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Preface

The purpose of this monograph is to present a unified approach to a certain
class of semimartingale inequalities, which have their roots at some classical prob-
lems in harmonic analysis. Preliminary results in this direction were obtained by
Burkholder in 60s and 70s during his work on martingale transforms and geom-
etry of UMD Banach spaces. The rapid development in the field occurred after
the appearance of a large paper of Burkholder in 1984, in which he described a
powerful method to handle martingale inequalities and used it to obtain a number
of interesting results. Since then, the method has been extended considerably in
many directions and successfully implemented in the study of related problems in
various areas of mathematics.

The literature on the subject is very large. One of the objectives of this
exposition is to put most of the existing results together, explain in detail the
underlying concepts and point out some connections and similarities. This book
contains also a number of new results as well as some open problems, which, we
hope, will stimulate the reader’s further interest in this field. The recent appli-
cations of the above results in the theory of quasiregular mappings (with deep
implications in geometric function theory), Fourier multipliers as well as their
connections to rank-one convexity and quasiconvexity indicate the need of further
developing this area.
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Chapter 1

Introduction

Inequalities for semimartingales appear in both measure-based and noncommuta-
tive probability theory, where they play a distinguished role, and have numerous
applications in many areas of mathematics. Before we introduce the necessary
probabilistic background, let us start with a related classical problem which inter-
ested many mathematicians during the first part of the 20th century. The question
is: how does the size of a periodic function control the size of its conjugate? To be
more specific, let f be a trigonometric polynomial of the form

N
flO)=—+ (ak cos(kB) + by sin(k9)), 6 €1[0,2m),
k=1

with real coefficients aq, a1, as, ..., an, b1, ba, ..., by. The polynomial conjugate
to f is defined by

N
9(0) = (axsin(k6) — b cos(k0)), 6 € [0,27).
k=1

The problem can be stated as follows. For a given 1 < p < oo, is there a universal
constant C), (that is, not depending on the coefficients or the number N) such
that

H!JHngprHp? (1.1)

= Y
Here ||f||, denotes the Ly-norm of f, which is given by [foz |f(9)|p%} ¥ when

p is finite, and equals the essential supremum of f over [0,27) when p = co. This
question is very easy when p = 2: the orthogonality of the trigonometric system
implies that the inequality holds with the constant Co = 1. Furthermore, this
value is easily seen to be optimal. What about the other values of p? As shown
by M. Riesz in [179] and [180], when 1 < p < o0, the estimate does hold with
some absolute C), < oo; for p =1 or p = oo, the inequality does not hold with any
finite constant. The best value of C,, was determined by Pichorides [171] and Cole

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 1
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2 Chapter 1. Introduction

(unpublished; see Gamelin [79]): C, = cot(n/(2p*)) is the optimal choice, where
p* =max{p,p/(p— 1)}

One may consider a non-periodic version of the problem above. To formulate
the statement, we need to introduce the Hilbert transform on the real line. For
1<p<oo,let feLP(R)and put

1 T —
Hf(x)=lim — udy.
e—=0 T ly|>e Y
This limit can be shown to exist almost everywhere. The transform H is the non-
periodic analogue of the harmonic conjugate operator and satisfies the following
LP bound: if 1 < p < 0o, then

IH fllp < Gl £l

where C), is the same constant as in (1.1): see [180] and [205].

Riesz’s inequality has been extended in many directions. A significant con-
tribution is due to Calderén and Zygmund [41], [42], who obtained the following
result concerning singular integral operators. They showed that for a large class
of kernels K : R” \ {0} — C, the limit

Tf(x) = lim flz —y)K(y)dy

=0 J|y|>e

exists almost everywhere if f € LP(R™) for some 1 < p < oo and

T fllp < Collfly

when 1 < p < oco. Here the constant C), may be different from the one in (1.1),
but it depends only on K and p.

We may ask analogous questions in the martingale setting. First let us in-
troduce the necessary notation: suppose that (2, F,PP) is a probability space,
filtered by (Fn)n>0, & non-decreasing family of sub-o-fields of F. Assume that
f = (fn)n>0, ¢ = (gn)n>0 are adapted discrete-time martingales taking values
in R. Then df = (dfn)n>0, dg = (dgn)n>0, the difference sequences of f and g,
respectively, are defined by dfy = fo and df, = f,, — fn—1 for n > 1, and similarly
for dg. In other words, we have the equalities

n n

fn:dek and gn:ngk, n=0,1,2,....
k=0 k=0

Let us now formulate the corresponding version of Riesz’s inequality. The role of a

conjugate function in the probabilistic setting is played by a +1-transform, given

as follows. Let € = (g1)r>0 be a deterministic sequence of signs: e, € {—1,1} for

each k. If f is a given martingale, we define the transform of f by ¢ as

gn = exdfs, n=01,2 ..
k=0



Chapter 1. Introduction 3

Of course, such a sequence is again a martingale. A fundamental result of Burk-
holder [17] asserts that for any f, ¢ and g as above we have

gl < Cpll fllp, 1 <p < oo, (1.2)

for some finite C,, depending only on p. Here and below, || f||, denotes the pth mo-
ment of f, given by sup,, (E|f,|?)*/? when 0 < p < 0o and || f||s = sup,,essup|fu|.
This result is a starting point for many extensions and refinements and the purpose
of this monograph is to present a systematic and unified approach to this type of
problems. Let us first say a few words about the proof of (1.2). The initial approach
of Burkholder used a related weak-type estimate and some standard interpolation
and duality arguments. Then Burkholder refined his proof and invented a method
which can be used to study general estimates for a much wider class of processes.
Roughly speaking, the technique reduces the problem of proving a given inequal-
ity to the existence of a certain special function or, in other words, to finding the
solution to a corresponding boundary value problem. This is described in detail
in Chapter 2 below, and will be illustrated on many examples in Chapter 3. The
method can also be used in the case when the dominating process f is a sub-
or supermartingale and, after some modifications, allows also to establish general
inequalities for maximal and square functions. Another very important feature of
the approach is that it enables us to derive the optimal constants: this, except for
the elegance, provides some additional insight into the structure of the extremal
processes and often leads to some further implications.

Coming back to the martingale setting described above, we shall be particu-
larly interested in the following estimates.

(i) moment inequalities (or strong type (p,p) inequalities): see (1.2),
(ii) weak-type (p,p) inequalities:

9llp.oo < cppllfllps 1< p <00,

where ||g[p.c0 = supyso A(P(sup,, |gn| > )\))l/p denotes the weak pth norm
of g,
(iii) logarithmic estimates:

llglly < K sup E[f |log|fu| + L(K),
(iv) tail and ®-inequalities:
P(sup |gn| = A) < P(A),  supE®(|gn|) < Ca,

under the assumption that || f||ec < 1.

We shall study these and other related problems in the more general setting in
which the transforming sequence ¢ is predictable and takes values in [—1,1]. Here
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by predictability we mean that each term ¢,, is measurable with respect to F(,,—1)vo
(in particular, it may be random): this does not affect the martingale property of
the sequence g. This assumption will be further relaxed to the case when g is a
martingale differentially subordinate to f, which amounts to saying that for any
n > 0 we have |dg,| < |df,| almost surely. We will succeed in determining the
optimal constants in most of the aforementioned estimates.

The next challenging problem is to study the above statements in the vector
case, when the processes f, g take values from a certain separable Banach space
B. It turns out that when we deal with a Hilbert space, the passage from the real
case is typically quite easy and does not require much additional effort. However,
the extension of a given inequality to a non-Hilbert space setting is a much more
difficult problem and the question about the optimal constants becomes hopeless in
general. These and related martingale results are dealt with in Chapter 3. Sections
3.1-3.10 concern Hilbert-space-valued processes, while the next two treat the more
general case in which the martingales take values in a separable Banach space B.
The final section of that chapter is devoted to some applications of these results
to the Haar system on [0, 1).

Chapter 4 contains analogous results in the case when the dominating process
f is a sub- or a supermartingale. The notion of differential subordination, which
is a very convenient condition in the martingale setting, becomes too weak and
needs to be strengthened. We do this by imposing an extra conditional subordi-
nation and assume that the terms |E(dg,|Fn—_1)| are controlled by |E(dfy|Fn—1)|,
n =1, 2, .... This domination, called strong differential subordination, has a very
natural counterpart in the theory of Itd processes and stochastic integrals, and is
sufficient for our purposes.

In Chapter 5 we show how to extend the above inequalities to continuous-
time processes and stochastic integrals. In fact, some of the estimates studied
there can be regarded as a motivation to the results of Chapter 3 and Chapter 4.
Consider the following example. Let X = (X;):>0 be a continuous-time real-valued
martingale and let H = (H;);>0 be a predictable process taking values in [—1,1].
As usual, we assume that the trajectories of both these processes are sufficiently
regular, that is, are right-continuous and have limits from the left. Suppose that
Y is the It6 integral of H with respect to X: that is, we have

t
Y = HoXo + H,dX;
0+

for t > 0. Then the pair (X,Y") is precisely the continuous analogue of a martin-
gale and its transform by a predictable process bounded in absolute value by 1.
We may ask questions, similar to (i)—(iv) above, concerning the comparison of the
sizes of X and Y. As we shall see, some approximation theorems allow one to carry
over the inequalities from the discrete-time setting to that above, without chang-
ing the constants. In fact, we shall prove much more. The notions of differential
subordination and strong differential subordination can be successfully generalized
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to the continuous-time case, and we shall present an appropriate modification of
Burkholder’s method, which can be applied to study the corresponding estimates
in this wider setting. In one of the final sections, we apply the results to obtain
some interesting estimates for harmonic functions on Euclidean domains, which
can be regarded as extensions of Riesz’s inequality.

In Chapter 6 we continue the line of research started in Chapter 5. Namely,
we investigate there continuous-time processes under (strong) differential subor-
dination, but this time we impose the additional orthogonality assumption. The
martingales of this type turn out to be particularly closely related to periodic
functions and their conjugates, mentioned at the beginning. The final section of
that chapter is devoted to the description of the connections between these two
settings.

Chapter 7 deals with another important class of estimates: the maximal ones.
To be more specific, one can ask questions similar to (i)—(iv) above in the case
when f (or g, or both) is replaced by the corresponding maximal function |f|* =
Sup,,>q | fn| or one-sided maximal function f* = sup,,~q fn. For example, we shall
present the proof the classical Doob’s maximal inequality

* p
1£5 0l < S [lfllp, 1 <p <00,

where f is a nonnegative submartingale, as well as a number of related weak-type
and logarithmic estimates. See Section 7.2.

Maximal inequalities involving two processes arise naturally in many situa-
tions and are of particular interest when the corresponding non-maximal versions
are not valid. For instance, there is no universal C; < oo such that ||g||1 < Ci||f]l1
for all real-valued martingales f and their +1-transforms g; on the other hand,
Burkholder [35] showed that for such f and g we have

llglls <2536 . [[[f*]]1,

and the bound is sharp. For other related results, see Sections 7.3-7.8.

Problems of this type can be successfully investigated using appropriate mod-
ification of Burkholder’s method, which was developed in [35]. However, it should
be stressed here that the corresponding boundary value problems become tricky
due to the increase of the dimension. That is, the special functions we search
for depend on three or four variables (each of the terms |f|*, |g|*... involves an
additional parameter). Furthermore, in contrast with the non-maximal setting,
the passage to the Hilbert-space-valued setting does require extra effort and the
inequalities for Banach-space-valued semimartingales become even more difficult.
The next interesting feature is that, unlike in the non-maximal case, the addi-
tional assumption on the continuity of paths does affect the optimal constants
and Burkholder’s method needs further refinement. See Sections 7.9-7.12.

Chapter 8 is the final part of the exposition and is devoted to the study of
square function inequalities. Recall that if f = (f,)n>0 is an adapted sequence,
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then its square function is given by

o 1/2
S(f) = (Z |dfk|2) :
k=0

Again, we may ask about sharp moment, weak type and other related estimates
between f and S(f). In addition, we can consider maximal inequalities which
involve a martingale, its square and maximal function. There are also continuous-
time analogues of such estimates (the role of the square function is played by
the square bracket or the quadratic covariance process), but they can be easily
reduced to the discrete-time bounds by means of standard approximation. The
problems of such type are classical and have numerous extensions in various ar-
eas of mathematics: see bibliographical notes at the end of Chapter 8. It turns
out that many interesting estimates can be immediately deduced from related re-
sults concerning Hilbert-space-valued differentially subordinated martingales (see
Chapter 2 below), but this approach does not always allow to keep track of the
optimal constants. To derive the sharp estimates, one may apply an appropriate
modification of Burkholder’s method, invented in [38]. However, the correspond-
ing boundary value problems are difficult in general and this technique has been
successfully implemented only in a few of cases: see Sections 8.2, 8.3 and 8.4.

The situation becomes a bit easier when we restrict ourselves to conditionally
symmetric martingales. Recall that f is conditionally symmetric when for each
n > 1, the conditional distributions of df, and —df,, given F,,_1 coincide. For
example, consider the so-called dyadic martingales: take the probability space to
be ([0,1],B(0,1),|-|) and put f, = >_j_, arhi, where h = (hy)r>o is the Haar
system and aq, aso, ... are coefficients, which may be real or vector valued. Then
the corresponding boundary value problem can often (but not always) be dealt
with by solving the heat equation on a part of the domain of the special function.
See Sections 8.2, 8.3, 8.5 and 8.6.

The final part of Chapter 8 concerns the conditional square function. It is
another classical object in the martingale theory, given by

o 1/2
s(f) = (ZE(dfk|2|f(k—1)vo)> :

k=0

We shall show how to modify Burkholder’s method so that it yields estimates
involving f and s(f). The approach can be further extended to imply related esti-
mates for sums of nonnegative random variables and their predictable projections:
see Wang [199] and the author [134], but we shall not include this here.

A few words about the organization of the monograph. Typically, each sec-
tion starts with the statement of a number of theorems, which contain results on
semimartingale inequalities. In most cases, the proof of a given theorem is divided
into three separate parts. In the first step we make use of Burkholder’s method and
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establish the inequality contained in the statement. The next part deals with the
optimality of the constants appearing in this estimate. In the final part we present
some intuitive arguments which lead to the discovery of the special function, used
in the first step. Wherever possible, we have tried to present new proofs and new
reasoning which, as we hope, throws some additional light on the structure of the
problems. We also did our best to keep the exposition as self-contained as possi-
ble, and omit argumentation or its part only when a similar reasoning has been
presented earlier. Each chapter concludes with a section containing historical and
bibliographical notes concerning the results studied in the preceding sections as
well as some material for further reading.



Chapter 2
Burkholder’s Method

We start by introducing the main tool which will be used in the study of semi-
martingale inequalities. For the sake of clarity, in this chapter we focus on the
description of the method only for discrete-time martingales. The necessary mod-
ifications, leading to inequalities for wider classes of processes, will be presented
in the further parts of the monograph.

2.1 Description of the technique

2.1.1 Inequalities for +1-transforms

Burkholder’s method relates the validity of a certain given inequality for semi-
martingales to a corresponding boundary value problem, or, in other words, to
the existence of a special function, which has appropriate concave-type proper-
ties. To start, let us assume that (2, 7, P) is a probability space, which is filtered
by (Fn)n>0, a non-decreasing family of sub-o-fields of F. Consider adapted sim-
ple martingales f = (fn)n>0, ¢ = (gn)n>o0 taking values in R, with the corre-
sponding difference sequences (dfy,)n>0, (dgn)n>0, respectively. Here by simplic-
ity of f we mean that for any nonnegative integer n the random variable f,
takes a finite number of values and there is a deterministic integer N such that
IN=[Ny1=fNy2=""-.

Let D =R xR and let V : D — R be a function, not necessarily Borel or
even measurable. Let z, y € R be fixed and denote by M (z,y) the class of all pairs
(f,g) of simple martingales f and g starting from x and y, respectively, such that
dgn = dfy, or dg, = —df, for any n > 1. Here the filtration may vary as well as
the probability space, unless it is assumed to be non-atomic. Suppose that we are
interested in the numerical value of

U(](Ivy) = sup {Ev(fnvgn)}v (21)

where the supremum is taken over M(z,y) and all nonnegative integers n. Of
course, there is no problem with measurability or integrability of V(f,, gn), since

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 9
DOI 10.1007/978-3-0348-0370-0_2, © Springer Basel 2012



10 Chapter 2. Burkholder’s Method

the sequences f and g are simple. Note that the definition of U° can be rewritten
in the form

Uo(xay) - sup {Ev(foovgoo)}v
(f,9)eM (z,y)

where f and g stand for the pointwise limits of f and g (which exist due to the
simplicity of the sequences). This is straightforward: for any (f,g9) € M(z,y)
and any nonnegative integer n, we have (fn,gn) = (fo,Ju), Where the pair
(f,9) € M(z,y) is just (f,g) stopped at time n.

In most cases, we will try to provide some upper bounds for U, either on
the whole domain D, or on its part. The key idea in the study of such a problem
is to introduce a class of special functions. The class consists of all U : D — R
satisfying the following conditions 1° and 2°:

1° (Majorization property) For all (z,y) € D,
U(z,y) > V(z,y). (2.2)

2° (Concavity-type property) For all (z,y) € D, e € {—1,1} and any « € (0, 1),
t1, ta € R such that at; + (1 — a)te = 0, we have

aU(x +t1,y+et1) + (1 —a)U(z + t2,y + eta) < U(x,y). (2.3)

Using a straightforward induction argument, we can easily show that the
condition 2° is equivalent to the following: for all (z,y) € D, e € {—1,1} and any
simple mean-zero variable d we have

EU(x +d,y+ed) <U(z,y). (2.4)

To put it in yet another words, (2.3) amounts to saying that the function U is
diagonally concave, that is, concave along the lines of slope +1.

The interplay between the problem of bounding U° from above and the
existence of a special function U satisfying 1° and 2° is described in the two
statements below, Theorem 2.1 and Theorem 2.2.

Theorem 2.1. Suppose that U satisfies 1° and 2°. Then for any simple f and g
such that dg, = df, or dg, = —df, for n > 1 we have

EV(fn,9n) <EU(fo,90), n=0,1,2,.... (2.5)
In particular, this implies
U%x,y) <U(x,y) for all z,yeR. (2.6)

Proof. The key argument is that the process (U(fn,gn))n>0 is an (F,)-super-
martingale. To see this, note first that all the variables are integrable, by the
simplicity of f and g. Fix n > 1 and observe that

}E[U<fnagn)‘]:n—1] - ]E[U(fn—l + dfnagn—l + dgn)|]:n—1]-
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An application of (2.4) conditionally on F,,_1, with = f,_1, ¥y = gn—1 and
d = df,, yields the supermartingale property. Thus, by 1°,

Ev(fnagn) < EU(fnagn) < EU(anQO) (27)

and the proof is complete. O

Therefore, we have obtained that U%(z,y) < inf U(x,y), where the infimum
is taken over all U satisfying 1° and 2°. The remarkable feature of the approach is
that the reverse inequality is also valid. To be more precise, we have the following
statement.

Theorem 2.2. If U is finite on D, then it is the least function satisfying 1° and 2°.

Proof. The fact that U° satisfies 1° is immediate: the deterministic constant pair
(z,y) belongs to M (z,y). To prove 2°, we will use the so-called “splicing argu-
ment”. Take (z,y) € D, e € {—1,1} and «, 1, t2 as in the statement of the condi-
tion. Pick pairs (f7, g7) from the class M (z+t;,y+et;), j = 1, 2. We may assume
that these pairs are given on the Lebesgue probability space ([0, 1], B([0,1]),]- ),
equipped with some filtration. By the simplicity, there is a deterministic integer T
such that these pairs terminate before time 7. Now we will “glue” these pairs into
one using the number a. To be precise, let (f,g) be a pair on ([0, 1], B([0,1]),]- ),

given by (fo,90) = (x,y) and

(fmgn)(w) = (frlLfl’g}zfl)(w/a), if we [O’a)’

and
w—a«a

(o)) = (72102 0) (5

), if wela,1),

—

when n = 1,2, ..., T. Finally, we let df,, = dg, = 0 for n > T. Then it is
straightforward to check that f, g are martingales with respect to the natural
filtration and (f,g) € M(x,y). Therefore, by the very definition of U°,

U%ax,y) > EV(fr,gr)

_ /jv(f%_l,g%_l) (E)dw*/a

= OZEV( ;o’géo) + (1 - O‘)EV( goaggo)'

1

V(ers i) (“’ - “) e

11—«

Taking supremum over the pairs (!, g') and (f?, g?) gives
U'(z,y) 2 aU°(a + tr,y +etr) + (1 = Q)U (& + ta,y + eta),

which is 2°. To see that UY is the least special function, simply look at (2.6). O
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The above two facts give the following general method of proving inequali-
ties for +1-transforms. Let V : D — R be a given function and suppose we are
interested in showing that

EV(f’ﬂ?gn) S 0’ n= 07 17 27 M) (2'8)

for all simple f, g, such that dg,, = df,, or dg,, = —df,, for all n (in particular, also
for n = 0).

Theorem 2.3. The inequality (2.8) is valid if and only if there exists U : D — R
satisfying 1°, 2° and the initial condition

3° U(z,y) <0 for all z, y such that y = L.

Proof. If there is a function U satisfying 1°, 2° and 3°, then (2.8) follows immedi-
ately from (2.5), since 3° guarantees that the term EU(fy, go) is nonpositive. To
get the reverse implication, we use Theorem 2.2: as we know from its proof, the
function U° satisfies 1° and 2°. It also enjoys 3°, directly from the definition of
U° combined with the inequality (2.8). The only thing which needs to be checked
is the finiteness of U°, which is assumed in Theorem 2.2. Since U° >V, we only
need to show that U°(x,y) < oo for every (z,y). The condition 3°, which we have
already established, guarantees the inequality on the diagonals y = d+xz. Suppose
that |z| # |y| and let (f,g) be any pair from M (z,y). Consider another martin-
gale pair (f’,g’), which starts from ((z + y)/2, (x + y)/2) and, in the first step,
moves to (z,y) or to (y, z). If it jumped to (y, x), it stops; otherwise, we determine
(f',¢") by the assumption that the conditional distribution of (f;, g}, )n>1 coincides
with the (unconditional) distribution of (fy,, gn)n>0. We easily check that ¢’ is a
+1-transform of f’, and hence, for any n > 1,

o1 1
0 2 Ev(fylwgn) = Ev(yvx) + §Ev(fn71’gn71)~

Consequently, taking supremum over f, g and n gives U°(x,y) < —V(y,z) and
we are done. ]

Remark 2.1. Suppose that V' has the symmetry property
Viz,y) =V(-z,y) =V(z,—y) for all z, y € R. (2.9)
Then we may replace 3° by the simpler condition
3°" U(0,0) <0.

In other words, if there is U which satisfies the conditions 1°, 2° and 3°’, then
there is U which satisfies 1°, 2° and 3°. To prove this, fix U as in the previ-
ous sentence. By (2.9), the functions (z,y) — U(—=z,y), (z,y) — U(z,—y) and
(z,y) + U(—x, —y) also enjoy the properties 1°, 2° and 3°’, and hence so does U
given by

U(.’E, y) = min{U(‘T’ y)? U(—.T, y)? U<$? _y)? U(—.T, _y)}’ z,y €R
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But this function satisfies 3°: indeed, by 2°,

- Uz, z) + U(—z, —x)

U(xa :tl’) - 9 < U(0,0) <0,

for any x € R.

The approach described above concerns only real-valued processes. Further-
more, the condition of being a +1-transform is quite restrictive. There arises the
natural question whether the methodology can be extended to a wider class of
martingales and we will shed some light on it.

2.1.2 Inequalities for general transforms of Banach-space-valued
martingales

Let us start with the following vector-valued version of Theorem 2.3. The proof is
the same as in the real case and is omitted. Let B be a Banach space.

Theorem 2.4. Let V : B x B — R be a given function. The inequality
EV(fnagn) S 0

holds for all n and all pairs (f,g) of simple B-valued martingales such that g is a
+1-transform of f if and only if there exists U : Bx B — R satisfying the following
three conditions.

1°U>V on B xB.
2° For all x,y € B, ¢ € {-1,1} and any a € (0,1), t1, ta € B such that
aty + (1 — a)te =0, we have
aU(x +t1,y+et1) + (1 —a)U(z +ta,y +eta) < U(z,y).

3° Uz, +x) <0 for all z € B.

In the previous situation, we had dg, = v,df,, n =0, 1, 2, ..., where each v,
was deterministic and took values in the set {—1,1}. Now let us consider the more
general situation in which the sequence v is simple, predictable and takes values in
[—1, 1]. Recall that predictability means that each v,, is measurable with respect to
F(n—1)vo and, in particular, this allows random terms. The corresponding version
of Theorem 2.4 can be stated as follows. We omit the proof, it requires no new
ideas.

Theorem 2.5. Let V : B x B — R be a given function. The inequality
EV(fn,gn) <0

holds for all n and all f, g as above if and only if there exists U : B x B — R
satisfying the following three conditions.
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1° U >V on BxB.

2° For all (z,y) € B x B, any deterministic a € [—1,1] and any o € (0,1),
t1, t2 € B such that at; + (1 — a)ta = 0 we have

aU(x +t1,y+at1) + (1 — )U(x + ta2,y + ata) < U(z,y).

3° U(x,y) <0 for all z, y € B such that y = ax for some a € [—1,1].
Let us make here some important observations.

Remark 2.2. (i) Condition 2° of Theorem 2.5 extends to the following inequality:
for all x, y € B, any deterministic a € [—1, 1] and any simple mean zero B-valued
random variable d we have

EU(z +d,y +ad) < U(x,y).

(ii) Condition 2° can be rephrased as follows: for any =, y, h € B and a €
[—1,1], the function G = Gy y pe : R = R given by G(t) = U(z + th,y + tah) is
concave.

(iii) Arguing as in Remark 2.1, we can prove the following statement. If V'
satisfies V(z,y) = V(—=x,y) = V(x, —y) for all x, y € B, then we may replace the
above initial condition 3° by

3°' U(0,0) < 0.

It is worth mentioning here that £1 transforms usually are the extremal se-
quences in the above class of transforms. To be more precise, we have the following
decomposition.

Theorem 2.6. Let g be the transform of a B-valued martingale f by a real-valued
predictable sequence v uniformly bounded in absolute value by 1. Then there exist
B-valued martingales F? = (F?J),>0 and Borel measurable functions ¢; : [—1,1] —
{—1,1} such that for j > 1 and n > 0,

Jo=Fhnsandgn=3 276;(0)Gh 0,
j=1
where G7 is the transform of F7 by € = (ex)r>0 with e, = (—=1)k.

Proof. First we consider the special case when each v, takes values in the set
{-1,1}. Let

14+ vov
D2n = %dna
1 — v
D2n+1 = ¢d7L~

2
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Then D = (Dy,)n>0 is a martingale difference sequence with respect to its natural
filtration. Indeed, for even indices,

1+ ”Uo’UnE

E(D2n|U(D0,D1,...,Danl)) :E 9

(dn‘fnfl) O—(D07"'7D2n71) =0.

Here (Fy,)n>0 stands for the original filtration. Furthermore, we have Ds,, = 0 or
Dapy1 =0 for all n, so
]E<D2n+1|U<D07 e 7D2n)) - E(D27L+11{D2n:()} ‘U(DO, e 7D2n))
= E(D2n+11{D2n:0} ‘O’(D(), e ,Danl)) = 0
Now, let F' be the martingale determined by D and let G be its transform by e.
By the definition of D we have d,, = D2, + Dapt1 and vgvpd,, = Doy — Dapy1, SO
Jn = Foni1 and g, = voGany1-

In the general case when the terms v, take values in [—1, 1], note that there
are Borel measurable functions ¢, : [-1,1] — {—1, 1} satisfying

t=> 27¢;(t), tel-1,1].
j=1

Now, for any j, consider the sequence v/ = (¢;(vy,))n>0, which is predictable with
respect to the filtration (F,),>0. By the previous special case there is a martingale
F7 and its transform G7 satisfying

—J
fn - F2n+1a
n

D 65(vr) = 65 (v0) Gy -

k=0

It suffices to multiply both sides by 277 and sum the obtained equalities to get
the claimed decomposition. ([l

2.1.3 Differential subordination

Now we shall introduce another very important class of martingale pairs. It is
much wider than that considered in the previous two subsections and allows many
interesting applications. Let B be a given separable Banach space with the norm |[-|.

Definition 2.1. Suppose that f, g are martingales taking values in B. Then g is
differentially subordinate to f, if forany n=20,1,2, ...,

|dgn| < |dfn]

with probability 1.
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If g is a transform of f by a predictable sequence bounded in absolute value
by 1, then, obviously, ¢ is differentially subordinate to f. Another very important
example is related to martingale square function. Suppose that f takes values
in a given separable Banach space and let g be ¢?(B)-valued process, defined by
dg, = (0,0,...,0,dfn,0,...), n = 0, 1,2, ... (where the difference df, appears
on the nth place). Let us treat f as an ¢?(B)-valued process, via the embedding
fn ~ (fn,0,0,...). Then, obviously, g is differentially subordinate to f and f is
differentially subordinate to g. However,

" 1/2
lgnllezs) = (Z dfk2>
k=0

is the square function of f. Thus, any inequality valid for differentially subordinate
martingales with values in ¢?(B) leads to a corresponding estimate for the square
function of a B-valued martingale. This observation will be particularly efficient
when B is a separable Hilbert space.

Let us formulate the version of Burkholder’s method when the underlying
domination is the differential subordination of martingales. Let V' : Bx B — R be
a given Borel function. Consider U : B x B — R such that

1° U(z,y) > V(x,y) for all z, y € B,

2° there are Borel A, B : B x B — B* such that for any z, y € B and any
h, k € B with |k| < |h|, we have

U@+ h,y+k) <U(z,y) + (A(z,y), h) + (B(z,9), k).

3° U(z,y) <0 for all z, y € B with |y| < |z|.

Theorem 2.7. Suppose that U satisfies 1°, 2° and 3°. Let f, g be B-valued mar-
tingales such that g is differentially subordinate to f and

BV (fn, gn)l <00,  E[U(fn,gn)| < o0
E(|A<fnagn)‘|dfn+l‘ + ‘B<f7ugn)‘|dgn+1|) < 00,

foralln=20,1,2 .... Then

(2.10)

EV(fn,gn) <0 (2.11)
foralln=0,1,2,....

Proof. Note that this result goes beyond the scope of Burkholder’s method de-
scribed so far, since the processes f, g are no longer assumed to be simple. This is
why we have assumed the Borel measurability of U, V', A and B; this is also why
we have imposed condition (2.10): it guarantees the integrability of the random
variables appearing below. However, the underlying idea is the same: we show that
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for f, g as above the process (U(fn,gn))n>0 is a supermartingale. To prove this,
we use 2° to obtain, for any n > 1,

U(fnaQn) S U(fn—lagn—l) + <A(fn—1agn—1)a dfn> + <B(fn—1agn—1>adgn>

with probability 1. By (2.10), both sides above are integrable. Taking the condi-
tional expectation with respect to F,,_1 yields

]E<U<fnagn)‘]:n—1) < U(fn—lagn—l)

and, consequently,

Ev(fnagn) < EU(fnagn) < EU(ang()) < 0.
This completes the proof. O

Remark 2.3. (i) Condition 2° seems quite complicated. However, if U is of class C,
it is easy to see that the only choice for A and B is to take the partial derivatives
U, and U, respectively. Then 2° is equivalent to saying that

2°' for any z, y, h, k € B with |k| < ||, the function G = G, ynk : R = R,
given by
G(t)=U(z + th,y + tk),

is concave.

In a typical situation, U is piecewise C!, and then 2°' still implies 2°: one takes
A(z,y) = Uz(z,y), B(z,y) = Uy(x,y) for (z,y) at which U is differentiable and,
for remaining points, one defines A and B as appropriate limits of U, and Uj,.

(ii) Condition 2° can be simplified further. Obviously, it is equivalent to
G"(t) <0 (2.12)
at the points where G is twice differentiable, and
G'(t-) < G'(t+) (2.13)

for the remaining t. However, the family (G y 5.k )z,y,h,k €njoys the following trans-
lation property:

Gayni(t +5) = Goythyttini(s) forall s, t.

Hence, it suffices to check (2.12) and (2.13) for ¢ = 0 only (but, of course, for all
appropriate x, y, h and k).
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2.2 Further remarks

Now let us make some general observations, some of which will be frequently used
in the later parts of the monograph.

(i) The technique can be applied in the situation when the pair (f, g) takes
values in a set D different from B x B. For example, one can work in D =R} xR
or D = B x [0,1], and so on. This does not require any substantial changes in the
methodology; one only needs to ensure that all the points (z,y), (z + t;,y + €t;),
and so on, appearing in the statements of 1°, 2° and 3°, belong to the considered
domain D.

(ii) A remarkable feature of Burkholder’s method is its efficiency. Namely, if
we know a priori that a given estimate

EV(fn,gn) <0, n=0,1,2,...,
or, more generally,
EV(fnagn) <c, n=20,1,2 ...,

is valid, then it can be established using the above approach. In particular, the
technique can be used to derive the optimal constants in the inequalities under
investigation.

(iii) Formula (2.1) can be used to narrow the class of functions in which
we search for the suitable majorant. Here is a typical example. Suppose we are
interested in showing the strong-type inequality

Elgn|? < CPE|fal’, n=0,1,2,...,

for all real martingales f and their +1-transforms g. This corresponds to the
choice V(x,y) = |y|? — CP|z|?, z, y € R. We have that V is homogeneous of order
p and this property carries over to the function U°. It follows from the fact that
(f,g) € M(z,y) if and only if (A\f,A\g) € M(A\z,\y) for any A > 0. Thus, we
may search for U in the class of functions which are homogeneous of order p. This
reduces the dimension of the problem. Indeed, we need to find an appropriate
function w of only one variable and then let U(x,y) = |y[Pu(|z|/|y|) for |y| # O
and U(z,0) = c|x|P for some c. As another example, suppose that V satisfies the
symmetry condition V(z,y) = V(x, —y) for all z, y. Then we may search for U in
the class of functions which are symmetric with respect to the second variable.

(iv) A natural way of showing that the constant in a given inequality is the
best possible is to construct appropriate examples. However, this can be shown by
the use of the reverse implication of Burkholder’s method. That is, one assumes
the validity of an estimate with a given constant C' and then exploits the prop-
erties 1°, 2° and 3° of the function U° to obtain the lower bound for C. This
approach is often much simpler and less technical, and will be frequently used in
the considerations below.
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(v) Suppose that we want to establish the inequality EV(f,,gn) < 0, n =
0,1, 2, ... for some class of pairs (f,g). As we have seen above, we have to find
a corresponding special function. Assume that we have been successful and found
an appropriate U. Does it have to coincide with U°? In other words, is the special
function uniquely determined? In general the answer is no: typically there are many
functions satisfying 1°, 2° and 3°. In fact, as we shall see, it may happen that the
careful choice of one of them is a key to avoid many complicated calculations.
However, the formula defining U is usually a good point to start the search from:
see below.

(vi) One might expect that the constants in the martingale inequalities under
differential subordination are larger than those in the estimates for £1-transforms:
indeed, the differential subordination is a much weaker condition. However, that is
not exactly the case, at least in the non-maximal setting. More precisely, we shall
see that in general the constants are the same even when we work with Hilbert-
space-valued processes; on the other hand, the constants do differ when we leave
the Hilbert-space setting.

This remark is related to the approach we use throughout. Namely, if we want
to establish a given inequality for Hilbert-space-valued processes, we first try to
solve the corresponding boundary value problem for +1-transforms of real-valued
martingales. If we are successful, we interpret the absolute values appearing in the
formula for the special function as the corresponding norm in a Hilbert space and
try to verify the conditions 1°, 2° and 3°. A similar reasoning will be conducted
in the more general semimartingale setting.

(vii) Burkholder’s method is closely related to the theory of boundary value
problems. We shall illustrate this in the simplest setting in R?, but it will be clear
how to get more complicated modifications. Suppose that D C R? is a given set
which is diagonally convex: that is, any section of D of slope +£1 is convex. Assume
in addition that D is of the form BUC, where C' is a nonempty set (for example:
D=BUdBor D=0UD). Let 8:C — R be a given function. The problem is:
assume that there is a finite diagonally concave function U on D such that U >
on C'; what is the least such function? There is also a dual problem for diagonally
convex majorants.

To deal with such a problem, let M (z,y) denote the class of all simple mar-
tingales (f,g) starting from (z,y), taking values in D, satisfying df,, = dg, or
df,, = —dg, for all n > 1, and such that their pointwise limit (fs, goo) has all its
values in C. Assume that M (x,y) is nonempty for any (z,y) € D. Let

Us(,y) = sup{EB(foo; 9o0) : (£, 9) € M(2,y)},
L3($, y) = lnf{EB(foo’goo) : (fv g) € M(Iv y)}
An argument similar to that used in the proof of Theorems 2.1 and 2.2 leads to the

following result, which can be regarded as a probabilistic answer to the boundary
value problem above.
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Theorem 2.8. The function Ug is the least diagonally concave function on D which
magorizes 5 on C, provided at least one such function exists. The function Lg is
the greatest diagonally biconvex function on D which minorizes B on C, provided
at least one such function exists.

Though the boundary value problems described above are different from
those appearing in the classical boundary value theory, there are many similarities
and connections. For example, diagonal concavity corresponds to superharmonic-
ity. If (f,g) belongs to the class M(x,y) just defined above and U is diagonally
concave, then (U(fy,gn))n>1 is a supermartingale. This is analogous to the clas-
sical result of Doob concerning the composition of superharmonic functions with
Brownian motion. For further connections to the classical boundary value theory,
see Chapter 6.

(viii) Burkholder’s method can be generalized to a much wider setting, in
which the differential subordination is replaced by an abstract domination. We
shall describe the extension for real-valued martingales. Suppose that <« is a re-
lation, given on the pairs (d,e) of mean-zero simple random variables, depending
only on their common distribution, such that 0 < 0. The relation admits its con-
ditional version <¢ for any sub-o-field G of F. We will say that f <-dominates
g or that g is <-dominated by f, if dg,, <r,_, df, for allm =1, 2, ... (note that
n # 0).

Let D =R xR and let V : D — R be a function, not necessarily Borel or
even measurable. Let z, y € R be fixed and denote by M (z,y) the class of all pairs
(f,g) of simple f, g starting from z, y, respectively, such that g is <-dominated
by f. We have that M (z,y) is nonempty, as it contains the deterministic constant
pair (z,y). Suppose that our goal is to establish the estimate

EV(fn,gn) <0, n=0,1,2 ..., (2.14)

for all simple martingales f, g such that g is <-dominated by f and |go| < |fol
almost surely. The appropriate versions of 1°, 2° and 3° can be stated as follows.

1° U >V on D,
2° for all (z,y) € D and any simple random variables d, e such that e < d, we
have EU(z 4+ d,y +e) < U(z,y),

3° U(z,y) <0 for all (x,y) such that |y| < |z|.
Then the argumentation from the previous section yields the following result.

Theorem 2.9. If there is U satisfying 1°, 2° and 3°, then the inequality (2.14) is
valid. On the other hand, if (2.14) holds and the function

U°(x,y) = sup{EV (fn, 9n) : (f,9) € M(z,y),n =0, 1,2, ...}
is finite, then it is the least function satisfying 1°, 2° and 3°.

Clearly, the differential subordination corresponds to the relation e < d iff
le] < |d| almost surely. There are also other interesting and natural examples
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of relations. In Chapter 3 we shall encounter the so-called weak domination of
martingales; see also the bibliographical notes at the end of that chapter.

2.3 Integration method

The final part of this short chapter is devoted to a simple, but a very powerful
enhancement of Burkholder’s method. This argument, if applicable, makes the
computations much easier to handle. Fix a function V : R? — R and suppose that
our goal is to establish the estimate

EV(fngn) <0, n=0,1,2, ..., (2.15)

for all simple real-valued martingales f, g such that g is a +1-transform of f. The
idea is to find first a “simple” function u : R? — R, which enjoys the corresponding
conditions 2° and 3°. The next step is to take a kernel k : [0,00) — [0, 00) such
that

/ k(t)|u(z/t,y/t)|dt < oo for all z, y € R,
0

and to define U : R? — R by

Ulz,y) = /0 T k(tula/t, /)t (2.16)

Since f, g are simple and for any ¢ > 0, g/t is a &1-transform of f/¢, we may use
2°, 3° and Fubini’s theorem to obtain

If the kernel k£ and the function u were chosen so that the majorization U > V
holds, then (2.15) follows.

This can be used also to study inequalities for martingales and their differen-
tial subordinates. To see this, assume that V', u and k are as above (of course, here
2° and 3° are the versions corresponding to differential subordination). To repeat
the above reasoning, we need an argument which will justify the use of Fubini’s
theorem. So, assume that f, g satisfy the integrability property

]E/OOO k()| u(fn/t, gn/t)|dt < oo

for all n. Then, as before, if we chose u and k appropriately, we obtain the chain
of inequalities

]Ev(f’nvgn) g EU(fnvgn) g EU(f()?gO) g 07 n= 07 17 27 e

The above argument can also be used in a different manner, as a convenient
tool to avoid complicated calculations. Consider a typical situation: we want to
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establish a given inequality of the form EV (f,,g,) < 0,n =0, 1, 2, ..., say, for
+1-transforms. Some arguments and observations lead to a candidate U for the
special function and the next step is to verify the corresponding conditions 1°, 2°
and 3°. Usually the proof of the concavity property is quite elaborate, especially
if we work in the Hilbert-space-valued setting. To avoid this problem, one may try
to find a representation (2.16) for some appropriate kernel k and a function u (for
which the verification of 2° is relatively simple). This will be illustrated by many
examples below.

2.4 Notes and comments

Section 2.1. The technique described above has its roots at Burkholder’s works
from early 80s, though some preliminary results in this direction can be found in
the papers [13] by Bollobds, [19] by Burkholder and [53] by Cox. The boundary
value problems (in the non-classical sense described above) appear for the first
time in [20] and [21] in the study of geometric properties of UMD Banach spaces;
see also later papers [23], [26] and [37] by Burkholder. The seminal paper [24]
contains the deep results concerning the method for real-valued martingales and
is in fact the first exposition in which the approach was used to derive optimal
constants in various estimates (see the end of Chapter 3 for details). For the re-
finement and simplification of the technique, the reader is referred to the survey
[32] by Burkholder. The generalization of the method to a general domination <
defined on the difference sequences (dfy)n>0, (dgn)n>0, as well as many examples
and applications, can be found in the monograph [112] by Kwapien and Woy-
czynski. Burkholder’s method and the notion of differential subordination have
been partially extended to the non-commutative setting: see [128].

