(𝛿𝑛)(1 − 𝛿)𝑛,

which, if 𝑛 is chosen sufficiently large, can be made arbitrarily close to
∞∫
0

Φ(𝑡)𝑒−𝑡d𝑡.

This shows that the bounds in (8.72) and (8.73) are optimal. □

8.8 Notes and comments

The inequalities comparing various sizes of a martingale and its square function
are classical and go back to the works of many mathematicians: we mention here
Burkholder and Gundy [40], Cox [53], Cox and Kertz [54], Doob [70], Davis [57],
Dellacherie and Meyer [67], Fefferman [78], Garsia [81], [82], Klincsek [108], Pit-
tenger [175], Wang [197], [199] and others. Related results appear in many areas of
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mathematics: in classical harmonic analysis, see Stein [187], [188], noncommutative
probability theory, see Carlen and Kree [43], Pisier and Xu [174], Randrianantoan-
ina [178].

Section 8.1. The modification of Burkholder’s method for square-function
inequalities was introduced in [38]. A similar approach (though more technical
and more exact), called the method of moments, was used by Cox [53] in his proof
of the weak type estimate (8.2).

Section 8.2. The weak type estimate for square function (in the general set-
ting) was obtained by Burkholder in [17] without an explicit estimate of the con-
stant 𝐶. In [18] he proved that the inequality holds with a constant 𝐶 = 3 and
decreased it to 𝐶 = 2 in [19]. The paper [13] by Bollobás contains a different proof
of the inequality with the constant 2 as well as an example which shows that
the optimal value must be at least 3/2. In addition, Bollobás conjectured that
the best constant equals

√
𝑒 and constructed “a piece” of Burkholder’s special

function used above. Finally, the sharp version of the inequality (for real-valued
martingales) was obtained by Cox [53]. In fact, he established the following much
more exact estimate

ℙ(𝑆𝑛(𝑓) ≥ 1) ≤
(

𝑛

𝑛− 1
)(𝑛−1)/2

∣∣𝑓𝑛∣∣1, 𝑛 = 2, 3, . . . ,

and proved it is sharp for each 𝑛. The vector-valued version presented above is
new, but exploits the well-known objects discovered by Bollobás and Cox.

The weak type estimate (8.3) for real and dyadic martingales is due to Bol-
lobás. The sharpness of this estimate and the extension to conditionally symmet-
ric martingales were established by the author in [136]. The above extension to
Hilbert-space-valued martingales as well as the characterization of Hilbert spaces
can be found in [157]. Finally, the contents of Theorem 8.5 are taken from [139].

Section 8.3. Moment inequalities for martingale square functions appeared
for the first time in Burkholder’s paper [17]. Pittenger [175] showed the estimate

∣∣𝑓 ∣∣𝑝 ≤ (𝑝− 1)∣∣𝑆(𝑓)∣∣𝑝, 𝑝 ≥ 3,

in the real-valued setting, but the proof can be easily extended to cover martin-
gales taking values in Hilbert spaces. The double inequality (8.28) follows from
Burkholder’s results in [24]. The limit case 𝑝 = 1, presented in Theorem 8.7 above,
was studied by the author in [123]. Theorem 8.8 was established by Wang [197],
as a part of his Ph.D. Thesis. For the construction of the corresponding special
functions and related results concerning optimal stopping problems, see Davis [59],
Novikov [122], Pedersen and Peskir [167], Peskir [169] and Shepp [185].

Section 8.4. The material in this section comes from the author’s paper [144].

Section 8.5. Ratio inequalities appear naturally in many situations, for ex-
ample while studying self-normalized processes and their applications in statistics.
See de la Peña [61], de la Peña, Klass and Lai [62]–[64], de la Peña, Lai and Shao
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[65], de la Peña and Pang [66]. The above ratio inequalities for martingale square
functions (taken from [143]) are based on a corresponding results in continuous
time, coming from optimal stopping: see Pedersen and Peskir [167].

Section 8.6. The double inequality comparing ∣∣𝑓∗∣∣1 and ∣∣𝑆(𝑓)∣∣1 is due to
Davis [57], who established it using his famous decomposition. The refinement
described in Theorem 8.13 comes from Burkholder’s paper [38]. For (suboptimal)
results in the opposite direction, see Garsia [82] and the author [123]. The 𝐿1

estimate for one-sided maximal function stated in Theorem 8.14 is taken from
[148]. The inequality (8.53) was established by Klincsek [108] for 𝑝 = 3, 4, 5, . . .;
furthermore, he conjectured that it holds for all 𝑝 ≥ 2. Finally, Theorem 8.16
comes from the author’s paper [144].