We would like to mention here another technique, which is very closely re-
lated to Burkholder’s method. This is the so-called Bellman’s method, which also
rests on the construction of an appropriate special function. The technique has
been used very intensively mostly in analysis, in the study of Carleson embedding
theorems, BMO estimates, square function inequalities, bounds for maximal op-
erators, estimates for A, weights and many other related results. See, e.g., Dindos
and Wall [68], Nazarov and Treil [119], Nazarov, Treil and Volberg [120], Peter-
michl and Wittwer [176], Slavin and Vasyunin [186], Vasyunin [193], Vasyunin and
Volberg [194], [195], Wittwer [201], [202], [203] and references therein.

Section 2.2. The material presented there is a combination of various remarks
and observations from the literature on the subject. In particular, see [24] and [32].

Section 2.3. The integration method was introduced by the author in his
Ph.D. thesis during the study of the estimates for weakly dominated martingales:
see [124]. Then it was successively investigated in subsequent papers (see [125],
[126], [137], [145] and [146)).



Chapter 3

Martingale Inequalities
in Discrete Time

This part of the monograph contains a study of inequalities for discrete-time mar-
tingales, both in the Hilbert-space and Banach-space-valued setting. It is worth
stressing here that the setting of Hilbert-space-valued differentially subordinate
martingales has been studied intensively and, essentially, the sharp versions of all
the crucial estimates arising in this context have been successfully proved. On
the other hand, much is to be done in the non-Hilbert case, in which no optimal
constants are known.

3.1 Weak type estimates, general case

3.1.1 Formulation of the results

We start from weak type inequalities for martingales and their differential subor-
dinates, taking values in a given separable Hilbert space H. For the sake of the
reader’s convenience, we have decided to split the reasoning into two parts: first
we deal with the case in which the weak and the strong norms are of the same
order; then we present the results in the general setting.

Theorem 3.1. Assume that f, g are H-valued martingales such that g is differen-
tially subordinate to f.

(i) If 0 < p < 1, then the inequality

19llp,00 < copll flo (3.1)

does not hold in general with any finite c, p, even if we assume that f is real
valued and g is its £1-transform.

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 23
DOI 10.1007/978-3-0348-0370-0_3, © Springer Basel 2012
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(i) If 1 <p <2, then (3.1) holds with

B 2 1/p
Cpp = F(p—|— 1) .

The constant is the best possible even if f is assumed to be real valued and g
is its +1-transform.

(iii) If p > 2, then (3.1) holds with

pp1 1/p
Cpp = (T) .

The constant is the best possible even if f is assumed to be real valued and g
is its +1-transform.

Next, we turn to the case of different orders. Let

00 if g>porO0<qg<p<l,
1 if 0<¢<2<p<o0,
Cpo = P .
D,q (F(p+1)> if O<q§p,1§P<2a
—1)(p—
91/p-2/ag(p-1)/p (f,%g)w )(p—a)/(pa) i 2<q<p<oo

Theorem 3.2. Assume that f, g are H-valued martingales such that g is differen-
tially subordinate to f. Then for any 0 < p, ¢ < co we have

glg,00 < €pallFllp (3.2)
and the constant is the best possible. It is already the best possible if f is assumed

to be real valued and g is its +£1-transform.

3.1.2 Proof of Theorem 3.1, the underlying concept

The estimate (3.1) can be investigated using Burkholder’s method. First, by ho-
mogeneity, it reduces to the inequality

P(lgl" = 1) < I (3.3)
If p > 1, the bound above can be further simplified to the form
P(lgn| > 1) < b JE[fnl?, n=0,1,2,..., (3.4)

or EV(fn,gn) < 0, where V(z,y) = 1yy>1y — cb,|z|P. To justify this, we make
use of the following stopping time argument. For a fixed ¢ € (0,1), introduce
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7 =inf{n > 0: |g,| > 1 — ¢}. Clearly, we have that
P(lg]* > 1) <P(|gn| > 1 — & for some n) = P(|gran| > 1 — ¢ for some n)

. (3.5)
=P Ullgranl 21—} | = lim P(lgrnn| > 1),

n>0

since the events {|g-an| > 1 — ¢} are nondecreasing. It is evident that the martin-
gale (gran/(1 —€))n>0 is differentially subordinate to f/(1 — ¢), so applying (3.4)
to these sequences gives
by Chyp
= E|fn]P < ’ b =0,1,2,....
(175)1) |fn‘ — (175)[)”‘]0”1” n i I )
This yields (3.3), because of (3.5) and the fact that € was arbitrary.
We consider the cases0 <p < 1,p=1,1 < p < 2 and p > 2 separately. When
p = 2, the claim is trivial: it follows immediately from Chebyshev’s inequality and

IP)(|gT/\n| >1- 5) <

n n
lgalls =B D ldgl> <EY |dfil® = lIfall3,  n=0,1,2,...,
k=0 k=0

with equality attained for constant martingales f = g = (1,1,1,...).

3.1.3 Proof of Theorem 3.1, the case 0 < p < 1

The inequality does not hold with any finite constant, even for +1-transforms of
real martingales. This will be clear from the following example. Let M, N > 2
be integers and set 6 = 1/(2N). Consider independent centered random variables
X1, Xo, ...such that Xy, € {—6, M—¢6} and Xo,, 1 € {§, — M} with probability 1,
n=1, 2, .... Introduce the stopping time 7 = inf{n : | X, | # d}. Set fo = go =0,

dfn = <_1)n+1dgn = X?’Ll{'an}, n=12,..., N,

and df,, = dg, = 0 for n > 2N. Then df, dg are martingale difference sequences
and ¢ is a 1 transform of f. It follows from the construction that g* > 1 almost
surely. Indeed, we have g, = kd for k=1, 2, ...,2N on {7 > 2N}; so in particular,
gan = 1 on this set. If 7 < 2N, then g, = g1 +dg, < (1 —1)6 — (M = §) <
1—M < —1. Therefore, g satisfies ||g||p,00 > 1. On the other hand, if 1 <k < 2N,
then |fx| € {0,0} on {7 > k} and |fx| = M on {7 < k}. Therefore,

L (M=a\"
M+9 '

The latter expression can be made arbitrarily small if M and N are taken suffi-

ciently large. To see this, fix € > 0 and take M such that M (1 —exp(—1/M)) <2

E|felP < 6P + MPP(r < k) < 6" + MPP(r < 2N) = 6 + MP
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and MP~1 < e. Then, take N such that 6? = (2N)~? < ¢ and

M—9 Nﬁ . 20 N>e 1 &
M+6§) M+yo) =P\ 1o Mr’
For those M and N, we have

N
1—(M_6) ]gsﬁ-M”_l-M{l—exp(— L )]+5§46.

P Mp -
o+ M+ Mt

Thus, for this choice of M and N, we have ||f||, < (4¢)/? and therefore the
weak type estimate does not hold with any finite ¢, .

3.1.4 Proof of Theorem 3.1, the case p = 1

The case p = 1, as we will see below, plays a distinguished role. Therefore we have
decided to present it separately, though the situation for p € (1, 2] is quite similar.

Proof of (3.4) with c1y =2. Let V : H xH — R be given by V(z,y) = 1{y>1} —
2|z| and introduce U; : H x H — R by

yl? = [al* if Jal + [y < 1,

. (3.6)
1 — 2| if |x|+y| > 1.

Ul(xay) - {

We will show that U; satisfies the conditions 1°, 2° and 3°. To show the ma-
jorization V' < Uy, observe that this is trivial if |x| + |y| > 1; if |z| + |y| < 1,
then

Ur(z,y) = lyl* — |2]* > —|2|* > —2[z| = V(=,y).

Now we turn to 2°. We shall show that for any z, y, h, k € H satisfying |h| > |k|
we have

where

-2z if x|+ |y| < 1,
A@,y){ 2] + Iyl

=22" if |z +|y| > 1,

Ble.y) = 2y if x|+ |yl < 1,
’ 0 if |z + |y| > 1.

Here we have used the notation «’ = z/|z| for  # 0 and 2’ = 0 for z = 0. The
choice for A and B is almost unique, since U; is piecewise C': thus we are forced
to take A = Uy, and B = Uyy on {(z,y) : |z| + |y| # 1, |z| # 0}. To prove (3.7),
we start with the observation that Uj(z,y) < 1 — 2|z| on H x H. This is clear if
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|z| + |y| > 1, and in the remaining case we have |y|> — |z]? < (1 — |#|)? — |z]* =
1 —2|z|. Therefore, if |z| + |y| > 1, we can write

Uiz +h,y+ k) <1—2z+h| <1-2[z|—22" h,
which is (3.7). If |z| + |y| < 1 and |z + h| + |y + k| < 1, then
Uil(x+h,y+k)=U(x,y) +2y -k —2x-h+|k]*— |

and (3.7) follows from the condition |h| > |k|. It remains to prove the estimate in
the case |x| + |y| < 1, |z + h| + |y + k| > 1; then it reads

1—2lz+h|>|y* =20y k) —|z]* +2(x - h). (3.8)
If |z + h| <1, then
(1= |z +hl)* <ly+k* <[y +2(y - k) + |hf*,
which is (3.8). If |x + h| > 1, then |h| > |z + h| — |z| > 1 — |z| > |y| and
(lz+h|=1)* < (|2]+]n]=1)* < (|hl=ly])* = lyI* =2lyllh|+[h]* < lyI*=2(y-k)+|h[?

and (3.8) follows. Finally, the initial condition 3° is obvious; by the symmetry of
V it suffices to verify the inequality U;(0,0) < 0 (see Remark 2.1). Therefore, U;
has the desired properties and hence the weak type estimate holds. ]

Sharpness. This is simple: put fo = go = 1/2 and let df; = —dg1 be a centered
random variable taking the values —1/2 and 3/2. Finally, set dfs = dfs = --- =0,
dgs = dgs = --- = 0. Then we have |g1| = 1 and ||f]|1 = [|f2][1 = 1/2, so both
sides of (3.1) are equal. O

Now we will explain how one obtains the formula (3.6) above.

On the search of the suitable majorant. There are two objects to be determined:
the a priori unknown optimal value of the constant c¢;; and the corresponding
special function. A typical first step is to study the given problem in the simplest
setting: let us assume that f and g are real valued and ¢ is a +1 transform of
f. To gain some intuition about the sought-for special function, we start with U°
given by (2.1). That is, let

Uz, y) = sup{P(lgn| > 1) - cE|ful},

where the supremum is taken over all n and all (f, g) € M (z,y) (recall that M (z, y)
consists of R2-valued simple martingales (f, g) starting from (z, y) such that dgz =
dfy or dgi, = —dfy for all k = 1, 2, ...). By Theorem 2.3, the function U" satisfies
1°, 2° and 3°. Thus, we arrived at the following boundary value problem: find the
explicit formula for the least function enjoying these three conditions.

In the three steps below, we shall derive the explicit form of U°.
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Step 1. The case |y| > 1. Our first observation is that
Ul(z,y) =1—clz|  if [y|>1. (3.9)

Indeed, if (f,g) € M(z,y), then P(|g,| > 1) < 1 and E|f,| > |z| for any n. This
gives the inequality in one direction; letting f = z and g = y (or using 1°) yields
the reverse estimate.

Step 2. The case |x| + |y| > 1. Next we show that
Uz,y) =1 — clz| if |x| +y| > 1. (3.10)

To prove this, it suffices to deal with the case |z| 4 |y| > 1 > |y|. Furthermore, we
may assume z > 0, y > 0, since U%(z,y) = U%(—z,y) = U°(z, —y) for all z, y:
see Section 2.2. Reasoning as in the previous step, we obtain U°(z,y) <1 — c|z|.
On the other hand, consider the following element of M (x,y): let dfy = —dg; be a
centered random variable taking values —x and y + 1 only and set df,, = dg, =0
for n > 2. We have that f > 0, so E|f,,| = z for all n, and, in addition, ¢g; takes
values in the set {—1,z+y}. This implies the reverse inequality U%(z,y) > 1—c|z|
and yields (3.10).

Step 3. The case |x| + |y| < 1. It remains to find U® on the set K = {(z,v) :
|z| + |y| < 1}. For (x,y) lying in K, take a centered random variable d for which
|z + d| + |y + d| = 1 with probability 1. It is easy to verify that almost surely, d
takes the values d_ = (1 —x — y)/2 and dy = (—1 — z — y)/2, with probabilities
p-=(1+z+y)/2and p; = (1 —x —y)/2, respectively. Hence, by 2° and (3.10),
we obtain

Uz, y) 2 p-U% (e +d_,y+d-) +psU° (x + dy,y +dy)

l—-z—-y| 1+x+y —1l-z—-y| 1—-2z—y
=1— . .
c[”“L 2 ‘ > "t T3 2
c
=1 S0+ ol — )
Now apply the initial condition to get
c>2 (3.11)

and the inequality above takes form
U°(@,y) > |yl* — 2.

Now we conjecture that we have equality above. This leads to the function given
in (3.6), at least in the case H = R. Interpreting | - | as the norm in the Hilbert
space, we can treat the obtained function U; as a function on H X H. O

Remark 3.1. Note that in the search above, we have presented an alternative
proof of the fact that the constant 2 is the best possible even for +1-transforms
of real martingales: see (3.11). This type of approach has been already mentioned
in Remark (iv) in Section 2.2.
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Remark 3.2. When ‘H = R, the function U; is optimal in the sense that it coincides
with the corresponding U?; this can be quite easily extracted from the above
considerations. But when H is at least two-dimensional, is this still the case? No.
Burkholder [26] showed that the optimal choice is given by

Uz, y) = L—(L+2z =2y + |z +y)?z —y>)Y? if |24y V]z—y| <1,
R FP T if |z+y[Viz—yl>1.

A DUAL FUNCTION TO U;j. Before we proceed, let us introduce the function
U : HxH—Rby

0 if |z[+y[ <1,

: (3.12)
(Iyl =1)% = Jz* if ||+ ]yl > 1.

Usol(z,y) = {

This function, as we shall see below, can be considered as a dual function to U;.
We shall prove the following fact.

Lemma 3.1. The function Uy, has the properties 2° and 3°.

Proof. This can be done in the similar manner as before. We show that

Uso(x+ hyy+ k) < Uso(,y) + A(z,y) - h+ B(x,y) - k, (3.13)
where
0 if |z|+y| <1,
Alw.y) = ol
o el 2 1,
0 if |z|+ 1yl <1,

B(z,y) =
(y>{w—w/ﬁm+m2L

It can be easily verified that Uy (z,y) > (ly| — 1)? — |2|* on H x H. Hence, if
|z| 4+ |y| > 1, then

Uso(@+ b,y + k) < (ly+ k| —1)* — |z + h|?
= (lyl =1 = z* =2y + k| = [yl + (y - k) = (z - h)] + |k[> — |n|?

due to the condition |h| > |k|. If |z|+|y| < 1 and |z+h|+|y+k| < 1, then (3.13) is
obvious; both sides are equal to 0. Finally, let |z|+|y| < 1 and |x+h|+|y+ k| > 1.
We must show that (ly + k| — 1)®> — |z + h|? < 0. If |y + k| < 1, then this is
equivalent to |z + h| + |y + k| > 1, the inequality we have assumed. If |y + k| > 1,
then |k| > |y + k| — |y| > 1 — |y| > |z| and

(ly + k[ = 1)% < (Iyl + k| = )* < ([K] = [a)* < (|h] = |2))* < |2 + A",
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Finally, to prove 3°, we use (3.13) and obtain
Uso(2,y) < Uss(0,0) + A(0,0) - = + B(0,0) - y = 0,
whenever |y| < |z|. This yields the claim. O
Let us prove here an auxiliary fact, to be needed later.
Lemma 3.2. For any x, y € H we have
Ur(2,y)| < U1(0,y) — Ur(x,0) (3.14)

and
Uso(2,y)] <14 [z? + |y[?. (3.15)

Proof. We may assume that % = R. First we show (3.14). If |x| +|y| < 1, then the
estimate is trivial: ||y|? — |x|?| < |y|? + |z|?. If |z| > 1, then the inequality holds
because |Ui(z,y)| = 2|z| — 1 = —Ui(z,0). Finally, if 1 < |z| + |y| < 1+ |y|, then

U1 (0,)=Ui(z,0) > Uy (0, 1—|z|)=U (,0) = 2|z =2|z|+1 > [1-2|z|| = Ui(z,y).
Now we turn to (3.15): it is clear if |z| 4 |y| < 1, while for remaining z, y,
Uso(@,)] < (lyl = 1) + |2 <1+ J2f* + [y

and we are done. O

3.1.5 Proof of Theorem 3.1, the case 1 < p < 2

We shall prove a slightly more general result. Let & be an increasing convex
function on [0,00) such that & is twice differentiable on (0,00), ®’ is strictly
concave, lim;_, o ®”(t) = 0 and ®(0) = ®’(0+) = 0. This is satisfied by the
function ®(t) = t?, 1 < p < 2, but also, for example, by ®(¢) = tlog(t + 1) and
O(t) =t —log(t+1).

Theorem 3.3. If f, g are H-valued martingales and g is differentially subordinate
to f, then, for all A > 0,

P(g" > A) < Co supED(|f,]/N), (3.16)
where . .
Cp =2 </ fb(s)esds) . (3.17)
0

The constant is the best possible. It is the best possible even if f is real valued and
g is assumed to be its £1 transform.

Note that the choice ®(t) = tP, 1 < p < 2, yields the estimate (3.1).
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Proof of (3.16). It suffices to show the estimate for A = 1. With no loss of gener-
ality, we may and do assume that

sup E®(|fr]) < oo, (3.18)

since otherwise there is nothing to prove. By the stopping time argument, we
reduce the inequality (3.16) to the bound EVg(f,,9,) <0,n =0, 1, 2, ..., where

Vo (z,y) = Lijy>1y — Co®(|z]).
Let us exploit the integration method with u given by (3.6) and the kernel

C o0
k(t) = %tQ |:(I)H(t — 1) — etil/ €S¢//(5)d5:| ]-{tzl}
t—1
Note that k& > 0, since ®” is nonincreasing. Lengthy but straightforward compu-
tations show that Us : H X H — R given by

Us(a,y) = / " k(tua/t /1)t

admits the following explicit formula: if |z| + |y| < 1, then Ug(z,y) = |y|? — |z|?%;
if || + |y| > 1, then

Un(a,y) = 1 — [y|Ca®(|z] + |y| — 1) — Ca(1 — [y[)el+vl-1 / e B(s)ds.
|z]+]y|—1

Now, let us show the majorization Us > V. Note that it suffices to establish this
for H =R and =,y > 0, since Up and Vp depend on x and y via their norms
|z| and |y|. For a fixed z, the function Ug(z,-) is nondecreasing as a function of
y € [0,00). This follows directly from the definition of Us and the fact that u
also has this property. Consequently, it is enough to prove the majorization for
y € {0,1}. If y = 1 this is trivial: we have Ug(z,1) = Vg (z, 1) for all z. If y = 0,
then for z > 1,

oo

L (U (2,0) - Va(z,0)) = Cper? [emq’/@ - /

7«5‘@/
o e (s)ds}

-1

= Cge™ ! /OO e (P (s+1)— ®'(s) — D" (s + 1))ds,

-1

which is nonnegative, by the mean value property. Therefore it remains to show
that Ug(2,0) > Vg (x,0) for 2 € [0,1]. This is equivalent to

F(z) := Ce®(x) —2* >0

and follows from the equality F'(0) = F’(0+) = 0, the strict concavity of F’ and
the fact that F'(1) = Ug,(1,0) — V. (1,0) > 0. Consequently, the majorization
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holds. Therefore, all that is left is to check the integrability which allows the use
of Fubini’s theorem in the inequalities

EU@(fnagn) S EU@(anQO) S 0.
Precisely, we shall show that for any n > 0,

JE/OOO k() [u(f /b, gu /)|t < 0.

By (3.14), we may write
/OO k(@) ulz/t,y/8)|dE < Us(0,1) — Us(x,0) < Us(0,y) — Va(z, 0).

Note that —EVg(f,,0) < oo, due to the assumption (3.18). It remains to prove
that EUg (0, g,) < oo for all n. If |y| > 1, then

Us(0,y) <1+ Csly|
yl-1

<1+ Jy[+ Calyl[@(y]) = @(Jy| = 1],

where the latter passage is equivalent to the inequality Us(y,0) > Vg (y,0), which
we have already established. By the convexity of ®, we have

ey—l/m e~ B(s)ds — D(ly| — 1)1

lyl -1
[y
Therefore, all we need is the inequality E®(2|g,|) < co. Since @’ is concave with
®'(0+) = 0, we have ®'(¢t) > ®'(2t)/2 and integrating this from 0 to r gives

®(2r) < 4®(r) for any r > 0. Consequently,

M@WD—MyhiﬂéyﬂﬂyD— Mywwﬂs¢@m—ws¢@m»

O(r+5) < D(2r) + P(2s) < 4D(r) + 4P(s) for r,s > 0. (3.19)

This gives the desired integrability, because, by the differential subordination and
the triangle inequality,

mmm$meim®

k=0
< 4ED (Z |dfk|> < 4ED (22 |fk|> < 16E® (Z |fk) :
k=0 k=0 k=0
It suffices to use (3.19) several times and apply (3.18) at the end. O

Sharpness of (3.16). Fix § € (0,1) and let (f,g) be a Markov martingale that
satisfies the following conditions:

(i) (fo,g90) =(1/2,1/2).
(ii) The state (1/2,1/2) leads to (0,1) or (1,0).
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(iii) The state of the form (1 + 2k6,0) (k =0, 1, 2, ...) leads to (2kd,1) or (1 +
2kd + 9, —9).

(iv) The state of the form (1+2kd+3d, =) (k =0, 1, 2, ...) leads to (2kd+25, —1)
or (14 (2k +2)4,0).

(v) The states lying on the lines y = +1 are absorbing.

We do not specify the probabilities in the steps (ii)—(iv), since they are uniquely

determined by the fact that (f,g) is a martingale. It is easy to check that g is a

+1-transform of f. Moreover, we see that f is nonnegative; we will need this later.

It can be readily verified that the pointwise limits foo, goo exist, with |geo| = 1
almost surely and fo € {0,24,49,...}. Moreover,

P(foo = 0) =P (df1 = —%) _;’_Ip)(de — _1) — ;I—Zg

and, for k > 1,
P(feo = 2k6) = P(df1 = 1/2, dfa =6, ..., dfor, = 0, dfoxr1 =06 — 1)
+P(dft = 1/2, df2 = 6, ..., dfox+1 = 6, dfort2 = —1)

U Ak TC ) LA L2 ot
T 2(1 46k 2<1+5)k+1(1+5)2'<1—+5) '

Therefore, since ® vanishes at 0,

i k—1
EQ(|foo|) = E®(fx) = ﬁqu%a) (1 %) .
k=1

Note that we have the elementary inequality

o 20(146) 5 1 _ 20 2

- 1+6—e ’

valid for  sufficiently close to 0. Thus, if we take § small enough, we may make
E®(|fx|) arbitrarily close to & [ ®(t)e~*dt = Cz'. This completes the proof.
O

Remark 3.3. In [24], Burkholder uses a slightly different function Ug to prove
(3.16). Namely, he takes Ug = Vg on {(x,y) : |y| > 1} and Us = Us on the
complement of this set. In fact, it is the least special function, provided H = R.

On the search of the suitable majorant. Let us show how to obtain Burkholder’s
function defined in the above remark. As before, our first step is to find the function
in the case H = R and when g is assumed to be a +1-transform of f. Suppose that
the best constant in the inequality equals ¢. We write down the formula (2.1):

U°(x,y) = sup{P(|gn| > 1) — cED(|f.])},
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where the supremum is taken over all n and all (f, g) € M(z,y). To solve the cor-
responding boundary value problem, first observe that U satisfies the symmetry
condition

Uz, y) = U°(—z,y) = Uz, —y) forall z,yeR (3.20)

and hence it suffices to determine it in the first quadrant [0, 00) x [0, c0).

Step 1. The case |y| > 1. Note that for these y we have
U%z,y) =1 —c®(|z|). (3.21)

Indeed, for all f, g as above we may write P(|g,| > 1) < 1 and E®(|f,|) > @(|z|),
where the latter follows from Jensen’s inequality. This gives the estimate in one
direction, and the choice of constant f and g yields the reverse.

Step 2. Key assumptions. Here we make some conjectures on the function on
the set {(z,y) : |y| < 1}. We leave the formal definition of U® and base our search
on the two assumptions below; thus we may no longer use the notation U° and
write U instead.

The first condition concerns regularity of the special function.

(A1) U is continuous on {(z,y) : |y| < 1} and of class C! in the interior of this
set.

Then the symmetry condition (3.20) implies
Uz(0,y) = Uy(z,0) =0 for x e Rand y € (—1,1). (3.22)

Introduce the notation A(t) = U(t,1) = 1 — ¢®(t), B(t) = U(t,0) and C(t) =
U(0,t). The next assumption is the key one. Sometimes we shall refer to this type
of conditions as to “structural assumptions”.

(A2) The function U satisfies

Ulz,y) =yAlx+y—1)+ (1 —y)B(x +y) if z+y>1>y>0,
y T .
U - c B f >0 1.
(z,y) oy (x+y)+l,+y (x+y) if 2,y>0,z+y<
(3.23)

In other words, when restricted to [0, 00) x [0, 1], U is linear along the line segments
of slope —1.

Step 3. The case |y| < 1. Now we will show that the conditions (Al) and
(A2) lead to Burkholder’s function described in Remark 3.3. Note that we may
assume that U(0,0) = 0: if this is not the case, replace U by the larger function
U —U(0,0). Using (3.22) and (3.23), we obtain the differential equations

; for y € [0,1), (3.24)
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B'(z) = —————~ for z € [0,1), (3.25)

and

B'(x) = B(z) — A(z — 1) for x > 1. (3.26)
By (3.24) and (3.25) and the condition B(0) = C'(0) = U(0,0) = 0 we have that
B(x) = —C(x) on [0, 1]. Plugging this into (3.24) yields C(y) = ay? for all y € [0, 1]
and some fixed a € R. Since C(1) = A(0) = 1, we see that a = 1 and we obtain
the formulas for B and C on [0, 1]. Now, by the second equality in (3.23), we get

Ulz,y) =y =z if |2l +]yl < 1.

Similarly, solving (3.26) (recall that A(t) =1 — c®(t)) gives

oo

B(x)=1- cem/ e td(t —1)dt.

By the continuity of B at 1, we see that ¢ must be equal to Cg, given by (3.17).
Finally, by the first equation in (3.23), we get that if 1 — |2| < |y| < 1,

cmxﬂo::14wmcz¢qx|+\m——U—fcz<14¢ynaﬂHM*1/“ 5 ®(s)ds.
|z|+|y|—-1

It remains to treat the absolute values in the formulas above as the norms in H
to obtain the candidate for the function U defined on H x H.

3.1.6 Proof of Theorem 3.1, the case p > 2
Here the situation is entirely different.

Proof of (3.4). Obviously, we may restrict ourselves to f which are bounded in L?.
Then ||df,||p, < oo for any n and hence, by differential subordination, ||dgn||, < oo
and ||gn ||, < oo for all n. Let Vj(z,y) = L{jy>13 — PP~ |z’ /2. As in the previous
case, we shall use integration argument, but this time u is the dual function, given
by (3.12). Set

k) PPlp—1)*"(p-2)

1 " N o<i<ip1y-

A little calculation shows that
(o)
Uplary) = [ KO)uta/t.y/ty
0

is given by the following formula: if || + |y| < 1 — p~1, then

o) =5 (525) (ol = Dlahlel + e
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while for remaining (z,y),

p2 2 2
Up(a,y) = [|y Jaf? -

2(p — 2)|y| N (p—1)>(p-2)
4

P p3

By (3.15),
/0 k() ue/t, g/l < 61+ 2l + 1yl?),

for all x, y and some positive constant ¢ depending only on p. Hence the use of
the integration argument is permitted: for any n, the random variables f, and g,
belong to L, so Fubini’s theorem implies that EU,(fy, gn) < 0. Therefore, all we
need is the majorization property U, > V,, and, as before, it suffices to establish
it for H = R. Consider the function F' given by

1 p—1

Fs) = 5 (%)p_l (1—ps)+ L

This function is nonnegative: indeed, it is convex and satisfies

sP, s €10,1].

F(p-1)™ ) =F(p-17")=0.
This gives the majorization for |z|+|y| < 1—p~!, since for these z, y it is equivalent
to F(|z|/(|z| + |y|)) > 0. The next step is to show that Up(z,y) > V,(x,y) for
ly| > 1. For fixed z, the function Up(z,-) increases on [1,00), so it suffices to
establish the bound for y = 1. That is, we must prove that

p
(plal)” =1 = S ((plal)* — 1), (3.27)
which is an immediate consequence of the mean value property of the convex

function ¢ — t?/2. It remains to show the majorization for (z,y) satisfying |z| +
ly] > 1 —p~! and |y| < 1. The inequality can be rewritten in the form

20 =2yl , =V =2)] Pl

2
Doz — a2 —
1 |yl || » e = 2

which is valid for all real x, y, not only for those satisfying the above restrictions.
Indeed, observe that as a function of |y|, the left-hand side attains its minimum
for |yl = 1 —2/p and for such y, we again arrive at (3.27). This completes the
proof. O

Remark 3.4. The original special function invented by Suh [189] was much more
complicated; on the other hand, her function is the least majorant leading to the
weak type estimate. We will present a detailed description of the steps which lead
to the discovery of this function, just after the proof of the optimality of ¢, ,.
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Sharpness. Consider the following example. Let N be a fixed positive integer and
let 6 > 0 be uniquely determined by the equation

S(1+20)N =1 ]—i. (3.28)

Let (Xn)QN 3’1 be a sequence of independent random variables, with the distribu-

n=

tion given as follows. Let X =9,

_P=2) _ __(p=1)5

P(XQn—l_pl) 1 P<X2n—1 1+6) 1+(p71)6,
(=2 +20)\ 1420\ (p—1)s

P<X2n(p—1)(1+5))1 IP)(X2”1+6> 1426

forn=1,2, ..., N, and, finally,
p(1+9) p—2 1
PlX =—)=1-P(X = = .
< 2N+1 b1 2N+1 o1 10

A straightforward verification gives that EX,, = 1 forn = 1,2, ..., 2N + 1.
Introduce a stopping time 7 = inf{n > 1: X,, < 1} A (2N + 1). Then by Doob’s
optional sampling theorem, the sequences f, g defined by

gn:*é-‘i’XOXl"'XT/\na dfn:(f]-)ndgnv TLZO, 1’2""
are martingales and ¢ is a £1-transform of f. The paths of the martingale g are
of two types:

a) g increases for a number of steps, then it decreases and stops;
b) g increases and reaches 1 at time 2N + 1.

We will show that when ¢ is sufficiently small (or, rather, when N is sufficiently
large), then the ratio P(gan4+1 > 1)/E|fon+1|P can be made arbitrarily close to
pP~1/2. To this end, denote

14603 - p) 2p — 1)5(6 + 1)

_ =1- 3.29
@ (14 (p—1)8)(1 +26) 1+(p+1)d+2(p—1)62 (3.29)
and observe that
QN
P<92N+1 > 1) = P(Xl > 1, X9 > 1, ..., X2N+1 > 1) = 2+p5 (330)

Now let us derive E|fon41|P. Directly from the definition of 7 and the variables
X we infer that

(p—1)Q%
Pir=2k+1)=-L %% p_01,... N-1
(T k—"_) 1+(p71)6’ k: 07 b ) b
_ k
IP(Tsz)—M k=1,2,..., N.

- 1+6(3-p)’
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Furthermore, the distribution of |fan41] is given as follows:

5(1 +26)F

| font1ll{r=2k 41y = —1 lir=2k+rp, k=01, N-1

0(1426
|fon 1l lr=ar) = (1)7)1{7 2k} k=1,2,..., N,
QN
P(|fons1| =p '+ 6, 7=2N+1) = T4 o]
QN (1 + pd)
P = =2N+1 -
([fonv+1] ,T=2N+1) = 5+ o
Thus,
E|fon1|P = QN (I + T+ IIT +1V),
where
N—
_ Z oF—N (1 +25)
: 1 ,
 (p-1) iQM 3(1 +20)"
1+ -p) & p—1 ’
-1
= "
2+ pd
_ p"(1+pd)
v = 2+ pd
Now we let N — 0o (so § — 0). We have that
I 1 ) P ((Q(1+20)P)N —1)
-1t QL+20)r -1 QN '

It follows from the second equality in (3.29) that @ =1 —2(p — 1)6 + O(6?) and
hence Q(1 + 26)? = 1+ 25 + O(6?). Thus, letting § — 0 in each of the three
fractions above, we get, by (3.28),

o 1 L
P A BT

p—1
2pP'

It is easy to see that the limit of IT is the same, while

hm 117 = hmIVf 1
2pP

It suffices to combine this with (3.30) to get

P >1 p—1
lim (gan41 > 1) _D
§—0 E|f2N+1|p 2

)

which completes the proof. O
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On the search of the suitable majorant. Fix p > 2, assume that H = R and suppose
that the weak type inequality holds with some constant c. Let

UO(-Z'ay) = SUP{P(lgn‘ > 1) - CpElfn‘p}?

where the supremum is taken over all n and all pairs (f,g) € M(x,y). As pre-
viously, we will use the notation U instead of U?, since the final formula for the
solution of the corresponding boundary value problem will be obtained after a
number of assumptions.

Step 1. The case |y| > 1. For such y, we repeat the argumentation from the
previous case and conclude that

U(z,y) =1—cP|x|P.

Step 2. A special curve. The following intuitive observation turns out to be
very important. Let x be a large real number and let y € (—1,1). Suppose we
are interested in determining U°%(z,y). To do this we need, loosely speaking, to
find such f, g and n, for which P(|g,| > 1) is large and E|f,,|? is relatively small.
However, the “gain” we can get from the first term is at most 1. This may not
be enough to compensate the “loss” coming from the growth of the pth moment
of f (at least if |x| is sufficiently large). This is a consequence of the fact that
the second derivative of z — zP grows to infinity as x — oo: this is where the
condition p > 2 plays a role. In other words, if y € (—1,1) and |z| is large, it is
natural to conjecture that the best pair (f,g) € M(z,y) is the constant one: hence
U%(x,y) = —cP|x[P. This suggests introducing the following assumption:

(A1)  There is an nondecreasing function v : [b, 00) — [0, 1] of class C! such that
if [y| < ~(|z]), then U(z,y) = —cP[z[?.

Some experimentation leads to
(A2)  We have b =0 and v(0) = 0.
See Figure 3.1 below.

Step 3. Further assumptions. Let A(y) = U(0,y) for y € R. We impose the
following regularity condition on U.

(A3)  The function U is continuous on R x [—1, 1] and of class C! in the interior
of this set.

By Remark (iii) in Section 2.2, we may restrict ourselves to the functions satisfying
U(z,y) =U(—z,y) =U(z,—y) forallz,yecR. (3.31)

By (A3), this gives
U.(0,y) =0 for y > 0. (3.32)

It remains to determine U on the set J = {(z,y) : x > 0, y(x) <y < 1}.
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\
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Figure 3.1: Various parameters appearing during the search. The bold
curve is the graph of the function .

The key structural assumption on U is the following.
(A4)  There is y. € [0,1] such that for (x,y) € J,

t
U(w,y):%U(x—i—t,y—t)—l—x—HA(x—i—y) if v+y<wy. (3.33)

where t = t(x,y) is the unique positive number satisfying y —t = v(x + t),
and

l-y
—Ay— if — > Yu.
1y (y—z) if —zty>y
(3.34)
Condition (A4) forces U to be linear along line segments of slope —1 contained in

D, and line segments of slope 1 contained in Dj (the regions Dy and Dj are as in
Figure 3.1 and will be formally defined below).

Step 4. A lower bound for c. It turns out that the assumptions (Al)—(A4)
imply that ¢? > pP~1 /2. To prove this, we start with the observation that by (A3)
and (A4) we have, for z satisfying « + v(z) < y,. and t € [0, 2],

Uz —t,y(2) +1) = U(z,7(2)) + (=Us(z,7(2)) + Uy (2, 7(2)))1,

Uz, y) = U(z+1-y, 1)+

x
z+1—y
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so, by (Al) and (A2),
Uz —t,y(z) +t) = —cPaP + pcPaP~'t. (3.35)
Take t = x and differentiate both sides. We get
Uy (0,7(2) + 2)((2) + 1) = p(p — ePa? .
On the other hand, differentiate in (3.35) over ¢, let t = x and use (3.32) to obtain
U,(0,v(x) + z) = pcPaP~ 1.

The two equations above give v'(x) = p — 2; thus, by (A2), v(z) = (p — 2)z for x
satisfying « + v(z) < yx.

By (3.33) and (3.34), the function U is linear on the line segments I+ of
slope +1 such that (0,y*) € IT C J. Combining this with the symmetry condition
U(z,y) = U(—z,y), we get that the function

F@%_C]<Zh tﬁp2m*+t>

p—1 p—1

is linear on [0,1 — (p — 2)y./(p — 1)]. Thus

Uy —1,1) = F (1 - M) — F(0)+ F/(0) (1 - M) ,

p—1 p—1

which can be rewritten in the form
& == ) =y p— 1> P +py? (p— 1))

It remains to note the right-hand side, as a function of y. € [0, 1], attains its
minimum pP~!/2 at y, = 1 — p~!. This leads to
(A5) cP=prl/2andy. =1-p L.

Step 5. A final assumption. The next key observation is that the segments
I'™ and I, introduced in the previous step (see also Figure 3.1), have the same

length. This suggests the final assumption (A6) below, for whose formulation we
need some notation. Introduce the curve

(for a better understanding of &, see the geometric properties of I (z) and I~ (2)
below). Let D1 C J be the closed set bounded by the lines y = 1, —z +y = y.
and the curve k; let Do C J be the closed set bounded by the line z + y = yx,
the curve k and the graph of v (see Figure 3.1). Note that D; and Dy have the
following property. Take any z € x and let I (z) C D; (respectively, I~ (z) C D3)
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denote the maximal line segment of slope 1 (respectively, —1), which has z as one
of its endpoints. Then I*(z) and I~ (z) have the same length; so, in a sense, &
divides the set

{(@,y):ye —2<y<ye+a vx) <y<1}

into two halves. Our final assumption can be stated as follows.

(A6) We assume that
U is linear on each I1(2), z € k (3.36)

and
U is linear on each I~ (2), z € k. (3.37)

Step 6. A formula for . So far, we have derived that
y(z)=(p—2)x for z € [0,p™ Y]

and we need to determine this function on the remaining part of the positive half-
line. By virtue of (A3) and (3.37), the equation (3.35) is valid for all z > p~! and
t € [0,(1 —7(z))/2]. This enables us to find the expression of U(z) + Uy(z) for
any z € k: if z = (. — (1 — v(2))/2,v(z) + (1 — v(x))/2), then

plp— Verz? (1 = 1(z))

-1
Uz (2) + Uy(z) = —pcPaP™" + 1++/(x)

On the other hand, by (A3) and (3.36), this must be equal to

Uz, 1) - U(2)
=@

After some easy manipulations and plugging c? = pP~1 /2, this yields

P —
V@) +1= P22 2,
Standard arguments (cf. [189]) give the existence of a unique 7 : (p~1, 00) — [0,1]
satisfying y(p~'4) = 1 — 2/p; then y(p~'+) = p — 2 and we obtain the desired
function ~.

Step 7. The formula for U. Now we can put all the things together: the
equations (3.33), (3.34), (3.36) and (3.37) yield the candidate U, the one invented
by Suh. Let Dy = {(z,y) : # > 0, y > 1} and recall Dy and Dy introduced in Step
5. Moreover, let

Ds; = {(m,y):xZO, 0§y§7<$)}?

Dy={(z,y):2>0,7() <y < —z+y.t,
Dy :{(x,y):R+ x Ry~ (D()UD1UD2UD3UD4)
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(see Figure 3.1). One can check that the above considerations yield the following
formula for U. Let G be the inverse to the function x — x + v(z). Then

12 g on Dy,
1— 2(1-y)
1—y(z—y+1)

:%ppfl(x —y+ 1P (z—(p-1)(1—y)) on Dy,
U(z,y) = pPQ (Gz+y)P~ ' ((p - 1G(z +y) —pz) on Da, (3.38)

p—1

—a? on Ds,
p—1

% (p_ﬂ) (x+y)P~y—(p-1x) on Dy,

pP!

2
(1 ta—yprt (2 —a) - 500 41 on Ds.

The description of U is completed by the condition (3.31). One can now check
that the function satisfies the conditions 1°, 2° and 3°. However, this requires a
large amount of work and patience; for details, see [189].

3.1.7 Proof of Theorem 3.2

First, let us exclude the trivial cases. For ¢ > p the inequality (3.2) is obvious
and its sharpness can be proved, for example, by taking f = g = (£,¢,...), for
an appropriate random variable . The case 0 < ¢ < p < 1 is also easy: (3.2) is
clear and to see that no finite constant will do, consider the example constructed
in the proof of Theorem 3.1 for 0 < p < 1. Next, if 1 < p < 2, then (3.2) and
the optimality of ¢, 4 follow directly from (3.1) and the example appearing in the
proof of the sharpness of this estimate. Finally, when ¢ < 2 < p, then

gllg.00 < Hlgll2.00 < llgllz < IIfll2 < [[£1lp,

and equality can be attained: take f = g = 1.

Thus, we are left with the non-trivial case 2 < ¢ < p (the choice 2 < ¢ =p is
covered by Theorem 3.1). At the first sight, Burkholder’s approach is not applicable
here, since the inequality (3.2) does not seem to be of the form EV(f,,gn) < c.
To overcome this difficulty, we prove a larger family of related estimates: for any
2 < p<ooandanyye€l0,1-—2/p|,

PP -)

P 1 APppr—1
s Elfl +

4(p—2)p-t’

for all H-valued martingales f, g such that g is differentially subordinate to f.
Having proved this, we will deduce (3.2) by picking the optimal value of v and
exploiting the stopping time argument (which will allow us to replace g by |g|*).
Observe that (3.39) are of the form in which Burkholder’s method can be used:
introduce V, , : H x H — R by

P(lgn| > 1) < n=0,1,2,..., (3.39)

=)
2

Vo (T,y) = 1y 213 — | [P.
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To define the corresponding special function, consider the auxiliary parameters

ol 1
a=ap,=—1—  b=b,=1——. 3.40
P 1=y (p-2) - p(1—7) (3.40)

It is easy to see that a < b. Next, define k = k- : [0,00) — [0, 00) by

1 _ _
k(r) = 20" (0 =10 =21 =)y + (L= 2 1ay(n) - (341)
and introduce R, , : H x H — R by the formula
19772 (1 —7)%pP 1 oPpr!
RP,7($’y) - 4 (p 2)1} 2 (‘ | - | | ) ( 2)[) 1°

The special function U, 4 corresponding to (3.39) is given by

/ E(r)Uso(x/r,y/r)dr + Ry (2, y). (3.42)

We now turn to the proof of (3.39). Pick f, g as in the statement of this estimate.
Of course, we may assume that f, € L?, since otherwise there is nothing to prove.
Then f,, € L? and, as we have already seen, ||gn||2 < ||fn||2; consequently,

1 ,yppp—l

ERp~(fn,gn) < 12t

Next, by virtue of (3.15), there is a constant C' depending only on ~ and p such
that

AwMMW@uﬁwﬁwvsoa+uF+w%

so the integration method is applicable. Combining it with the above upper bound
for ]ERPK‘/(fna gn>7 we obtain

1 APpr!

EUp,~(fn, gn) < 1p—2p 1

and hence to get (3.39), it suffices to show that U, . > V5. This majorization
is just a matter of tedious and lengthy, but rather straightforward computations
(see [160] for details).
To deduce (3.2), observe that the stopping time argument applied to (3.39)
gives ) .
. A ( VP ey LA
P(gl" > 1) < 111+ § s

Of course, we may assume that Hpr #0.If || f]], < 1/2, put

(3.43)

v=(1+@-27 @I Ve )
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Then v <1—2/p and

1—7y= (1 +(p- 2)(2|\f|\§)1/(”_1)) K

Plugging this into (3.43) yields

YIS
P(lg* > 1) < . -

2(1+ (p— 2) (2] fIp)1/ D)
B PP\ S| .
— _ p—1 Hpr
2 (1+ (p — 2)(2[fI5) 1/ >-D)

To analyze the factor in front of |[f[[#, we define the function G : (0,00) — R by

(3.44)

ppigt—a/p

2 (14 (p—2)(2t)/-D)P~

A straightforward analysis shows that the maximum of G is equal to ¢} . Thus,

(®(lgl* > )Y < GUFRY N fllp < cpall fllp- (3.45)

We have proved this under the assumption || f||, < 1/2, but (3.45) is valid for all
f. Indeed, suppose that ||f||, > 1/2 and use the weak type (2,2) bound to get

P(lgl* = 1) < 1713 < 17112 = [cpallF1277] - 1115

However, the expression in the square brackets can be shown to be smaller than
1. Hence (3.45) holds, and it yields (3.2) by standard homogenization.

Sharpness. Let 2 < ¢ < p be fixed. To prove the optimality of ¢, , one could
proceed as previously and construct appropriate examples. However, the calcula-
tions turn out to be quite involved; there is a simpler approach which rests on
the following modification of Theorem 2.2. For any (z,y) € R? and t € [0, 1], let
M (z,y,t) denote the class of all pairs (f, g) of simple real-valued martingales with
(fo,90) = (x,y), satisfying dg, = df, or dg, = —df, for each n > 1 and the
further assumption P(|goo| > 1) > t. Note that the class M (x,y), introduced in
Chapter 2, coincides with M (z,y,0) in this new notation. Introduce the function
U:RxRx[0,1] = R by

U(a,y.t) = inf {|IfIIL: (£.9) € M(z.9,8)}

Of course, U%(z,y,t) > |z[P. Note that this estimate can be reversed if |y| > 1 or
t = 0, since then the constant pair (z,y) belongs to M (z,y,t). Thus,

U%x,y,t) = |z if Jyj>1ort=0. (3.46)
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Furthermore, by the use of the “splicing argument”, we get that for any x, y € R,
veRande € {-1,1},

the function G(t) = U°(x + tv,y + tewv, t) is convex on [0, 1]. (3.47)

Now recall the parameters ¢ and b defined in (3.40). We will need the following
further properties of U?, listed in the two lemmas below.

Lemma 3.3.
(i) If t <1/2, then

U%a/2,a/2,t) < %UO(O,a,%) +% <m) . (3.48)
(ii) We have
U%0,b,1/2) < (p(1 —~))7?. (3.49)
(ili) Assume that v € (0,1 —2/p), 5 € (0,(p—1)"1), y > 0 and put
_1-(p—1)§
And = T (p—1)5

Then for any t € [0, Ap,q],

v+ (1 ’y)y)r

0 - 0 Y —-1 _
U (O,y,t)_)\p,aU (O,y+2<y+—1_’y> 5,t)\p75>+(1 )\p,é) [(p—l)(l—’y

Proof. The claim follows from (3.46) and (3.47). We have

1 1 1 1 ~ P
0 < = 0 —pyo =_y° -
U (a/Q,a/Q,t)_QU (O,a,Qt)+2U (a,0,0) QU (O’a’2t)+2((1—'y)(p—2)>

and
1 1
U0<Oaba 1/2) < §U0(b - 1v2b - 1?0) + §U0<1 - b? L, 1) = (1 - b)p = (p(l - ’7))_1)'

To check the third estimate, let k =y + /(1 — ) and note that

0 < (p—1)é 0 K __k

1
EET RS

B (p(pl)clg)jl ' (pn 1>p

1 0
+ m(] (7m5’y+,€5’((p7 1)5+1)t).

U°(—kd,y+ kKo, ((p—1)0 + 1)t)
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Similarly,

0= w4 b (0= D54 1)) < (0= 1507 (===~ 4 2060)
p

—1 p—1
F(1—(p-1)8)-U° <O,y 4 243, tA;g)

= =19 (p:)p

F(1—(p—1)8)U° (o,y + 23, tA;g) .

Combining these two estimates gives the desired bound. O

Lemma 3.4. For any v € (0,1 — 2/p) we have

U° <a/2,a/2& <1%>p1> < % <W7<p_2>>pl. (3.50)

Proof. If we set F(s,t) = U%0,s—~v/(1—7),t), then the inequality from (iii) can
be rewritten in the more convenient form

p
F(s,t) < ApsF(s(1+26),tA75) + (1= Aps) <ﬁ> ,

where s =y + /(1 — 7). Hence, by induction, we have

Ap.s(1+20)P]" —1
Apo(1+20)P — 1
(3.51)

p
F(s,t) < Ap sF(s(1+26)" A7) + (1= Aps) (ps 1) [

for all s > v/(1 —7), § € (0,(p — 1)~1), any positive integer n and any t < Ay s
Fix a large integer n and let s, 6 and t be given by

s=a-+ Yo <p_1)’y (1_’_25)n:b+7/<1_7>:p—2

-y (p—2)1—-7) at+y/(1=7)  py

and t = A7 5/2. Note that if n is sufficiently large, then § < (p —1)~", so we may
insert these parameters into (3.51) and let n go to co. We have

: : 2(p—1)5 \" py \*7'
1 ne= 1 1 _—_— = [ —
'nl—}H;oAp’é nl—)néo ( 1+(p7 1)5) (pQ ’
lim L= s = lim 2p — 1)
n=oo Aps(1+20)P =1 =0 (1= (p—1)0)(1 +26)? =1 — (p — 1)d

:pfl
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and, by (3.47), the function U%(0,a,-) : (0,1) — R is continuous. Therefore, in the
limit, (3.51) becomes

o <O,a,% <]%>pl>
: <1%>p_1 v (O’b’ %> tle-1) ((1 *v)v(p* 2))” (pZWQ - 1)

< (ﬁ) (- (1-255).

where to get the last inequality we used (3.49). Plugging this estimate into (3.48)
gives (3.50). O

Now we can easily show the sharpness of (3.2) and (3.39). Let us first deal
with (3.39). Fix € > 0 and v € (0,1 — 2/p). Then, by (3.50) and the definition of
U°, there is a pair (f,g) of simple martingales starting from (a/2,a/2) such that
dg, = df,, or dg, = —df, for all n > 1, and

i3s3 (i) +e o mzn23(2)"

Therefore, g is a +1-transform of f and

L el
2

P(|goo| > 1) —

and hence (3.43) is sharp, since € was arbitrary. The case v € {0,1 — 2/p} follows
easily by passing to the limit. Finally, to deal with (3.2), pick v = 1 — ¢/p and
observe that

P(lgo| = 1) 1<p q)”_l. }( pP—q )p_l
TRERAVEE 2\ap-2) *°

However, the right-hand side converges to ¢l , when & — 0. This proves the opti-
mality of the constant ¢, 4 in the weak type (p, ¢)-estimate. |

—q/p

On the search of the suitable majorant, 2 < q < p. Suppose that H = R and we
want to find the special function which leads to (3.2). The first observation, already
mentioned above, is that the estimate is not of appropriate form from our point
of view; by homogenization arguments, we are led to study estimates of the form

P(lgn| > 1) < aE|[fn]? + 8. (3.52)

In view of the weak type inequalities (3.1), it suffices to consider a € (0,p?~1/2),
and the question is: for any such «, what is the least possible value 8(«) of 5 and
what is the special function which leads to the corresponding sharp estimate?



3.1. Weak type estimates, general case 49

Of course, we take V(z,y) = 1{y>13 — @|z|P. It is natural to try to modify
Sub’s special function U given by (3.38). A little thought and experimentation
suggest to consider the following scaling of this object. Let v € (0,1 —2p~!) be a
fixed parameter and, for any x € R and y > 0, take

u(z,y) =U (z(1 —7),y(1 =) +7).

Extend u to the whole R? by setting u(x,y) = u(x, —y) for x € R, y < 0. The
function should have the necessary concavity property, but, unfortunately, we have
lim, o u, (2,) > 0 when [a] < /((1—7)(p—2)) (that is, when (z(1—~),7) € Da,
where Dy is as in Figure 3.1). To overcome this problem, we modify u on the
square

{(z,y) € R?: x| + [y| < /(L —)(p—2))},

putting u(z,y) = k1(|y|?> — |x|?) + ko there. The parameters k1, ko depend only
on p and -y, and we determine them by requiring that « is continuous: we obtain

_ PP )
4(p —2)r~2

priaP

and Ko = W

K1

Quite miraculously, the modified u has the required concavity property (one easily

verifies that the partial derivatives match appropriately at the boundary of the

square). What inequality does it yield? Looking at u(-, 1) and «(0,0), we see that

u should correspond to (3.52) with
PP —)? 1 APpPt

= - d = -,

« 5 an B8 1 —2p 1

i.e., we have obtained the candidate u, . for special function leading to (3.39).

Observe that in the proof above, we have used slightly different objects U, 4. The

reason why we apply the integration method is clear: it enables us to avoid many

technicalities involved in the analysis of Suh’s function. How did we get the kernel
k? First, observe that there is no nonnegative k for which

Up~(2,y) = /000 k(r)Uso(z/r,y/r)dr

on the whole R?. A little experimentation leads to the slightly different equation
) = [ Rl 4 waof? = o) s, (353)
0

but still there is no k for which the identity holds true on R2. Fortunately, it suffices
to require the validity of this identity on an appropriate part of R?: assuming (3.53)
on the set

{(zy) szl + 1yl < b, [yl +9/(1=7) = (p = 2|2} U{(1 =, 1)},

implies that & is given by (3.41).
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Finally, we would like to stress here that it can be shown that

P —)

(o) =sup { Pl = ) = PGB0 P (7.9) € Mo |

in other words, the above w, - is the least special function leading to (3.39). O

3.2 Weak type estimates for nonnegative f

Now we will study the above weak type estimates under the assumption that the
dominating martingale is nonnegative. It can be easily seen from the considerations
in the general case (see the sharpness of (3.16)), that the optimal constants do
not change for 1 < p < 2. It turns out that they do change for remaining p.

3.2.1 Formulation of the result

We will prove the following fact.

Theorem 3.4. Suppose f is a nonnegative martingale and g is an H-valued mar-
tingale which is differentially subordinate to f. Then, for p € (0, 00),

glp,00 < cppll fllps (3.54)
where
2 if pe(0,1),
(g =12/T(p+1) if peL,2],
% Zf P> 2.

The constant is the best possible, even if H = R and g is assumed to be a +1-
transform of f.

If p € (0,1), then the inequality holds for any nonnegative supermartingale
f and any g which is strongly differentially subordinate to f. This will be shown
in the next chapter and we refer the reader there. Therefore it remains to show
the weak type inequality for p > 2, which, as in the general case, turns out to be
quite a challenging problem.

3.2.2 Proof of Theorem 3.4 for p > 2

Proof of (3.54). It suffices to show the estimate for f € LP; then g, is also p-
integrable, n = 0, 1, 2, .... By the stopping time argument and homogeneity, the
weak type inequality is equivalent to

+ —
]E‘/P (fnagn) < 07 n= Oa 1? 2? SRS (355)
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where V7 : [0,00) x H — R is given by V" (z,y) = 1{jy>1} — (¢} ,)P2P. Recall the
function U from Subsection 3.1.4 and let, for a fixed parameter s € (1,00) and
x>0,y €H,

s—1 1 s—1
Uoo’s(a:,y)Uoo( S <a:8_1,0,0,...>, S y> (3.56)

_Jo if (x,y) € Dy,
(L2 (Jy? —a?) — 2Dy 4 2Dy 4 2L i (2,y) ¢ D,

S

S

where D, = {(z,y) € [0,00)xH : [z— 25 |+[y| < 5} Now let U,f : [0, 00) xH —
R be given by

U @) = [ KOUspa(o/t o,

where ( )
p’(p—1)>
=15 =21

To write the explicit formula for U;‘ , consider the following subsets of [0, c0) x H:

tp711[0,172/p] (t).

Do =Ry xH)~ (DoU Dy),
2
Dl{(i,y)i(pl)x§|y<x+11—j},

Dy ={(z,y): [yl <min {1l —z,(p—1)z}}.

Then
pQ(\y\zfrz) _ P(P*;)‘y‘ + p2((17p121))17 + (112;2)2 on Dy,
U (z,y) = | stz 2(lyl = )7~ on D1,

L+ g [0 - DIyl - E222a] on D,

We turn to the proof of (3.55). Clearly, Us p—1 inherits property 2°: hence if a
martingale g is H-valued and differentially subordinate to a nonnegative martin-
gale f, then for all n > 0,

EUOOapfl(fna gn) S EUoo,pfl(f(Ja 90)'

Furthermore, it is easy to see that U p—1(z,y) < 0 for |y| < z, so the latter
expectation is nonpositive. Since |Us p—1(2,y)| < e(1+2%+|y|?) for some absolute
cand all z > 0, y € H (see (3.15)), we have that

/0 T RO Usopor (/b y/Dldt < 31+ 22 + [yf?)

and hence the use of Fubini’s theorem (and the integration argument) is permitted.
Consequently, to complete the proof it suffices to show the majorization U; > Ver.
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With no loss of generality we may assume that H = R and, due to the symmetry
of U; and V; with respect to the xz-axis, we are allowed to consider y > 0 only.
We distinguish two cases.

The case x € [0,2/p]. Then it is easy to derive that the function Up(z,-)
is decreasing on [0, (p — 2)z/2] and increasing on [(p — 2)x/2, 00). Therefore it is
enough to establish the majorization for y = (p — 2)x/2 and y = 1; for the first
value of y we have U, (x,y) = V' (x,y), while for the second,

2,.2
tn 1) pat  plp—=2r oy
Vii(z, 1) =1—cp 2P <1— TR 2= 1) =U, (z,1).

Here in the second passage we have used the inequality

uP™t— 1> (p—1)(u—1), with u = px/2. (3.57)

The case x € (2/p,00). Then Up(z,-) is decreasing on [0,1 — 2/p] and in-
creasing on [1 — 2/p, 00), so it suffices to prove the majorization for y =1 —2/p
and y = 1. The second possibility has been already checked above; furthermore,
Uy (x,1=2/p) > V,F (2,1 —2/p) is again equivalent to (3.57).

This completes the proof. O

Sharpness of (3.54), p > 2. This can be obtained by considering a slight modifi-
cation of the following example, similar to that studied in the general setting. Let
0 >0, x € (0,1/p) be numbers satisfying

z (1 + 2—5)N - (3.58)

p p

for certain integer N = N(d,z). It is clear that we may choose ¢ and x to be
arbitrarily small. Consider a two-dimensional Markov martingale (f, g), which is
uniquely determined by the following properties.

1) fo==90= -1z

(ii) We have df,, = (—1)"Tldg, forn=1,2, ....

(iii) If (fn, gn) lies on the line y = (p — 1) and f,, < 1/p, then in the next step
it moves either to the line z = 0, or to the line y = (p — 1 + )z /(1 + J),
n=0,1,2, ...

(iv) If (fn,gn) lies on the line y = (p — 1 + d)x/(1 4+ §), then in the next step
it moves either to the line y = (p — 1)z, or to the line y = (p — 2)z/2,
n=0,1,2, ...

v) If (fn,9n) = (1/p,1 — 1/p) (which may happen only if n = 2N), then
(fr+1, gnt1) equals either (0,1), or (2/p,1 —2/p).

(vi) The states on the line x = 0 and y = (p — 2)z/2 are absorbing.

For a detailed calculation, we refer the interested reader to [133]. O
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On the search of the suitable majorant. A reasoning similar to that presented
above in the general setting leads to the special function from [133]. We omit
the details. ]

3.3 LP estimates

We turn to the comparison of moments of differentially subordinate martingales.

3.3.1 Formulation of the result

Theorem 3.5. Assume that f, g are H-valued martingales such that g is differen-
tially subordinate to f.
(i) If 0 < p <1, then the inequality

19llp < Cppllfllo (3.59)

does not hold in general with any finite Cp 5, even if H = R and g is assumed
to be a +1-transform of f.

(i) If 1 < p < oo, then the inequality (3.59) holds with Cpp, = p* — 1, where
p =max{p,p/(p—1)}. The constant is the best possible.

3.3.2 Proof of Theorem 3.5 for 0 < p <1

Assume first that p < 1. If the moment inequality were valid, then the weak
type estimate ||g]|p,0o < Cppllfllp would hold and we have already proved in
Subsection 3.1.3 above that this is impossible.

It remains to show that the moment inequality fails to hold also for p = 1.
Consider the sequence (X,)n>0 of independent mean 1 random variables, with
the distribution described as follows: Xg = 1 and for n > 1, the variable X,
takes values in the set {0,1+ 1/n}. Let f, g be two martingales defined by f, =
XoX1X5--- X, and dg, = (=1)"dfn, n =10, 1, 2, .... Since f is nonnegative, we
have ||f||1 = Efo = 1. Furthermore, as one easily checks, for any n > 1,

P(|goo| = 2n) = P(g2n-1 = 2n) + P(g2n = —2n)
=P(fon_o=2n—1, Xon_1 = 0) + P(fan_1 = 2n, Xop = 0)
11 11 2
T 12l @noDEntD)

This implies ||g||1 = oo and hence (3.59) does not hold with any finite constant.

3.3.3 Proof of Theorem 3.5 for 1 < p < 2

The inequality (3.59) is trivial for p = 2, so in the proof below we assume that
p <2
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Proof of (3.59). With no loss of generality we may assume that ||f||, < oo. It
suffices to show that for any nonnegative integer n we have

EVy(fn,9n) <0, n=0,1,2,...,

where V) (z,y) = |y’ — CF |x|P. The well-known Burkholder function correspond-
ing to this problem is

Up(z,y) = p*P(lyl = (0 = D7 ) (|| + [y~ (3.60)

We shall prove the majorization U, > V,,. Observe that, by homogeneity, it suffices
to show it for |z| 4+ |y| = 1. Then the substitution s = |z| € [0,1] transforms the
desired inequality into

p*P <1— P s) —(l—s)p—i—LzO.
p—1 (p—1)7
Denoting the left-hand side by F(s), we derive that F((p—1)/p) = F'((p—1)/p) =
0. Furthermore,

psP—?2

F%$:*MP*UG*$”2+@jTFI’

hence there is sy € (0,1) such that F' is concave on (0, sg) and convex on (sgp, 1].
Finally, we have

F'((p=1)/p)=p*P(p—-1)""(2—-p) > 0.

Combining these facts yields that ' > 0 on [0,1] and 1° is established. We next
turn to conditions 2° and 3°. In his original approach, Burkholder verified the con-
cavity property directly. We will provide a different, simpler proof, which exploits
the integration method. Namely, one can verify that the following remarkable for-
mula is valid: for any z, y € H,

3=P(p—1)(2 — oo

U, (,y) = L : )2=p) / =Lz /1,y t)dt,
0

where v is given by (3.6). Thus both 2° and 3° follow, which in turn yields (3.59),

if only we can justify the use of Fubini’s theorem. To do this, we apply (3.14) to

obtain

| ettty 0l < 0,0,) = Uyl 0) = E (ol + 0= DIyl
0 p

and it suffices to use the fact that f,, g, € LP for any n > 0, by virtue of the
differential subordination. This completes the proof. O
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Sharpness. For almost all the estimates studied so far, we have proved the opti-
mality of the constants by providing appropriate examples. As already announced
(see Remark (iv) in Section 2.2), there is a different method, based on Theorem
2.2. For the sake of convenience, we present both approaches below and discuss
the similarities between them.

The first approach. This is essentially taken from [24] (see also [25]): we
will construct appropriate examples of f and g and derive directly that the ratio
l1g]1p/11f]lp can be arbitrarily close to (p — 1)~%.

To this end, let p’ € (p,2), 6 € (0,1) and consider the Markov martingale
(f,g) such that

(i) We have (fo,g0) = (2, 152) almost surely.

(ii) The state (17-&-6’ 1'5—5) leads to the point (1,4) or to ((#72&, 1;—,5).

(iii) The state (z,y) satisfying y = dx leads to (Ww, 1;—,5x)
or to (Hlz, 51t y).
(iv) The state (z,y) satisfying y = —dx leads to ((p/_lgﬂx, —1p—+,‘533)
or to (Fz, 61 x).
(v) The states on the lines y = &(p’ — 1)~z are absorbing.
It can be readily verified that g is a £1 transform of f; furthermore, it is clear

from the construction that f is nonnegative and go, = (p’ —1) 7! fo almost surely.
For any N > 1 we have

Elgn[” = Elgn [PLgn£m-1)-15n} + ElgN P Lgn=(r—1)-1 1}
> = D)PEIfNPLlign=r—1)-1fx) (3.61)
=@ = D7 [IfNIE = ElfNPLignter—1)-1in}] -

Note that the event {gn # (p/ — 1)"!fn} means that |g,| = df, for n =
1,2, ..., N and hence

- Leo)e—p) [ (1-§a-@p -5 "

]P) /I 1 1 — ( .

(o5 7 (0" = 1)""fw) 20406 —p'0) |(1—0)(1—(p —1)0)+2p'6 ’
where the first factor is just the probability of passing from (12i5, 1%5) to (1,6) at

the first step and the expression in the square brackets is equal to the conditional
probability ]P’(\gn\ = 5fn’ |gn-1] = 5fn,1), n=2,3, ..., N. Furthermore, on the
set {gn # (p' —1)"1fn} we have that f; = 1 and f,41/fn = (1+6)/(1—6) almost
surely, n =1, 2,..., N — 1, and consequently, fn = (%)N_l. Therefore

1+5 (N-1)p , =
Elfn P ign -0~ 4ny = <1—_5) Plgy # (' = 1) fn)

_(1+9)2-p) 1
T 2(1+6—p'd) F@M

(3.62)
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where

C(140) (-8 @ - 1))
Fe) = (1 —6) =01 — (0 —1)9) + 28"

and a direct computation shows that F(0+) = 1, F'(0+) = 2(p — p) < 0, so
F(6) < 1if ¢ is sufficiently small. Now we may proceed as follows. Fix ¢ > 0 and
choose N so that

p 1 +6 ? p p
E[fN[Plignp@-1)-11n} S € — ) = ellfollh < ellfnllh-

Such N exists in view of (3.62). Plugging this into (3.61) yields

1—¢
HQNHPZWWNHQ

Since € > 0 and p’ > p were arbitrary, the constant (p — 1)~! is indeed the best
possible in (3.59).

The second approach. This method is entirely different and exploits Theorem
2.2. Suppose that the best constant in the moment inequality (3.59), to be valid
for any real martingale f and its 1 transform g, equals 3,. Let us write down
the formula (2.1) for U : R x R — R in our setting:

Uo(x’y> = sup{E|g,|" — ﬂ5E|fn|p}, (3.63)

where the supremum is taken over all n and all pairs (f,g) € M(z,y). The func-
tion U satisfies 1°, 2° and 3°; moreover, directly from (3.63), we have that it is
homogeneous of order p:

Thus the function w : R — R given by
w(z) =U%x,1 — 1) (3.64)

is concave and satisfies

w(x)Uo(x,lx)UO(x,xl)(Qxl)pw< ) for x > 1 (3.65)

20 — 1

and
w((Bp+1)) > (1= (Bp+1) ) = BB+ 1) P =0. (3.66)
Using (3.65), we have, for z > 1,

w(l) —w (5=
+ (20— 1P —— 33/(2:<c ++1)> = 2u(1)

w(z) — w(1)
rz—1
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Now let 2 | 1 to get w'(14+) + w'(1—) = 2pw(1); both one-sided derivatives exist,
due to the concavity of w. Thus, by (3.66) and the concavity again,

fot1 o w(l) —wl((B+ 1))
ﬁp (1) 2 1 - (BP + 1)_1 (367)
> w/(1o) > Y02) ;“’ () _ o),

or B, > (p—1)71, since w(1) is strictly negative. The latter follows from concavity
of w, (3.66) and the estimate w(0) = U°(0,1) > 1. O

Remark 3.5. There is an interesting question about the analogies between the
two proofs above and we shall provide an intuitive answer. Suppose that 3, is
the best constant and let U° be as in the second proof. Let DT and D~ denote
the angles {(z,y) : 0 < y < (p — 1)"'2} and {(z,y) : —(p — )"z < y < 0},
respectively. A careful inspection shows that in both approaches the lower bound
for the constant /3, is obtained by exploiting the concavity of U along the line
segments of slope —1 lying in D+ and the line segments of slope 1 lying in D~.
This is evident in the second proof: look at (3.67). To see that this happens also
in the first approach, note that our exemplary pair (f, g) moves along these line
segments (or rather their endpoints, up to a small constant 6 > 0). The lower
bound for 8, is in fact obtained by calculating EV (fn, gn) and noting that this
expectation is nonpositive. Put the sequence (EU°(f,, gn)))_, in between:

EV(fn.9n) <EU°(fn,gn) <EU°(fn-1,9n-1) < - S EU(fo,90) <0,

which is allowed by Burkholder’s method. Consequently, we see that the inequality
EV(fn,gn) < 0 relies on

E(Uo(fnvgn)‘fnfl) < Uo(fnflagnfl)v n= 17 27 ) Na
which, in turn, makes use of the concavity mentioned above.

On the search of the suitable majorant. We will use (or rather continue) the argu-
mentation from the second approach. So, suppose that the optimal constant in the
moment estimate for real martingales and their +1-transforms equals 3,. Let U°
be defined by (3.63) and introduce w by (3.64); clearly, by homogeneity, we will be
done if we find an appropriate candidate for w on [0, 1]. Following the reasoning
presented above, we come to the assumption

(Al)  Bp=(-17"

Then equality must hold throughout (3.67) and thus w is linear on the interval
(Bp+1)741) = (1 = 1/p,1): we have w(z) = ax — b there. In addition (see
the last passage in (3.67)) we obtain w'(1—) = w’(14), which, by (3.65), gives
b= (p— 1)a/p. Moreover, we have

w(z) > (1—z)? —(p—1)"PaP,
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and the two sides are equal when x = (p — 1)/p. This enforces the equality of the
derivatives of both sides at this point:

1 3—p
aw’<p—+>p .
p p—1

Thus, in view of homogeneity of U°, we obtain the candidate U given by (3.60)
on the set {(z,y) : |y| < (p — 1)|z|}. We complete the search by

(A2)  The formula (3.60) is valid for all z, y € R.

An important remark is in order. There is no uniqueness of the special
function: the considerations above do not say anything about U outside the set
{(z,y) : |y] < (p—1)|z|} and there are many alternative versions of the assumption
(A2). For example,

(A2)  Ulz,y) = ly[" = (p— 1) 7P|z’

also leads to a right candidate; in fact this choice yields the optimal (that is, the
least) special function. O

3.3.4 Proof of Theorem 3.5 for p > 2

Here the calculations are similar, so we will be brief.

Proof of (3.59). It suffices to establish the inequality for f € LP; then g, € LP for
each n. Let Uy, V), : H x H — R be given by

Up(z,y) = p*P(p = )Pyl = (0 = Dlal) (2] + [y,
Vo(@,y) = [yl = (p = 1)Pl2/”

It can be easily verified that U, satisfies 1°: simply repeat the reasoning from the
case 1 < p < 2. Furthermore, we have the identity

l&@w)Awk@UQﬁwﬁMu

where 5
) P
2

and wu is given by (3.12). Using (3.15) we show that

k(1) =

Awk®U@ﬁwﬁwhdep+yW,

for a certain absolute constant ¢ and all z, y € H. Hence, Fubini’s theorem can be
used and the result follows via the integration method. ]



3.4. Estimates for moments of different order 59

Sharpness. This can be established by a reasoning similar to that in the case
1 < p < 2. However, we take the opportunity here to present a different approach,
based on duality. Fix p > 2 and suppose that the optimal constant in (3.59)
equals (,. Take a real martingale f € L? and its £1-transform g¢: dg, = endfy,
n=0,1,2,.... Here ¢ = p/(p — 1) is the harmonic conjugate to p. Fix n and let
& =|gn|"tsgngn, & = E(¢|Fk), k =0, 1,2, ..., n. We have that (§)7_, € LP

and |[¢]], = Hgan/p. Furthermore,

llgnlld = Egné =E (Z ekdfk> (Z d@) =E exdfudés
k=0 k=0 k=0

=E (Z dfk> (Z Skdfk> :
k=0 k=0

since Edfd¢; = 0 for k # £. Let us use Holder’s inequality and (3.59) applied to
the finite martingale (&)}'_, and its £1-transform by the sequence (ex)}'_,. We
obtain

> ends

k=0

< N1fallg - BollElls = Boll fullallgnllZ’?,

[lgnllg < 11fnllg

p

whence ||gnllq < Bpllfnllq- But we have already shown that the best constant in
the L7 inequality equals (¢ — 1)™! = p — 1. This yields 8, > p — 1 and we are
done. ]

On the search of the suitable majorant. This can be done essentially in the same
manner as in the case 1 < p < 2. The details are left to the reader. O

3.4 Estimates for moments of different order

The next problem we shall study concerns the best constants in the inequalities
comparing pth and gth moments of f and g:

llgllp < Cpgllflley 1< p,q<o0.

It is easy to see that this cannot hold with a finite C, , if p > ¢: simply take a
constant pair (f,g) = (§,€) with £ € LP ~ L%. The case p = ¢ has been already
studied in the previous section. Thus, in what follows, we assume that p < gq.

3.4.1 Formulation of the result

Before we state the result, we need to introduce some auxiliary objects. Consider
the differential equation

P2 —=p)h'(x) +p=qlg - Dz7?h(x)*"?, = >0. (3.68)
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To stress the dependence on p and ¢, we will write (3.68), ,. We have the following
fact, proved in [146].

Lemma 3.5.

(i) Let1 < p < q < 2. Then there exists a unique increasing solution h : [0, 00) —
[0,00) of (3.68),,4 satisfying h(0) >0 and h'(t) — 0, h(t) — o0, as t — 0.

(ii) Let 2 < p < g < oo. Then there exists a unique increasing solution h :
[0,00) = [0,00) of (3.68)q,p satisfying h(0) > 0 and h'(t) — 0, h(t) — oo,
as t — o0.

The solution h from the above lemma is the key to define the best constants
and the corresponding special functions. Put

L@2-ph(0)P if 1<p<q<2,
L%q::{i (3.69)
2

(g—2)h(0)? if 2<p<g< oo

and, for 1 < p < q < o0,

B 1/q 1/p
qu p)/pq <%) (ﬁ) if 1<p<qg<?2
Cpq= or2<p<q< oo,

1 otherwise.

Now we are ready to formulate the main results of this section.

Theorem 3.6. Let 1 <p < q < oo and let f, g be H-valued martingales such that
g is differentially subordinate to f. Then

ll9llp < Cp.qllfl4- (3.70)

Furthermore, if 1l <p<qg<2o0r2<p<q<oo, then
glly < [1F11G + Lp.g- (3.71)

Both inequalities are sharp even if f is real valued and g is assumed to be its
+1-transform.

Two remarks are in order. We see that the inequality (3.70) cannot be directly
rewritten in the form EV(f,,¢,) <0, n =0, 1, 2, .... This is why we study the
estimate (3.71), which is of the right form and yields (3.70) after a standard
homogenization procedure (see below). We will prove the above result only for
1 < p <2, for the remaining set of parameters p the reasoning is similar. Consult
[146] for details.
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3.4.2 Proof of Theorem 3.6 for 1 < p < 2

First, note that if ¢ > 2, then (3.70) is trivial: ||g]|, < ||gll2 < || fll2 < |Ifllq and,
obviously, equality may hold. Thus, we restrict ourselves to ¢ € (p, 2).

Proof of (3.70) and (3.71). The inequality (3.71) can be rewritten in the form
EVpq(fr,gn) < Lpg, n=0,1,2, ..., where V, 4(z,y) = |y|” — |z|?. The special
function U, 4 will be defined using the integration method. Let i be the solution
to (3.68)p,q coming from Lemma 3.5 and let H : [h(0), 00) — [0, 00) be the inverse
to t — t+ h(t). Now, let u be given by (3.6) and define the kernel &, ; by

r(2—p -
kot = P22 ()0 (B ) B (061 120y
Then the function
Up,q(z,y) = / kpo()u(z/t,y/t)dt + Ly 4 (3.72)
0
has the explicit formula
lyl* — |z
UIMJ('%" y) =p 2h(0)27p + LP#I (3.73)

if |z| + |y| < h(0), and
Upa(a,y) = plylh(H(lal + )P~ = (o = DA(H(Ja] + [g]))?
— H(lz| + [yN)? — qH (=] + [y)*~" (Je| — H(|z| + [y])),
if || + [y| > h(0).

Let us establish the majorization property. Since the proof is quite long and
elaborate, we have decided to put it in a separate lemma.

(3.74)

Lemma 3.6. For any (z,y) € H x H we have Uy ¢(x,y) >V, o(x,y).

Proof. Clearly, we may restrict ourselves to H = R. For the reader’s convenience,
the proof is split into several steps.

Step 1. Reduction to the set |x|+ |y| > h(0). Fix « such that || < h(0). Then
the function y — U, 4(z,y) — Vj4(2, y) is nonincreasing on [0, h(0) — |x|] (by the
standard analysis of the derivative). Consequently,

Upa(2,y) = Vpa(2,y) = Upq(@, 1 = [2]) = Vpq(2,1 = [2])

and it suffices to establish the majorization for |z| 4 |y| > h(0).

Step 2. The case p = 1. The majorization follows from the convexity of the
function ¢ — t9: indeed, the inequality Uy 4(z,y) > V, 4(2,y) is equivalent to

j@|” = H (|l + [y1)? = qH (Jz| + y)*" - (|| = H(J=| + [y])) > 0.

Therefore, till the end of the proof, we assume that p > 1.
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Step 3. Reduction to the case y = 0. Fix r > h(0) and suppose that |x|+ |y| =
r. If we denote s = |y|, then the inequality U, 4(x,y) > V, 4(x,y) can be rewritten
in the form

F(s) = psh(H(r))"~" = (p — Dh(H(r))"

. (3.75)
—H(r)! —qH(r)" " h(H(r)) — s+ (r—s)?>0.

We have F(h(H(r))) = F'(h(H(r))) = 0. Furthermore, the second derivative of
F, equal to F"(s) = —p(p — 1)s?P=2 + q(q — 1)(r — 5)‘1 2 is negative on (0, so)
and positive on (sg, r) for some sg € (0,r). Therefore, to show (3.75), it suffices to
prove that F(0) > 0, or Uy 4(x,0) >V, 4(x,0).

Step 4. Proof of Uy, 4(x,0) >V, 4(x,0) for large |x|. Since g < 2, we have for
s large enough,

s — (H(s))" = q(H ()" 'h(H(s) _ 9@ =1) 42p 1 vi2-p

(¢—1) q—2 2—p S -2
- %H(s) h(H(s)) -<H($)) .

But, by (3.68),

WY sy (s)yr > 2

and, by de I’'Hospital rule,
s h(H(s))

Since p/2 > p — 1, we see that

s?— (H(s))? — q(H(s))"" 'h(H(s))
h(H (s))?

>p—1

for large s. This is equivalent to Uy, 4(x,0) <V, ,(z,0) with |z| = s.

Step 5. Up,q(x,0) > V), 4(x,0): the general case. Suppose the inequality does
not hold for all z. Let T' denote the largest ¢ satistying Up 4(¢,0) = V, 4(t,0) (its
existence is guaranteed by the continuity of U, ; and V}, , and the previous step).
By the considerations above, Uy, > V4 on the set |z| + |y| > T. Consider the

processes f = (for fu. ). 9 = (g0, 91.92) on a probability space (0. 1), B(0, 1), |-
such that (fo,g0) = (7,0) and

dft = dg1 = Xjo,to) — MH(T))X(to.1)5

dfo = —dga = 6X[0,¢,) — (R(H(T)) — 8)X(t: t0]»

where

h(H(T)) L -
h(H(T)) + 6’ h(H(T) h(H(T))+46"

tg =
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It is straightforward to check that f and g are martingales and g is differentially
subordinate to f. Note that we have Up 4(f2,92) > V. 4(f2, 92) almost surely, as
|f2| + |g2| > T with probability 1. By the integration method, we may write

—T1= Up,q(T, O) = EUP»Q(fO,go) > EUp,q(f%QZ) > ]EVp,q(f%gz)

___® v _ g(ryey - MED) — 0 g
which is equivalent to
(T +26)1—T1 (T +26)¢ H(T)! S h(H(T))?
26 T WHET) +0 | W(H(T) +0 ~ h(H(T) +06°

Letting § — 0 and multiplying throughout by h(H (T")) yields
h(H(T))? < H(T)? — T — qT7 *h(H(T)). (3.76)
But we have
H(T)?—T—qT" 'h(H(T)) < T9— H(T)? — qH(T)* 'h(H(T)). (3.77)

To see this, substitute H(T) =a >0, T — H(T) = b > 0 and observe that (3.77)
becomes
2[(a+b)? — a®] — [ga?™" +g(a+b)""']b > 0.

Now calculate the derivative of the left-hand side with respect to b: it is equal to
a4+ b))t —qa?t —q(g—1)(a+b)T2b >0,

due to mean value theorem. Thus (3.77) follows. To conclude the proof, observe
that the inequalities (3.76) and (3.77) give

W(H(T)" < T = H(T)" — qH(T)*" ' h(H(T))
and since p < 2, this implies
(p = DR(H(T))P < T = H(T)? — qH(T)*""'h(H(T)),
a contradiction: the inequality above is equivalent to U, 4(T,0) < V, ((T,0). O

Now we turn to the proof of (3.71). We may assume that || f||; < oo, which
implies ||g||, < |lgllg < oo, by Burkholder’s inequality (3.59). The use of the
integration method is permitted: this is due to (3.14) and the bound H (¢)+ h(t) <
¢(1 + t) coming from (3.5) and the definition of H. We obtain EV, 4(fn, gn) <
Up,q(0,0) = L,, for any n, which implies (3.71). To deduce (3.70) from this
estimate, observe that for any A > 0, the martingale ¢ - \1/(4=P) is differentially
subordinate to f - A/(¢=P) Consequently,

L
p q b,q
lgllp < MG+ So7a=p
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It can be easily checked that the right-hand side, as a function of A, attains its
minimum for
\ ( p Ly >(¢IP)/¢I
= £ . L
a—p |lflg

and the minimum is equal to

/g 1/p P
La—p)/pa (q —_p) <_q ) f = [Challfllal”-
—2) () i = [l )
This completes the proof of (3.70). O

Sharpness. Let T > h(0) be a fixed number to be specified later, pick a positive
integer N and put § = (T — h(0))/(2N). Consider a Markov martingale (f,g),
determined uniquely by the following six conditions.

(i) Tt starts from (h(0)/2,h(0)/2) almost surely.

(ii) From (h(0)/2,R(0)/2) it moves either to (h(0),0), or to (0, h(0)).
(iii) For h(0) < x < T, the state (z,0) leads to (H(x), h(H(z))) or to (z+ 4, —0).
)

(iv) For h(0) <z < T, the state (x + d,—9) leads to (H(x + 29), —h(H (z + 29)))
or to (x + 26,0).

(v) For x > T, the states (x,0) are absorbing.
(vi) All the states lying on the curves y = +h(x) are absorbing.

Let us split the reasoning into a few steps.

Step 1. Tt is easy to see from the conditions (i)—(vi) that (f,g) converges
almost surely. Even more, we have dfonio = dfon+s = -+ = 0. Let us com-
pute EUp 4(fon+1,92n+1), or rather relate it to EV), 4(fon+1, g2nv+1). To begin,
note that the process (fn, gn) moves from (z,0) to (x + 24,0) in two steps with

probability
1—L 1-— 0
x—H(z)+6 r+20—H(x+25))"

Hence the probability that (f,,g.) ever reaches (T,0) equals

15! b b
2 Tont1 — H(Tony1) +9 Tont1 + 20 — H(Tap11 + 20)

In the next lemma we study the limit behavior of ps, as § — 0.

Lemma 3.7. We have

1 /
lim ps = 5 exp(—@(H(T)))-
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Proof. Indeed,

N-1
J 1
—ex + “ps - — 1
g P l,; <$2n+1 — H(xop+1) +0  Topt1 + 20 — H(xony1 + 25))1 Ps

as  — 0, and the Riemann sum

N-1

§ §
4
kz:% <.’L‘2n+1 - H(x2n+1> +90 Ton+1 + 26 — H(.’Egn_;,_l + 25))

converges, as  — 0, to

T 1 T 1
‘A@xH@ﬂx“A@hwu»“'

The substitution y = H(x) (so = y + h(y)) transforms the integral to

- H(T)Lh/(y) o H(T) , o
/0 h(y) dy = /O " (y)dy = —®'(H(T)).

This yields the claim. ]

Step 2. The next observation is that g is a +1 transform of f. Hence, the
sequence (EU, 4(fn,gn)) is nonincreasing: see Theorem 2.1. The key fact is that
this sequence is almost constant if § is small. Roughly speaking, this follows from
the fact that the pair (f,g) moves along line segments of slope 1/ — 1 when it is
below/above the z-axis and U, 4 is linear on such segments. The precise statement
is the following (see [146] for the proof).

Lemma 3.8. There is a function R : [0,1] = R satisfying R(6)/0 — 0 as § — 0
and for which

EUp,q(fan+1, 92n+1) = Up,q(R(0)/2,h(0)/2) — NR(6).