Section 8.7. The inequalities for conditional square functions were studied by
many mathematicians. A famous result in the martingale case is the existence of
absolute constants 𝑐𝑝, 𝐶𝑝, such that, for any martingale 𝑓 , we have

𝑐𝑝∣∣𝑓 ∣∣𝑝 ≤ max
⎧⎨
⎩∣∣𝑠(𝑓)∣∣𝑝,

∣∣∣∣∣∣
∣∣∣∣∣∣
( ∞∑

𝑘=0

∣𝑑𝑓𝑘∣𝑝
)1/𝑝

∣∣∣∣∣∣
∣∣∣∣∣∣
𝑝

⎫⎬
⎭ ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝, (8.80)

for 𝑝 ≥ 2. The version for the sums of independent mean zero random variables was
first studied by Rosenthal [183], and later improved by Johnson, Schechtman and
Zinn [104] (see also Kwapień and Woyczyński [112]). The general version for mar-
tingales was established by Burkholder [18], with 𝐶𝑝 of the optimal order 𝑂(

√
𝑝)

and 𝑐𝑝 of the suboptimal order 𝑂(1/
√

𝑝). Then Hitczenko [90], [91] determined
the optimal order of 𝐶𝑝 and showed it is the same as in the case of sums of inde-
pendent random variables: 𝐶𝑝 = 𝑂(𝑝/ ln 𝑝). The problem of finding the optimal
values of the constants 𝑐𝑝 and 𝐶𝑝 seems to be open. There is an interesting dual
version of (8.80), established by Junge and Xu in [106]. It asserts that if 1 < 𝑝 < 2
and 𝑓 is real-valued, then, for some absolute 𝐶𝑝,

𝐶−1
𝑝 ∣∣𝑓 ∣∣𝑝 ≤ inf

⎧⎨
⎩∣∣𝑠(𝑔)∣∣𝑝 +

∣∣∣∣∣∣
∣∣∣∣∣∣
( ∞∑

𝑘=0

∣𝑑ℎ𝑘∣𝑝
)1/𝑝

∣∣∣∣∣∣
∣∣∣∣∣∣
𝑝

⎫⎬
⎭ ≤ 𝐶𝑝∣∣𝑓 ∣∣𝑝,

where the infimum runs over all possible decompositions of 𝑓 as a sum 𝑓 = 𝑔 + ℎ
of two martingales.

The modification of Burkholder’s method presented above appears in [141],
but in fact it can be extracted from Wang’s paper [199]. The weak type estimates
presented in Theorem 8.18 above are taken from [141]. In fact, the author de-
termined in [165] the optimal values of the weak (𝑝, 𝑞)-constants. The moment
inequalities are due to Wang [199]; see also Garsia [82]. Finally, the estimates for
bounded 𝑓 or 𝑆(𝑓) come from [141].



Appendix

In this part we introduce a family of special functions and present some of their
properties. Much more information on this subject can be found in [1].

A.1 Confluent hypergeometric functions and

their properties

We start with the definition of Kummer’s function 𝑀(𝑎, 𝑏, 𝑧). It is a solution of
the differential equation

𝑧𝑦′′(𝑧) + (𝑏− 𝑧)𝑦′(𝑧)− 𝑎𝑦′(𝑧) = 0

and its explicit form is given by

𝑀(𝑎, 𝑏, 𝑧) = 1 +
𝑎

𝑏
𝑧 +

𝑎(𝑎+ 1)

𝑏(𝑏+ 1)

𝑧2

2!
+ ⋅ ⋅ ⋅ .

The confluent hypergeometric function 𝑀𝑝 is defined by the formula

𝑀𝑝(𝑥) =𝑀(−𝑝/2, 1/2, 𝑥2/2), 𝑥 ∈ ℝ.