Step 3. Sharpness of (3.71). On the set {(x,y) : y = £h(z)} the functions
Up,q and V), coincide. The variable (faN+1,92n+1) belongs to this set unless
(fan+1,92nv+1) = (T,0), which occurs with probability ps. Hence we may write,
by Lemma 3.8,

EVpq(fon+1, 92n+41)
= EUpq(fan+1,92n41) + (Vg (T,0) = Up o(T',0))ps
= Up,q(1(0)/2,1(0)/2) = NR(6) 4 (Vp,q(T,0) = Up 4(T’, 0))ps.
Let N go to co. Then NR() — 0; furthermore, by the majorization U, 4 > V, 4
and Lemma 3.7,
74— (H(T)" — q(H(T))" (T~ H(T))
2exp(q(H(T))*~1) '

0 § (Vp,q(Tv 0) - UP»Q(T’ 0))])5 - =
(3.78)
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Now we proceed as follows. We have h'(t) — 0 as t — oo, so H(T)/T — 1 as
T — oo. Thus, for a fixed € > 0 we choose such a T, that the expression appearing
as the limit on the right is smaller than e. Keeping this 7" fixed, we may choose
an N such that NR(0) < € and the expression in the middle of (3.78) is smaller
than 2. In consequence, we obtain

glly = I1£11§ = EVpg(fan+1, 92n+1) = Up,g(h(0)/2,h(0)/2) — 3e.
However, Uy, 4(h(0)/2, h(0)/2) equals L, , and € was arbitrary; therefore, (3.71) is
sharp.
Step 4. The optimality of Cpq, 1 <p < g < 2. For fixed € > 0, let f¢, g° be

real martingales such that ¢g° is a +1 transform of f€ and

Hg®ll5 > 111G + Lp,g — & (3.79)

)\( P .Lp’q€>(q—p)/q.
a—p /I

The martingale § = ¢ - A\'/(=?) is a +1 transform of f = f< - AY/(4=P) Multiply
both sides of (3.79) by A/(4=P) to obtain

Let

1/q 1/p]P
(Lpq — E)(q—p)/pq . (ﬂ) <L) H]FHP
’ P q—p a

It is clear that the expression in the square brackets can be made arbitrarily close
to Cp,q by a proper choice of . This implies C, 4 can not be replaced by a smaller
constant in (3.70). O

19115 >

On the search of the suitable majorant. As usual, we assume that H = R and

search for the majorant corresponding to the estimate (3.71) for +1-transforms.

As previously, we consider 1 < p < ¢ < 2. Clearly, we may and do assume that

U is symmetric in the sense that U(z, —y) = U(—=z,y) = U(x,y), so it suffices to

determine it in the first quadrant [0, 00)?. It is quite natural to consider the limit

case p = ¢q € (1,2) and look at the properties of the function U, , (which is given

by (3.60)). We see that

(i) Upp, restricted to [0, 00)?, is linear along the line segments of slope —1,

(i) (Upp)y(z,0) =0 for any = > 0,

(iil) the set {(z, y) € [0,00) x [0,00) : Upp(z,y) = Vpp(x,y)} is the half-line
y=@p-17"

It is reasonable to assume that for general 1 < p < ¢ < 2, the function U
should also enjoy (i) and (ii). Next, if we restrict to any line segment of slope —1
contained in [0, 00)?, we expect the graph of U to be a line tangent to the graph
of V, 4. What about the set {U = V), 4}? One should not expect such a regular
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answer as for p = g, since V}, 4 is not homogeneous. However, it is natural to guess
that the set coincides with the graph of a certain C! function h. This leads to the
following candidate for U: for any « > 0 and t € [—=z, h(z)],

Uw +t, h(w) = t) = Vg (@, h(@)) + [(Vp,g)a (2, h(x)) = (Voo )y (@, h(x))] .
Using the formula for V, 4, the above becomes
Uz +t,h(z) —t) = h(z)? — 27 — (qz?™' — ph?~(x))t. (3.80)

Applying the condition (ii) yields the equation (3.68). The substitution of = and
y in the place of z 4+ ¢ and h(x) — t, respectively, transforms (3.80) into (3.74).
To obtain (3.73), take (x,y) from the square D = {(z,y) : |z| + |y| < h(0)} and
consider a line segment of slope —1, containing (z, y), with the endpoints Py, P5 on
the boundary of the square. Take U(z, y) as the corresponding convex combination
of U(Py) and U(P,). This gives the candidate studied above. O

Remark 3.6. Here the use of the integration method significantly reduces the com-
plexity of calculations. A direct verification of the concavity property 2°, especially
in the Hilbert-space-valued setting, would require a large amount of work.

3.5 Moment estimates for nonnegative martingales

What happens to the best constant in the inequality (3.59) if f or g is assumed
to be nonnegative? This question will be answered in this section.

3.5.1 Formulation of the results

We start with the case when f is a nonnegative martingale and ¢ is an H-valued
martingale, differentially subordinate to f. This setting was studied by Burkholder
in [36] and here is the main result of that paper.

Theorem 3.7. If f is a nonnegative martingale and g is an H-valued martingale
differentially subordinate to f, then

Hng < Cp-i-,prHp, (3.81)
where
D L if pe(1,2],
PEE TPl - 1)/2)P P if pe (2,00).

The constant Cpy p 1s the best possible. It is already the best possible if g is assumed
to be a nonnegative +1 transform of f.

An extension to p < 1 will be investigated in Theorem 4.11 of Chapter 4.
Now we turn to the case when the dominated martingale g is nonnegative.
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Theorem 3.8. If f is an H-valued martingale and g is a nonnegative martingale
differentially subordinate to f, then, for 1 < p < oo,

gllp < Copp+l1fllp, (3.82)
where
Copr =0 YP[2/(p—1)|P=D/Pif pe(1,2),
p— 1 Zf p € [2? OO)

The constant Cp, 4 is the best possible. It is already the best possible if f is assumed
to be real valued and g is a nonnegative £1 transform of f.

3.5.2 Proof of Theorem 3.7

Proof of (3.81). We only need to consider the case p > 2; for p € (1, 2] the constant
is the same as in the general setting (see the examples studied in Section 3.3). We
shall present an approach based on the integration argument. Recall the function
Uco,s defined in (3.56) and let

MPQQ@DZﬁ.AmﬂlUwJWLWQ&.

Up7s($,y> =
We have that if sz < |y|,

Up,s(,y) = (Iyl = 2)" " [2(sp — 5 = 1) + |yl(s = p+1)]
and if sz > |y|,

s—1
s+1

p—1
o) = (557) P s = ps = )+ (s 4= D],
The function U, is the special function corresponding to the inequality (3.81).
We shall now show the majorization Uy, ,(z,y) > |y|? — Cp ,aP. By homogeneity,
it suffices to prove this for z + |y| = 1. Introduce F : [0,1] — R by

F(lyl) = Upp(L = lyly) = yl” = Cpyp (L= 1w)", yeH, Jyl < 1.

We easily check that
-1 -1
F(l)=F <p_) —F <p_> =0
p+1 p+1

and that there is a tg, with (p — 1)/(p + 1) < to < 1, such that F is convex
on (0,t9) and concave on (tg,1). Thus F > 0 and the majorization follows. It
suffices to apply Fubini’s theorem to get the claim (the necessary integrability is
guaranteed in the usual way). ]
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Sharpness of (3.81). We need to deal with the case p > 2 only. We will make use
of the appropriate version of Theorem 2.2 (which takes into account the fact that
both martingales are nonnegative).

Suppose that the best constant in the inequality (3.81), restricted to nonneg-
ative g, equals 8. Let U : [0,00) x [0,00) — R be defined by

U°(z,y) = sup{Eg}, — BEfL}, (3.83)

where the supremum is taken over all n and pairs (f,g) of simple nonnegative
martingales which belong to M (x,y). Then UY satisfies 1°, 2°, 3° and, in addition,
it is homogeneous of order p. Let § be a fixed positive number. We start by applying
2°tox =1,y =p, e =1 and centered random variables taking values —1 and d;
we get

5 1
Next, use 2° to x = 1 + 5 y=p+0d,e= 71 and centered random variables
taking values 1 and —a = —( - 1)(5/(p + 1) (the number «a is chosen to ensure
that p+0+a=p(1+d—a)). We get

U(146,p+6) > 2+8,p+d—1)+ (1+5—a,p+d+a)

(1+d-a)
~ 0 7 1
T+a U“(1,p),

1+a

2 -1
T a 2+8,p+d—1)+

where in the last line we have used the homogeneity. Combining this with (3.84)
and then applying the majorization property we obtain

(1+6—a)P >5U0(0,p—1) aU’(2+6,p+8—1)

U@, -
Lo -0 sasal 2 140 1+0)(1+a) (3.85)
L 0p—1P  alp+d—1)F—BP(2+0)F]
=146 (1+6)(1+a) '
Dividing throughout by § and letting 6 — 0 yields
1
> P 2 ip—1p—pr.ov
02 (- 1P+ Ll - 1 - 572,
which is equivalent to 37 > p[(p — 1)/2]P~L. This completes the proof. a

3.5.3 Proof of Theorem 3.8
Proof of (3.82). We can restrict ourselves to the case 1 < p < 2. If p =1, then

llglly = Ego < Elfo| < [f]lx

and, clearly, the constant 1 is the best possible. Hence, from now on we assume
that p € (1,2). The proof is very similar to the one of the preceding theorem, so
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we will only present the main steps. We use the integration method again, this
time with the function Uy 5 : H x [0,00) — R given by

— s—1 s-—-1 1 2y(s—1 1
U17s($,y>:U1( Z, <y_51))+ y( >__2

s s s* s
IOy i ol +ly - 5l <1
1- 28D 26Dy L g 4 |y — 2| > 1.

Here s > 1 is a fixed parameter. Since U; enjoys the concavity property, so does
U,,s and hence

EUl,s(fnagn) S EUl,s(ang()) S 07 (386)
since Uy s(z,y) <0 if y < |x|. Introduce U, s : H x [0,00) — R by

= _2(15)@ 1_)p>8 /Ooo " g o2/t y/t)dt. (3.87)

UIMS('%" y) =
The explicit expression for U,  is the following: if || < sy, then

s—1
s+ 1

) (el 4+ 9P al(=s —p+ 1) + y(sp— s + 1)),

U = (
while for |z| > sy,
Up,s(x,y) = (Jz| =)’ lel(p — s = 1) + y(s — sp + 1)].
Now one easily checks that
Upp(2,y) 2 Gy y” — |27,
which, combined with (3.86) and the formula for U, ,, yields
Copillgnll < 1 fnllp <Mlfllps  n=0,1,2, ..,

for all f € LP. It remains to take the supremum over n and the claim is proved. [

Sharpness of (3.82). We have to deal with the case p € (1,2) only. Suppose the
best constant in the estimate equals 8 and introduce the function U° by (3.83), the
supremum being taken over the same class of martingales. We proceed similarly
and exploit the properties of this function to get

(L+6—ap | oU°(p=1,0) aU'p+35—1,2+3)

Uo(p?l) 1- (1+5)<1+a) - 1+6 (1—}—(5)(14—&)
L B8P VP a2 40— BP(p+8 — 1))
=z 119 (140)(1+a)

Now dividing by ¢ and letting 6 — 0 yields the desired estimate 5 > C,, . O
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3.6 Logarithmic estimates

3.6.1 Formulation of the result

As we have already seen above, the moment inequality (3.59) does not hold with
any finite constant when p = 1. A natural question is how to bound the first
moment of the dominated martingale g in terms of f. In this section we will
provide one of the possible answers to this problem. Typically in such a situation
one studies L log L inequalities of the form

llglly < K supE[f|log | fu] + L, (3.88)

for some universal constants K and L (here and below, we use the convention
0log0 = 0). There are two questions to be asked:

a) For which K there is a universal L < oo such that (3.88) holds?

b) Suppose that K is as in a) and let L(K) denote the smallest L in (3.88).
What is the numerical value of L(K)?

The main result of this section provides the answers to both these questions.

Theorem 3.9. Let f, g be two martingales taking values in H such that g is dif-
ferentially subordinate to f.
(i) If K <1, then L(K) = co. This is true even if H = R and g is assumed to
be a +1 transform of f.
(i) If 1 < K <2, then

K2

M= 5w

exp(—K1). (3.89)

The constant L(K) is best possible even if H = R, f is a nonnegative mar-
tingale and g is its 1 transform.
(iii) If K > 2, then
L(K) = Kexp(K~' —1). (3.90)

The constant is already the best possible if H = R, f is a nonnegative mar-
tingale and g its £1 transform.

3.6.2 Proof of Theorem 3.9
Proof of (3.88) for K > 1. Clearly, we may assume that
sup E|f,,|log | frn| < 00,

otherwise there is nothing to prove. All we need is the estimate

]Ev(fn?gn) S O, n = 0, 1, 2, ey
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where V(z,y) = |y| — K|z|log|x| — L(K) for z, y € H. We use the integration
method, with u given by (3.6) and k(t) = 1f;>1;. We derive that

Ule,y) = / " ktyule/t,y/t)dt

. 3.91
[l lal? it ol <1, OO
—2lz|log(jz] + [yl) + 2yl =1 if |z|+ [y > 1.
Let, for 1 < K < 2,
2(K -1 K-1
a=ag = % exp(K™') and d=dg = e exp(K 1),
while for K > 2, put
1 —1 1 ~1
a=ag = Eexp(lfK ) and d=dg = §exp(1fK ).
Lemma 3.9. For any (z,y) € H we have
a 'U(xd,yd) > V(z,y). (3.92)

Proof. We will only study the case 1 < K < 2, since the majorization for the
remaining values of K can be treated in a similar manner. We start by observing
that for |z| + |y| < 1 we have

[y1> = |=* > —2[z[log(|z| + [y]) + 2[y| — 1.
This is straightforward: for any fixed z, the function
s+ 52 — |z|* 4 2|z| log(|z| +s) — 25 + 1

is nonincreasing and equal to 0 for s = 1 — |x|. Thus, to establish (3.92), it suffices
to show that for all z, y € H we have

2lyld — 2[x|dlog(|z|d + |y|d) — 1 — a(ly| — Klz[log x| — L(K)) > 0.

Now fix z, substitute s = |y| and denote the left-hand side by F(s). Then F
is convex on [0,00) and satisfies F(|z|/(K — 1)) = F'(Jz|/(KX — 1)) = 0. This
completes the proof. O

Thus it remains to show that the use of Fubini’s theorem in the integration
argument is allowed. We have, by (3.14),

/ k)l /t,y/0)ldt < U(y,0) - Uz, 0)

< 2lx| 4 2ly| + Blz|log |z| + 1,
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for some absolute constants «, 8, v > 0. This yields

E/OO u1 (fnd/t, gnd/t)|dt < co
1

for any d > 0. This follows from the assumption sup,, E|f,,| log || < oo; the proof
is complete. ([l
Sharpness. We consider the cases K > 2 and K < 2 separately.

The case K > 2. Let f, g be given by f, = g, = exp(K~ ! — 1), n =
0,1, 2, .... Obviously, g is a 1 transform of f and it can be easily verified that
the two sides of (3.88) are equal.

The case K < 2. This is more involved, and we divide the proof into a few
steps.

Step 1. Assume the inequality (3.88) holds with some L; our aim is to show
that L > L(K). For x > 0 and y € R, define

Uo(x,y) = sup {E|gn| - K]Efn 10g fn}a

where the supremum is taken over all n and all pairs (f,g) € M(z,y) such that
f is nonnegative. Then U° satisfies 1°, 2° and the following version of the initial
condition:

3° U%w,+x) < L for all > 0.

Furthermore, the assumption on the sign of f in the definition of U° yields the
following homogeneity-type property of this function: if A > 0, then

Uz, \y) = AU (x,y) — KXz log \. (3.93)
To see this, let (f,g) be a pair as in the definition of U°(z,y). We have
/\E(‘gn| — K f log fn) = E[ ‘)‘gn‘ — K\fn 1Og</\fn)] + KAEf, log A

=E[|Agn| — KAfnlog(Afn)] + KAz log A
< U(\z, \y) + KXz log \,

as the pair (Af, Ag) belongs to M (Az, Ay) and Af > 0. Taking the supremum over
all n and all f, g as above, we get

U%x,y) <U°(A\z, \y) + Kdzlog \.

Switching A to A~! and replacing z, y by Az, Ay, respectively, yields the reverse
estimate.

Step 2. Let A, B : [0,00) — R be given by A(xz) = U°(x,0) and

B(z) = 7 (K —1)zlog <KI; 133) . (3.94)



74 Chapter 3. Martingale Inequalities in Discrete Time

Fix 2 >0, > 0 and use 2° with x >0,y =0,e = -1, t; = —z/K, to = dz and
a=K§/(1+ K6) to obtain

Ké K-1 =z 1
> 0 i 0 _
Ax) > 1+K6U ( e :E,K> + 1+K6U (x + 0z, —9)
Ké
> 0 —
> 1+K(SB(x) + 1+K6U (x + 0z, —9),
where in the second passage we have exploited 1°. Let us use 2° again, this time
with # == 2z +dx, y = =6, e = 1, t1 = —(z + (2 — K)dx)/K, to = dx and
a = K4/(1+ 2§). Then apply 1° to obtain
1 1+26—- Ko
0 85> L o
U°(z + éx, 5)_1+25B(x+25)+ % A(z(1 + 20)).
Combining the two estimates above and exploiting (3.93) leads to
K¢ 1 K
> .
A) 2 T P@ + T Ty g P (@1 +20)
1 1+20 - K
+ 20 = KO vy L 05y A(z) — K(1 + 26)zlog(1 + 26)]

1+ K6  1+26
or, equivalently,
2(K - 1)) Ko K6
——Azx) > B
T+ r0 @2 PO Y e i)
1+26— K6
1+ K6

Divide throughout by 24, let 6 — 0 and use continuity of B to obtain
(K —1)A(z) > KB(z) — Kx. (3.95)
The next move is to use 2° with x := 2/2, y = /2, e = -1, t = (K — 2)/(2K),
to = x/2 and o = K/2. With an aid of 1°, this yields
K 2—-K
U%x/2,2/2) > ?B(x) + TA(&;)

However, the left-hand side is not larger than L, in view of 3°. Thus, combining
this with (3.95), we obtain

B(x(1 +24))

- Kxlog(1 4 26).

L [B(z) + (K — 2)z]. (3.96)

>
T 2(K-1)
This is valid for all x > 0. It is straightforward to check that the expression in the
square brackets attains its maximum at the point 7o = K/((K — 1) exp(K~1)).
Plugging this into (3.96) gives
2

>
T 2(K-1)
that is, L > L(K). The proof is complete. |

L exp(iKil)v
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On the search of the suitable majorant. We shall only deal with the case 1 < K <
2; for K > 2, the reasoning is similar. As usual, we start by defining the function
U?, corresponding to the logarithmic estimate for £1-transforms. That is, for a
given K > 1 and any z, y € R, set V(x,y) = |y| — K|z|log|z| and

U%(z,y) = sup{EV (fn, gn)},

where the supremum is taken over all n and all (f,g) € M(z,y).
For the sake of convenience, we split the further reasoning into several steps.

Step 1. A special curve. Let us gather some overall information on the func-
tion U°. Clearly, it enjoys the symmetry property

Uz, y) = U(—z,y) = Uz, —y) for all z, y € R. (3.97)

How does the set {U° = V'} look like? First, note that when |z| < e~! and y € R,
then U°(x,y) > V(z,y). This can be seen by considering a pair (f,g) € M(z,y)
such that df; = dg; and f; takes the values +e~!: then

U%z,y) > EV(f1,91) = Elg1| — KE|f1|log|f1]| = E|g1| + Ke ™!
>yl + Ke ' > |y| — K|z|log|z| = V(z,y).

On the other hand, suppose that z > e~! and y is a fixed positive number. To
derive U°(x,y), we need to find a pair (f,g) € M(z,y) for which ||g||; is large in
comparison with E|f,|log|f.|. However, ||g||1 increases only when ¢ gets close to
0; if y is large, the increase of ||g||1 will not be compensated by the cost arising from
the increase of E|f,|log|f.|. It is reasonable to impose the following assumption
(as usual, we pass from the notation U° to U).

(A1)  There is a function 7 : (e7!,00) — R such that U(z,y) = V(x,y) if and
only if |y[ > y(|=).

How does the function 7 look like? It is natural to conjecture that

(A2)  There is 2, > e~ ! such that v is decreasing on (e~!, z,) and increasing on
(74, 00). Furthermore, v is of class C'! on both intervals, lim, _,,-1, y(z) =
lim, 00 y(2) = 0.

Step 2. Further assumptions on U. As usual, we impose the following regu-
larity condition:

(A3) U is of class C! on R2.

The final, “structural” assumption is based on quite elaborate experimentation.
Let

Dy ={(z,y) € [0,00) X [0,00) : s +y(xs) <z +y <z +v(x)},

Dy = {(z,y) €[0,00) x [0,00) : 2 +y < @y +y(2s) and — 2 +y <~z +7(24)},
Dy = {(2,9) € [0,00) X [0,00) : — +(22) < —2 +y < —2 +7(x)}

(see Figure 3.2).
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—
=

Figure 3.2: The regions D;—Ds arising during the search. The bold
curve is the graph of the function .

The assumption reads
(A4)  Ontheset Dy, U is linear along the line segments of slope —1. On DU D3,
U is linear along the line segments of slope 1.

Step 3. Derivation of v and U on D;. By (Al), (A3) and (A4) we get that
for all x > x, and t € [0,v(z)],

U(.Q? + t?’7<w) —t) = U(w,'y(ac)) + Uw(x”Y(x))t - Uy(x”Y(x))t
= V(z,7(@)) + Val(a,y(2))t = Vy(z,7(2))t (3.98)
=~(z) — Kzlogz — K(1+ logz)t — t.

By the symmetry property (3.97) and (A3), we have Uy(z,0) = 0 for all z, so the
formula (3.98) yields

K
V() = @)
T
Solving this differential equation gives v(z) = %5 + cx for some constant c. It

is easy to see that ¢ > 0, since otherwise v would not satisfy (A2). Furthermore,
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we must have ¢ = 0: for positive ¢ it can be shown that the function U grows too
fast, by virtue of (3.98). Thus, v(x) = %5 for > x, and (3.98) implies that

K-1
U(x,y)zKy—x—leog( (x—i—y)) (3.99)
provided (z,y) € D;.

Step 4. Deriwation of v on Ds. For any z € [z, %x*}, the point P =
x) belongs to D1 N9Ds, so by (A3), (A4) and (3.99) we may write

(z, #

U(m—t,%m—x—t) =U(P) - [U. (P) + Uy, (P)]t,

provided ¢t < min{z —x}. This, after some tedious but simple calculations,

’K 1
gives
K-1 , K2z,
= —2?) = (Kloga, + 1) + ————
U(z,y) o (y” — %) — (Klogz, + )x+2<K_1)

for (z,y) € D;. By the symmetry condition (3.97) we have x. = exp(—K ~!): here
we make use of the assumption K < 2, since precisely for these values of K the set
D5 has a nonempty intersection with the y-axis. In conclusion, we have obtained
the following expression for U:

(K —1)exp(K~1)
2

K2
2,2 -
SRR Ty gy

U(z,y) = (y exp(—K 1) on Ds. (3.100)

Step 5. Derivation of v and U on Ds. We proceed as in Step 3 and obtain,
for x € (e71,2*) and t € [0, 2],

U(x —t,v(z) —t) =v(z) — Kzlogax —t + K(1 + logz)t. (3.101)

The equation U,(0,y) = 0, valid for y > 0 by virtue of (3.97) and (A3), implies
the following condition on ~:

1
/ —1— —1 L)
V@) =1 e wele )
However, v(z.) = 77, so, by (A2),
(2 - K) T 1
—pp ) —
V@) =rt e +/x 1+ log?

This, together with (3.101), allows to derive the formula for U on Ds. Indeed, if
G : (ﬁ( L 2,,00) = (e7!,z,] denotes the inverse of the function z — ~(z) — =,
then

Uz,y) =y — 2+ G(y —x) — Kzlog Gy — x).
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To complete the description, apply the symmetry condition (3.97) to obtain the
formula for U on the whole plane. In fact, this function is the least majorant
(in the real-valued setting). To pass to the Hilbert-space-valued setting, one can
proceed as usual and interpret | - | as the corresponding norm. However, we do not
know if the obtained function satisfies the conditions 1°-3°. Instead of the quite
complicated verification of these, we make use of the integration argument, but
this requires an additional effort.

Step 6. The passage to the formula (3.91). It is more or less clear that as the
“simple” integrand function, we are forced to take u given by (3.6). This follows,
for example, from the fact that it is the right choice in the proof of LP estimates
for small p (that is, 1 < p < 2). However, it is easy to check that no kernel leads
to the function U invented above. A natural idea is to try to choose a kernel for
which the obtained function agrees with U on a large part of R?. But which part
is important? To answer this, let us inspect the proof of the optimality of the
constant L(K). It is clear that we have exploited the properties of U° on the set
Dq; by (3.99), this suggests to search for k for which

/000 k(t)u(m/t,y/t)dtnyleog( ($+y)>

provided (x,y) € D;. After some manipulations, this leads precisely to (3.91). O

3.7 Inequalities for bounded martingales

In this section we turn to another important class of inequalities. Namely, we
shall assume that the dominating process f satisfies the boundedness condition

[ fllee < 1.

3.7.1 Formulation of the results

We will establish two types of results: tail estimates and ®-inequalities.

Theorem 3.10. Let [ and g be H-valued martingales such that ||f||lecoc < 1 and g is
differentially subordinate to f. Then

1 if 0<A<I1,
P(lg]* > A) < P(A) = ¢ A~2 if 1<A<2, (3.102)
2724 if N> 2.

The inequality is sharp for each X\, even if f is real and g is assumed to be its
+1-transform.

Note that in contrast with the previous tail estimates, we cannot assume that
A = 1, since the condition ||f]|cc < 1 is not invariant with respect to scaling. In
other words, each value of A requires an independent analysis.
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We have also the following one-sided version for real martingales.

Theorem 3.11. Let f and g be R-valued martingales such that || f]|ec < 1 and g is
differentially subordinate to f. Then

1 if 0<A<1,
P(g* >N < PN =4 (1-VA—=1/2)? if 1<A<2, (3.103)
> /4 if A>2.

For each A\ > 0, the bound on the right is sharp, even if we assume that g is a
+1-transform of f.

Now let us formulate the second result. Let ® be an increasing convex function
on [0, ), twice differentiable on (0, c0), such that ®(0) = 0 and ®'(0+) = 0.

Theorem 3.12.
(i) If @' is convez, then

sup E®(|gn|) < / d(t)e 'dt. (3.104)
n 0

DN | =

(ii) If @' is concave, then
sup E®(|gn|) < ®(1). (3.105)

Both inequalities are sharp, even if f is real and g is assumed to be its £1-
transform.

3.7.2 Proof of Theorem 3.10

Proof of (3.102). If 0 < A < 2, then the inequality is straightforward. Indeed, for
A € (0,1] there is nothing to prove, while for A € (1,2], by Doob’s weak type
inequality (see (7.18) below),

. gll3 _ (1115 _ ILfI1%
P(lgl" > V) < =55 < 757 < <

1
A2 T a2 A2

The main difficulty lies in showing the estimate for A > 2. Using the stopping time
argument, it suffices to establish the corresponding bound

P(lgn] >N < P(A)  n=0,1,2,....

We may use Burkholder’s method: take Vi(x,y) = lqy>ay for (z,y) € S =
{(z,y) € H x H : |z|] < 1}. In order to introduce the majorant, consider the
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following subsets of the strip .S:

Dy ={(z,y) € S: |z|+ |yl <1},
Dy ={(z,y) e S:1<|z|+ |yl <A—1and 0 < |z| <1},
Dy={(z,y) € S: A=1—|z|<|y| < A—=1+|z| and |z|] < 1},
Dy ={(z,y) € S: A —1+z| < |yl < VA2 —1+|z|2,}
Dy={(z,y) € S: |yl > /A2 —1+|z|? and |z] < 1}.
Define Uy by
(L+1yl? = [al*)e*?/4 on Dy,
(1 — |z])el=IHlyl=A+1 /9 on Dy,
Ux(z,y) = § (L= [2l*)((A = [y)? + 1= [a[*)7 on Dy, (3.106)
1= (A =1—[yP+[z)(4(A=1))~" on D,
1 on Dy

and extend it to the whole S by continuity and the condition Ux(z,y) = 1 for
|z] = 1 and |y| = A. It is evident that Uy majorizes V. Now we will show that

for all (z,y) € S such that |z| < 1 and |k| < |h|. Here

—e2 /2 on Dy,
76‘75‘+|y|_)\+1x/2 on Dl’
Ala.y) = 3 =200 = 2 — [y)? + 1 — [of2) 22 on Dy,
0 on Dy,
e*~Ay/2 on Dy,
e\$\+|y|—>\+1<1 —lz))y'/2 on Dy,
B(r.y) = 3 200~ [u)(1 ~ [«2)[(A ~ [y)? + 1~ [¢]2) -2 on Dy,
y/(2A —2) on Ds,
0 on Dy.

and A and B are extended to the whole S in such a way that their restrictions
to D3 and S \ Dj are continuous. To establish (3.107), fix (z,y), (h,k) € H x H
such that |z| < 1 and |k| < |h| and consider the function G = G, y 5.k given on
{t e R: |z +th| < 1} by the formula G(t) = u(x + th,y + tk). It suffices to show
that G satisfies G”(0) < 0 if (z,y) € Do U Dy U---U Dy and G'(0—) > G'(0+)
otherwise. If (z,y) € Dy, then

G"(0) = (|k|* — |n*)/2 < 0.
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For (z,y) € D1, G"(0) equals

k* = - k) (= + yl = 1)
lyl

elzlHlyl =21

AL R T A T

which is also nonpositive. If (z,y) € Da, then a little calculation yields
G"(0) = =2[(A — |y|)*1 — |2|*] (I + [T + I1I),
where
I=(h]* = [K) A = [yD*[(A = ) + 1 = 2] > 0,
IT=[{(A = lyh)?* = (1 = =)}y - b+ 2\ = |yhz - h]* > 0,
1T = (A = [yDIA = [yD)?* + 1 = [alP][lkP* = (" B)?]N = Jyl = (1 = [2]*)/[y[] = 0.

Therefore G”(0) < 0 in this case as well. If (z,y) € D3, we have

2 (12
LI T

G/l(()) m <

and, finally, G”(0) = 0 on Dy. It suffices to verify the inequality for one-sided
derivatives. For example, suppose that (x,y) € D3N Dy, that is, |y|? = A2 — 1+
|z|%. If (x+th, y+tk) € D4 for small positive ¢, then G’(0+) = 0 and G'(0—) < 0.
Similarly, if (z 4 th,y +tk) € D3 for small ¢t > 0, then G’(0—) =0 > G'(0+). The
remaining inequalities for one-sided derivatives are verified in the same manner.
This finishes the proof of (3.107).

The final observation is that if |y| < || < 1, then, by the property (3.107)
we have just proved,

Ux(z,y) < Ux(0,0) + A(0,0) - = 4+ B(0,0) - y = P()).

Now we are ready to establish (3.102). Let f, g be as in the statement. We can
not use Burkholder’s method yet, since we do not have the necessary integrability:
the functions A and B blow up when |z| — 1 and |y| — A. To overcome this, fix
a € (0,1) and apply Theorem 2.7 to the pair (af, ag). This is allowed, since this
pair takes values in the set {(z,y) € H x H : |z| < a}, on which Uy, A and B are
bounded. We get

EVi(afn, agn) < EUx(afo, ago) < P(N),

that is, P(Jgn| > A/a) < P(A). Letting a — 1 gives P(|gn| > A) < P()\); to get the
nonstrict inequality on the left, it suffices to use the fact that P is a continuous
function of the parameter \. O

Sharpness. If A < 1, then take the constant pair (f,g) = (1,1). Then f, g have
the required properties (that is, they are martingales and g is a +1-transform of
f) and the two sides of (3.102) are equal. Suppose now that A € (1, 2] and assume
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that we find a pair (f, g) of bounded martingales such that | foo| = 1, |goo| € {0, A}
and g is a £1-transform of f. Then

. lgll3  IIflI5 1
P(lg]* > A) > P(|goc| > A) = TQ = 72 =z

The desired pair can be defined as follows. First, introduce the sets
by = {(17 O)’ (1 - )‘/27 )‘/2)} and Fp = {(1’ )‘)7 (7)‘/27 -1+ )‘/2)}
The process (f, g) is uniquely determined by the conditions fo = go = 1/2,

(fort1,92k+1) € B1,  (fort2, g2nt2) € B, (—forts, —gort3) € E1

and (— fokt4, —g2k+4) € Ea for k=0, 1,2, ...
Finally, we turn to the case A > 2. Fix a positive integer N > A — 2 and set
§ = (A —2)/(2N). Consider a sequence (£,)2Y, of independent centered random

variables such that & € {—1/2 — 6,0}, o € {—1+ 9,6} and Eop1 € {—6,1} for
k=1,2,..., N—1, and, finally, &5 € {—1+ 6,1+ d}. Put

1 nA(2N) 1 nA(2N)
Fn = 5 + kZ;O fk, and Gn = 5 + ];) (*1)”6}6.

Then F, G are martingales such that G is a +1-transform of F. Let 7 = inf{n :
|F,| = 1} and put f, = Fran, gn = Gran. Then f is a martingale satisfying
[|flleo <1 and g is its £1-transform. It is easy to check that g is nonnegative and
reaches A if & = —1/2—6, |§| = d for 2 < k < 2N —1 and & = 1+ 5. Therefore,
using the independence of the &;’s, we get

1
2+2

(1 =N 146N 1=9

Plg" = A) = 5

However, since 6 = (A—2)/(2N), we see that for sufficiently large N, the right-hand
side can be made arbitrarily close to

Lo-o-m2 -0-m2 L pyy
: 2

This completes the proof. O

On the search of the suitable majorant. Let us first focus on the case H = R. It
turns out that the majorant we obtain in this case will be a bit different from the
one above.

Step 1. Initial observations. Fix A > 2 and let us use an appropriate version
of (2.1). Recall that for any (x,y) € [-1,1] x R, the class M(x,y) consists of
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martingale pairs (f,g) such that (fo,90) = (2,9), ||fllc < 1 and ¢ is a +1-
transform of f. Define

U°(x,y) = sup{P(lgn| = A) : (f.9) € M(z,y), n=0,1,2,...}. (3.108)

Obviously, 0 < U%(z,y) < 1 for all (x,y) € [-1,1] xR. If |y| > A, then considering
the constant pair (f, g) = (z,y) gives U%(z,y) = 1. Similarly, if |y| < A but |z| = 1,
then M (x,y) has only one element, a constant one. This gives U%(z, y) = 0. Finally,
we have the symmetry

U%(z,y) = Uz, ~y) = U°(~x,y) (3.109)

for all (x,y) € [-1,1] x R. Thus it remains to determine the majorant on the set
C =[0,1] x [0, A].

Step 2. Key assumptions. Now we will impose some conditions on the ma-
jorant. As they do not follow from (3.108), we change the notation and write U
instead of U, as usually. The general idea, already exploited in the previous es-
timates, is to decompose C' into a finite family {C;} such that on each C; the
majorant U is either linear along all lines of slope —1 or linear along all lines of
slope 1. Some experimentation leads to the following decomposition:

Co={(zy)eC:ox+y<1},
Ci={(z,y)eC:1<z+y<A—1},
Co={(z,y) eC:A=-1—-z<y<A-—1+a},
Cs={(z,y) eC: A=—1+z<y<1},

Cr = {(w.y) € Ciy=1}.

After symmetrization, this leads to a decomposition of [—1, 1] x R which is slightly
different from the one generated by the sets Dyp—D4 above. As already mentioned,
we have

U(z,y) =1 on Cy. (3.110)
Next, motivated by some experimentation, we assume that:
(A1) On Cp, C; and Oy the majorant is linear along the lines of slope —1 and

on (5 it is linear along the lines of slope 1.

(A2) U is of class C! on (—1,1) x R.
In fact, it will turn out that the differentiability on the whole strip cannot hold (so
there is no U satisfying both (A1) and (A2) as well as the previous properties),
but the arguments will lead to the right function and it will be clear how to modify
the second assumption.

Step 3. The formula for U. Denote A(z) = U(z,0) and B(y) = U(0,y) for
z €[0,1] and y € [0, A]. By (A1), we have

BQ—D:%UPLM+%U@A—®:%. (3.111)
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Furthermore, by (A1), if (z,y) € C1, then
Ulr,y) = 1 —2)B(z +y) +2U(x +y - 1,1) = (1 —2)B(x +y).

Now, by (A2) and (3.109), we have U, (0,y) = 0if (0,y) € C4, which, by the above,
leads to the differential equation B’(y) = B(y). Using (3.111), we get

B(y) = e¥=1)/2 forl<y<A—1 (3.112)
and hence
Ulx,y) = (1 —xz)ertv=A+1/9 on (. (3.113)
Using (A1) we have, for (z,y) € Ca,
2—-2x
—r—-y+A+1
2 —2x z+y—A+1 z+y+A—-1
—r—y+A+1 2 ’ 2
B 2—2zx <x+y)\+1 x+y+)\1)

U(z,y) = Ul,z+y—1)

C—r—y+A+1 2 ’ 2

Using (A1) and (A2) again, we obtain

z+y—A+1 z+y+A—-1 —r—y+1-2A T+y+A—3
U , = vl-1,—————
2 2 4 2
z+y+A—-3
+ 4
_T+y+A-3
B 4

U(1,\)

and plugging this into the previous equation yields

l-2z)(z+y—-A+3)

Uz,y) = e ——— on Cj. (3.114)
Now pick (z,y) € C3 and use (A1) to obtain
U(z,y) = LU($*y+1,)\)+£B(y*$)
T—y+A T—y+A
= < Ay B(y — x).

x+A—y+x—y+A

Since U, (0,y) = 0 for y € [A — 1, A, this leads to the differential equation
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with the solution of the form B(y) = ¢(A—y)+1. Since B(A—1) = 1/2, as derived
above, we obtain B(y) = % + 1 and hence

U(z,y) = yT +1 on Cj. (3.115)

Finally, let us take (z,y) € Cy. We have

X

The conditions U, (0,y) = Uy(x,0) =0, z € [0,1), y € [0, 1], imply

AW TBO) g e - A B

B'(y) = ; -

Consequently, A'(s) = —B’(s) for s € [0, 1), so A(s) = —B(s)+c for some constant
c. Putting s = 0 and using the equality A(0) = B(0) we get that ¢ = 2B(0) and,
coming back to the differential equation for B, we get

2B(y) —2B(0)

B'(y) = ;

Solving this equation, we get B(y) = ay® + B(0) for some constant a. However,
B is of class C*, so, by (3.112), B(1) = B'(1) = ¢?~*/2. This implies a = B(0) =
e2=* /4 and hence

627)\

I (—2*+y*+1)  on Cp. (3.116)

Ulz,y) =

One can show that the function U above (after extension to the whole [—1,1] x R
by (3.109)) coincides with the function U°. In addition, this function works also for
differentially subordinate martingales in the real-valued setting. However, we have
done all the computation in the case H = R: if the dimension of H over R is at least
2, then the usual extension, given by U}t (z,y) = U(|z], |y|) does no longer work.
For example, take a point (0,y) € H x H such that |y| = /A2 -1+ |z]2 < A
We have U(0, |y|) = % + 1 < 1. On the other hand, since H is at least two-
dimensional, there is a norm-one vector z € H which is orthogonal to y. For a
Rademacher variable € we have

Ull -z, ly—z|))+U(z|,|ly + 2z
Bzl -+ e = LU= =D LT lye
since |y &+ z| = A. We see that the concavity property 2° is not satisfied. How-
ever, some experiments based on the example we have just considered lead to the
function Uy given in (3.106). O
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3.7.3 Proof of Theorem 3.11

The case A < 1is trivial and the case A > 2 follows immediately from the preceding
theorem, so it suffices to prove the assertion for A € (1,2]. However, we shall
present here a new argument which works for all values of A. Let

U (x,y) = sup{P(g;, = M)},

where the supremum is taken over all pairs (f, g) of real martingales starting from
(x,y), such that || f||co < 1 and g satisfies |dg,| < |df,| almost surely for all n > 1.
Note that this class is much larger than M (x,y). For such pairs (f,g) we may
write, for any s > 0,

P(gn 2 A) =P((gn +5)" 2 A +s)

= * - i < -A-—
P(|gn + s[* > A + ) P<O<Hk1£n(gk+5)_ A s>

and if s — oo, then the second probability in the last line converges to 0. Conse-
quently, from the remarks just after (3.116), we infer that

U%(x,y) = lim Unis(@,y+ ),

where U), is given by (3.110), (3.113), (3.114), (3.115), (3.116) and the symmetry
condition (3.109). Calculating the limit, we obtain

(1 — |$|)e|w|+y—>\+1/2 if (x’y> c Dl,
(1—]z])(3+]|z|+y—X) .
U%x,y) = 2(33\—(\%\—3721-&-2{) if (z,y) € D,
1-(A—y)/2 if (z,y) € Ds,
1 lf (xay> € D4,

where D1—Dy are the subsets of [—1, 1] x R given by

Dy ={(z,y) :y <A—1—|z[},

Dy ={(z,y): A—1—|z| <y < A—1+4|z|},
Dy ={(z,y): A\ =1+ 2| <y <A},

Dy ={(z,y) :y > A}

It remains to note that P(A) = sup|, <|, <1 U%(2,y): the claim follows.

3.7.4 Proof of Theorem 3.12

It turns out that the inequalities (3.104) and (3.105) are completely different in
nature.

Proof of (3.104). As the reader has noticed, the constant from (3.104) appears
also in (3.16). In fact the proofs of both these estimates have many similarities,
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though it should be stressed that the conditions imposed on ® are entirely different:
in (3.16) we considered functions with a strictly concave derivative, while here we
assume that @’ is a convex function on (0, c0). We keep the notation S = {(x,y) €
H x H : |z| <1} from one of the previous subsections, and define

Dy ={(z,y) € S |z| +[y| <1},
Dy ={(z,y) € S:|z[ +|y| > 1}
Let Vg, Us : {(x,y) € H x H : |z| <1} = R be given by Vg (z,y) = ®(|y|) and
lyl?—|z|>+1 oo ¢
Us(z,y) = 2 Jo ()t , on D1,
|2|@ (|| + [y — 1) + (1 — [a])el*IHI] [ ~t®(t —1)dt  on Ds.

A little calculation shows that

00 2 _(p241 [
Uae) = [ kU (oftfae+ L ZEEL 7 g,
1

< (&
z|+yl

where
t2 <
ko(t) = ) {et/ e *®" (s —1)ds — " (t — 1)] .
t
Note that kg is nonnegative, due to the assumptions on ®. It is easy to see that
Us(x,y) decreases as |z| increases. Consequently, if z € H has norm 1, then

Us(z,y) > Ua(2,y) = @(ly]) = Va(z,y).

Thus it suffices to show that we have the integrability needed to apply Fubini’s
theorem. But this is evident: since f is bounded, so is g, for any n. O

Sharpness. We repeat the argumentation from the part of Subsection 3.1.5 con-
cerning the sharpness of (3.16). Let f and g be the sequences studied there. Then
f is a +1-transform of g, g is bounded in absolute value by 1 and E®(|fw|) can
be made arbitrarily close to 3 [ ®(t)e~*dt. This is exactly what we need. O

On the search of the suitable majorant. This is part very similar to the search pre-
sented in Subsection 3.1.5. We omit the details. ]

Proof of (3.105). Let ¥ : [0,00) — [0,00) be given by ¥(s) = ®(1/s). We easily
check that for s > 0,
1
V(s) = 137 (¥ (Ve)Vs = ¥'(V5)) <0,

since ®’ is concave and ®'(0+) = 0. Therefore, we have W/(1)(s2 — 1) > W(s?) —
¥(1), or, in terms of P,

Q(sz S 1 B(1) > B(s). (3.117)

Now we are ready to apply Burkholder’s method. Let Vg (z,y) = ®(|y|) and

o'(1)

Uaa,y) = =5 (of? = [of?) + B(1).
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The majorization Ug > Vg is a consequence of (3.117):

o'(1)

Us(z,y) > 5

(Iyl* = 1) + 2(1) > Va(z,y).

Obviously, the condition 2° is satisfied and Ug(z,y) < ®(1) for |y| < |z|. Thus

Evé(fnvgn) § EU@(vag(J) S é(l)
and we are done. O
Sharpness. This is trivial: take (f,g) = (1,1). O

On the search of the suitable majorant. As usual, assume that H = R and let us
restrict ourselves to the case of +1-transforms. Let V(z,y) = ®(|y|). We may
assume that the function U we search for satisfies the symmetry condition

U(l’,y) = U(.%‘, _y) = U(—x,y).

Consequently, it suffices to determine it on S* = [0,1] x [0, 00). The key assump-
tions are the following:

(Al) U is of class C' on S,
(A2) U is linear along all line segments of slope 1 contained in the set ST.

These conditions imply that U(0,0) = (U(1,1) + U(-1,-1))/2 = ®(1). What is
more important, if we modify U outside the diagonals {(x,y) : |z| = |y|} (but
keep 1°, 2° and 3° valid), then the new function will yield the sharp ®-inequality
as well. Now if we look at the functions used in the previous problems, the guess
U(z,y) = a(ly|*> — |z|?) + ®(1) comes quickly into one’s mind. This leads to the
special function considered above. O

3.8 Inequalities for nonsymmetric martingale
transforms

The next problem we shall study is the following. Assume that f is a martingale
and ¢ is its transform by a predictable sequence taking values in [0, 1]. We may
ask about optimal constants in the corresponding weak, strong and logarithmic
estimates. We can also study these inequalities in a wider setting, where the mar-
tingale transform is replaced by a weaker assumption which may be regarded as
“nonsymmetric differential subordination”:

‘dgn|2 Sdf’n'dgna n:Oa 1a 27 (3118)

Note that this is equivalent to saying that the martingale — f /2 + g is differentially
subordinate to f/2.
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3.8.1 Formulation of the result

We begin with the result concerning weak-type estimates. Let

1 if 1<p<2,
Kpoo = X —171/p
P, 1 [<2c+§:)p 1} if p>2,

where ¢ = ¢(p) > 1 is the unique number satisfying
At =2c+1. (3.119)

Theorem 3.13. Assume that f, g are H-valued martingales satisfying the condition
(3.118). Then for any 1 < p < 0o we have

191lp,00 < Kp.col [ fl5 (3.120)

and the constant is the best possible. In fact, it is already the best possible if H = R
and g is a transform of f by a deterministic sequence taking values in {0,1}.

The moment inequalities turn out to be much more difficult. Let 1 < p < co.
n [52], Choi introduced constants c,, depending only on p, with the following
behavior as p — oo:

Cp

_p 110g<1+e-2>+[%bglzﬁm%log#—%emr?+
2 2

+ = 5 .

Theorem 3.14. Assume that f, g are real-valued martingales satisfying (3.118).
Then for 1 < p < oo,

gllp < epllfllp (3.121)

and the constant is the best possible. It is already the best possible if H =R and g
is a transform of f by a deterministic sequence taking values in {0, 1}.

Finally, let us state the logarithmic estimate.
Theorem 3.15. Suppose that f, g are H-valued martingales satisfying (3.118).
Then for K > 1/2,

llgll1 < K supE|f,|log|fn| + L™ (K), (3.122)

where

L™(K) =

{K?(zK —1)7 i 12< K <1, (3.123)

Kexp(K~'—1) if K>1.
The constant L™ (K) is the best possible if K > 1. Furthermore, it is of the best

order O((K —1/2)7Y) when K — 1/2+. For K < 1/2 there is no L"(K) < oo
for which (3.122) holds.
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In fact for 1/2 < K < 1, the optimal constant L in (3.122) is not smaller
75— exp(l — K1), so we are quite close with our choice of L"(K).

We will only focus on Theorem 3.13 and Theorem 3.15. The proof of the
moment inequality (3.121) consists of two parts: (i) one shows the estimate in
the case when g is a transform of f and (ii) extends it to martingales satisfying
(3.118). The proof of the first part is extremely technical and we have decided not
to include it here. We refer the interested reader to Choi’s original proof in [52].
Our contribution is the proof of the second part, but this extension is postponed
to Chapter 5. Finally, observe that (3.121) concerns real-valued martingales only.
The value of the optimal constant for Hilbert-space-valued martingales is unknown
(though we strongly believe that it is the same as in the real-valued setting).

than

3.8.2 Proof of Theorem 3.13

Proof of (3.120), 1 <p <2. Let V,, o : H x H — R be defined by V,, (z,y) =
L{jy|>13 — |z[P. Furthermore, let Uy be given by (3.6) and put

Up.oo(2,y) = pUi(2/2, —2/2 + y)

_Jpy-(y—x) i |+ 2y -2 <2,
p — plx| if |z + |2y — x| > 2.

We have the majorization Up oo > Vp 00. Indeed, if |z| + |2y — z| < 2, then |y| <
|z/2| + |y — x/2| < 1 and, consequently,

plz|?
=5 < plyl(lyl = |z|) < py - (y — ).

Liy>1y — |27 = —[zP < -

On the other hand, if |z| 4+ |2y — x| > 2, then the majorization follows from the
estimate p — ps > 1 — sP, valid for all s > 0, by virtue of the mean-value theorem.
Since —f/2 + g is differentially subordinate to f/2, Burkholder’s method gives

EVip,oo (frs 9n) < EUp,oo(frs gn) = PEUL(fn/2, —fn/2 4+ gn) <0

and we are done. O
Sharpness, 1 < p < 2. This is trivial: take (f,g) = (1,1). |

On the search of the suitable majorant. Let us assume that H = R and let us re-
strict to transforms by deterministic sequences with values in {0,1}. Set V(z,y) =
1{jy)>1} — KP[2[P. As in the case of the inequality (3.105), the key guess is that the
equality holds for the trivial pair (1,1) (so K = 1). If one makes this assumption,
then all we need is a majorant of V', which is concave along the lines of slope 0 or
1, and which is equal to 0 on the line segments {(z, +z) : .« € [-1,1]}. How to
construct such functions? A natural idea is to take a diagonally concave function U
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(we considered a lot of them while studying “symmetric” martingale transforms)
and write it in skew coordinates, that is, consider (z,y) — U(z/2, —z/2+y). Then
the function has the required concavity, and after scaling and/or translation we
may hope that we will obtain the right majorant. The first try is to take the func-
tion U(z,y) = |y|> —|z|? and consider its “skewed” version (z,y) — ay-(y—z)+b
for some constants a > 0 and b € R. This does not work: the majorization fails to
hold. The second try is to take Uy, and this leads to the function U o, above. [

Proof of (3.120), p > 2. This is much more elaborate. Let Uy, be given by (3.12)
and put
U(Ia y) = Uoo(x/Qv 71’/2 + y)
{0 if ||+ |2y — 2| < 2,

(v=31-1° =15 it el +I20—s] 2.

Next, we introduce the special function Uy, o : H x H — R corresponding to the
weak type estimate for p > 2. Let ¢ = ¢(p) be given by (3.119) and let

b=b(p) = 21

=—" 3.124
2¢c+p—1 ( )

Put ,
Up.oo(T,y) = / P~ (2 /t, 2y /t)dt. (3.125)
0

A brief calculation gives

Up,oo(2,y) = (l + 12y — 2" (12y — 2| = (p = 1)|2])

2
p(p—1)(p—-2)

if |z| + |2y — x| < b, and

12y —z|> — |22 2b]2y — 2| n b?

Uy, ooz, y) = bP2

if |z| + |2y — x| > b. We will also need the function V, o : H X H — R, given by
‘/}1700(x’y> = O‘IJ(Kp_,gol{lylzl} - ‘x‘p)’
where
2(p— )2
a, = ———
plp—2)
Since U, o satisfies 2° and Uy, (0, 0) = 0, the proof of (3.120) will be complete if

we establish the majorization Uy oo > Vp,oo. This will be done in the three lemmas
below.



92 Chapter 3. Martingale Inequalities in Discrete Time

First, note that it suffices to establish the majorization in the real case and

for x, y satisfying 0 < z < 2y. To see this, let us (for a moment) write U;‘OO, qufoo

instead of Up o, Vp,00, to indicate the Hilbert space we are working with. For
x, y € H, take 2’ = |z| and v’ = |z/2]| 4 |2/2 — y|. Then 0 < 2/ <2y, 2¢y/ — 2’ =
2y — x| and y' > |y|, so

U;lm<x’ y) - V;?:loo(x’ y) > U;]Eoo(x/’ y/) - V;Jﬂ?oo(x/’ y/)
This justifies the reduction. Let us consider the cases y < b/2, y € (b/2,1) and
y > 1 separately.
Lemma 3.10. We have

2

pp—1)(p-2)

This yields the magjorization for y < b/2.

2(p—1)P?

(2y)" ' (2y — px) > — o= D)

a?. (3.126)

Proof. The estimate is clear for z = 0. If x > 0 and we divide both sides by 2P,
the inequality takes the form Fy(2y/z) > 0, where

2 2(p—1)P?
p(p—1)(p—2) p(p—2)
for s > 0. It suffices to note that Fy is convex and Fy(p—1) = Fj(p—1)=0. O

Fy(s) := sp_l(sfp)Jr

Lemma 3.11.
(i) For all s >0,

2 _ p—2
p—2 [ S b 2(]) 1) p/2 >
b < b2 + p(p— 1)2> + POE) sP2 > 0. (3.127)

(ii) We have
pp—2 [4112 —dxy  2b(2y — ) E] L2
p—2 p—1 P p(p—2)
This yields the majorization for y € (b/2,1).

a? >0, (3.128)

Proof. (i) Denote the left-hand side of (3.127) by Fi(s). It is evident that the
function F5 is convex on R. In addition, it is straightforward to check that
FL(0/(p—1)°) = F{(1?/(p— 1)*) = 0. (3.129)

The claim follows.
(ii) The partial derivative of the left-hand side of (3.128) with respect to y

equals
4bp—2 b(p—2
(Qy e L) ,
p—2 p—1
Thus it suffices to verify the estimate for 2y =  +b(p — 2)/(p — 1). Plug this into
(3.128) to get the inequality Fy(z?) > 0, which has been already proved in (i). O
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Lemma 3.12. Ify > 1, then

b2

4y? —dxy  2b(2y — ) N f} C2p-1)P?
p—2 p—1 p plp—2)

1
<C—5 - xp> >0. (3.130)

This yields the majorization for y > 1.

Proof. We divide the proof into three parts.

Step 1. A reduction. Denoting the left-hand side of (3.130) by Fx(z,y), we
derive that its partial derivative with respect to y is

Fhﬂuy)4whg<2yxﬂ£_jﬁ>.

p—2 p—1

Hence, it suffices to establish the estimate on the line segment

b(p—2
Hl:{<x’y):y:17x20,2y—x—b>o}

and the half-line

b(p—2
Hg:{(x,y):y>1,2y—x—%20}.

Step 2. The segment H;. It is obvious that x — Fy(x,1) is convex on the
interval [0,2—b(p—2)/(p—1)]. After some lengthy, but easy calculations we verify

that
b b(p — 2) b , b
1l—-=-<2-—= Frll-=-1)=F(1—=,1)=
2< p—l ) and 2 27 2 27 07

which yields the estimate on H;.

Step 3. The half-line Hy. Plugging 2y = z+b(p—2)/(p—1) into the estimate
transforms it into

po (7 b? 2p 172, 2(p—1)"°
’ < p2+p@1V)+ p(p—2) Zp@*2X$' (8.131)

The left-hand side is equal to F;(z?), where F} was defined in the proof of Lemma
3.11. Note that we have

b(p—2) < b

r>2— > ,
p—1 p—1

the latter being equivalent to b < 2, which is obvious. Thus, by the convexity of
Fy and (3.129), we get that the left-hand side of (3.131) attains its minimum at
x = 2—b(p—2)/(p—1). However, then the estimate reads F»(2—b(p—2)/(p—1)) > 0,
and we have already showed this in the preceding step. O
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Sharpness. Here the calculations are similar to those in the symmetric case, see
Subsection 3.1.6. We will not present all the details and only exhibit the following
Markov process (f,g). Namely, let x > 0 and § = (b — k)/N, where N is a large
positive integer (such that x + 0 > (p — 1)d/2). Consider the Markov martingale
(f,g), uniquely determined by the following conditions:

(i) (fo,90) = (0,0).

(ii) If (fn,gn) = (0,y) with y < b, then (f, g) moves either to (d,y + ¢), or to the
point on the line y + k£ = (3 — p)z/2 (which is uniquely determined by the
fact that f and g are martingales).

(iii) If (fn,gn) = (0,b), then (f,g) moves either to (1 — b, 1), or to the point on
the line y + x = (3 — p)z/2.

(iv) If (frn,9n) = (6,y), y + K > (p— 1)d/2, then (f, g) moves either to (0,y), or
to the point on the line y + k = (p — 1)z /2.

(v) All the states on the lines y+xk=(p—1)z/2, y+rx =3 —p)z/2and y =1
are absorbing.

Clearly, the pair (f, g) depends on x and N. It can be verified that

P(g* > 1
tim lim 292U g
Sk TR

so the constant is indeed the best possible. O

On the search of the suitable majorant. Let
Vi(z,y) = L1y >1y — KP|zfP.

We simply follow the steps from the symmetric case and use the integration
method. The “nonsymmetric” analogue of U, is precisely the function u above
and we integrate it against the kernel t*~! from 0 to a certain positive number b.
In this way we get a family of functions (indexed by b), each of which majorizes V'
with some K > 0 (or rather, oV, for some a, K > 0). Now all we need is to pick
the “largest” element from the class, namely, the one for which the corresponding
constant K is the smallest. It is quite fortunate that this approach leads to a sharp
estimate. (]

3.8.3 Proof of Theorem 3.15

Proof of (3.122). The proof is very similar to that presented in the symmetric
setting. Thus we will be brief and leave most of analogous calculations to the
reader. Take V(z,y) = |y| — K|z|log|z| — L™(K) and let us write the special
function (3.91) from the symmetric case in the skew coordinates (that is, put x/2
and y — z/2 in place of z and y). We obtain

Ule.y) = y-(y—x) if [z + |2y — 2] <2,
’ \2y—w|—\x\logwgy_w‘—l if |z|+ 2y — 2| > 2.
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Let, for K € (1/2,1],
a=ag=2K'—K2 and d=dgx=2—-K 1,
while for K > 1, put
a=ag =K texp(l-K™') and d=dg =exp(l—K™1).
One can show that for all K > 1/2 and all z, y € H,
ot U(dgx, dry) > V(z,y).

Furthermore, it can be verified that the use of Fubini’s theorem applies. Thus, the
result follows. g

On a lower bound for the constant. If K > 1, then the equality is attained for
the constant pair (f,g) = (exp(K ! — 1),exp(K~! — 1)). Let us assume that
K € (1/2,1) and let L(K) denote the best constant in (3.122). Again, the reasoning
is similar to that in the symmetric case, so we will only sketch the main steps.
Introduce the function U : [0,00) x R — R, by

U°(z,y) = sup{E|gn| — KEf,log f,},

where the supremum is taken over all n and all pairs (f, g) of simple martingales
starting from (z,y) such that f is nonnegative and g satisfies dgy = O dfi, k > 1,
for some deterministic 0 € {0,1}. One can show that

1° U%a,y) > ly| — Kzlogw,
2° the function U is concave along the lines of slope 0 or 1.
3° U%w,z) < L(K) for all z > 0.
Furthermore, the restriction to nonnegative f gives the additional homogene-
ity property:
4° Forany x >0,y € R and A > 0,

Uz, \y) = \U%(z,y) — K\ log .

Now we exploit these properties to obtain a lower bound for L(K). By 2°
and 1°,

1 9K§ 9K —1 1 1 1
Of1,=) > 0 = — U1 - 132
v <2) T+2K50 ( oK ’2)+1+2K5U ( +‘5’2) (8:.182)

266 1 2K-1, 2K 1] 1 (o1
1+ 2K |2 2 oK 1+2K6 "9
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and, similarly, using 4°,

1
O u—
U <1+6,2)

2K 1 1 1
> o1 - - - -
Z T ars” < TSP 2K)+1+2K6

oKs [1 1 1 1
> 229 o k(146 — |log (146 —
~1+2K6 {QK 2 <+5 QK) Og( o QK)]

1 0 1

1
U° <1+25,§+5>

Plug this into (3.132), subtract U%(1,1/2) from both sides, divide throughout by
¢ and let § go to 0. One obtains

1 2K —1
U° (1,§> > —Klog —

1
2K 2

Now, using 2° again, we get

11 2K -1 1 1
o=, 2) >KU° - 1-K)U°(1,=).
U<2’2)_ v 2K 2 + v 2
By 1° and the preceding inequality, we obtain, after some straightforward compu-
tations,

11 2K—-1 K 2K —1
Oz 2 ) > ——1 .
v (2’ 2) =72 2 8 ToK
The homogeneity property implies that for z > 0,

Uz, x) > 2K — 1)z — Kz log 2

— Kz log(2x).

The right-hand side, as a function of z € (0,00), attains its maximum at zo =
72— exp(l — K~1); using 3°,

2

L(K) > U°(x0,%0) = 9K — 1 exp(l— K1)

This completes the proof. O
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3.9 On optimal control of martingales

Now let us turn to another type of results. Let f be a real-valued martingale and
let g be a transform of f by a predictable process v bounded in absolute value
by 1. Then g can be viewed as the result of controlling f by v. Suppose that g
satisfies the bound

llgllp = 1. (3.133)

What can be said about the size of f, for example its gth moment, ¢ > p? The
moment estimates studied in the previous sections give a precise answer to this
question: we have that

1fllg = Cpq (3.134)

and the constant C), ; is the best possible, that is, cannot be replaced by a larger
one. In other words, if f can be controlled so that (3.133) is satisfied, then neces-
sarily (3.134) must hold and this bound cannot be improved.

Let us consider a different condition on g, given in terms of the one-sided
maximal function of g:

P(sup g, > 1) > t, (3.135)

where ¢ is a fixed number from the interval [0,1]. What can now be said about
the pth moments of f? The weak type inequalities give the bound || f||, > t/cp.p,
but in general this is not optimal. For example, if ¢t = 1 and p > 1, then the
optimal bound is equal to 1. To see this, assume first that P(fy < 1) > 0. This
yields P(go < 1) > 0 and (3.136) implies that g, and hence also f, is not bounded
in LP: in particular ||f||, > 1. On the other hand, if fy > 1 almost surely, then
l1f1lp > llfollp > 1. Clearly, this bound is attained for the constant pair (1,1).

In fact we will study this problem in a more general setting and allow f, g to
start from an arbitrary point of R x R. Furthermore, instead of (3.135), we shall
consider the condition

P(sup g, > 0) >, (3.136)

which is easier to handle. The results easily carry over to the setting described by
(3.135): it suffices to replace g with g + 1.

3.9.1 Formulation of the result

For any 1 < p < oo, let U, : R?> — R be given by (3.142), (3.157) or (3.166),
depending on whether p=1,1 <p<2orp>2.

Theorem 3.16. Let 1 < p < oo be fized. For given z, y € R, consider two martin-
gales f, g satisfying the conditions fo = x, go =y and |dg,| < |dfn| for alln > 1.
Then

P(g" = 0) = [If1[} < Up(z,y)- (3.137)

p

The inequality is sharp for each p, x and y.
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This result enables us to solve the problem formulated at the beginning.
Introduce the function L; : R x R x [0, 1] — [0, 00) by

] if y>(1-2t7")al,
—y—[* =)A= iy < (12671,

Ll(x’y,t) = {

Furthermore, for p > 1, let L, be given by

L,(z,y,t) = sup t—[]p(c*C’y). (3.138)
C>0

Theorem 3.17. Let f, g be real-valued martingales such that fo = x, go = y and
|dgn| < |dfn| forn > 1. Assume in addition, that g satisfies the one-sided condition
(3.136) for a given t. Then for 1 <p < oo,

A1 = Lp(x, y,t) (3.139)

and the bound is the best possible. It is the best possible even in the special case
when df, = dg, or df, = —dg, for alln > 1.

As the second application of Theorem 3.16, we obtain the following “one-
sided versions” of the weak-type (p, p) inequalities.

Theorem 3.18. Let 1 < p < co. Assume that f, g are real-valued martingales such
that g is differentially subordinate to f. Then

P(supgn, > 1) < Kp ool fI, (3.140)

where K1 o = 2,

() e (=)
—1
Ky N0 )y

()

and K, oo = pP~1/2 for p > 2. The constant K, ~ is the best possible, even when
g is a £1-transform of f.

3.9.2 Proofs in the case p = 1

Proof of (3.137) for p=1. We use Burkholder’s method. By the stopping time
argument, the inequality can be rewritten in the form

]E‘/1<fnagn) < Ul(xay)a n= 07 17 27 AR (3141)
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where Vi(z,y) = 1{y>0; — |2| and U is defined as follows. First, consider the
subsets Dy, D1 and D5 of R? given by

Do = {(z,y) 1y = —[a[},
Dy ={(z,y) : [z] =2 <y < =[x},
Dy =R?~ (DoU Dy}

We introduce the function U; : R? — R by the formula

1— || if (z,y) € Do,
Ur(z,y) = iz[(y +2)? — 27] if (z,y) € Dy, (3.142)
oL — |l if (z,y) € Dy.

To prove (3.141), it suffices to verify the conditions 1° and 2° (the initial condition
is not required, due to the special form of (3.141) and the fact that f, g are assumed
to start from x and y, respectively). The majorization Uy > V; is straightforward:
it is clear on Do U Do, while on Dy we use the inequality y + 2 > |z| to obtain

Ur(z,y) 20 = |z = Vi(z,y).
To prove 2°, let us introduce functions A;, By : R? — R by

—sgnw if (x,y) € Do,

Al(xvy): 7515 if (Iay)GDla

(f(‘mffyy)z - 1) sgnx if (x,y) € Dy

and
0 if (x,y) € Do,
Bi(z,y) = 5(y+2) if (z,y) € Dy,
(‘jl_lenz if (z,y) € Ds.

We will show that for any (z,y) € R? and k1, ko € R satisfying |k1| > |k2| we have
U1<.’17 + ki,y+ kQ) < U1<.’17,y) + Al(x,y)kl + BQ(.’E,y)k‘Q. (3143)

This will be done by proving that for any z, y and any a € [—1,1] the function
G = Gy y, given by G(t) = Uy (x+t, y+at) is concave. To accomplish this, we will
show, as usually, that G”(0) < 0 for those z, y, a, for which the second derivative
exists and G'(0—) > G’(0+) for the remaining =, y and a. We derive that

if (2,y) € Dg, x £0,
<a2 - 1) if (.’E,y) € Dfa
(1—-a)(y —az)(x —y)~° if (z,y) € DS,z #0,

G//(O) —

> o= O
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where D° denotes the interior of the set D. It is evident that all the expressions
are nonpositive. Now, if (x,y) € 0Dy N 0D, then

¢(0-) = 5[y +2a—1] > 5[~y +2) 2] = -1 = C'(04).

2
If (z,y) € dD1 N IDy, then G'(0—) = G'(0+). If (z,y) € 0D2 N ODy, then
’ 1+a ’
) — 1> -1 = )
G'(0-) . 1>-1=G'(0+)

Ifr=0andy >0, then G'(0—) =1> —1 = G'(0+). Finally, if t = 0 and y < —2,
then
/ 2 2 /
G'0-)==41>—-—=—-1=G'(0+).
Yy Yy

This establishes the concavity property 2°. Thus, by Burkholder’s argument,
(3.141) will be proved once we can show that the random variables U(f,, gn),
A(fr, gn)dfnt1 and B(fn, gn)dgn+1 are integrable for any n = 0, 1, 2, .... How-
ever, the latter is evident: we have that |U(z,y)| < 1 + |z| and |A(z,y)| < 1,
|B(x,y)| <1 forall z, y € R. O

Sharpness of (3.137) for p=1. For each (x,y), we will exhibit an example for
which the two sides of (3.137) are equal. Furthermore, for each such example, we
shall derive the explicit formula for

P(z,y) = P(sup gn > 0). (3.144)

This will be useful in the further applications of (3.137). We split the reasoning
into three parts, corresponding to the sets Dy, Dy and D;y.

Step 1. (z,y) € Do. If y > 0, then we take the trivial pair (f, g) = (z,y). Then
we have equality in (3.137) and, obviously, P(z,y) = 1. On the other hand, if y < 0,
consider independent centered random variables {1, &, . . . such that &, = +2F"1|y|
for k=1, 2, ... and introduce the stopping time 7 = inf{n : &, > 0}. Put

fn:xf(§1+§2+"'+£7‘/\n)8gnxa gn:y+§1+£2++£7‘/\n

It is easy to see that g has the following behavior: it starts from y and in the next
step it rises to 0 or drops to 2y. If it jumped to 0, it stays there forever; if it came
to 2y, then, in the next move, it jumps to 0 (and stops), or drops to 4y, and so on.
Thus, we have that P(z,y) = 1. On the other hand, f has constant sign, which is
due to the assumption y > —|z|, and hence || f||1 = |z|, so the two sides of (3.137)
are equal.

Step 2. (x,y) € Ds. Suppose that & > 0; the case z < 0 can be studied
likewise. Consider a Markov martingale (f, g) such that

(i) (fo,g0) = (=,),
(ii) (f1,91) € {(0,y —2), ((z —9)/2, (y — x)/2)},
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(ii) if (f1,91) = (0,y — x), the process stops,
(iv) if (f1,91) = ((x — y)/2, (y — )/2), the process evolves according to the rule
described in Step 1.

It is easy to compute that

2x

Plz,y) = P((fr,91) = (= 9) /2, (y — 2)/2)) = o

and since the sign of f does not change, ||f||1 = z. Consequently, we obtain
equality in (3.137).
Step 3. (x,y) € D;. Consider a Markov martingale (f, g) such that
(1) (foago) = (xay)’
(ii) dfi = dg1 and (f1,g1) jumps to the line y = —z or y = —x — 2,
(iii) the process (fn,gn)n>2 evolves according to the rules described in Step 1 and

Step 2.

We easily derive that

P(z,y) =P(f1 = —g1) + P(f1 = —g1 — 2, f2 = g2)

x+y+27x+y.—x+y+271+x2—y2
2 2 2 N 4

and

22 — g2

11l = Elfa| =~y + T2,

so the two sides of (3.137) are equal. Thus Uy (z,y) is indeed the best possible in
(3.137) for any choice of the starting point (z,y). a

Proof of Theorem 3.18 for p=1. Apply Theorem 3.16 to the martingales 2f and
2g — 2, conditionally on Fy. Taking expectation of both sides, we get

P(g" =2 1) =P ((29 - 2)" 2 0) < [[2fll; + EU1 (20,290 — 2)-
We will show that for all points (x,y) € R? satisfying |y| < |z| we have
Ui(z,y —2) <0. (3.145)

This will give (3.140). Furthermore, we will prove that we have equality in (3.145)
for at least one such point: this will imply the optimality of the constant. We easily
check that if |y| < |z| and y + |z| < 2, then

2|z|

U(z,y —2) = Tl—y+2

2|x
ol £ 2 el <0,

— |yl +2

with equality iff |z| = |y|. On the other hand, if |y| < |z| and y + |z| > 2, then
|z] > 1 and consequently U; (z,y — 2) =1 — |x| < 0. The proof is complete. O
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Proof of (3.139) for p=1. The estimate is trivial if y > —|z|, so we assume that
y < —l|z|. Let C > 0 be an arbitrary constant. Application of (3.137) to the
martingales Cf, Cg yields P(¢g* > 0) — C||f]l1 < U(Cz, Cy), which, by (3.136),

leads to the bound b U(Cr.Cy)
- x, Uy
il > =HEREY)

We will maximize the right-hand side over C. We have that

t—U(Cz,Cy)  [—y+({-1DC"+3C@*—y?) if Clz|-y) <2,
C - (tf 2lz| )071+ | it C(lz| —y) > 2.

. (3.146)

|z[—y

If y > (1—2t71)|z| (or, equivalently, t < éﬁf‘y), then by a straightforward analysis

of the derivative we see that the expression on the right, as a function of C, is
increasing on (0, 00). Letting C' — oo in (3.146) gives || f||1 > |z|, which is (3.139).
Finally, if y < (1 — 2¢t7!)|z|, then the right-hand side of (3.146) is increasing on
(0,Cy) and nonincreasing on (Cp, 00), where

1 ¢ 1/2
a=(=a)

Plugging C' = Cj into (3.146) gives (3.139). O

Sharpness of (3.139). Fix (z,y) € R? and t € [0,1]. Obviously, if y > 0, then
the constant pair (f,g) = (z,y) gives equality in (4.96); therefore we may and
do assume that y < 0. Consider the function C' — P(Czx,Cy), where P was
introduced in (3.144). If there is C' > 0 such that P(Cx, Cy) = t, then let (f, g) be
the corresponding pair starting from (Cz, Cy). Then (f/C, g/C) starts from (z,y),
satisfies the appropriate condition for difference sequences, P((g/C)* > 0) =t and

Blg* > 0) ~ Il = Ur(Ca, Cy). (3.147)
This implies

t—U(Cz,C
Lalaot) < [lf/0y = TR

which yields the claim. On the other hand, if there is no C such that P(Cz,Cy) =
t, then, by continuity of P, we see that P(Cxz,Cy) > t for all C > 0. Take a
large C' and take the appropriate pair (f, g) starting from (Cz, Cy). We have, by
(3.147),

< Li(z,y,t),

Lalaot) <1 f/0 < 2 0HEREY),
However, the right-hand side converges to |z| as C — oo; furthermore, |z| <
Ly(z,y,t). Thus, taking sufficiently large C, we see that the pair (f/C, g/C) sat-
isfies the following properties: it starts from (z,y), has appropriate difference se-
quences, P((g/C)* > 0) > t and ||f/C||1 is arbitrarily close to Li(x,y,t). This
completes the proof. O



3.9. On optimal control of martingales 103

3.9.3 An auxiliary differential equation, 1 < p < 2

For p > 1, the situation becomes much more complicated. We start with the
following auxiliary result.

Theorem 3.19. Let 1 < p < 2. There is a continuous function H = H,, : [0,00) —
[0,00) satisfying the differential equation

H'(z) = ’@xﬂ(ﬂ(:ﬂ) — 1) (3.148)

for x > 0 and such that

() e ()
H(0) = ~= A (3.149)
T (P;1>
p
Proof. Observe that the equation (3.148) has Riccati’s form. Therefore, the sub-
stitution

j(y) = exp on @21’72(2 - H(z))dz} (3.150)
transforms (3.148) into
yi"(y) + (2 —p)i'(y) - ZMy”‘lj(y) =0, y>0. (3.151)

2

Two linearly independent solutions to this equation are given by

Jly) = y(pil)/ZIle/p (20) ,
J2(y) = y(p_l)/211—1/p (20) ,

where 2o = 4/ @yl’ and I, stands for the modified Bessel function of the first
kind (see Abramowitz and Stegun [1]). That is, I,, satisfies

217(2) + 21, (2) — (22 + o) (2) = 0 (3.152)
and can be written as - (22t
la(2) ;J k'F(§z+k+ 1)’ (3:153)
or, in integral form, as
I,(z) = %/Oﬂ exp(z cos 6) cos(oz@)dﬂfsjn(ﬂiom) /000 exp(—zcosht—at)dt. (3.154)

To see that ji, jo satisfy (3.151), we plug them into the equation and obtain

2
p° p=3 _
s 231 11y (20) + 20Tk a1y (0) = (1= 2712 + 2) Leao1my (20)] = 0,
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which is valid thanks to (3.152). Coming back to (3.148), we take j = j; — jo: in
view of (3.154), we have

2sin(m — *
jy) = My(p_l)ﬂ/ exp(—zp cosht) cosh((1—1/p)t)dt > 0 (3.155)
0

and recover H by the formula

_ . (@)
H(z) = =1 (3.156)

To see that (3.149) is satisfied, note that by (3.153) we have the equalities

p=1

Jim 3(@) =~

<E>(P—1)/(2P)
lim #2775 (2) = (p— 1)~

e0+ a r2-1/p) ~’

from which the initial condition follows after simple manipulations. O

)*(P*U/(QP)

We will need the following further properties of H.
Lemma 3.13. For any x > 0 we have H(x) > x and H'(z) > 1.

Proof. By (3.156), the first estimate is equivalent to j'(x) < 0, since j is positive,
as we have already observed above. However, it is clear that j is decreasing: it
suffices to look at the integrand in (3.155). To show that H’(x) > 1, suppose that
there is zp > 0 such that H'(zg) < 1. Let @1 = inf{z > z¢ : H'(x) = 1}, with the
convention inf ) = co. Then for any = € (x¢, z1) we have 0 < H(z)—x < H(z0)—x¢
and zP~2 < 2872, so0, by (3.148), H'(z) < H'(z). Letting 2 — x; gives z; = 0o,
so H'(z) < H'(x9) < 1 for all £ > xy. This contradicts the estimate H(z) > x
and completes the proof of H'(z) > 1. O

3.9.4 Proofs in the case 1 < p < 2

We start with Theorem 3.16. The idea is the same as in the previous section. Let
V, : R? = R be given by Vj(z,y) = I{y>0y — |2[P. To define the corresponding
special function U, : R? — R, introduce the following subsets of [0, 00) x [0, 00),
where H = H,, is the function studied in the preceding subsection and h = h,
stands for its inverse:

z,y):y =0},

z,y)h(z—y) -y <z, —x <y <0},
zy):h(@—y) <z <hlz-y) -y, y—x<-H(0)}
z,y):x—H(0) <y < —zx},

z,y):x < h(xr—y)}.
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N
Dy
Dy
D3
D,
Dy
Figure 3.3: The regions Dg—Dy.
The function U, : R? — R? is given by the equation
Up(xa y) = Up(fxa y)
and
1—aP if (z,y) € Do,
1+ @+ Y p-1y—2z)+ W if (z,y) € Dy,
Up(,y) = { (= = )P~ (p — Dh(z — y) — pa] if (z,y) € Ds,
[(y + H(0))* — «?](H(0))~? if (z,y) € Ds,
—zP if (x,y) € Da.
(3.157)

Now we will prove that the function U, satisfies the conditions 1° and 2°. We start

with the majorization property.

Lemma 3.14. We have V,(z,y) < Uy(z,y) <1 — |z[P for all (x,y) € R%.

Proof. Since Up(z,y) = 1 — |z|P for y > 0 and Up(z,y) = —|z|P for sufficiently
small y, it is enough to show that for any fixed =z, the function y — Uy,(z,y)
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is nondecreasing. By symmetry, we will be done if we verify this for z > 0. If
(x,y) € Dg, then Upy = 0. If (z,y) € Dy, then

2H(z +y) — 2z
(H(z+y)—z—y)?

Upy(,y) =

and we must prove that the numerator is nonnegative. We consider two cases. If
x < H(0), then y > —z (by the definition of D;) and H(z +y) > H(0) > z. If,
conversely, © > H(0), then « +y > h(x —y), or, equivalently, H(z +y) > x —y; it
remains to note that the right-hand side is larger than x, as needed. Suppose now
that (z,y) € Dy. Then it can be derived that

Upy(@,y) = p(p — D) (h(z — )21 (x — y)lw — h(z —y)] 2 0,

since all the factors are nonnegative: see the definition of Ds. If (x,y) € D3, then
y > —H(0) and Upy(z,y) = 2(y + H(0))(H(0))~2 > 0. Finally, U, = 0 on Dy,
which completes the proof. O

The next step is to establish the concavity property. Introduce the functions
Ay, By : R? -5 R by Ay(z,y) = Upy(z,y) and

Upy(z,y) 1if y#0,
B(x,y>={0”< e

Lemma 3.15. For any (z,y) € R? and kq, ka2 € R satisfying |k2| < |k1| we have
UP(‘T + kla Y+ kZ) < Up(Ia y) + AP(I’ y)kl + BP(I’ y)kZ (3158)

Proof. We argue as previously and check the concavity of the function G = G 4 q,
given by G(t) = Up(x + t,y + at), where z > 0, y € R and a € [—1,1] are fixed
parameters. It is straightforward to check that G is of class C! except for ¢ such
that y + at = 0. Thus, by the translation argument, it suffices check the condition
G"(0) < 0 for (x,y) lying in the interiors of the sets D; and then to verify whether
Gl 0.4(0 ) > G, .4(0+). If (z,y) belongs to the interior of Dy and = # 0, then

G"( )= —pp— a2 < 0. If (x,y) € DY, then a brief computation shows that
G"(0) = I+ II, where
2(a? - 1)
WG e
nwor (3.159)
L 2at DHH (@t y) — D(H+y) — o+ )

(Hz+y) —x—y)?

Clearly, I < 0. To show that IT < 0, note that this is equivalent to x+y > h(x—y),
and is guaranteed by the definition of D;. Let (z,y) € D3. Then G"(0) =1 + II,
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where
B 2(a® —1)
~ (Mz—y) -+ y)?
2(a—1)°(1 =W (z—y)(h(z —y) —z —y)
(=h(z —y)+z—y)?
and both terms are nonpositive: this follows from the inequalities

Wrz—-—y)<1l, hz—y)<x—y and h(zr—y)>z+y,

(3.160)
II =

where the first two come from Lemma 3.13 and the latter is imposed in the defi-
nition of Ds. Next observe that if (z,y) € D3, then

G"(0) =2(a* —1)(H(0))"% <0. (3.161)
Finally, if (z,y) € D3 and x # 0, then
G"(0) = —p(p —1)xP2 <0. (3.162)
To complete the proof, note that if a < 0, then
2
! 0.a(0=) = —pa? ™t > —par T 4 — =L — @ (04),

H(x)—=x z,0,a
while for a > 0,

2a
Ghpa0=)=—pzP !t 4+ ——— > —paP~ ' = G, (0+).
z,O,a( ) bx + H(:c) —x = pbx I,O,a( +)
The required properties are satisfied and the claim follows. O

We will also need the following bound for A, and B,.

Lemma 3.16. There is an absolute constant ¢ such that for any x, y € R,
[Ap(@, )l < c+[alP 7+ ylPh),  IBp(a,y)| < el |27+ [yP7h). (3.163)

Proof. It suffices to prove the existence of the constant ¢ on each D;. This is obvious
for Dy, D3 and D4. Note that if > 0, then A,(z,y) < 0 and Bp(z,y) > 0: the
first inequality follows from the fact that the function = — U,(x,y) is even and
concave (see the proof of (3.158)) and the second has been shown in the proof of
(3.14). Furthermore, if (z,y) € D,

2y
H(x+y)—x—vy)

Ap(z,y) :p(ar+y)”’2(*x+(p*2)y)*( S(H (z+y)— 1)

> px+y)P (—z+ (p—2)y),

By(z,y) = (p = 1@ +y)" "y + H(z+ y? —r—y (?;J((;q;(;)tyﬂi : ;;2
- 2 B 2yH'(x +y)
T HaEz+y) -z-y (H@+y)—r-y)?
< 2 —p(p— Dy(z +y)" 2,

H(0)
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where in the last inequality we have used the fact that H(z)—2 > H(0) (which fol-
lows from H’(x) > 1) and the differential equation (3.148). Consequently, (3.163)
holds on D;. Finally, if (z,y) € Ds, then

Ap(z,y) = ph(z —y)P%[(p — V)(h(z — y) — 2)h' (z — y) — h(z — y)]
> ph(z — y)P*[=(p — V)ah/(x — y) — h(z — y)]
> paP 2 [—(p — 1)z — a] = p*aP ™,

where in the second inequality we used h(z —y) < z (see the definition of Dy) and
h'(z —y) < 1 (because h = H~! and H'(z) > 1). Similarly,

By(z,y) = p(p — 1)(h(z — y))P*[x — h(z — y)|W (x — y)
<p(p—1)(h(x — )P zh'(z —y) <pp —1)aP",

and we are done. O

Proof of (3.137) for 1 < p < 2. Clearly, we may and do assume that ||f]|, < oo;
then also ||g||, < oo, in virtue of Burkholder’s moment inequality. By the preceding
lemmas and Burkholder’s method, all we need is the integrability of the random
variables Up(fn, gn), Ap(fn, 9n)dfn+1 and By(fn, gn)dgns1 for alln =0, 1, 2, .. ..
By Lemma 3.14, we have E|U,(fn, gn)| < 00. To deal with the remaining variables,
we make use of Lemma 3.16, Holder’s inequality and the condition df,, dg, € L?.
This finishes the proof. (|

Sharpness of (3.137) for 1 < p < 2. Compared to the case p = 1, this is much
more delicate. The reasoning is very similar to that in the proof of the sharpness
of (3.70) and (3.71). First, if (|x|,y) € DoU Dy, the constant pair gives equality in
(3.137). For the remaining points (z,y), fix § € (0, H(0)) and consider a Markov
family with the transitions described as follows.

(i) The states belonging to Dy and Dy are absorbing.

(i) If (fo,90) = (x,y) € Dy, then df; = —dg; and (f, g) goes to the line y = 0 or
to the set 0D N ADs.