If 𝑝 is an even positive integer: 𝑝 = 2𝑛, then 𝑀𝑝 is a constant multiple of the
Hermite polynomial of order 2𝑛 (where the constant depends on 𝑛). Note also
that

𝑀 ′(𝑎, 𝑏, 𝑧) =
𝑎

𝑏
𝑀(𝑎+ 1, 𝑏+ 1, 𝑧). (A.1)

A.2 Parabolic cylinder functions and their properties

The parabolic cylinder functions (also known as Whittaker’s functions) are closely
related to the confluent hypergeometric functions. They are solutions of the dif-
ferential equation

𝑦′′(𝑥) + (𝑎𝑥2 + 𝑏𝑥+ 𝑐)𝑦(𝑥) = 0.

     DOI 10.1007/978-3-0348-0370-0, © Springer Basel 2012 
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We will be particularly interested in the special case

𝑦′′(𝑥)−
(
1

4
𝑥2 − 𝑝− 1

2

)
𝑦(𝑥) = 0. (A.2)

There are two linearly independent solutions of this equation, given by

𝑦1(𝑥) = 𝑒−𝑥2/4𝑀

(
−𝑝

2
,
1

2
,
𝑥2

2

)

and

𝑦2(𝑥) = 𝑥𝑒−𝑥2/4𝑀

(
−𝑝

2
+
1

2
,
3

2
,
𝑥2

2

)
.

The parabolic cylinder function 𝐷𝑝 is defined by

𝐷𝑝(𝑥) = 𝐴1𝑦1(𝑥) +𝐴2𝑥𝑦2(𝑥),

where

𝐴1 =
2𝑝/2√

𝜋
cos(𝑝𝜋/2)Γ((1 + 𝑝)/2) and 𝐴2 =

2(1+𝑝)/2

√
𝜋
sin(𝑝𝜋/2)Γ(1 + 𝑝/2).

(A.3)
Denote

𝜙𝑝(𝑠) = 𝑒𝑠
2/4𝐷𝑝(𝑠), 𝑠 ∈ ℝ, (A.4)

and let 𝑧𝑝 stand for the largest positive root of 𝐷𝑝. If 𝐷𝑝 has no positive roots,
we set 𝑧𝑝 = 0.

Later on, we will need the following properties of 𝜙𝑝.

Lemma A.11. Let 𝑝 be a fixed number.

(i) For all 𝑠 ∈ ℝ,

𝑝𝜙𝑝(𝑠)− 𝑠𝜙′
𝑝(𝑠) + 𝜙′′

𝑝(𝑠) = 0 (A.5)

and

𝜙′
𝑝(𝑠) = 𝑝𝜙𝑝−1(𝑠). (A.6)

(ii) We have the asymptotics

𝜙𝑝(𝑠) = 𝑠𝑝
(
1− 𝑝(𝑝− 1)

2𝑠2
+

𝑝(𝑝− 1)(𝑝− 2)(𝑝− 3)
8𝑠4

+ 𝑜(𝑠−5)

)
as 𝑠 →∞.

(A.7)

(iii) If 𝑝 ≤ 1, then 𝜙𝑝 is strictly positive on (0,∞).
(iv) 𝑧𝑝 = 0 for 𝑝 ≤ 1 and 𝑧𝑝 > 𝑧𝑝−1 for 𝑝 > 1.

(v) For 𝑝 > 1,

𝜙𝑝(𝑠) ≥ 0, 𝜙′
𝑝(𝑠) > 0 and 𝜙′′

𝑝(𝑠) > 0 on [𝑧𝑝,∞). (A.8)

Furthermore, if 1 < 𝑝 ≤ 2, then 𝜙′′′
𝑝 (𝑠) ≤ 0 on [𝑧𝑝,∞), while for 𝑝 ≥ 2 we

have 𝜙′′′
𝑝 (𝑠) ≥ 0 on [𝑧𝑝,∞); the inequalities are strict unless 𝑝 = 2.
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Proof. (i) follows immediately from (A.2) and the definition of 𝜙𝑝.

(ii) See 19.6.1 and 19.8.1 in [1].

(iii) If 𝑝 = 1, then the assertion is clear, since ℎ1(𝑠) = 𝑠. If 𝑝 < 1 then, by (i)
and 19.5.3 in [1], we have

𝜙′
𝑝(𝑠) = 𝑝𝜙𝑝−1(𝑠) =

𝑝

Γ(1− 𝑝)

∫ ∞

0

𝑢−𝑝 exp(−𝑠𝑢− 𝑢2/2)d𝑢 > 0.