(iil) If (fo,90) = (z,y) € Do\ OD1, then dfi = dgi and (f,g) goes to the set
aDQ n 8D4 or to 8D1 n (9D2.

(iv) If (fo,90) = (z,y) € D3, then df; = dgy and (f,g) goes to the line y = —x
or toy = —z — H(0).

(V) It (fO,gO) - (:c,y) € 3D1 maDQv then dfl = dgl and (fag) goes to (fO +
4,90 + 0) or to dD2 N ODy,.

(vi) If fo < 0, then (—f, g) evolves according to the rules above.

Note that the moves described in steps (i)—(iv) have the property that
EU,(f1,91) = Up(x,y): in each case the process (f,g) moves to endpoints of a
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line segment along which U, is linear. On the other hand, since U, is of class C*,
we have that for (fo,g0) = (z,y) € dD1 N 0D,

EU,(f1,91) > Up(a,y) — RS, (3.164)

where R = R(x,y) is a certain positive constant. Furthermore, since U, is of class
C? on Dy, for any T > H(0) there is a finite R > 0 depending only on 7 such
that (3.164) holds for all (z,y) € D1 N 90Dy with x < T

Now let € > 0,5 > 0 and let (f,g) start from a fixed (x,y) € D1 N ODs.
Clearly, (f, g) converges almost surely for any §. In fact, it is easy to see that there
is T > 0, independent of §, such that

P(f*>T)<e. (3.165)
Let R = R(T) be the corresponding constant in (3.164). Now, let N = inf{n :
fo>T} If N < oo, then N = O(1/§) and, consequently,
EUp(vagN) 2 Up(xay) - R§2 -N Z Up(xay) — &,

provided ¢ is sufficiently small. Therefore,

EV,(fn,gn) = EUp(fn,gn) + E [V, (fn,98) — Up(fn, 9n)]
> Up(z,y) + E[V,p(fn,gn) — Up(fn,gn)] — €.
However, U,(fn,gn) = Vp(fn,gn) on the set {f* < T} and U,(fn,g9n) <
Vo(fn,gn) + 1 on {f* > T} (see Lemma 3.14). Thus, by (3.165),
EV,(fn,gn) > Up(z,y) — 2¢

and since € > 0 was arbitrary, Uy(z,y) is the optimal bound in (3.137) provided
(|z],y) € D1 N dD3. For the remaining points, it suffices to use the fact that
(f,g) reaches Dy U Dy U (0D NOD3) after at most two steps, in which there is no
change in EU,(f, g). O

Proof of Theorem 3.18 for 1 < p < 2. Applying Theorem 3.16 to the pair
(H(0)f, H(0)g — H(0))

we obtain

P(g" = 1) = P ((H(0)g — H(0))" = 0)

< [[H(O)f[I" + EU, (H(0) fo, H(0)go — H(0)).
Thus it suffices to prove that for any point (z,y) such that |z| > |y| we have
Up(z,y — H(0)) < 0, with equality for at least one such point. In the proof of
Lemma 3.14 we have shown that for any fixed « the function y — Up(z,y) is
nondecreasing. Combining this with (3.158) yields
Up(z,y — H(0)) = Up(lz|,y — H(0)) < Up(|z], || — H(0))
= Up(0,—H(0)) + Ap(0, —H(0)) 2] + By (0, —H(0))]| = 0,

with equality for = € [-H(0)/2, H(0)/2] and y = |z|. O
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Finally, we turn to the result on the control of martingales.

Proof of Theorem 3.17, 1 < p < 2. We proceed as in the case p = 1. Let C' > 0.
By (3.137), applied to the martingales C'f and Cg, we have C?||f||, > P(¢* >
0) — Up(Cx, Cy), so, by (3.136),

t—U,(Cz,C
I > =% Cn.Cy)

Cr

This immediately yields (3.139): see (3.138). To see that the bound is optimal,
note that if y > 0, then U,(Cz,Cy) = 1 — CP|z|? and hence L,(z,y,t) = |z|;
this is obviously the best possible (take the constant pair). Suppose then that
y < 0. It is evident from the example studied above that for any € > 0 there are
ad=9d(e) >0 and a C = C(e) bounded away from 0 such that the appropriate
pair (f,g), starting from (Cz, Cy), satisfies EV,(fw, goo) > Up(Cz,Cy) — € and
P(g* > 0) = t. Consequently,

P(g* > 0) —U,y(Cx,Cy) +e t—Up(Cx,Cy) €
P p ’ — p N
Hf/C’HpS Cp - Cp +Cp
€
§ Lp(l’,y,t)p + a
and since € was arbitrary, the result follows. O

3.9.5 The case p > 2

As previously, one introduces the function V, : R? — R given by Vj(z,y) =
l{y>0y — |2[P. Let U, be given by

U (L)l/px (L)l/py—i—l if oy > _(pp_l/Q)l/p

Up(,y) = e A = " (3.166)
~[al? iy < —(pr1/2)V,

where U is Suh’s special function corresponding to the weak type inequality, de-

fined in (3.38). Now one proceeds precisely in the same manner as in the preceding
subsection. We omit the details.
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3.10 Inequalities for weakly dominated martingales

3.10.1 Weak domination and modification of Burkholder’s method

In this section we will study the weak-type, moment and logarithmic inequalities
under a different type of domination.

Definition 3.1. Let f, g be two B-valued martingales. We say that ¢ is weakly
dominated by f, if for any convex and increasing function ¢ on [0,00) we have

E¢(|g0]) < E¢(|fo) and
E(¢(ldgn )| Fn-1) < B(¢(ldfn)[Frn-1), n=1,2,...,
with probability 1.

Clearly, this assumption is less restrictive than the differential subordination.
Another important example is the following. We say that martingales f and g are
tangent, if for any n = 0, 1, 2, ... the conditional distributions of df,, and dg,, given
Fn—1 coincide (set F_1 to be the trivial o-field). If f, g satisfy this condition, then
g is weakly dominated by f and f is weakly dominated by g.

There is a version of Burkholder’s method which works in this new setting.
To see this, let V : B x B — R be a given Borel function, satisfying the symmetry
condition

V(z,y) =V(—z,—y) for all z, y € B. (3.167)
Consider a function U : B x B — R which enjoys the following three properties:
1° U(z,y) > V(z,y) for all z, y € B,
2° there are Borel functions
A:BxB—=B*, B:BxB—B" and ¢:BxBx[0,00) >R

with ¢(z,y, -) convex and increasing for any fixed z, y, for which the following
condition is satisfied. For any x, y, h, k € B we have
Uz +h,y + k) <U(z,y) + (A(z,y), h) + (B(z,y), k) (3.168)
+ &, y, k]) — ¢(x, y, [h]).
3° U(0,0) <0.

Theorem 3.20. Suppose that U satisfies 1°, 2° and 3°. Let f, g be B-valued mar-
tingales such that g is weakly dominated by f. If f and g satisfy the integrability
conditions

BV (fu,gn)l <00,  E[U(fn,gn)| < oo,
E(|A(fu, gn)lldfns1| + [B(fa, 9u)lldgn+1]) < oo, (3.169)
E¢(fns g, |dfntr]) < o0

for all n >0, then

EV(fo,gn) <0  n=0,1,2 .... (3.170)
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Proof. First, note that we may assume that f and g start from 0. To see this,
we consider, with no loss of generality, the underlying probability space ([0, 1],
B([0,1]), | - |)- Let (f’,¢’) be given by

(s 9n) (W) = (frs gn) QW) {w<1/2} + (= frs —9n) 2w — 1) 11512y

In other words, we have split the probability space into two halves and copied
(f,g) into the left half and its reflection (—f, —g) into the right half. Consider
a natural filtration of (f’,¢’) and add the trivial o-field F_; = {0,[0,1]}. Then
(f=1,9-1) = (0,0) and ¢’ is weakly dominated by f’. Finally, f/, ¢’ satisty (3.169)
and we have EV(f/,gl,) = EV(fn,gn), in view of the assumption (3.167).

Now fix n > 0 and apply 2°, with x = f,,, y = gn, h = df4+1 and k = dgp,+1.
We get

U(fn+1agn+1) § U(fnvgn) + <A(fnvgn)7dfn+1> + <B(fnvgn)a dgn+1>
+ (b(fnagna |dgn+1D - (b(fnagna |dfn+1‘)
By (3.169), both sides are integrable, so taking the conditional expectation with
respect to F,, yields ]E[U(fn+1,gn+1)\.7-'n] < U(fn,gn) thanks to the weak dom-

ination. This gives the supermartingale property of the sequence (U(fn; gn))n>0
and hence, by 1° and 3°,

This completes the proof. O

3.10.2 Formulation of the results

Let H be a separable Hilbert space. We start with the weak-type (1,1) estimate.

Theorem 3.21. Let f, g be two H-valued martingales such that g is weakly domi-
nated by f. Then
1911100 < 2v2[| f]r- (3.171)

The next statement concerns moment estimates.

Theorem 3.22. Let f, g be two H-valued martingales such that g is weakly domi-
nated by f. Then for 1 <p <2,

VIR TPl < V2o = 1) 11l (3.172)
and
14+ 2p — p?
lally < Y=L 1, (3.173)

Furthermore, if p > 2, then

gl < 1.48(p — D[|fllp- (3.174)
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Finally, we turn to logarithmic estimates. The result can be stated as follows.

Theorem 3.23. Let f, g be two H-valued martingales such that g is weakly domi-
nated by f. Then for K > /2,

IV f2+ 2|l < sg%KlE\fnlloglfn\ + L(K), (3.175)
where
LK) = s xp(—V2/K) if K€ (V2,2V2),
2vV2(4 — 2v2)2V2/ E-Lexp(—v2/K) if K >2V/2.

3.10.3 Proof of Theorem 3.21

We start with some technical results that are needed in the proof of the weak-type

estimate. First, let us investigate the properties of the following class of functions.
For 0 <r <+v2—1,let ¢, : Ry — R, be defined by

r(s) = {52 if s<rtv2-1, (3.176)

(2vV2—2r)s+ B if s>r++v2 -1,

where 8= 8(r) = (r + V2 = 1)2 — (2v/2 = 2r)(r + v/2 — 1) is a real number such
that ¢, is continuous. Let

D={(z,y) eHxH:la] < VZ- VIE+1)
— {(e.y) € H x H: VEal + /P + g < 1}.

Lemma 3.17. The function ¢, enjoys the following properties:

(3.177)

(1) It is convex.
(i) If (z,y) € D, then ¢pz(s) = s* for s <1+ y|.

Proof. (i) The function ¢, is obviously convex on each of the sets [0, + /2 — 1]
and [r + /2 — 1, 00). Moreover,

(br) (r+V2—=1)=20r+vV2—1) <2v2 = 2r = (¢,) (r + V2 - 1).

(ii) By (i), for every 0 < 7 < v/2 — 1 there exists such a real number 5 =
5(r) > r++/2—1, that ¢,(s) < s? if and only if s > 5. Hence it is enough to show
that 1+ |y| < 5, or check that

By (1+[yl) = (1+ [y])*.
But 1+ |y| >1>2v2—-2>r++/2— 1, so the above inequality takes the form

(Jo] + V2 = 1)* + V2 = 20z [1 + Jy| = (2] + V2= 1)] > (1 + [y])?,
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which is equivalent to
(V2 = 3J| - ly))(2v2 — |z| + [y]) > 0.

Since 2 — /2 — ||+ |y| > 3—2v2+]|y| > 0, it suffices to prove that 3|z|+|y| < V2.
But (z,y) € D, hence 3|z| + |y| < |y| + 3v2 — 3/[y[2 + 1. The right-hand side
does not exceed /2, because, from the Schwarz inequality,

lyl+2v2 < Vg2 + IVI+8 = 3/Jy]2 + L.

The proof is complete. O

Further properties of the functions ¢, are contained in the following.
Lemma 3.18. Assume that (z,y) € D. Then

(i) For each k € H,
ly> +2(y - k) + ¢ (JE]) > 0. (3.178)

(ii) If h € H and |z +h| > /2 — 1, then
2v2[ + h| = 1> [z + A + @1 (|h]) — [h]*. (3.179)
(i) If h, k€ H, |t +h| <V2—1 and (x + h,y + k) ¢ D, then
1> [z +h> = 2vV2|z + h| — |y + k|? — b (|k]) + k[ (3.180)
Proof. (i) If |k| <1+ |y|, then using Lemma 3.17 (ii) we have ¢,|(k) > |k|* and

the inequality holds. Suppose then that |k| > 14 |y|. We have |y|+1 > |z| +v2—1
(because (z,y) € D), hence

[yI> + 20y - k) + Gpay (1K]) > 1y[* = 2lyllk] + (2v2 — 2|]) K] + B(|])
= 2[k|(V2 = |z] = ly]) + lyl* + B(l]).
We have v/2—|z|—|y| > 0, because for (z,y) € D we have |y| <1 and |z| < V2—1.
The right-hand side is nonnegative for |k| = 1 + |y|, so it remains nonnegative for
bigger |k|.
(ii) Introduce the function 6 : R — R given by 0(t) = t> — 2+/2t + 1. We must

prove that
0(|z + hl) < b = @1 (|R)). (3.181)

If |h| < |2| + V2 — 1, then ¢),(|h]) = |h|? and
V2 —1<|z+h|<|z|+ k| <|z|+|z] +V2-1<3vV2-3<V2+1,

which yields the desired inequality, because the function # has two zeros v/2 + 1.
Suppose then, that |h| > |z| + /2 — 1. Fix z, |h| and let us try to maximize the
value 0(|z + h|). The function # has minimum at v/2, hence, because of

k] = |2 <2+ h| < || +[h],
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the biggest value of 8(|x + h|) is equal to 6(|h| — |z|) or 8(|z| + |h|). Let us check
(3.181) for both |z + h| = |z| + |h| and |z + h| = |h| — |z|.

In the first case the inequality (3.179) is equivalent to
jf? + 2lal|A] + |h|* — 2v2(|2| + |]) + 1

< [hf? — (2v/3 = 2fal) bl ~ (Jal + V3 = 1)+ (23 — 2fal)Jal + V3 - 1),

which does not depend on h; all the terms with |h| vanish. On the other hand it
is true for |h| = |z| + v/2 — 1 (from the preceding case). Hence it holds for any h.

If |z + h| = |h| — |z|, then (3.179) takes the form

jf? = 2lal|A] + |h|* — 2V2(|h] - |z]) + 1

< hf? = 2V2 = 20z])|h] = (jo] + V2 = 1)* + (2V2 = 2fz|) (|2 + V2 - 1),

or

alel|h] = laf? + 2V3la] + 1+ (o] + V2~ 1) — (V2 — 2al)(Je] + V2 - 1).

It suffices to apply the preceding argument: this inequality holds for |h| = |z| +
V2 — 1, so also for h with a bigger norm.

(iii) We have 0 < |z + h| < v/2 — 1, hence 6(|z + h|) > 0, so there exists a
vector k € H such that 6(|z + h|) = |y + k|?, or, equivalently,

—~1=|z+h|* = 2V2[z +h| - |y + k|*.
This implies (y + k,y + k) € 0D. But (z + h,y + k) ¢ D, therefore we have
ly + k| > |y + k|. We want to show that
[y + k2 = ly + KI* = [K]* = oo ([KI).- (3.182)

If || < 1+ |y, then ¢, ((|k]) > |k|* (by Lemma 3.17 (ii)) and we are done. If
k| > 1+ [yl, then |k| > |2| + V2 — 1. Let k" = k- 8. The inequality (3.182)
holds for k' (because |k'| = 1+ |y|), so we may write
Bl (1K) — |y + K[ + [y + k[* — [k
= Gl (IK']) =y + k2 + ly + K[ = K> + Sy ([K]) = pa (IK']) + 20y - (k = k"))
> (2v2 — 2J|)(|k| = [K']) — 2[y|(|k] — |K'])
= 2(vV2— |z| = lyl)(|k] = 1 —|y[) > 0.

The proof is complete. O
Let ¢ : [0,00) — R be given by

s2 if s<1
_ =5 3.183
¥(s) {251 if s> 1. (3.183)
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Lemma 3.19. For any r € [0, V2 — 1) and s > 0 we have
U(s) < ér(s) < p(V2s). (3.184)
Proof. We have 1) = ¢, on [0,7 + v/2 — 1], while for s > r + /2 — 1,
B(s) =2v2 —2r > 2> 4/ (s).

This proves the left inequality. Let us turn to the right one. Clearly, it holds for
s < min(1/v/2,r + /2 — 1). Furthermore, since the slope of the linear part of ¢,
does not exceed 2v/2, it suffices to prove the bound for s lying between 1//2 and
r+v2-1. O
Proof of (3.171). Let Vi oo, Ut 0o : HXH — Rbe given by Vi oo (z,y) = 1{jy|>11 —
2v/2|z| and
|y‘2 - ‘x‘Q if (xvy) € Dv
Ul oo(x,y) =
ool Y) {1 —9v2z| if (,y) ¢ D,
where D is given by (3.177). We need to verify the conditions 1°, 2°, 3° and the in-

tegrability assumption (3.169). To check the majorization Uy o (z,y) > Vi oo (2, y),
note that it suffices to deal with (z,y) € D. We have |z| < v/2 — 1 and

yl? = 2 > —[2* > =(V2 = ]| > —2v2[a| = {51y — 2V2la].
We turn to 2°. We shall establish this condition with
—2x,2y if (z,y) €D,
(A(z,y), B(z,y)) = ( ,) i (@,9)
(72\/5‘% 70) if (xvy) ¢ Dv

and
o (t) if (z,y) €D,
o(@,y:1) = {o it (z,y) ¢ D.

To do this, we start with the observation that Uy oo (z,y) > 1 — 24/z for all z, y.
Indeed, we have equality for (z,y) ¢ D, while for (x,y) € D, by the definition of
D, /|y +1 < /2 — |z|. Squaring both sides of this inequality gives

lyl* — [ = 1 - 2v2z],
as claimed. Therefore, if (z,y) ¢ D, then
Ul oo(z,y) — 22" - h) = 1 — 2v2|z| — 2v2(z" - h) > 1 — 2v/2|z + 1|
> Ut,00(z+h,y+ k).

Suppose then that (x,y) belongs to D. If (x+h,y+k) € D, then |h| < |z+h|+|z| <
2| +v2—1and |k| < |y+k|+|y| <1+]y|, so, by Lemma 3.17 (ii), ¢(|h|) = |h|?,
#(|k|) > |k|? and the inequality (3.168) is true, since

ly+ k" = o+ b = Jy|* = |2* = 2(z - h) + 2(y - k) + [K]* — |B]*.
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Assume then, that (z + h,y + k) ¢ D. Then (3.168) takes the form
L= 28l + Al > [yl + 2y &) + dpag (1K) — [of? — 2a - B) — Gy (Al).  (3.185)

If |z + h| > v/2 — 1, then the above inequality follows immediately from (3.178)
and (3.179). If [z + h| < V2 — 1, then |h| < |z| + V2 — 1, ¢,((|h]) = |h|? and
(3.185) is equivalent to (3.180). This completes the proof of 2°.

The initial condition 3° is obvious. Finally, (3.169) is also very easy, since A
and B are bounded, and there is an absolute ¢ such that @,.(s) < ¢(s+ 1) for all
permissible 7 and all s > 0. The inequality (3.171) follows. O

3.10.4 Proof of Theorem 3.22

First let us show the following auxiliary fact.
Lemma 3.20. Let 1 <p < 2.
(i) For any nonnegative numbers a, b and positive xg,

(a+b)P/% > (14 x0)P/ > 2aP/? 4 (x5t + 1)P/2~10P/2, (3.186)

(ii) We have

p
. VIitop—p?
min {2p/2(p— 1)P(1+20) 77/2 — p“} - <M> . (3.187)

x>0 p - 1
Proof. (i) After the substitution = b/a, (3.186) takes the form
(14 2)P/2 — (14 x0)P/271 — (x5t + 1)P/2712P/2 > 0,

and the left-hand side, as a function of z, attains its minimum 0 at * = =z
(straightforward analysis of the derivative).
(ii) Differentiating the expression in the parentheses, one gets

(-9 () 1)

so we see that the minimum is attained at zo = (p—1)%/(1+2p—p?). Substituting
this value into the expression, we get the right-hand side of (3.187). |

We turn to the proof of the moment inequality for 1 < p < 2. Clearly, we may
and do assume that ||f||, < oo, which implies df, € LP for any n. Thus, by the
weak domination, dg, € LP and, by the triangle inequality, g, € LP. Furthermore,
we may assume that f and g start from 0. Let V}, : H x H — R be given by

Vi(z,y) = (l2? + 1y *)P? = (V2(p — 1)~ al)P.
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The corresponding special function is obtained by the integration argument. Let
u = Uj o and
PP =12 =p)

2

k(t) =

It is easy to derive that

U, (2,y) — /0 (et g ) dt
= PP — V3~ 1) el (VB + /T P

We easily verify the majorization U, > V},. Moreover, since |u(z,y)| < c¢(1+ |z|* +
ly|?) for all z, y € H and some universal ¢, we get that

Amk@uwﬁwﬁwu<a1+xp+ww

and hence

EUP(fnaQn) < EUp(anQO) = Up<0a0> =0.
This yields the inequality (3.172). To establish (3.173), we use Lemma 3.20 (i)
with a = |g,|%, b = | fu]? and 2o > 0 to obtain

p/2

(1+20)" 2 Elgal? + (25" + )P EI fuf? < ~E| /.,

2
(r-1)
or

Elgal” < [27/2(p = 1) 77 (1 4 20)' 72 — 2| Bl P

An application of (3.187) completes the proof of (3.173).

Finally, a few words about (3.174). This inequality is established in a similar
manner. Namely, one constructs a dual function to U; ~ and uses the integration
argument to obtain the corresponding special function Up,. For details, see [124].

3.10.5 Proof of Theorem 3.23
Let V : H x H — R be given by V(z,y) = /|z|?> + |y|? — K|z|log |z| — L(K).

The special function U : H x H — R is given by the integration argument: put
u = Ul,ooa k(t) = 1[1700)@) and

Uuy>Ammwmwawwa

_ |y‘2 - ‘x‘Z if (-T,y) S Dv

- {2\/51’ log [V2[a] + v/[z[? + [yl — 2y/[al> + y2 +1 if (2.y) ¢ D.

Let us introduce the auxiliary constant ¢(K) = L(K) - max{2v2/K,1}.
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We have the following majorization.

Lemma 3.21. For K > /2 and any z, y € H,
LK)U (z/t(K), y/t(K)) = V(z,y). (3.188)

Proof. Substitute r = |y|, s = /|z]?> + |y|?>. We will only consider the case
K e (\/5, 2\/5), the argumentation for the remaining values of K is similar. First
assume that (x/t(K),y/t(K)) ¢ D. Then, after some manipulations, the inequal-
ity (3.188) takes the form

2
0 < —2v2rlog ({&;; S) + 25+ t(K)L(K) " (Krlogr — s).
Now fix r and consider the right-hand side as a function of s € (0,00). This
function is convex and vanishes, along with its derivative, at s = 2r/(K — v/2).
This yields the majorization outside D. Now suppose that (x/t(K),y/t(K)) € D
and substitute r = |y|, s = v/]z[2 + [y|2. Then v2r + s < t(K) and (3.188) takes
the form

0< —2r+ 5%+ %[K?ﬂ logr — s + L(K)]. (3.189)

For fixed r, the right-hand side, as a function of s, attains its minimum for sg =
min{4L(K)/K? t(K) — v2r}. If t(K) — /2r > 4L(K)/K?, or, equivalently, r <
exp(—v/2/K), then, since rlogr > 1/e,

F(r)=—2r? +s2 + Sig{) [Krlogr — sg + L(K))
=212 4 Mrlogr + 41}@5) exp(—V2/K)(K + V?2).

We have F(exp(—v2/K)) = F'(exp(—v2/K)-) = 0 and

BL(K) 4K
Kr K—+2

Thus F is nonnegative for r < exp(—v2/K). If 7 > exp(—v/2/K), then sy =

t(K) —/2r and (z/t(K),y/t(K)) € 0D, so (3.189) holds by the continuity of U
and the case (z/t(K),y/t(K)) ¢ D, which we have already considered. O

F'(r)=-4+ —-4>0.

Proof of inequality (3.175). With no loss of generality, we may restrict ourselves
to f satisfying E|f,,|log|f.| < oo for all n. There are universal constants «, 5 such
that for x, y € R,

[z+y[log™ [z+y| < (|z[+y|) log™ (|z|+[y]) < a(|z|log |z[+]y|log [y])+5. (3.190)

In consequence, for any n the random variable |df,|log™ |df,| is integrable and,
by the weak domination, so is |dgy,|log™ |dg,|. The further application of (3.190)
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gives that |g,|log|gn| € L' and, finally, (|fa| + |gnl) log(|fa] + |gn]) € L. Now,
since
u(z,y)| < (21> + ly*) 1o (z, y) + (1 +2V2Jy))1pe(z,y),

a little calculation shows that
[ o/ttt < allal + ) oge] + lu) + b
1

for some universal constants a and b. Therefore we are allowed to use Fubini’s
theorem and obtain

EU(fnaQn) S EU(fO,QO) = U<O’0> =0

for all n. Apply this to the pair (f/¢(K),g/t(K)) and combine it with (3.188)
to get
EvV1fal? + |gnl? < KE|fn|log|fn| + L(K).

It suffices to take supremum over n to complete the proof. O

3.11 UMD spaces

3.11.1 The inequalities under differential subordination

There is a natural question whether the estimates studied in the previous sections
carry over to the case when the martingales f and g take values in a certain
separable Banach space B. As one might expect, this is not true for all Banach
spaces. So, there is another problem: provide a geometric characterization of the
spaces in which the estimates do hold.

The first result in this direction concerns the inequalities for differentially
subordinated martingales. It turns out the only “good spaces” are those isomorphic
to Hilbert spaces.

Theorem 3.24. Let B be a Banach space.
(i) Suppose that there is 1 < p < co and a universal § = B(p, B) < 0o such that

ll9lls < Bl f1l»

for any B-valued martingales f, g such that g is differentially subordinate to
f- Then B is isomorphic to a Hilbert space.
(ii) Suppose that there is a universal § = B(B) < oo such that

Lo < BIIfII1

gl

for any B-valued martingales f, g such that g is differentially subordinate
to f. Then B is isomorphic to a Hilbert space.
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Proof. (i) Let 7o, r1, 72, ... be independent Rademacher variables and take a se-
quence (ag)g>o0 with ar € B for all k. Furthermore, take b € B of norm 1 and
consider the martingales

n

fn:Zakrka gnzz‘ak‘rkb’ Tl:O, ]-7 2, ...
k=0

k=0

Then g is differentially subordinate to f and f is differentially subordinate to g.
Thus, by the Khintchine-Kahane inequality we have, for any n,

Sawre]| =[St =[S tastr]| =[S erie]| = (Zlaﬁ)
k=0 k=0 k=0 k=0 9 k=0

and by the result of Kwapieni [110], B is isomorphic to a Hilbert space.

~ e

~

p p p

(ii) Recall that a martingale f is conditionally symmetric if for any n > 1
the conditional distributions of df,, and —df,, with respect to F,,_; coincide. Using
the extrapolation method of Burkholder and Gundy, we see that the finiteness of
B implies that for any 1 < p < oo there is 3, such that

llglls < Byl fll»

whenever f, g are conditionally symmetric martingales such that g is differentially
subordinate to f: see the proof of (3.203) below. Thus the claim follows from the
examples exhibited in the proof of the first part. O

3.11.2 UMD spaces and (-convexity

By the results of the previous subsection, in order to study moment inequalities
for Banach-space-valued martingales, we need to impose a stronger domination
on the processes. A natural choice is to consider +1-transforms. Let B be a given
separable Banach space and fix 1 < p < co. Let 8,(B) be the least extended real
number 3 such that if f is a B-valued martingale and g is its +1-transform, then

llglly < BILflp- (3.191)

Definition 3.2. We say that B is a UMD space (Unconditional for Martingale
Differences) if there is 1 < p < oo such that 8,(B) < co.

It will be obvious from the geometrical characterization of UMD spaces given
below that if 8,(B) is finite for some 1 < p < oo, then it is finite for all 1 < p < co.
It follows from the results of Section 3.3 above that if H is a Hilbert space, then
Bp(H) =p* —1 for all 1 < p < co. In consequence,

/61)<B) > BPOR) =p -1
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for all Banach spaces . Moreover, the scalar case implies also that ¢P is a UMD
space for p € (1, 00), because 8, (¢7) = p*—1 (simply by integration term-by-term).
More generally, we have 3, (¢%) = 3,(B), so if B is a UMD space, then so is ¢4 for
all 1 < p < oo; a similar fact is valid for L(0,1). On the other hand, the spaces
0L 0> LY0,1) and L*(0,1) are not UMD, since UMD spaces are reflexive, even
superreflexive (for some references on this subject, see the bibliographical notes
at the end of the chapter).

Let us turn to a geometrical characterization of UMD spaces. To formulate
it, we need the following auxiliary notion. A function ¢ : B x B — R is said to be
biconvez if for any z, y € B both ((z,-) and {(-,y) are convex on B. Furthermore,
(¢ is biconcave if —( is biconvex.

Definition 3.3. We say that a Banach space B is (-convez if there is a biconvex
function ¢ : B x B — R such that

Cr,y) <lz+yl if |z =yl =1, (3.192)

and
¢(0,0) > 0. (3.193)

One of the main results of this section is the following classical result obtained
by Burkholder.

Theorem 3.25. A Banach space B is UMD if and only if it is {-convex.

Remark 3.7. This result is very much in the spirit of Burkholder’s method: a cer-
tain martingale inequality is valid if and only if there is a special function with
some convex-type properties, satisfying the majorization and the initial condition
(the latter two properties are (3.192) and (3.193), respectively). A very interest-
ing feature is that we establish a number of inequalities ((3.191) for 1 < p < o0)
with the use of a single special function. However, we have already seen such a
phenomenon before: the proof of Burkholder’s LP estimates (3.59), 1 < p < 2,
was based on the properties of Uy, given by (3.6), and the integration argument.
Here the situation is analogous: as we shall see, the function ( is closely related
to a weak-type (1,1) inequality; the novelty comes from the fact that the inte-
gration argument does not seem to work and we use the extrapolation method of
Burkholder and Gundy [40].

To gain some understanding about (-convexity, let us start with the case
B = R. The function ¢ = (g must satisfy (g(0,0) > 0 and the condition (3.192)
means that

CR(L 1) < 27 C]R(]-a 71) < Oa CR(fla 1) <0 and CR(f]-v 71) <2

A little experimentation leads to the function ((z,y) = 1 + ay. If B is a Hilbert
space, one generalizes the above formula to (3 (z,y) = 14+ 2z -y (and (x(x,y) =
1+ Re(z - y) in the complex case). Note that in both cases, the value at (0,0) is
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equal to 1. In general, we have ((0,0) < 1: to see this, fix 2 of norm one and use
the biconvexity together with (3.192) to obtain

C(xv x) + C(.’L‘, _x) + <<_x’ x) + C(—.’L‘, _x)
4

¢(0,0) < <1.
In fact, we shall show that if B is not a Hilbert space, then the strict inequality
€(0,0) < 1 holds. In other words, a Banach space is a Hilbert space if and only
if there is a biconvex ¢ satisfying (3.192) such that ¢(0,0) = 1: see Theorem 3.28
below.

Next, we show that the notion of (-convexity can be slightly relaxed.

Lemma 3.22. Suppose ¢ is a biconvex function on {(z,y) € B x B: |z| V |y| <1},
satisfying (3.192). Then there is a biconvex function u on the whole Bx B satisfying

w(@y) <oyl i Vil 21, (3.194)
u(z,y) = uly, z) = u(—z, —y) forall z,yeB (3.195)

and
¢(0,0) < u(0,0). (3.196)

Proof. We start with the observation that, by (3.192),
C(z,yy) < |z +yl if |z|V]y| =1. (3.197)

To see this, assume with no loss of generality that |z| < |y| = 1 and let « € (0,1)
be such that |z| = 1, where z = a~*(z + y) — y (by Darboux property, such «
exists). Then we have z = az + (1 — a)(—y) and, by (3.192),

C(z,y) < al(z,y) + (1 —)C(=y,y) < alz+y| = | +y|

Define

w(e.y) = C(z,y) Ve +y| if |z V|yl <1,
’ |z + vl if |z V|yl > 1.

This function is biconvex on B x B. Indeed, if |y| > 1, then u(z,y) = |z + y|, so
u(+,y) is convex on B. If |y| < 1, then u(:,y) is locally convex on the complement
of the unit sphere of B. If |y| < 1 = |z| and 121 + asxo = x, where a1, as € (0,1)
satisfy a1 + ag = 1, then

u(z,y) = |z +y| < arlzy +y[ + azlze + y| < a1 (@1, y) + @2l(z2,y),
as needed. Clearly, u satisfies (3.194) and (3.196), directly from its definition.

Finally, to guarantee (3.195), replace u(z,y) by u(z,y) V u(y,z) V u(—z,—y) V
u(—y, —x), if necessary. O



124 Chapter 3. Martingale Inequalities in Discrete Time

We shall also need the following “regularization” lemma.

Lemma 3.23. Suppose that ¢ is a biconvex function, defined on the set {(x,y) €
Bx B :|z|V]|yl < 1}, such that the condition (3.192) holds. Then there is a
biconvez function u: B x B — R satisfying (3.194), (3.195), the property

u(z, —x) < u(0,0) forall x€B (3.198)
and the further condition
¢(0,0)
0,0) > , 3.199
u(0,0) > $55 (3199)

where r € [0,1] is any number for which

sup ((z, —x) < sup ((z, —).
|z|<1 |z|<r

The reason for considering this result is that the biconvex function v coming
from Lemma 3.22 need not satisfy the condition (3.198) (which is crucial in our
further considerations). We have decided to put this into a separate lemma, since
for many classical Banach spaces B, the function ug, the greatest biconvex function
satisfying (3.194), does have this property. For the proof of this fact and of Lemma
3.23, consult Burkholder’s paper [26].

We come back to Theorem 3.25. In the proof we shall need the following
special class of B x B-valued martingales. We say that Z = (Z,,)n>0 = (Xn, Ya)n>0
is a zigzag martingale (or has the zigzag property) if for any n > 1, either X,, —
Xp1=0o0rY, —Y, 1 =0. For example, if f is a B-valued martingale and g
is its £1-transform, then (f + g, f — ¢) is a zigzag martingale; and conversely, if
Z = (X,Y) has the zigzag property, then g = (X — Y)/2 is a £1-transform of
f=(X+Y)/2. The conditional Jensen inequality implies that if u is a biconcave
function on B x B and Z is a simple zigzag martingale, then

Eu(Z,) < Bu(Zp_1) < -+ < Bu(Zo). (3.200)

In fact, a stronger statement holds true: the process (u(Z,))n>0 is a supermartin-
gale. Indeed, for any n > 1 we have that Z,, = (X,,,Y,—1) or Z,, = (X,,—1,Yn). If,
say, the first possibility takes place, then

E[’U/(Zn)‘]:n—l] = E[U<Xn—1 + anaYn—1>|]:n—1] < U(Xn—la Y;z—l) = U<Zn—1>-
In the next step of our study we establish the weak type (1, 1) inequality for
+1-transforms.

Theorem 3.26. Let u : B x B — R be a biconvex function satisfying w(0,0) > 0,
(3.194) and (3.198). Then

2
1oo S meHl (3.201)

gl
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Proof. Tt suffices to show that for any simple martingale f and its £1-transform
g we have

P(lgnl = 1) < 1]

2
1(0,0)

Here Burkholder’s method comes into play. Essentially, up to some manipulations,
u is the special function corresponding to the above weak type estimate. Let
U,V : B x B — R be given by

U(.’B,y) = U’(Oa 0) - U(.’E,y) and V(.’E,y) = U’(Oa 0>1{|x|\/\y\21} - |$ + y|

Then U majorizes V. This is evident for |z| V |y| > 1, while for remaining z, y, it
follows from (3.198) and the biconvexity of u:

U(0,0) - U(.’E,y) > (:E 7‘%) - U(l’,y)
> lim " [ue, ~) - u(e, o+t + )]
> |z +yl

Now, since U is biconcave and Z = (X,Y) = (f +g, f —g) is zigzag, we may apply
(3.200) and obtain

u(0,0)P(lgn| = 1) = U(O O)P(|Xn — Y| > 2)
w(0, 0)P(| Xn| V [Yn| = 1)
S ]EV( Zn) + B[ Xy + Yo SEU(Zy) 4 2|[fnllx
< EU(Zo) +2[|fnlls < 2[fnllr-

Here in the last passage we have used the fact that Xo = 0 or Yy = 0, and
U(z,0) <0, U(0,y) <0 for all z, y € B. For example,

U(z,0) +2U(fa:,0) <U0.0)=0,

U(z,0) =
with a similar argument for U(0, y). O

It seems appropriate to make here the following important observation. Recall
that up denotes the greatest biconvex function u on B x B satisfying (3.194). It
turns out that up has the following nice probabilistic interpretation.

Lemma 3.24. For any x, y € B,
ug(z,y) = Inf{E| Xo + Yoo!}- (3.202)

Here the infimum is taken over Z(x,y), which consists of all simple zigzag mar-
tingales Z = (X,Y) starting from (x,y) and satisfying | Xoo — Yoo| > 2.
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Proof. Denote the right-hand side of (3.202) by v(z,y). Let u be a biconvex func-
tion on B x B satisfying (3.194) and suppose that Z = (X,Y) € Z(z,y). Since
| Xoo| V [Yoo| > 1, we see that

u(z,y) = Eu(Zo) <E(Z1) < -+ < Eu(Zs) < E[Xoo + Y|

and hence u < v. Consequently, this yields the estimate ug < v. To get the reverse
estimate, first we use the splicing argument to show that v is biconvex. Thus, it
suffices to show that v satisfies the bound (3.194). Suppose that |z| V |y| > 1. If
|z —y| > 2, then v(z,y) < |z + y|, which can be seen by considering a constant
pair (z,y) € Z(z,y). If | —y| < 2 and |y| > 1 (as we can assume), then z +y # 0
and hence, for large ¢,

v(@,y) < (L=t o(—y,y) +t o~y +t(z +y),y) < |z +yl.
This completes the proof. O

We turn to Theorem 3.25. In the result below we establish a part of it.

Theorem 3.27. Let u : B x B — R be a biconvex function satisfying u(0,0) > 0,
(3.194) and (3.198). Then

324,
loll < o5 gy ® DIl 1<p <o (3.203)

This result will be proved in two steps. First we show the estimate (3.203) in
the special case when f and g are dyadic; then we prove the claim in the general
setting. See Section 3.13 for the necessary definitions.

Proof of (3.203) for dyadic martingales. We make use of the so-called extrapola-
tion method introduced by Burkholder and Gundy. We will establish the following
good A-inequality. If f, g are dyadic martingales, then for any § > 0, A > 0 and
a=83/[u(0,0)(8 —26 —1)], B > 26+ 1, we have

P(g* > BX, f* < 0X) < aP(g* > N). (3.204)

Here f* = sup,,>( |fn| denates the maximal function of f. Introduce the random
variables

w=1nf{n :|g,| > A},

v =1inf{n: |g.| > BA},

o =inf{n:|fn] > dX or |dfpns+1| > 257}
It is easy to see that p and v are stopping times. Furthermore, so is o, since

f is dyadic and |df,+1| is measurable with respect to F,,. Thus, F = (F},)n>o0,
G = (Gn)n>0, given by

F, = Z 1{u<n§u/\o}dfka Gn = ng]-{u<n§u/\o}dfk7 n=0,1,2 ...,
k=0 k=0
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are martingales, and so, by (3.201),

P(g" > BN f* < 0N) =P(p < v < 00, 0 = 0)
<P(GF > BA =20\ — A)

_2 F
~ u(0,0) BN — 26X — A
< aP(g* > \).

This implies P(g* > B\) < P(f* > d\) + aP(g* > A) and, consequently,

g™l :p/oo APTIP(g" > BA)dA
pP 0 B
< p/ NPTIP(f* > 6A)d)\+ap/ MNPTIP(g* > N)dA
0 0
=115 i
= == +allgllp.

We may subtract af[g*|[) from both sides, since this number is finite, due to
simplicity of g. If afP < 1, the estimate becomes

ol < lg"ll < 572z 17l
Now if we put 8 =1+ 1/p,
5 u(0,0)p?
8(p + 1)PHt 4 2prtt
and use Doob’s bound || f*[|, < ;55| fl[, 1 < p < oo, we arrive at (3.203). O

Proof of (3.203), general case. Let p € (1,00) and let

be the constant appearing in (3.203). Let V : B x B — R be given by
ztyl

p
T—y
V(z,y) = ‘—’ L

2

and introduce U : B x B — R by
U(z,y) = sup{EV(Z,)},

where the supremum is taken over all n and all simple zigzag martingales Z =
(X,Y) starting from (z,y), such that dX,, and dY;, takes at most two non-zero
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values for each n, each value with some probability. Then U is a majorant of V,
U(z,y) = U(—z,—y) for all z, y € B and U(0,0) < 0, by (3.203) in the dyadic
case. Furthermore, using the splicing argument, we get that U is finite (see, e.g.,
the proof of Theorem 2.3) and biconcave: the latter property follows from the
fact that any function which is midconcave and locally bounded from below is
automatically concave. Consequently, if f is a simple martingale (not necessarily
dyadic) and g is its +1-transform, then

E‘gn‘p - FYPE‘fnP) = Ev(fn + Gn, fn — gn)
< EU(fn +gnafn - gn)

<EU(fo + go, fo— 90)
<U(0,0) <0.

Here we have used the fact that U(z,0) < U(0,0) and U(0,y) < U(0,0), which
comes from the biconcavity of U and the symmetry of U. This completes the
proof. O

We move to the remaining half of Theorem 3.25.

If B is UMD, then it is (-conver. Assume that there are 1 < p < oo and 8 < oo
such that the L? inequality (3.191) holds for all B-valued f and their +1-transforms
g. Arguing as previously, we see that there is a finite biconcave majorant U of the
function

P P
Ty 7 +vy
V(.’E,y) - 2 ﬂ 2 9
satisfying U(0,0) < 0. Put

Then ( is biconvex and satisfies ¢(0,0) > 2/(1 + ?) > 0. It remains to verify the
condition (3.192). Suppose that z, y are of norm one and take ¢ = |z +y|/2. Then
|z —y|/2>|z|—t=1—tand

2
((x,y) < T [1—V(z,y)]
< 1fﬂp[17(17t)”+61’t1’]
<2t =z +yl,

where we have used the elementary inequality
L+ PP < (14 BP)t+ (1 —t)P,

valid for t € [0,1] and 8 > p* — 1. O
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Finally, we shall establish the aforementioned characterization of Hilbert
spaces.