It suffices to use 𝜙𝑝(0) = 𝐴1 > 0 (see (A.3)) to obtain the claim.

(iv) The first part is an immediate consequence of (iii). To prove the second,
we use induction on ⌈𝑝⌉. When 1 < 𝑝 ≤ 2, we have 𝜙𝑝(0) = 𝐴1 < 0 (see (A.3)) and,
by (ii), 𝜙𝑝(𝑠)→∞ as 𝑠 →∞, so the claim follows from the Darboux property. To
carry out the induction step, take 𝑝 > 2 and write (A.5) in the form

𝜙𝑝(𝑧𝑝−1) = 𝑝𝑧𝑝−1𝜙𝑝−1(𝑧𝑝−1)− 𝑝𝜙′
𝑝−1(𝑧𝑝−1).

But, by the hypothesis, 𝑧𝑝−1 > 0: this implies that 𝑧𝑝−1 is the largest root of
𝜙𝑝−1. Therefore, by the asymptotics (A.7), we obtain 𝜙′

𝑝−1(𝑧𝑝−1) ≥ 0. Plugging
this above yields 𝜙𝑝(𝑧𝑝−1) ≤ 0, so, again by (A.7), we have 𝑧𝑝−1 ≤ 𝑧𝑝. However,
the inequality is strict, since otherwise, by (i), we would have 𝜙𝑝−𝑛(𝑧𝑝) = 0 for all
integers 𝑛. This would contradict (iii).

(v) This follows immediately from (iii), (iv) and the equalities 𝜙′
𝑝 = 𝑝𝜙𝑝−1,

𝜙′′
𝑝 = 𝑝(𝑝− 1)𝜙𝑝−2 and 𝜙′′′

𝑝 = 𝑝(𝑝− 1)(𝑝− 2)𝜙𝑝−3. □

Further properties of 𝜙𝑝 are described in the following lemma.

Lemma A.12. For 𝑝 > 1, let 𝐹𝑝 : [0,∞)→ ℝ be given by

𝐹𝑝(𝑠) = 𝑝(𝑝− 2)𝜙𝑝(𝑠)− (2𝑝− 3)𝑠𝜙′
𝑝(𝑠) + 𝑠2𝜙′′

𝑝(𝑠). (A.9)

(i) If 0 < 𝑝 ≤ 1, then 𝐹𝑝 is nonpositive.

(ii) If 1 < 𝑝 ≤ 2, then 𝐹𝑝 is nonnegative.

(iii) If 2 ≤ 𝑝 ≤ 3, then 𝐹𝑝 is nonpositive.

Proof. (i) By (A.5), we have

𝐹𝑝(𝑠) = 𝑝(𝑝− 2− 𝑠2)𝜙𝑝(𝑠) + (𝑠
2 − 2𝑝+ 3)𝑠𝜙′

𝑝(𝑠). (A.10)

A little calculation gives that for 𝑠 > 0,

𝐹 ′
𝑝(𝑠) = −2𝑝𝑠𝜙𝑝(𝑠) + (𝑝

2 − 4𝑝+ 3− (𝑝− 3)𝑠2)𝜙′
𝑝(𝑠) + (𝑠

3 − (2𝑝− 3)𝑠)𝜙′′
𝑝(𝑠),

which, by (A.5), can be recast as

𝐹 ′
𝑝(𝑠) = 𝑝𝑠(−𝑠2 + 2𝑝− 5)𝜙𝑝(𝑠) + (𝑠

4 − 3(𝑝− 2)𝑠2 + 𝑝2 − 4𝑝+ 3)𝜙′
𝑝(𝑠). (A.11)
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After lengthy but simple manipulations, this can be written as

𝐹 ′
𝑝(𝑠) = 𝐹𝑝(𝑠)

𝑠4 − 3(𝑝− 2)𝑠2 + 𝑝2 − 4𝑝+ 3
𝑠(𝑠2 − 2𝑝+ 3) +

𝑝(𝑝− 1)(𝑝− 2)(3− 𝑝)𝜙𝑝(𝑠)

𝑠(𝑠2 − 2𝑝+ 3) .