Theorem 3.28. Suppose that B is a Banach space for which { = (g satisfies
€(0,0) = 1. Then B is a Hilbert space.

In the proof, we shall need the following two facts from the theory of convex
bodies: see, e.g., [96].

Lemma 3.25. Suppose that B is a two-dimensional real Banach space. Then the
norm of B is generated by an inner product if and only if the unit sphere of B is
an ellipse.

Lemma 3.26. If v is a symmetric (about the origin) closed curve in the plane, then
there is a unique ellipse of maximal area inscribed in v, which touches vy in at least
four points which are pairwise symmetric.

Proof of Theorem 3.28. Suppose that B is not a Hilbert space. We shall find z € B
and a mean zero simple random variable Y such that |Y| > 1 almost surely and
Elz +Y| < 1. This will yield the claim: by (3.194) we shall obtain P({(z,Y) <
|z +Y]) =1 and hence, by the biconvexity of ,

C(xv 0) + C(—l‘, O)
2

¢(0,0) < =((2,0) <E¢(z,Y) <Elz + Y| < 1.

With no loss of generality, we can assume that B is two-dimensional. Let Si
denote the unit sphere of B and let Sy be the ellipse of maximal area inscribed in
Sp. Denote by || - || the norm induced by Sp; by taking affine transformations, if
necessary, we may assume that Sy is a unit circle. Let £A4 and +C be the four
contact points guaranteed by Lemma 3.26 and assume that there are no contact
points in the interior of the arc AC. After rotation, we may assume that A =
(1,0) and C = (cos 26, sin 20), where 6 € (0,7/4]. Introduce the third point D =
s(cos b, sin @), where s > 0 is uniquely determined by the equality |s(cos6,sin6)| =
1. Note that s > 1, since D is not a contact point.

Now, for a given t € (—s, s), let

x(t) = —t(cos d,sin b))
and let Y : [0,1) — B be a simple function given by
Y = Aljop) + Clip,2p) = Dljp,yy,

where p is chosen to ensure that Y is centered. That is, p = s/(2(s + cosf)). Let
¢, ¥ be the functions on (—s, s), given by

4(s) = EJa(t) + V|
=p|(1 —tcosh, —tsinf)| + p|(cos 20 — t cosf,sin 20 — ¢sin b)|

s+t
+(172p) s )
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P(s) = p||(1 — tcosh, —tsind)|| + p||(cos 20 — t cos b, sin 20 — t sin §)]|

s+t
+ (1= 2p)——.

Then ¢ < 1 with ¢(0) = ¢(0) and, in addition,

1 —s%)cos®

O R Ll
s(s + cos )

because s > 1. Consequently (), and hence also ¢(t), is negative for some small
positive ¢. It suffices to take z = x(t) to get the claim. O

The above characterization can be rephrased in the following probabilistic
form.

Theorem 3.29. Suppose that a separable Banach space B has the following property,
for all martingales f, g taking values in B such that g is a +1-transform of f, we
have

P(g" = 1) < 2|[f]x-

Then B is a Hilbert space.

We shall not establish this result here. However, see the proof of Theorem
4.6 below for a similar reasoning.

3.12 Escape inequalities

Escape inequalities arise naturally in the study of almost sure convergence of
martingales, where are used to control counting functions of various types. For
example, the upcrossing method of Doob [70] introduces such a function for real
martingales. There is also a different one, related to the method of rises, devel-
oped by Dubins; this works for nonnegative martingales. Here we will describe a
counting function invented by Davis which is dimension-free and allows to study
vector-valued martingales f and g.

3.12.1 A counting function

Let © = (z,)n>0 be a sequence in a Banach space B. By Cauchy’s criterion, x
converges if and only if C.(x) < oo for all € > 0, where C.(x) is the number
of e-escapes of . The counting function C. is defined as follows: C¢(z) = 0 and
vo(x) =0 if the set {n > 0: |z,| > €} is empty. If this set is nonempty, let

vo(x) =inf{n > 0:|z,| > €}.

Now let Cc(z) = 1 and vi(x) = oo if {n > 1(x) : |20 — Tyy(z)| > €} is empty.
If nonempty, continue as above. If this induction stops at some point, that is,
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v;(z) = oo for some i, set vj(x) = oo for j > 4. Then we have that C.(z) < j if
and only if vj(z) = oco. If f is a B-valued martingale, then C.(f) is the random
variable given by Ce(f)(w) = Co(f(w)).

3.12.2 Formulation of the results

We start with the escape inequality for Hilbert-space-valued martingales.

Theorem 3.30. Let f and g be H-valued martingales such that g is differentially
subordinate to f. Then

ji>1, (3.205)

and both the constant 2 and the exponent 1/2 are the best possible. If, in addition,
||f|]1 is finite, then g converges almost everywhere.

This estimate carries over to martingales which take values in Banach spaces
isomorphic to Hilbert spaces (with possible change in the constant). In view of
the results of the previous section, it is not so surprising that this bound does not
hold for a wider class of Banach spaces. Here is the precise statement.

Theorem 3.31. Suppose that B is a Banach space. Then B is isomorphic to a
Hilbert space if and only if there is 5 = B(B) such that for any B-valued martingales
f and g with g being differentially subordinate to f, we have

j>1. (3.206)

One may impose a stronger domination on the martingale g and study Banach
spaces in which the corresponding escape inequality is valid. As one might expect,
the restriction to +1-transforms leads to UMD spaces.

Theorem 3.32. Let B be a Banach space. Then B is UMD if and only if there are
a >0 and B > 0 such that for any B-valued martingale f and its £1-transform g

we have
P(C.(g) > §) < 211

= . 9

£J

j>1. (3.207)

Finally, if we take g = f, we obtain the even larger class of superreflexive
spaces (see, e.g., [100] and [101] for the necessary background).

Theorem 3.33. Let B be a Banach space. Then B is superreflexive if and only if
there are a > 0 and B > 0 such that for any B-valued martingale f we have
Bl

P(Ce(f) = j) < o j>1 (3.208)

Throughout this section we assume that f and g start from 0. This can be
done with no loss of generality, by means of a standard argument: see the first
lines of the proof of Theorem 3.20.
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3.12.3 Proof of Theorem 3.30

We may assume that f is of finite length: there is a deterministic m such that
fo=fmand g, = g forn > m. For j =0,1,2, ..., let 7; = v;(g) A m, where,
as previously, v;(g) is a random variable defined by v;(g)(w) = v;(g(w)). Then
(1j);>0 is a nondecreasing family of stopping times. Let h be the ¢*(H)-valued
sequence given as follows: if n < 79, then dh, = (dg»,0,0,...); if 7; <n < 741,
then dh,, = (0,0,...,0,dg,,0,0,...), where dg,, appears at the (j+1)st coordinate.
Then h is a martingale with respect to (F;,),>0 and

1/2
oo

Sm(gaT) = |hm| = Z |g7'j+1 - gTj|2
=0

By the definition of the family (7;);>0, we see that |g,,,, — g-;| > € if ;41 <
m, 5o |Sm(g,7)|?> > €2C:(g). On the other hand, we see that h is differentially
subordinate to f (which can be regarded as an £2(H)-valued martingale, by means
of the embedding on the first coordinate). Thus

2||£1h

P(Ce(g) = j) < P(S(g,7) 2 €j'/%) < Ve

(3.209)

To establish the optimality of the constants, let H = ¢2, fix j > 1 and consider
independent random variables ry, 72, ..., r2; such that

P(T2k+1 = 1/2) = P(T2k+1 = 71/2) = 1/2
and
P(Tzk = —1) =1 —P(Tzk = 3) = 3/4

Put fo =0 and set
df2k+1 = (0, 0, ce ,0, T2k+1, 0, .. .), df2k+2 = (0, 0, ceey 0, T2k4+1T2k 0, .. .),

where in both differences the nonzero term occurs on the kth place, k£ = 0, 1, 2,
..., 7 — 1. Finally, define g by taking dgx = (=1)**1dfy, k=0, 1,2, ..., 2j. One
can easily check that |gog1+2 — g2r| = 1 for 0 < k < 4, so C1(g) = j; on the other
hand, ||f||1 = j/2/2. This completes the proof.

3.12.4 Proof of Theorem 3.31

Proof of (3.206). This is straightforward. Suppose that B is isomorphic to a Hil-
bert space H: there exist a linear map 7' from B onto H and strictly positive oy
and as such that

oq|Tz| < |z < ag|Tx|
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for all x € B. Let f, g be two B-valued martingales such that g is differentially
subordinate to f. We may transfer these to H-valued processes F, G using the
formulas

F,(w) = asT fr(w), Gp(w)=a1Tgy(w).

Then F, G are martingales with respect to (Fy)n>0, which can be verified, for ex-
ample, by approximating f and g by simple processes. Moreover, G is differentially
subordinate to F': indeed,

|G| = aa|T(dgn)| < |dgn| < [dfn| < ol T(dfn)| = |dFy].

Similarly, we get C.(g9) < Cu,c/(20,)(G) and |F,| < 207 Y| ful, s0, by Theorem
3.30,

2Fh  _ 4a3llfll
(@/(202));72 = alej /2

P<Ca(g) > ]) < P<Coz1a/(2a2)(G) > ]) <

This completes the proof. O

Escape characterization of spaces isomorphic to Hilbert spaces. Suppose that the
inequality (3.206) holds for all B-valued martingales f, g such that g is differentially
subordinate to f. Take ¢ = j = 1 and observe that {g* > 1} C {Ci(g) > 1}, so

P(g™ > 1) < BlIfl]1,

which implies ||g||1,00 < B||f]|l1. Thus, by the second part of Theorem 3.24, the
claim follows. O

3.12.5 Proof of Theorem 3.32

Recall that f,(B) is the least extended real number § such that for any B-valued
martingale f and its +1-transform g,

l9llp < Bl flp-

This constant remains unchanged if we allow g to be a transform of f by a certain
real predictable sequence v bounded in absolute value by 1. This can be justified
by the use of Theorem 2.6 of Chapter 2.

If, in addition, 2 < ¢ < oo, then we define 7, 4(B) to be the least extended
real number  such that

IS Dl <Al

for all B-valued martingales f, where S(f,q) = (> o—, |dfn\q)1/ . Finally, for any
nondecreasing sequence 7 = (7 )n>0 of stopping times and any B-valued martin-
gale f, let

0o 1/q
S(faan): (fro|q+Z|an,_an,1|q> .
n=1
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We start with the following auxiliary fact.

Lemma 3.27. For any 1 < p < oo and 2 < q < oo, if f is a B-valued martingale,
g is its transform by a certain real-valued predictable sequence bounded in absolute
value by 1 and T is a nondecreasing sequence of stopping times, then

15(g: @, )y < Bp(B)vp,a(B)|If1lp- (3.210)

Proof This is straightforward. For any fixed positive integer IV, the process h =
(g, AN)n>0 is a martingale, so

1/q
‘gr‘)/\N‘ + Z |9ruAN = G 1AN|q> =[S(h, D)y < Yp.q(B)I[Rlp
n=1 p
< .aBl9llp < Bp(B)1p,a(BIIflp-
It suffices to let N — oo to get the claim. O

Lemma 3.28. For any 2 < q < oo, if f is a B-valued martingale, g is its £1-
transform and T is a nondecreasing sequence of stopping times, then

AP(S(g,q4,7) = A) < 2B2(B)v2,4(B)| fl]1- (3.211)

Proof. We divide the reasoning into two steps.

Step 1. Embedding [ into a martingale with small jumps. By a theorem of Mc-
Connell [117], there exist a probability space (', F/, '), a B-valued, continuous-
path martingale X = (X;);>0 and a nondecreasing sequence (o, )n>0 of stopping
times such that f has the same distribution as (X, )n>0. Let po < 1 < prg < - -+
be stopping times given by

o = inf{t > 01 [ X, > §/2}
and, inductively, for n > 1,
pn =1inf{t >0:|X; — X, | >6/2}.

Now, let 0 < pg < p1 < p2 < --- be the sequence of stopping times obtained by
interlacing (oy)n>0 and (fn A 0oo)n>0, Where 0oo = limy,_, o0 0p. In other words,
for each k, the random variable py is the kth order statistic associated with the
random variables og, 01, 02, ..., o AOco, 1 A Ooo, 2 A0, - ... Put F, = M, for
n > 0. Then F is a martingale satisfying ||F'||1 < || f]|1, with a difference sequence
such that dF"* < 4. Since (0, )n>0 are stopping times coming from the embedding
f into X, we see that f embeds into F' as well: f has the same distribution as
(F,, )n>0, where (n,) are certain stopping times relative to the filtration with
respect to which F' is a martingale. The next observation is that since g is a +1-
transform of f, we have that g has the same distribution as (>}, vkdFy)n>o0,
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where v = (vg)r>0 is a predictable sequence taking values in {—1,1}. Let G,, =

h—o VkdFy. Consequently, there is a sequence T' = (T},),>0 of stopping times

such that (gr,)n>0 has the same distribution as (Gr, )n>0, and hence S(g,q, 7),
S(G,q,T) also have the same distribution.

Step 2. Proof of (3.211). Fix positive constants A, b, introduce the stopping
time
=inf{n > 0: |F,| > bA}

and denote the martingales (Fran)n>0, (GRran)n>0 by FT and GE, respectively.
Observe that, by Chebyshev’s inequality,

P/<S<G’QvT) >\ Fr<bA) = IW(S(GR,q,T) >\ R= OO) < )\_pHS(GR,an)Hg’

which, by (3.210), can be bounded from above by A= 32(B)~% (B)||F®|[. By the
definition of R and the fact that dF™* < §, we have

IERD < (bA+ 6P HIFH[|1 < (bA +6)P | F |
Putting all the things together, we get
P(S(g.q,7) = A) =P'(S(G,q,T) = A)
< IP”(S(G 0, T) > A, F* <bA) +P'(F* > b))
BB (B)(b+ AT+ 0T |IF
BB (BB A AT+ b7 [ £
Letting § — 0 yields
P(S(g,q,7) 2 A) < A1 0PI BR (BG4 (B) + b7 || £l

and putting p =2, b= ,6’2_1(8)72_&1(8) gives the desired estimate (3.211). O

Proof of (3.207). Suppose that B is a UMD space. Then S,(B) is finite for all
1 < p < oo. Furthermore, as shown by Maurey [116], B is superreflexive; by
the results of Pisier [173], this implies v, 4(B) < oo for some ¢ € [2,00) and all
1 < p < oo. It remains to use the inequality (3.211): arguing as in (3.209), we
obtain

B(Ce(9) > ) < 262(B) 2.0 (B)I| 11/ (e3"/%),
which is precisely (3.207), with o = 1/q and 8 = 282(B)v2,4(B). O

Escape characterization of UMD spaces. Assume that (3.207) holds for all B-
valued martingales f and their +1-transforms g. As previously, this implies

and, by extrapolation, ||g||, < Bp||f||p for some universal 5,, 1 < p < co. Thus, B
is a UMD space. O
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3.12.6 Proof of Theorem 3.33
Proof of (3.208). We proceed as in the proof of (3.207) and obtain

P(C(f) 2 5) < 272.4B)II fIl1/(e5"/%).

It suffices to use Pisier’s result from [173], which states that the constant 72 4(5)
is finite for some ¢. This completes the proof. O

Escape characterization of superreflexive spaces. If B is not superreflexive, then
(3.208) fails to hold. To see this, fix positive 8, ¢ € (0,1) and pick j so large
that 5(ej*) < 1. By results of James [99] and Pisier [173], there is a B-valued
martingale f satisfying ||f|l1 < [|f]lc < 1 and |dfx| > ¢ almost surely for all
k < j. Consequently, P(C.(f) > j) = 1, which contradicts (3.208). O

3.13 The dyadic case and inequalities
for the Haar system

For many martingale inequalities, the best constants in the dyadic case are different
from those of the general case: see, e.g., Chapter 8. However, when we study
estimates for +1-transforms, the best bounds are the same. First let us introduce
the necessary definitions.

Definition 3.4. Suppose that f is a martingale taking values in a certain Banach
space B.

(i) We say that f is dyadic if fo = by € B and for any n > 1 and any nonempty
set of the form

{fo=bo, dfv =b1, ..., dfn—1 = bp_1},

the restriction of df,, to this set either vanishes identically or has its values
in {—by, b, } for some b, € B~ {0}.

(ii) We say that f is conditionally symmetric if for any n > 1, the conditional
distributions of df,, and of —df,,, given F,,_1, coincide.

Therefore, if a martingale f is dyadic, it is automatically conditionally sym-
metric. For example, a sequence of partial sums of Haar series forms a dyadic
martingale. To recall the definition of the Haar system h = (hg, h1, ha,...) on
[0,1), we shall use the same notation for an interval [a,b) and its indicator func-
tion. Let

ho = [071)7 hy = [071/2)7[1/271)7
ha =1[0,1/4) — [1/4,1/2), hs =[1/2,3/4) = [3/4,1),
ha=[0,1/8) — [1/8,1/4), hs = [1/4,3/8) — [3/8,1/2),
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A classical inequality due to Paley (see [166] and [115]) can be stated as follows:
if 1 < p < oo, then there is an absolute ¢, such that

n n
E exarhy g arhy
k=0 k=0

for all ap € R, e, € {—1,1} and n > 0. There are other interesting estimates
of this type, including the weak-type, logarithmic and tail bounds. We may also
extend these results by allowing the coefficients aj to be vector valued. What are
the best constants in these inequalities? It turns out that they are the same as in
the corresponding bounds for +1-transforms. Here is the precise statement.

(3.212)

<c¢p
p

P

Theorem 3.34. Let B be a Banach space and let V : Bx B — R be a given function
which is locally bounded from below. The following conditions are equivalent:

(i) For any simple B-valued martingale f and its £1-transform g we have
EV(fn,gn) <0, n=0,1,2,.... (3.213)

(ii) For any ar € B and e, € {—1,1}, k=0, 1, 2, ..., we have

/1 \%4 (i akhk(s),iskakhk(s)> ds < 0. (3.214)
0 k=0 k=0

Proof. The implication (i)=-(ii) is obvious, since (>_;_,arhi)5>, is a martin-
gale and (3, _ eparhy)ie is its £1-transform (we consider the probability space
([0,1),B(0,1),| - |), equipped with the filtration generated by the Haar system).
To get the reverse implication, introduce the function W° : B x B — R given by
the formula

1 n n
WO(x,y) = sup {/ Vv (m + Zakhk(s),y + Zekakhk(s)> ds} , x,yEB.
0 k=1

k=1

Here the supremum is taken over all n, all a;, € B and all g, € {—1,1}. Letting
n = 0 in the definition of W° gives the majorization W° > V on B x B. Using
an appropriate modification of the splicing argument, we can show that W0 is
diagonally mid-concave: that is, for any z, y 2z € B, the functions t — W%(z +
tz,y+tz) and t — WO(x +tz,y —tz), t € R, are midpoint concave and hence also
concave since they are locally bounded from below. Finally, by (3.214) we get that
WO (z,+2) < 0 for x € B and that WY is finite (see the proof of Theorem 2.3 in
Chapter 2). In other words, we have checked that W0 satisfies the conditions 1°,
2° and 3° of Theorem 2.4 from Chapter 2 and hence (3.213) follows. O

Remark 3.8. Since (}_;_,arhi)>2, is a dyadic martingale, the theorem above
implies that the best bounds for +1-transforms are already the best possible in
the dyadic case.
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Therefore we see that the best constant in Paley’s inequality (3.212) is equal
to p* — 1, both in the real and the Hilbert-space-valued case. This immediately
yields the unconditional constant of the Haar system. Recall that for 1 < p < oo
and a given sequence e = (eq, €1, €a,...) in real LP, the unconditional constant of
e is the least 8 € [1, 00] with the property that if n is a nonnegative integer and
ao, a1, Az, ..., a, are real numbers such that || Y ;_, agex|[, = 1, then

n
E EkAkCk
k=0

<pB
p

for all choices of e, € {—1,1}. Theorem 3.34 gives the following.

Theorem 3.35. The unconditional constant of the Haar system in LP(0,1) equals
p*—1.

There is an alternative way to define the unconditional constant, by requiring
that the coefficients ey, take values in {0, 1} (see, e.g., James [102]): this corresponds
to discarding out some of the summands ageg, instead of changing their signs. If
we use this definition, then the nonsymmetric version of Theorem 3.34 and the
inequality (3.121) imply that the unconditional constant of the Haar system in
L?(0,1) equals ¢,, the constant determined by Choi [52] (see Section 3.8 above).

3.14 Notes and comments

Section 3.1. The weak type inequality (3.1), with some absolute constant, appeared
for the first time in Burkholder’s paper [17]. It was studied in the special case p = 1
and when g is a transform of a real-valued martingale f. For other proofs of this
result (still with non-optimal constant), consult Davis [56], Garsia [82], Gundy [85],
Neveu [121] and Rao [181]. The sharp version of this estimate, still in the real-
valued case, can be found in [19]. The general setting, for Hilbert-space-valued
processes and under the differential subordination, was established by Burkholder
in [24]. This paper contains also the proof of the sharp extension to p € (1,2],
as well as of the more general ®-inequality (3.16). The question about the best
constant in the case p > 2 was open for twenty years and was finally answered by
Suh in [189], using the complicated function given by (3.38). The above simplified
approach, based on the integration argument, is due to the author (see [151]).
Theorem 3.2, which concerns the case of different orders, has been established
by the author in [160]. There are also noncommutative versions of the weak-type
estimates: see Randrianantonina [177] for the setting of +1-transforms and the
author’s paper [128] for differentially subordinate martingales.

Section 3.2. The sharp weak type inequality for p > 2 in the case when
f is nonnegative was established by the author in [133] using a special function
that was even more complicated than the one constructed by Suh in (3.38) (though
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there are many similarities between these two objects). The above approach, using
the integration argument, is entirely new.

Section 3.3. The roots of the inequality (3.59) go back to classical results of
Marcinkiewicz [115] and Paley [166], who established this bound in the particular
case when the martingales are dyadic (the concept of martingale did not appear
there, the results being formulated in terms of Haar and Rademacher series). The
LP estimate for real-valued martingales, with some absolute constant, was first
proved by Burkholder [17] in the case when g is a transform of f. This follows im-
mediately from the weak type estimate, using interpolation and duality arguments.
See also Garsia [82]. The sharp version of the L? inequality, in the case when the
martingales are Hilbert-space-valued and under differential subordination, can be
found in Burkholder’s paper [24]; see also [22] and [25]. To show the optimality
of the constant p* — 1, Burkholder constructed in [24] appropriate examples; the
above approach is taken from his later paper [32]. For noncommutative version of
the L? estimates, consult Pisier and Xu [174] and Randrianantonina [177].

Section 3.4. The validity of the strong (g, p) estimate with some constant (not
necessarily optimal) follows trivially from the LP estimates of Section 3.3. The best
values of C), , were determined by the author in [146] and the presentation above
comes directly from that paper.

Section 3.5. The LP estimates for differentially subordinate martingales un-
der the additional assumption that the dominating process is nonnegative were
investigated by Burkholder in [36]. The above proof, based on the integration
argument, is new; Burkholder verified the condition 2° directly in his original ap-
proach. Furthermore, to show the optimality of the constant, he constructed a
certain family of Markovian martingales. The case when the dominated process is
nonnegative was studied by the author in [125].

Section 3.6. The logarithmic estimates for martingale transforms (with some
absolute constants) can be easily obtained from the weak type inequality using
interpolation or extrapolation (see, e.g., [17] or [40]). The proof of the sharp version
for differentially subordinate martingales is contained in [126]. The author showed
the optimality of L(K) by providing appropriate examples: the above approach,
based on exploiting of the properties of the special function, is new. For some
extensions and variations of the logarithmic estimates, see also [146] and [149].

Section 3.7. The inequalities in the case when the dominating process is
bounded were studied by Burkholder in [28] and [32].

Section 3.8. The sharp weak type (1,1) inequality for nonsymmetric martin-
gale transforms appeared for the first time in Burkholder’s paper [27]. The best
constants in the corresponding L? estimate were determined by Choi [52]. The
remaining results of Section 3.8 are due to the author and can be found in [145]
and [159].

Section 3.9. Control inequalities connected to the weak type (1,1) estimate
for martingale transforms were first studied by Burkholder in [24]; then the results
were generalized by Choi [51]. The approach presented above is slightly different
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from those used there. For example, Burkholder determined the function

Ulz,y) = inf{||f][r - P(lg|" = 1) = 1},

where the infimum is taken over all (f,g) € M(z,y). Note that under the proba-
bility above we have a two-sided maximal bound for g. Analogously, Choi derived
the explicit form of

Ulz,y,t) = inf{[[f]|1 : (f,9) € M(z,y), P(lg]" = 1) = t}.

Both functions easily lead to the estimates

I[fll1 > Li(z,y,1) and |[f[l1 > Li(z,y,1),

studied in Theorem 3.17. Our approach, based on the inequality (3.137), is entirely
new and also provides the answer in the case when p is strictly larger than 1. There
is an interesting related problem of determining the function

Up(z,y,t) = inf{|[fl[, : (f,9) € M(z,y), P(lg]" = 1) = t},

which would give a more precise information on the control. This seems to be open
forall 1 < p < oo, p#2.

Section 3.10. The notion of weak domination is due to Kwapien and Woy-
czynski [112]. The proofs of the weak type inequality, the LP estimate (1 < p < 2)
and the logarithmic bound presented above are new, though the first two estimates
appear (with worse constants) in [124]. For related results concerning tangent and
weakly dominated martingales, see Cox and Veraar [55], Hitczenko [89], [91], [92]
and Kwapieri and Woyczynski [111], [112].

Section 3.11. UMD spaces appear naturally in harmonic analysis. The work
of M. Riesz [180] in 1920s on the Hilbert transform and that of Calderén and
Zygmund [41], [42] in 1950’s on more general singular integral operators lead to a
natural question whether the results can be carried over to Banach-space-valued
functions. In late 1930’s, Bochner and Taylor [12] proved that not all Banach
spaces behave well even for the Hilbert transform. Later it was proved that those
Banach spaces which are well behaved for the Hilbert transform (HT spaces), are
also well behaved for a wide class of singular integrals. A striking and impressive
result is that the class of HT spaces coincides with the class of UMD spaces.
That a UMD space is HT is due to Burkholder and McConnell: see [23]. The
reverse implication was established by Bourgain [16]. This gives rise to another
interesting question about providing a geometric characterization of HT spaces.
This was answered by Burkholder in [20]. See also the papers [21], [23] and [26]
of Burkholder for refinement of this result and more information on the subject.
For related martingale inequalities in UMD spaces, see Cox and Veraar [55], Lee
[113], [114], McConnell [118].

Section 3.12. Essentially all the material in this section comes from Burk-
holder’s paper [31]. For more information on superreflexive Banach spaces, see
Enflo [71], James [99], [100], [101], Maurey [116] and Pisier [172], [173].
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Section 3.13. As already mentioned, the inequality (3.212) was established
by Paley [166]. In fact, Paley formulated this result in terms of the Walsh system
on the Lebesgue unit interval and the above statement is due to Marcinkiewicz
[115]. That the unconditional constant of the Haar system in real LP equals p* —1,
is due to Burkholder: see [22], [24] and [25]. It was then conjectured by Pelczynski
[168] that the complex unconditional constant of the Haar basis is also equal
to p* — 1 (the definition of the constant is the same as in the real case, one
only replaces the signs ex € {—1,1} by numbers ¢ from the unit circle). This
conjecture was proved by Burkholder [30]. The alternative unconditional constant,
with transforming coeeficients €5, € {0,1}, was derived by Choi in [52].



Chapter 4

Sub- and Supermartingale Inequalities
in Discrete Time

4.1 «-strong differential subordination
and a-subordination

As we have seen, differential subordination implies many interesting estimates in
the martingale setting. However, if we want to extend these inequalities to a wider
class of processes, this domination turns out to be too weak. Thus we need more
restrictive assumptions, and we propose a convenient one below.

Definition 4.1. Let o > 0 be a fixed number and suppose that f, g are adapted
sequences of integrable B-valued random variables. We say that g is a-strongly
differentially subordinate to f if ¢ is differentially subordinate to f and for any
n > 1 we have

[E(dgn|Fn-1)| < alE(dfn|Fn1)] (4.1)
almost surely.

Note that if f and g are martingales, then the condition (4.1) is automatically
satisfied and hence differential subordination and strong differential subordination
coincide. As another example, observe that if f is any sequence of integrable
random variables and g is its transform by a predictable sequence bounded in
absolute value by 1, then g is 1-strongly differentially subordinate to f.

The strong differential subordination is usually imposed when the dominating
process f is assumed to be a sub- or supermartingale (then of course f is R-valued,
but ¢ may still be vector valued). From now on, we restrict ourselves to these f
and turn to the description of the corresponding version of Burkholder’s method.
Assume that V' : R x B — R is a given Borel function and consider U : R x B — R
which satisfies the properties

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 143
DOI 10.1007/978-3-0348-0370-0_4, © Springer Basel 2012
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1° U(z,y) > V(x,y) for all (z,y) € R x B,
2° there are Borel A: R x B — R and B : R x B — B* satisfying
alBl < —A on R x B (4.2)
and such that for any z, h € R and y, k € B with |k| < |h|, we have

U(x+hy+k) <U(z,y) + Az, y)h + (B(z,y), k), (4.3)

3° U(x,y) <0 for all x € R, y € B such that |y| < |z|.

Theorem 4.1. Let V' be as above and assume that U satisfies 1°, 2° and 3°. Suppose
that f is a submartingale and let g be a B-valued sequence which is «-strongly
subordinate to f. Assume further that f, g satisfy the integrability conditions

E|V(fn7gn)| < 00, E|U(fn,gn)| < 00,
E(|A(fu, gn)lldfns1| + [B(fa, gu)lldgn+1]) < oo,

for alln > 0. Then
BV (fu,gn) <0, n=0,1,2,....

Proof. 1t suffices to show that the process (U(fn,gn))n>0 is a supermartingale.
Fix n > 1 and apply 2° to obtain

U(fnagn) S U(fn—laQn—l) + A(fn—lagn—1>dfn + <B(fn—1agn—1>adgn>~

Both sides are integrable, so

E(U(fnagn”}—n*l) < U(fn,l,gn,l) + A(fnflagnfl)E(dfnLFn*l)
+ <B(fn—1agn—1>,E(dgn‘]:n—1>>~

However,

A(fnflvgnfl)E(dfn|fn71) + <B(fn717gnfl)yE(d‘gn‘fnfl»
< A(fnflvgnfl)E(dfn‘fnfl) + |B(fn717gnfl)HE(dgnLanl)‘ S 07

due to the assumption a|B| < — A, the a-strong subordination and the inequality
E(dfn|Fn—1) > 0, which follows from the submartingale property. This gives the
claim. 0

Remark 4.1. Passing from f to —f we get the analogous statement for super-
martingales. Note that the only change in the conditions 1°-3° is that in the
second property the inequality a|B| < —A must be replaced by «|B| < A.

Remark 4.2. As in the martingale setting, if U is sufficiently regular (say, piecewise
C1), the typical approach while studying 2° is to look at the following, slightly
stronger statement.
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2° For any x € R, h > 0 and y, k € B with |k| < ah, the function G = Gy 4 pk :
R — R given by G(¢t) = U(z + th,y + tk) is nonincreasing. For any =, h € R
and y, k € B with |k| < |h|, the function G,y 51 is concave.

This condition is verified directly, by straightforward analysis of the derivative of
the function G.

Suppose that V is a given function, U is piecewise C* and satisfies 1°, 2°” and
3°: this will be our typical situation. Then the theorem above holds for a wider
class of processes.

Definition 4.2. Fix a nonnegative number «. Let f be a submartingale and let g
be an adapted sequence of integrable B-valued random variables. We say that g is
a-subordinate to f if there is a decomposition

fn:dn+ana gn:6n+bna TLZO,
such that

(i) a, b are adapted and satisfy |b,| < aa,, for each n > 0,
(ii) d is a submartingale and e is a-strongly differentially subordinate to d.

One introduces a-subordination for supermartingales by replacing f with
—f in the definition above. Clearly, if g is a-strongly subordinate to a sub- or a
supermartingale f, then g is a-subordinate to f (simply take a = (0,0,...) and
b=(0,0,...)). It is easy to see that the reverse implication is not true, since the
inequality |e,, + b,| < |d,, + a,| need not hold in general. The extension is partic-
ularly useful when a > 1. The following pair (f, g) will be frequently used below.
Suppose that d, e are real-valued martingales such that e is differentially subordi-
nate to d and let a be a predictable nondecreasing process starting from 0. Take
dfon, = ddy,, dge, = de,, and dfap11 = an41, dgont1 = taany1 for n > 0. Then
g is a-subordinate to f, with respect to the filtration (Fo, Fo, F1, F1, Fo, Fo,...).
Furthermore, when a > 1, the a-strong differential subordination is violated at
odd moves: the condition |dgay+1| < |dfan+1] fails to hold.

Theorem 4.2. Suppose that U is piecewise C' and satisfies 1°, 2°' and 3°. Then
for any f, g as in Definition 4.2, we have

BV (fu,gn) <0, n=0,1,2,....

Proof. As previously, we shall prove that (U(fn, gn))n>0 is a supermartingale. Let
n > 1 be a fixed integer. Using the first part of 2°/, we may write

U(fnagn) = U(fn—l + dn + Apy Gn—1 + e, + bn) < U(fn—l + dn,gn—l + €n).

Now we repeat the reasoning from Theorem 4.2 (with A, B equal to the corre-
sponding partial derivatives of U or their limits) to obtain

}E[U(fnfl + dnvgnfl + 6n)|-/_'.n71] § U(fn71,9n71)~
This completes the proof. O
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Using the splicing argument, we obtain the following result, which can be
regarded as a reverse to Theorem 4.2. Let M*""(x,3) denote the class of all simple
pairs (f, g) such that f is a submartingale starting from z, g is a sequence starting
from y and such that the following holds. For n =0, 1, 2, .. .,

dfont1, dgany1 are predictable with [dgan 1] < adfany1,

|dgon+2| < |dfant2],  E(dfent2|Font1) = E(dgonta|Font1) = 0.

In other words, the pairs (f, g) from M (z,y) behave like martingales at even times,
and move “to the right” along some line of slope belonging to [—a, ] at odd times.

Theorem 4.3. Let o > 0. Suppose that V : R x R — R is a given Borel function
such that
EV(fTL?QTL) <0, n=20,1,2,...,

for any simple sequences f, g such that f is a submartingale and g is real valued
and a-subordinate to f. Then there is U : R x R — R satisfying 1°, 2°/ and 3°.
Furthermore, the least such function is given by

Uo(xv y) = Sup{EV(fna gn)}a

where the supremum is taken over all n and all pairs (f,g) € M*®(z,y).

The proof is essentially the same as in the martingale setting. There is an
analogous statement for supermartingales. We omit the further details.

We conclude this section by noting that Theorems 4.2 and 4.3 can be easily
modified to the case when the sub- or supermartingale f is nonnegative.

4.2 Weak type estimates for general sub- or
supermartingales

4.2.1 Formulation of the results

We begin with the following result. As usual, let H be a given separable Hilbert
space.

Theorem 4.4. Let a > 0 be fized. Suppose that f is a submartingale or a super-
martingale and that g is a sequence of H-valued integrable random variables which
is a-subordinate to f. Then

911100 < Callf]1, (4.4)

where
o (a+ D[+ (a+ 1) if a>1,
R if a<1.

The constant is the best possible, even if H = R.
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It is important to note that Burkholder’s method is not directly applicable
here. Indeed, the inequality (4.4) is not equivalent to showing that for any n > 0
we have

P(lgn| = 1) < CoElfnl.

This is because the sequence (E|fy|)n>0 is no longer nondecreasing. In fact, the
latter inequality is not valid, which can be seen by considering the following easy
example: fo =go=—1, f1 =0, 91 = —1 and df,, = dg, =0 for n > 2. Then f is a
submartingale, g is a-subordinate to f (for any o > 0) and, for any n > 1 we have
P(|gn| > 1) = 1 and E|f,,| = 0. Thus we need to reformulate the inequality (4.4) so
that Burkholder’s technique works. This is done by means of the following stronger
inequality. Here and below, 1 denotes the positive part of z: 7 = max{x,0}.

Theorem 4.5. Under the assumptions of Theorem 4.4, we have

gll1,00 < Kallf [l = (Ca = Ka)Efo, (4.5)
where

o JleF D i a1,
‘)4 if a<l.
The inequality is sharp.

Finally, we shall prove the following characterization of Hilbert spaces, related
to the inequality (4.4).

Theorem 4.6. Let B be a separate Banach space and let o be fized nonnegative
number. Suppose that for any pair (f,g) such that f is a submartingale and g is a
sequence of B-valued integrable random variables which is a-subordinate to f, we
have

P(|lgn| > 1) < Collfll1s n=20,1,2,....

Then B is a Hilbert space.

See Theorem 3.28 above for the martingale version of this result.

4.2.2 Proof of Theorems 4.4 and 4.5

Proof of (4.5). In fact, we shall need a slight modification of Burkholder’s tech-
nique, because of the existence of the term Efy on the right. Namely, let V :
R x H — R be given by V(z,y) = lyjy>1} — K,x*. We will search for a spe-
cial function U, which satisfies the usual conditions 1° and 2° and the following
modification of the initial condition:

3° Uy(z,y) < —(Co — Koz for all x € R, y € H such that |y| < |z|.

The existence of such U, yields

]EV(fnagn) < EUa(fmgn) < EUa(ango) < _(Ca - Ka)]Ean
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forn=0,1, 2, .... That is,
P(lgn| 2 1) < KoEf — (Ca — Ka)Efo < Kallf"|l1 = (Ca — Ka)Efo

and this implies (4.5) by the stopping time argument.
To introduce the needed special function, fix a nonnegative number a and
consider the following subsets of R x H. If & > 1, then

DY ={(z,y) : afz| + |y| > 1, x < 0},
DY ={(z,y) : |lz| +|y| > 1, x > 0},
D§ = (R x H) ~ (D¥UDS).

If a € [0,1), let D¢ = D} for i =1, 2, 3. Now, if o > 1, put

1— Kozt if (z,y) € DY U Dy,

1 . (4'6)
1= (az — |yl + D(az + aly| + V> if (z,y) € D§

U(X(.%‘,y) = {

and, for a € [0,1), let Uy (z,y) = Ui(z,y). We shall verify the conditions 1°, 2°/
and 3°. Clearly, we may restrict ourselves to the case a > 1, since V, = V; and
U, =U; for a € 0,1).

First we focus on the majorization property. Clearly, it suffices to establish
this estimate on Dg, where it takes the form

1—(az — |yl + D) (az + aly| + DY > —Kz ™.

For a fixed z, the left-hand side increases as |y| increases. Hence all we need is
to show the estimate for y = 0: 1 — (ax + 1)'*Y/® > — K, xF. This is obvious
for x < 0, since then ax + 1 < 1. For £ > 0 we use the fact that the function
ji(z) =1 — (ax 4+ 1)1/ is concave and lies above the linear ja(2) = —Kqz on
[0, 1], because j1(0) = j2(0) and j1(1) = j2(1) + 1 > ja(1).

We turn to 2°. Let A, : R x H — R, B, : R x H — H be given by

0 if (z,y) € DY,
An(z,y) =< —K, if (z,y) € DS,
—(a+ D)oz +aly| + DV Haz + 1+ (o — Dy|] if (z,y) € DY
and
Bu(a y){o if (z,y) € D UDS,
o (a+1)(ax +aly| + D)oty if (z,y) € DS.

The functions A, B, coincide with the partial derivatives Uqgz, Uqy on the inte-
riors of DY, D$ and D$. Observe that A, (x,y) + a|Ba(z,y)| <0 for all z and y.
This is clear for (z,y) € D{ U DY, while for remaining (x,y) we derive that

Ao(@,y) + a|Ba(z,y)| = —(a+ 1)(az + aly| + DV oz + 1 Jy[) 0. (4.7)
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This proves the first half of condition 2°’. To establish the second half, fix z € R,
h > —z, y, k € H such that |k| < |h|. It suffices to show that the function
G(t) = U(z + th,y + tk) (defined for ¢ such that = 4+ th > 0) is concave. Note
that G is linear on a large part of its domain; in fact, all we need is to check what
happens on DF. Precisely, fix (z,y) € D§ and observe that

G"(0) = Unaa(x,y)h? + 2(Upay (2, 9) B, k) + (kUnyy (2, y), k) = I + I,
where

Ii = (a+ 1)(az + aly| + DY H(k[> = 1) <0, (4.8)
I = (a+ D)1 = a)lyl(az + aly| + DV* 2 [h+ (y - k)/[y])* <0

Furthermore,
Gl(o) < Uaac(xay)h + ‘Uay(xay” : ‘k| <h [Uozx(xay) + Oé\Uay(l”y)H <O0.

In addition, using (y, k)/h > —|y| and the estimate  + |y| < 1 coming from the
definition of DY,
G'(0)/h=—(a+ 1)(ox + aly| + DY* oz + 1+ (a = 1)|y| - (y - k) /1]
> —(a+1)(az+aly| + DY > —(a+ 1)V = _K,.

This shows that G is concave on R. Finally, to check 3°, we use 2° and obtain that
for [y| < [x],

Ua(z,y) < Ua(0,0) + Uaz(0,0)z 4+ Uay(0,0) - y = —(a + 1)z. (4.9)

This completes the proof: the necessary integrability holds, since A, and B, are
bounded. O

Sharpness. Tt suffices to focus on the inequality (4.4). We shall construct appro-
priate examples on the probability space ([0, 1], B(0, 1), |-]). To gain some intuition
about their structure, it is convenient to start with the case o < 1, which is a bit
easier.