(A.12)
The second term above is nonnegative for 0 < 𝑝 ≤ 1 (see Lemma A.11 (iii)).
Furthermore,

𝑠4 − 3(𝑝− 2)𝑠2 + 𝑝2 − 4𝑝+ 3
𝑠(𝑠2 − 2𝑝+ 3) − 𝑠 =

(3 − 𝑝)(𝑠2 − 𝑝+ 1)

𝑠(𝑠2 − 2𝑝+ 3) ≥ 0.

Now suppose that 𝐹𝑝(𝑠0) > 0 for some 𝑠0 ≥ 0. Then, by (A.12) and the above
estimates, 𝐹 ′

𝑝(𝑠) ≥ 𝐹𝑝(𝑠)𝑠 for 𝑠 > 𝑠0, which yields 𝐹𝑝(𝑠) ≥ 𝐹𝑝(𝑠0) exp((𝑠
2 −

𝑠20)/2) for 𝑠 ≥ 𝑠0. However, by (A.7), the function 𝐹𝑝 has polynomial growth. A
contradiction, which finishes the proof of (i).

(ii) It can be easily verified that 𝐹 ′
𝑝(𝑠) = 𝑝𝐹𝑝−1(𝑠) for all 𝑝 and 𝑠. Conse-

quently, by the previous part, we have that 𝐹𝑝 is nonincreasing and it suffices to
prove that lim𝑠→∞ 𝐹𝑝(𝑠) ≥ 0. In fact, the limit is equal to 0, which can be justi-
fied using (A.10) and (A.7): 𝐹𝑝 is of order at most 𝑠

𝑝+2 as 𝑠 →∞, and one easily
checks that the coefficients at 𝑠𝑝 and 𝑠𝑝+2 vanish.

(iii) We proceed in the same manner as in the proof of (ii). The function 𝐹𝑝

is nondecreasing and lim𝑠→∞ 𝐹𝑝(𝑠) = 0, thanks to (A.10) and (A.7) (this time one
also has to check that the coefficient at 𝑠𝑝−2 is equal to 0). □

Let us mention here that the arguments presented in the proof of the above
lemma (equations (A.10) and (A.11)) lead to some interesting bounds for the roots
𝑧𝑝, 1 ≤ 𝑝 ≤ 3. For example, if 1 ≤ 𝑝 ≤ 2, then, as we have shown, the function
𝐹𝑝 is nonnegative: thus, putting 𝑠 = 𝑧𝑝 in (A.10) and exploiting (A.8) yields
𝑧2𝑝 ≥ 2𝑝 − 3 (which is nontrivial for 𝑝 > 3/2). Furthermore, 𝐹𝑝 is nonincreasing,
so taking 𝑠 = 𝑧𝑝 in (A.11) gives

𝑧4𝑝 − 3(𝑝− 2)𝑧2𝑝 + 𝑝2 − 4𝑝+ 3 ≤ 0,
which can be rewritten in the more explicit form

𝑧2𝑝 ≤
3(𝑝− 2) +√9(𝑝− 2)2 − 4(𝑝− 1)(𝑝− 3)

2
.

Note that the bound is quite tight: we have equality for 𝑝 ∈ {1, 2}. Similarly, in
the case when 2 ≤ 𝑝 ≤ 3 we obtain the following estimates:

3(𝑝− 2) +√9(𝑝− 2)2 − 4(𝑝− 1)(𝑝− 3)
2

≤ 𝑧2𝑝 ≤ 2𝑝− 3

and we have the (double) equality for 𝑝 ∈ {2, 3}.
In particular, the above inequalities yield

Corollary 3. We have 𝑧2𝑝 ≤ 𝑝− 1 for 1 < 𝑝 ≤ 2 and 𝑧2𝑝 ≥ 𝑝− 1 for 2 ≤ 𝑝 ≤ 3.
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[9] R. Bañuelos and G. Wang, Orthogonal martingales under differential sub-
ordination and application to Riesz transforms, Illinois J. Math. 40 (1996),
678–691.
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[110] S. Kwapień, Isomorphic characterizations of inner product spaces by orthog-
onal series with vector-valued coefficients, Studia Math. 44 (1972), 583–595.
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[129] A. Osȩkowski, Sharp norm inequality for bounded submartingales, Journal
of Inequalities in Pure and Applied Mathematics (JIPAM) 9 Vol. 4 (2008),
art. 93.
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[149] A. Osȩkowski, Logarithmic estimates for submartingales and their differen-
tial subordinates, J. Theoret. Probab. 24 (2011), 849–874.
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