First consider the following pair (f, g): let

1
fO = —go = _E[Oa l]a

1 2 2 (2

= — = —— — — _1

df1 dg1 3 [0,3} +3 (3, },
1 1 3 /1 2 372 3 1/3
df2d92§[0’§}5(55}*5(5’1]5(11]’
1 2

dfs=1| -, = dgs =
f3 <273:|a g3 07
dfn, =dg, =0 forn>4
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(here, as usual, we identify an interval with its indicator function). It is easy to
check that f is a submartingale and ¢ is 0-subordinate to f (hence g is also a-
subordinate to f for any o > 0). In fact the moves in steps 1 and 2 are of martingale
type in the sense that Edf; = Edgy = 0 and E(dfz|f1) = E(dg2|f1) = 0. Further-
more, we see that |gs| = |g2| = 1 almost surely and f3 = 2 (2,2], so ||fs|)s = 5.
Consequently, P(|g|* > 1) = 6||f3]|1. However, we encounter here a problem, al-
ready mentioned above, which did not exist in the martingale setting. Namely, if
f is a submartingale, then, in general, ||f||1 # lim,— o0 || fn||1- Unfortunately, this
is also the case in our example: it is easy to see that ||f2||1 > [|f3||1. Thus we
need an additional modification of the pair (f, g) which will keep || fn||1 close to
1/6 for all n. The idea is to split the set Q into small parts and evolve the pair
(f,g) according to the rules above on the first part, then on the second, and so on.
To be more precise, let N be a large positive integer. Consider the pair ( f ,g) on
([0,1],8(0,1),]-|), defined as follows. Let dfy = —dgo = —110,1] and, for a fixed
ne{0,1,2,...,N—1}and k=1,2, 3,

df37l+k(x) =dfix(Nz—n), dgsnir(z) = dgr(Nx—n) for x € (n/N, (n+1)/N]

and df3n+k(x) = dgsn+k(x) = 0 for the remaining x. Now we have |[gsn| = 1 with
probability 1 and, for any n and k as above,
N—-n—-1 1 1 1

< — 4+ — max || frl|1-

~ n 1
1 fantully = sl + el + —F—- 651 W okex

Since N was arbitrary, the constant 6 is indeed the best possible.

Now we turn to the case @ > 1, in which the situation becomes more involved
because the “basic” pair (f, g) has a more complicated structure. Let N be a large
positive integer and put § = 1/(2N). Forn=1,2, ..., N — 1, define

_ —14+2(n—-1)5

Ly
a+1

) Tn = (2n — 1)(5,

and put {5 =0, rny = 2. Consider a martingale f which evolves as follows:

(i) It starts from —C L.
(ii) f1 € {1, 1}

(111) If n = 1, 2, ey N — 1, then fn-‘,—l € {fn_t,_l, 7"7L+1} on the set {fn = rn}.

(iv) On the set {fn =4n}, fn = foz1="--= fn.

Furthermore, let go = —fy and dg, = (=1)"df, for n = 0,1,2,..., N. It is
easy to verify that the random variable (fn,gn) satisfies afy + |gn| = 1 or

(fn,9n) = (2,1). The final move (the only one which is not of martingale type) is
the following. If afy £ gy = 1, we take dfy11 = —fn and dgny1 = Tadfy41; if
(fnsgn) = (2,1), then df y+1 = dgn41 = 0. It is evident that g is a-subordinate to
f- However, it is worth mentioning here that the a-strong differential subordination
does not hold, because of the final move of (f,g).
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Let us now study the numbers P(|g|* > 1), ||f]l1 and ||fv+1||1. The first of
them equals 1, since |gan| = 1. Furthermore,

£l <2, (4.10)

since | f,,| < 2 for any n. The next step is to note that fyi1 € {0,2} and fyy1 =2
if and only if the process f is nondecreasing. For convenience, put 7o = —C};
then we can write

N

rnflfén
P =2)= _—
(fN+1 ) nl;[l rn_fn
_ ro—t ry-1—4In Aﬁl Tno1 —n
Tl_gl TN_ZN n—2 T’n_gn
_ro+(a+1)” Alr—[ 20(a+1)
26+ (a+ 1)~ - 14+adé(2n—1)
N-1
(1+7“0(Oé+1 1
< 1 1 2n —1
= (1+26(a+1 d(a+ HZQ( +ad(2n— 1))

< U+rola+1)(1-9) <1+ (2N — 1)5a)—(a+1)/a
- 21 +20(e+1)) 1+ 30a :

Here in the first inequality we have used the elementary bound 1 — z < e™® and
in the second one we have exploited the fact that
= (@N-1)s 1. 142N -1)sa
20 14+ ad(2n—1))"t > 1 “ldz = —log —————
S (+asze-1)7 > [ (1 an) e = Sl

n=2
Now recall that § = (2N)™!, so letting N — oo yields

(a4+1)rg+1

(14 a) e~ (20,) !

P(fns1=2)—
and, in consequence, ||fxi1|l1 — C5t. This would complete the proof, but, as in
the case a < 1, we have a problem because of the inequality ||f||1 > ||fn+1]1-
This is dealt with exactly in the same manner as for o < 1. Namely, we split the
probability space into a large number of small parts and copy the above pair into
each part on a separate period of time. Finally, using (4.10), we are able to ensure
that the first norm of f is arbitrarily close to C!. ]

On the search of the suitable majorant. We shall only study the case a = 1, the
other values of « can be treated likewise. The first question which comes to one’s
mind is how to discover the right version of (4.4) (that is, how to deduce that (4.5)
is the right inequality to prove). As observed above, the inequality P(|g,| > 1) <
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BE|fn| is not a good choice. Nonetheless, let V(z,y) = 1qy>1} — flz| forz, y € R
and consider the function U° : R x R — R given by

U°(z,y) = sup{EV (fn, gn)},

where the supremum is taken over all n and all (f,g) € M*(x,%). The key
observation is that U® = U, where

U1<.’L‘,y) = Sup{P(an‘ > 1) - B]Ef;_},

with the supremum over the same parameters as previously. The bound U° < U*!
comes from the trivial estimate f7 < |f,|. To get the reverse, pick any f, g, n as
above and consider f, g given by fi = fx and gy = gx for k <n and df,11 = f,,
dfpnio =dfpis = =dgny1 = dfni2 = --- = 0. Then f is a submartingale, g is
l-subordinate to f and

P(|gn| > 1) — BEf,S = P(|gns1] > 1) — BE|fusa| < U°(z,y).

Consequently, we have U' < U?, since f, g and n were arbitrary. This explains why
the nonnegative part of f appears in (4.5). Now, using the standard arguments we
can show that U° satisfies the conditions 1° and 2°. However, there is no chance
for the initial condition to hold, which can be seen, for example, by considering the
deterministic pair (—1,1). All we can hope for is the estimate U(z,y) < U(x,x)
for |y| < |z| and hence, all we can get using Burkholder’s method is the inequality

P(lgn| = 1) < BEfF + EU(fo, fo).

This leads directly to the estimate (4.5).

Now let us collect some information on U°. First, U%(x,y) < 1— B2+ for all
x, y. Moreover, we have equality for |z| + |y| > 1. This is trivial for |y| > 1, and
for |y| < 1 it can be seen by using the following example, which already appeared
while studying the weak type (1,1) inequality for martingales. Namely, take (f, g)
such that (fo,g0) = (x,y), df1 is a centered random variable taking values 1 =+ |y|
and |dgi| = |df1], so that |g1]| = 1. Finally, inside the square |z|+ |y| < 1, we guess
that the special function is linear along the line segments of slope —1. This gives
the formula (4.6). O

4.2.3 Proof of Theorem 4.6

We shall only present here the proof in the case o € [0,1]. The remaining case
a > 1 can be dealt with similarly, but the calculations are a bit more complicated.

The key tool in studying our problem is the special function U, g :RxB— R,
defined by

Ug(x,y) = inf{EfL}.
Here the infimum is taken over all (f, g) € Ms"(z,y) satisfying P(|geo| > 1) = 1.
First, let us show an auxiliary fact.
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Lemma 4.1. If [y| = 1/6, then U3(—1/6,|y|) > 1/3.

Proof. Suppose, on the contrary, that there is a pair (f,g) € M*"P(—1/6,y) with
P(lgn| > 1) =1 and Ef,” < 1/6 for some n. For a given small positive &, consider
a pair (f,9) = (f +¢,9 —y'e), which of course belongs to M*"?(—1/6 +¢,y —y'c).
Possibly, the condition P(|g,,| > 1) = 1 does not hold any more: to ensure this, we
modify the pair by adding the differences df,, ,, dg, . satisfying P(|g,,,| > 1) =
1 and E(df,,1|Fn) = 0, E(dg,,41|F») = 0 (so a-subordination is not violated). It
is easy to see that when we pick sufficiently small €, then we may do this so that the
inequality ]E?Z 41 < 1/6 still holds. Now we use the portioning argument: for any
§ > 0 there is a pair (F,G) € M*"*(~1/6 + ¢,y — y/'¢) for which P(|G| > 1) =1
and ||F|l = ||[FT|1 < max{fETO,Ef:H} + 6. Consequently, if § is sufficiently
small, we get a pair (F,G) such that F is a submartingale, G is a-subordinate to
F,P(|Gso| > 1) =1and ||F||1 < 1/6. We get a contradiction: (4.4) does not hold.
This proves the claim. O

We are ready for the proof of Theorem 4.6. By using the splicing argument,
we can show that the function —UJ satisfies the condition 2°. We shall prove that

xt if |z + |yl > 1,

: (4.11)
1(+2)? =yl if |2+ ]yl < 1.

Ug(.’L‘,y) = Ua(x’y> = {

Step 1. This is standard when |z| + |y| > 1 (by considering appropriate pairs
(f.9))-

Step 2. If |z| + |y| < 1 and B = R, this can be easily seen by modifying the
example which appears in the proof of the sharpness. It can also be established
using Theorem 4.3: see the search which leads to (3.6) above.

Step 3. When |z| + |y| < 1 and B is general, note that Ug(z,y) < U(z,|y|)
for any z € R and y € B. This follows immediately from the fact that when y # 0,
then each pair (f,g) € M (x, |y|) gives rise to a pair (f,gy’) € M3"P(z,y); the
same holds for y = 0, with ¢y’ replaced by any vector of norm one. On the other
hand, by Lemma 4.1, we have U3(—1/6,y) > Ug(—1/6,|y|). Next, fix y € B of

norm one and consider the line segment
{(t,ty) : t € [-1/2,1/2]} CR x B.

The function U is convex along this segment; furthermore, UZ(t, ty) = UR (¢, t|y|)
for t = £1/2 (see Step 1) and t = —1/6 (see Lemma 4.1 and the beginning of
this step). However, ¢t — US (¢, t|y|), t € [-1/2,1/2], is linear: thus (4.11) holds on
every line segment of the above form.

Step 4. Now, suppose that || + |y| < 1 and |z| # |y|. Then we consider the
line segment

{x+ty+yt):lz+t|+|ly+yt| <1} CRx B
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and note there are three values of ¢ such that U3 (z+t,y+y't) = UR(z+t, |y +y't]):
two corresponding to the endpoints of the segment and one inside, coming from
the previous step. Since t — UR(z + t, |y + y't|) is linear, we get that Ud(z,y) =
US(z,|y|); this completes the proof of (4.11).

Now take any a,b € B and note that by 2°', 2U2(0,a) > UZ(—|b|,a — b) +
Ug(|bl,a +b). When a and b are sufficiently small, this is equivalent to

ja+b” + |a —b* < 2Jaf” + 2[bf?

and, by homogeneity, extends to all a,b € B. Putting a + b, a — b in the place
of a and b, we get the reverse estimate. Consequently, the parallelogram identity
is satisfied and, by the famous result of Jordan and von Neumann [105], B is a
Hilbert space.

4.3 Weak type inequalities for nonnegative sub- and
supermartingales

4.3.1 Formulation of the results

Now let us turn to the case when the dominating process is nonnegative. We have
the following.

Theorem 4.7. Let o be fized nonnegative number. Assume that f is a nonnegative
submartingale and g is a sequence of H-valued integrable random variables which
is a-subordinate to f. Then

lgll1,00 < (a+2)|[f]]1- (4.12)
The constant o + 2 is the best possible, even if H = R.

In the supermartingale setting, the behavior of the constants is completely
different: there are two expressions, depending on whether « is big or small.

Theorem 4.8. Let @ > 0 be fixed and suppose that f is a nonnegative super-
martingale and g is a sequence of H-valued integrable random variables which is
a-subordinate to f. Then for 0 <p <1,

19llp,00 < Caocllf|lps (4.13)
where
2 ) <1
Ca oo — Zf “="0
' a+1l if a>1.

The constant is the best possible, even if H = R. For p > 1 the inequality does not
hold in general with any finite constant.
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4.3.2 Proof of Theorem 4.7

Proof of (4.12). Here Burkholder’s technique is directly applicable. It suffices to
show that for any f and g as in the statement and any nonnegative integer n we
have

P(lgn] > 1) < (o + 2)Efy.

Fix a > 0 and let U, V : [0,00) x H — R be given by

(lyl = (@ + D)@+ [y D if z+ [yl <1,

. (4.14)
1—(a+2)x if x4yl >1

U(.T, y) = {

and V(z,y) = 1{jy|>13 — (a4 2)z. We will show that U satisfies the properties 1°,
2°" and 3°. To show the majorization, we may restrict ourselves to x, y satisfying
x + |y| < 1. Substituting = + |y| = r**1 € [0,1), we have

V(z,y) —U(z,y) = —r*"2 — (1 —r)(a +2)z < 0.
To establish 2°/, we first note that

—(a+2)(z + |y[)~/ Vg iz Jy| <1,

Uw s + alU, ) = .
(z,y) + alUy(z,y)| { +2) if o4yl >1

—~

is nonpositive: this implies the first half of 2°’. To show the second half, let G =
Gz y.h.k be defined as usual. A direct computation gives G”(0) =0 if z + |y| > 1
and

G'(0)=1+11I, (4.15)
where
a+ 2
[=_—-'= —of(a+1) 1,2 _ 2
2 o ) (2 — P,
ala+2) _
J = ——~— "=/ (2a+1)/(a+1) h— /'k2
CESIE (z +1yl) lyl(h —y" - k)7,

so G"(0) < 0if |k| < |h|. Finally, for x > 0, 2 + |y| = 1 and |k| < h,
! « + 2 !
G/(0-) = ~(a+2h+ T (b +y ) = —(a +2h = G'(0+),
so 2°" holds. To prove the initial condition, use 2°’ to obtain

U(z,y) <U(0,0) + Uy (0+,0)z 4+ U, (0+,0) -y = 0.

Thus, it suffices to apply Theorem 4.2: the necessary integrability is satisfied, since
the partial derivatives of U are bounded on (0,00) x R~ {(z,y) : z+|y| =1}. O
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Remark 4.3. For z + |y| < 1 we have
Ulw,y) <1- (a+2)s, (4.16)

which can be seen, for example, by checking that for fixed z, U(z,y) increases as
ly| increases. This inequality will be needed later.

Sharpness. Let a > 0 be fixed and suppose 8 = («) has the property that
P(lgn| > 1) < BEfn (4.17)

for any f, g such that f is a nonnegative submartingale and ¢ is a real-valued
process which is a-subordinate to f. Let UY : [0,00) x R — R be given by

Uo(xay) - Sup{qun‘ > 1) - 6Efn}7 (418)

where the supremum is taken over all n and all pairs (f,g) € M (x,y). We
shall exploit the properties 1°, 2/ and 3° to obtain 8 > « + 2. The reasoning we
are going to present now will be frequently repeated during the study of other
estimates.

Introduce the notation A(y) = U°(0,y) and B(z) = U%(z,0) for all z > 0
and y € R. Let N be a given positive integer and let § = (N (o + 1))~*. We have

A0)=B(0)<0, A(1)>1 and B1)>1-8 (419

Indeed: the first inequality comes from 3°, while the second is an immediate con-
sequence of 1°. Finally, to prove the third estimate, we look at the pair (f,g)
starting from (1,0) and such that df; = dg; takes values +1, each with probability
1/2; then |g1|=1and Ef; = 1.

Using the first part of 2°’ and then the second, we get

A(y) > U8,y + ad)

y+ ad (4.20)
>———B 1)0) + ————A 1)9).
> B (e 09+ LA + (o 1)
Furthermore, again by 2°,
(a+1)6 2y 0 (a+1)§ (a+1)
B(y) > A
W =z a0 W a1l \Y 2 0 2

and

[0 <y+ (a+1)6 (a+1)6) - 2y+ (e + 1) By + (a+1)0)

T 2y+2(a+1)
(a+1)6

mA(y + (a+ 1)0).
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Consequently, we obtain
(a+1)6
B(y) > ————
W = 3 et 15
yla+1)6
2y + (a+1)8)(y + (a + 1)d)
Multiply both sides by (a + 1)7!, add it to (4.20) and substitute y = k(a + 1)4.
After some manipulations we arrive at the inequality
(+ 1)[A((k 4+ 1)(a+ 1)6)— A(k(o + 1)6)]
+ B((k+1)(a+ 1)) — B(k(a+1)0)

Y

Aly+ (o + 1)),

(4.21)
< A((k+1)(a+1)0) — A(k(a+1)0)
- 2k +1 '
Writing this for k =0, 1, 2, ..., N — 1 and summing the obtained estimates gives
N—1
A((k+ D (a+ 1)) — A(k(a + 1)0)
- - <
(a+ D(AQ) ~ A©) + B(1) -~ BO) < 3 N ,

k=0

which, by (4.19), implies

(4.22)

N Ak + 1) (a+ 1)) — A(k(a + 1)8
a+2_ﬂ§kzzo ((k +1)( %)le (k(a+1)d)

To complete the proof it suffices to show that the right-hand side tends to 0 as
N goes to infinity. To do this, we use (4.20) and the estimates A(y) < 1 —y,
B(x) > —x, which follow directly from the definition of U°. We obtain

A((k+1)(a +1)8) — A(k(a + 1))
_ klat+D+a N ~ Ak(a A((k + 1) (e + 1)9)
= (k+1)(a+1)A<<k+ 1)(a+1)8) — A(k(a +1)6) + ESCES)
< —B((k+1)(a+ 1)) + A((k + 1)(« + 1)0) 1

- (k+1)(a+1) ~(k+1)(a+1)

Therefore the right-hand side of (4.22) is of order O(1/N) as N — oo and the
claim follows. O

On the search of the suitable majorant. As usual, we restrict our attention to the
case H = R. Let 8 > 0 be a constant in the weak type inequality (to be determined)
and let us start with the function U°, given by (4.18). Clearly, we have U°%(z,y) <
1 — Bx; furthermore, the reverse inequality holds if 2 + |y| > 1 (consider standard
examples: see, e.g., the weak-type (1,1) inequality for martingales). Thus all we
need is to find the special function when x + |y| < 1. This will be accomplished
by imposing three assumptions.
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We start with the property

(A1) U is continuous on [0,0) x R, of class C* on the set
{(z,y) € [0,00) x R:z+ |y| <1}
and satisfies U(0,0) = 0.

By the symmetry condition U(x,y) = U(z, —y), which can be assumed with no
loss of generality, we may restrict ourselves to y > 0. Let A(y) = U(0,y) and
B(z) = U(z,0) for all z, y > 0. We impose the following “structural” condition
on U:

(A2) For any z, y > 0 with z + y < 1,

Yy T
U(z,y) x+yA(x+y) + x+yB(x+y).
In other words, in the first quadrant the function U is linear along the line segments
of slope —1.

The final assumption is the following. We know that for any y > 0, the
function G (t) = U(t,y + ot), t > 0, is nonincreasing. It is natural to expect the
extremal behavior G; (04) = 0, at least for some y. Otherwise, we would replace
U with the function U(x,y) = U(z, y) + ay for some small a > 0, which also would
have all the required properties (and would give a better constant). But which y
should satisfy G (0+) = 07 A little thought leads to the conjecture: all y € [0,1).
This implies the assumption

(A3) For any y € [0,1),
Uz (04, y) + aUy(0+,y) = 0.

Conditions (A1), (A2) and (A3) yield the special function studied above. To see
this, note that by (A2),

Ulr,y) —Alz+y) _ Blzty) - Alz+y)

x r+y

)

so letting © — 0 gives
B
Um(0+7y) - Uy(0+7y) =

or, by (A3),
—(a+ 1A (y) = w. (4.23)

Next, we have Uy (z,0) = 0 by the symmetry of U, which implies, by (A2),
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Combining this with (4.23) gives B'(z) = —(
for some constant c¢. However, by (A1), A(0
back to (4.23), we get

a+1)A'(z), or B(z) = c—(a+1)A(x)
) = B(0) =0, socf() thus, coming

(a-+2)A()

—(a+ DA (y) = - ”

Consequently, A(y) = ey(@t2)/(@+1) and B(z) = —¢(a + 1)z(@T2/(@+) for some
constant ¢ and all x € [0,1], y € [0,1]. However, as we have observed at the
beginning, A(1) = 1 and B(1) = 1 — 8. This implies ¢ = 1 and 8 = a + 2. It
suffices to use (A2) to obtain the desired candidate for U. O

4.3.3 Proof of Theorem 4.8

Proof of (4.13). It suffices to prove the theorem for o > 1. Since f is nonnegative,
we have || f||, = || fol|, and the inequality can be rewritten in the form

P(lgn| > 1) < 2PEf.
Let V, U : [0,00) x H — R be given by V(z,y) = 1{jy/>1) and

where U, is given by (4.6). We will verify the conditions 1°, 2° and 3°. The first
two of them have been already established in the proof of (4.4). To check 3°,
suppose that |y| < z. If < 1/(a+ 1), then U(z,y) < (a+ 1)z < ((a + 1)x)P; if
x> 1/(a+1), then U(z,y) = 1 which also does not exceed ((«+ 1)x)P. Since the
necessary integrability is satisfied, (4.13) follows. |

Sharpness. Suppose that p < 1 and H = R. First, if a < 1, we consider a cen-
tered random variable £ taking values in the set {—1/2,3/2} and put (fo,g0) =
(1/2,1/2), (f1,91) = (f2,92) =+ = (1/24+&£,1/2 = &). Then f is a nonnegative
martingale, g is a-subordinate to f (for any a > 0), [|fllp =1/2 and |g1| = 1 al-
most surely. If o > 1, then let (fo,g0) = ((a+1)71, (a+1)"1) and (f1,91) = (0,1).
One easily checks that f, g have the necessary properties and the two sides of (4.13)
are equal.

On the other hand, suppose that p > 1 and let § > 0. On the probability
space ([0, 1], B([0,1]),P), let £ be a centered random variable taking the values
—d§ and 1 — 4. Consider the sequence (fn,gn)2_g, given by fo = go = 6, f1 =
g1=0+¢&, f2=0, g2 = 1e—1_53. Then f is a nonnegative supermartingale with
115 = IIf1l]; = 6 and P(|g2| > 1) = 6. Now we use the “portioning argument”:
fix a positive integer N and let f, g be given as follows: let (fo,go) = (6,6) and,
forn=0,1,2,..., N—-1, k=1, 2,

f27z+k<w):fk(Nw_n)? g?n-i-k(w):gk(Nw_n) for w € (n/N’ (n+1)/N}
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We easily see that f is a nonnegative supermartingale and g is a-subordinate to
f for any o > 0. We have, foranyn=0,1,2,..., N—1land k=1, 2,
N-—n 1)

-1
— P < — + 0P
_N+

- 1
Hf2n+k‘|g:NkaHz+ N

On the other hand, [|g|[5 , > P(gan = 1) = d. Since N and ¢ were arbitrary, we
see that the ratio ||g|[p.c0/||f|lp can be made as large as we wish. Thus the weak
type inequality does not hold with any finite constant in the case when p > 1. O

On the search of the suitable majorant. We shall only focus on the case a < 1 and
leave the argumentation for a > 1 to the reader. Assume that H = R and write
the formula

U°(@,y) = sup{EV (fn, gn)} = sup{P(|gn| > 1)},

where supremum is taken over all n and all appropriate pairs (f,g). Clearly
U°(z,y) < 1 and, using standard examples, we see that U%(z,y) = 1 for z+|y| > 1.
How do we find U° on the set {(z,y) : = + |y| < 1}? We have U(0,y) = 0 for
ly| < 1, since there are no nontrivial nonnegative supermartingales starting from
0. If > 0, then it is not difficult to see that if (f,g) starts from (z,y), the best
move is to jump either to (0,y — ) or to (M%, 17++y), with probabilities de-
termined by the condition Edf; = 0. Thus, (f1, g1) lands on one of the lines 2z = 0
or x +y = 1, on which we know how to proceed. It is easy to see that such an
example gives precisely (4.24). a

4.4 Moment estimates for submartingales

4.4.1 Formulation of the results

We start with a negative fact.

Theorem 4.9. Let « > 0 and 0 < p < oo be fixed. Then there is no finite constant
Bp such that for any submartingale f and any real-valued g which is a-subordinate
to f we have

lglly < Byllfl-

However, if the dominating process is assumed to be nonnegative, the moment
inequality does hold for p between 1 and infinity. Precisely, we have the following
statement.

Theorem 4.10. Suppose that o > 0 is fizxed. Let f be a nonnegative submartingale
and suppose g is an H-valued process which is a-subordinate to f. Then

lglle < (P& = DI, (4.25)

where pl, = max{(a+ 1)p,p/(p — 1)}. The inequality is sharp, even if H = R.
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4.4.2 Lack of moment inequalities in the general case

This is clear for 0 < p < 1, since then there are no moment estimates even in the
martingale setting (see Chapter 3). Suppose then that 1 < p < co and consider
a Markov process (f,g) taking values in R x R, given on the probability space
([0,1],B([0,1]),] - |) by the following conditions. Let K > 0 be a number, to be
specified later.

(i) The process starts from (0, 0).
(ii) The state (0,0) leads to (—(p+1)/2,(p+1)/2) or to ((p+1)/2,—(p+1)/2),
each event has probability 1/2.
(iii) The state (—(p + 1)/2,(p + 1)/2) leads to (—1,p) or to (—p,1), each event
has probability 1/2.
(iv) The state (—z,px) (0 < z < K) leads to (0,(p — 1)x) or to (—2z, (p + 1)z),
each event has probability 1/2.
(v) The state (—x,px) (z > K) leads to (0, px) with probability 1.
(vi) The state (—2z,(p + 1)z) (z > 0) leads to (—(1 + 1/p)z, (p + 1)x) with
probability 1.
(vii) All the remaining states are absorbing.
It is easy to see that f, g are simple: they terminate after a number of steps (say,
after L moves). Furthermore, f is a submartingale and ¢ is a-subordinate to f for
any o > 0. We have that f has finite p-th norm (which depends on K) and we
have P(fr = (p+1)/2) =1/2,P(fr = —p) = 1/4 and P(f. = 0) = 1/4. Moreover,
if k=0,1,2,...satisfies p(1 + 1/p)* < K, then

Plgr, = (p—1)(1+1/p)*) =272,

b= S0 > L (14 1)]

k=0

Consequently,

where ky is the largest integer k satisfying p(1 + 1/p)F < K.

Now we proceed as follows. Pick any positive number M. Then there is K
such that ||gz|l, > M]||fr]lp. Next we repeat the “portioning argument” used in
the proof of the weak type inequalities above. Namely, we divide the probability
space ([0, 1], B([0,1]),]-|) into N parts and copy the above process into each part
on a separate period of time. Let (fn,gn)ﬁﬁo be the process we obtain in this
manner. Then ||gen]l, = |lgllp, > M||fLllp and, for any m = Ln + ¢, where
n=0,1,2,..., N—1land ¢/=0,1,2,..., L,

— n 1
anHp < NHfLHp+ NHfHP < HfLHp"' Hf”p/N

Consequently, if N is sufficiently large, the ratio ||g||,/||f]|, exceeds M; since M
was arbitrary, the claim follows.
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4.4.3 Proof of (4.25)

With no loss of generality, we may assume that || f||, is finite. Then so is ||dfx]»
for each n, and hence also ||g,||, < oo, due to differential subordination. Let
V(z,y) = |y|P — (pi, — 1)PaP for & > 0, y € H. We consider the cases 1 < p <
(a+2)/(a+1), (¢ +2)/(a+1) <p<2and p > 2 separately.

The case 1 < p < (a+ 2)/(c + 1). We use the integration argument. Let
u:[0,00) x H — R be given by (4.14) and k(t) = p> P(1 — p(a+1)/(a+2))tP~ 1.
Then

Ule) = [ klt)ute/t. /e
0
admits the following explicit formula:

U(z,y) =p* Pyl = (p = 1)) (@ + )"~ (4.26)

This is precisely Burkholder’s function corresponding to the moment inequality for
martingales; consequently, 1° and 3° hold. It suffices to apply Fubini’s theorem:

EV(fnagn) S EU(fnagn) S EU(ang()) S 0

and we are done. To see that Fubini’s theorem applies, note that |u(z,y)| < c(|x|+
ly|) for some absolute constant ¢, and thus

Amk@WWﬁwﬁﬁﬁ<dxp+yW

for another universal constant ¢.

The case (a+2)/(a+ 1) < p < 2. This is the most elaborate part. Assume
first that p, o satisfy
pa® —1) <o+ 2o — 1. (4.27)

Let U : R x H — R be defined by the formula

Uz,y) =p(1 = 1/p2)" " (|lyl = (& — Da)(@ + [y}~

To show the majorization U > V| we note that both sides are homogeneous of
order p; consequently, it suffices to prove the inequality for = + |y| = 1. It is
equivalent to

Fe) = p(1 — 1/pa) (1= pha) — (1 — &) + (pf — 1Pa? 20, @€ [0,1].

It suffices to verify the following easy facts: F(1/p}) = F'(1/pl) = 0, F(1) > 0
and there is pg € (1/p%, 1) such that F is convex on (0, pg) and concave on (pg, 1).
To prove 2°, we derive that

Up(z,y) + o|Uy(z,y)]
cp(x + |y|)p=2

=—(pla+1)— 1)z —aly| + a’(—p(a +1)+a+2)z+ |y

)
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where ¢, = p(1 — 1/p;,)P~!. This expression is nonpositive, since
—(pla+1) =Dz —aly|+ a((-pla+ 1) +a+2)z+y|) = —(p— 1)(a+ 1)’z
and

—(pla+1)—1)z —aly| — a((—p(a +1)+a+2)z+ Iyl)

4.28
= [p(e®—1)—a® = 2a+ 1]z — 2aly| < 0. (4.28)

Here we have used the assumption (4.27) on p and «. The next step is to establish
the concavity of the function G = G y ik, given by the usual formula. We have

G"(0)=I+II+1III, (4.29)
where
I = —cpp*(a+1)(z+ [y))P (% — |K[?),
IT = —pey(x + [y [(pla+ 1) = (@ +2)z + (a+ Dy|] (A + ¢ - k)?,
p > (z +y))P!
p—1 |y

Thus, G (0) < 0 when |k| < |h| and 2° is valid. Finally, the condition 3° is evident.
By Burkholder’s method, (4.25) follows, since we have the necessary integrability.
Now we turn to the case when

IIT = —¢, <p(a—|—1)— (|k|* =y - k)2

p(a® —1)>a®+2a — 1. (4.30)

In particular, this implies & > 1 and p > (¢ +2)/(a+1) (or a(p—1)+p—2 > 0).
We start with an auxiliary fact.

Lemma 4.2. We have

1
a<pi-1 and —— <pt—1=pla+1)—1. 4.31
<p PP — pla+1) (4.31)
Proof. The first inequality is equivalent to (p — 1)(a+ 1) > 0. To show the second
estimate, it suffices to do this for the least possible p, since as p increases, so do the
right-hand side and the denominator of the left-hand side. By (4.30), the smallest
value is p = (a? + 2a — 1)/(a® — 1). If we plug this into the estimate, we obtain,
after some manipulations,
2
ala+1) >,
(a—1)2 —

since o > 1. ]
The inequalities in (4.31) give

(ap—1)+p-2)r~1

Bla,p) = (p, —1)P <0.
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We are ready to introduce the special function U : R x H — R. When |y| >
(p%, — 1)z, define

Ulz,y) =p(1 = 1/pa)" " (lyl = (& — Da)(@ + [y))"~".
Ifa/(alp—1)+p—2) <yl < (p- — 1), we set
Ulz,y) = lyl” = (pg — DPa?.

Finally, for the remaining values of z, y, put

Ue.) = 0= Dla+ D7 (= 55 ) o+ )P~ + Blawp)ar.

The next step is to verify 1°, 2° and 3°. The majorization is established in much
the same manner as before, using the homogeneity of U and V. To show that
Uz(z,y) + a|Uy(z,y)] <0, first we focus on the situation when |y| > (p% — 1)x.
We repeat the argumentation presented in the previous case: see (4.28). Since

[p(a® =1) = =20+ 1]z — 2aly| < [ - pla+1)* = + 1]z <0,
the bound holds. If z/(a(p — 1) + p — 2) < |y| < (p% — 1)z, then
Us(,y) + a|Uy(a,y)| = palyP~ — p(pi, — 1)Pa?~
< —pp—Dpa — D' H(a+ 12"~ <0.

Finally, when |y| < z/(a(p — 1) + p — 2), we get, omitting the term S(a, p)aP,

(p—1)(a+1
z + |yl

2—p
Urto) + alt o)l < 25 | U -2+ 0= eyl -,

which is nonpositive. To show that G ; +(0) < 0, we may assume that |y| <

(pk, — 1)z, since for large |y| we may repeat the reasoning from the previous case:
see (4.29). If x/(a(p — 1) +p —2) < |y| < (p}, — 1), then

G'0)=T+1I+1II, (4.32)
where
I=—p2=p)yP2W k)

IT = —p((p— 1)(p, — )PP =2 — |y[P =) |k?,
ITT = —p(p — 1)(p, — 1)PaP2(h* — |k|?).

All the expressions are nonpositive: to see that 11 < 0, use the second inequality
in (4.31) to get

(= 1)(pa =Pl =y 22?72 [(p — 1)(p5 — 1)" — (a(p — 1) +p — 2)*77]

> P2 (ph — )P p—1) |plh —1—a—"—=
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and note that the expression in the square bracket is nonnegative. Finally, if |y| <
z/(a(p —1) +p — 2), then we omit S(«, p) and obtain

G"(0) < [(p— 1)(a+ D> P[I + II], (4.33)
where

I=p2-p)(x+ |y’ lyl(hsgnz +y' - k)?,
IT = p(z + [y))P 2 (h* — |k]?).

It remains to check 3°. This is easy: if |y| < z, then

Ulz,y) <aP(1 = (p — 1) <0,

This proves (4.25), since we have the necessary integrability.

The case p > 2. This time the special function U : [0,00) X R — R is given
by

Ule,y) = p(1 = 1/pe)P Hlyl = (0 — D) (@ + y[)P~" it [y > (05 — Dz,

’ ylP — (0}, — 1)Pa? if |yl < (0}, — 1)
This function is of class C! and satisfies the majorization U > V, by a similar
reasoning as above. Furthermore, the calculations presented previously show that
property 2° is valid on the set |y| > (p% — 1)z. To show that 2° holds for |y| <
(p%, — 1)z, we derive that

U (2, y) + o|Uy(2,y)| = —p(p(a+ 1) = 1)P2"~" + paly[P~!

< —plp—1)(a+1)(pla+1) —1)P 2P~ <0

and, for G = G, 4 .1 given by the usual formula,
G'0)=T+1II+1III, (4.34)

where

I=—p(p—DlyP~2(h* - [k*),
1T = —p(p = 2)lyP>(|k* = (v - %)*),
11T =—p(p — 1)h2[(p(a +1) —1)PaP2 — \y|p*2].

All the terms are nonpositive. Finally, 3° is obvious: if |y| < z, then U(z,y) <
(1 — (pf, — 1)?)2? < 0. This completes the proof. O

Sharpness. Let a > 0 and p > 1 be fixed. If p < (a+2)/(a+1), then pf—1 = p*—1
and this is optimal even in the moment estimate for nonnegative martingales and
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their differential subordinates. Next, suppose that we have p > (o +2)/(a + 1)
and assume that the moment inequality holds with some constant 8 > 0. Define

U(x,y) = sup{E|gn|" — B"EfL},

where the supremum is taken over all n and all appropriate f and g. The function
U? is homogeneous of order p and, by Theorem 4.3, the function w : [0,1] — R
given by w(z) = U%(z,1 — z) is concave. Furthermore, the function = — U%(z,1+

ar) = (z(a+1) + 1)Pw ( ), is nonincreasing, so

x(a—fl)-&-l
(a+ 1)pw(0) + w'(0+) < 0.
On the other hand, using the majorization and concavity of w,

(1=1/p3)P = B/ (pa)" < w(1/p;) < w(0) +w'(0+)/p;
= (& + 1)pw(0) + w'(0+))/p;, < 0.
That is, > p} — 1 and we are done. O

(4.35)

On the search of the suitable majorant. We concentrate on the case H = R and
p > (a+ 2)/(a + 1). Clearly, it suffices to determine w(z) = U(z,1 — ), = €
[0,1]; one gets the formula for U on the whole [0,00) x R using homogeneity and
symmetry. The above considerations suggest that the optimal constant should be
equal to p* — 1. Consequently, let v(x) = (1 — )P — (p% — 1)PzP. If our hypothesis
about the optimal constant is true, then equality must hold throughout (4.35).
This implies that w is linear on [0, p}] and, since w > v and w(1/p}) = v(1/p%),
we conclude that

w(x) = p(1 —1/p5)P~ (1 - pia) for x € [0, p%].
This gives
Up(a,y) = p(1 = 1/p5 )P~ (ly| — (i, — D) (@ + [y))P ! (4.36)

on the set {(x,y) : |y| > (p%, — 1)z. A natural idea is to assume that the above
formula holds on the whole set [0, 00) x R. However, this works only for those p and
a that satisfy (4.27): otherwise, U, + a|U,| < 0 does not hold. To overcome this
problem, one considers another choice for U on the set {(x,y) : |y| < (p}, — 1)z}:
namely, U(z,y) = V(x,y) there. This turns out to work only for p > 2: for
smaller p the inequality G”(0) < 0 is not valid. To be more precise, G fails to
be concave when |y| is small in comparison with z; on the other hand, for such
x and y, Burkholder’s function (4.26) works. Therefore, if p, a satisfy (4.30), we
are led to the following function U: we put (4.36) for |y| > (pX, — 1)z, Up(z,y) =
ly|P — (pi — 1)aP for (p, — 1)z > |y| > Bz and

Ulz,y) = —cia” +ealyl = (p = )~ 'a) (@ + [y,

for some positive c1, ca and S to be found. These are obtained by verifying 1°, 2°
and the assumption that U is of class C'. ]
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4.5 Moment estimates for supermartingales

4.5.1 Formulation of the result

It follows from Theorem 4.9 that there is no hope for moment inequalities for
general supermartingales and their a-subordinates. However, under the additional
assumption that the dominating supermartingale is nonnegative, we can show such
an estimate. Let

2 p /p
12 (F£) " if pe(-,00U(0,1),
2¢1/2 if p=0.

Theorem 4.11. Let o € [0,1] be fized. Assume that [ is a nonnegative super-
martingale and g is an H-valued process which is a-subordinate to f. Then for
—00 < p < 1 we have

ll9lls < Byl fll» (4.37)

and the constant is the best possible. It is already the best possible when f is
assumed to be a nonnegative martingale and g is its =1 transform. For p > 1, the
inequality (4.37) does not hold in general with any finite constant.

4.5.2 Proof of Theorem 4.11

Proof of (4.37). We shall focus on the case 0 < p < 1; for p < 0 the argumentation
is similar, see [137] for details. Let f be a nonnegative supermartingale and g be
a-subordinate to f. We have ||f||, = ||fol|p for p < 1 and hence it suffices to show
that

HgnHPSﬂPHfOHIN n=0,1,2.... (438)
Let Up, V, :[0,00) x H — R be given by
Up(z,y) = (lyl + A =p) " 2)(= + )", (4.39)

and V,(z,y) = |y|P. We will prove the conditions 1°, 2° and 3°. To prove the
majorization, calculate the partial derivative

vy, _ _
G2 @ y) =p(1—p) " @+ [y 2w+ 2 = p)lyl) > 0,
and since Up(0+,y) = V,,(0,y), 1° follows. To show 2° and 3°, we use the identity

Uy, y) = / Rttt (4.40)

where u is given by (4.24) and k() = p(2 — p)t?~1 /2. The use of Fubini’s theorem
is permitted and we get

EUP(fna gn) S ]EUp(an gO) S ﬁgEf(I)]a
which is the claim. O
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Sharpness. Let p € (0,1) be fixed. Of course, it suffices to show the optimality of
the constant for o = 1. Define

U°(z,y) = sup{E|gn|"},

where the supremum is taken over all n, all nonnegative martingales f and all
g which are +1-transforms of f. We have that U%(0,y) = |y|?, directly from the
definition; furthermore, U° is homogeneous of order p and diagonally concave.
Consequently, for any § > 0,

U(1,0) > ﬁan +6,-0) + %Uo(o, 3
= 1—i§U°<1+5,—5>+ 1L+§
= %Uo(l +26,0) + %UO(O, 14 26) + %5
= i—;gu +26)PU°(1,0) + 5(1112(;”1} 1i6'

Subtract U°(1,0) from both sides, divide by ¢ and let § go to 0. We get U°(1,0) >
(1 — p)~L. Using the diagonal concavity again, we obtain

2—p
22

1 1
U°(1/2,1/2) > SU°(1,0) + 5U°(0,1) >

@ .

In other words, for any € > 0 there is a pair (f, g) starting from (1/2,1/2) such
that f is a nonnegative martingale, ¢ is its £1 transform and

2-p
Bloal? > 222 — e = (8] - 2)ESE = (55 - 2|7
This shows that 3, is indeed the best possible in (4.37). O

On the search of the suitable majorant. We write the definition of U?:

Uz, y) = sup{E|gn|*},

where the supremum is taken over all n, all nonnegative supermartingales f and
all g which are a-subordinate to f. It is quite easy to derive U° directly from the
definition. A little thought and experimentation lead to the conjecture that one
has to consider only those pairs in which the process f is a martingale. Having
observed this, the following natural example arises. Fix (x,y) € (0,00) xR, § > 0
and consider a Markov martingale (f, g) such that

(i) Tt starts from (z,y).
(ii) For any n we have dg,, = df,, or dg, = —dfy.
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(i) Any state in (0,00) x (0,00) leads to the half-line {(z,0) : * > 0} or to
{(0,y) : y > 0}.
(iv) Any state in (0,00) X (—00,0) leads to the half-line {(z,0) : > 0} or to
{(0,y) : y <0}
(v) Any state of the form (x,0) leads to (0,z) or to (z + §, —9¢).
(vi) All states lying on the y-axis are absorbing.
It is not difficult to see that if one computes E|g, |P and lets § — 0, one obtains the

formula (4.39). Note that this reasoning is an alternative proof of the optimality
of the constant 3,. O

Moment inequalities for p > 1. We will prove that 8, = oo for p > 1. This is true
for p = 1 since then the norm inequality fails to hold even in the case f is a
nonnegative martingale and g is its +1 transform. Assume p > 1 and consider
the following processes f, g on the interval [0,1] with Lebesgue measure. For
n=0,1, 2,...set

1
fon =2/ @7 D[0, 27/ D] fy Ly = §f2n, dgn = (—=1)"df.

It is easy to check that f is a nonnegative supermartingale and ||fa.|l, = 1,
|| fon+1||p = 3 for any n, which gives ||f||, = 1. Note that

gon+2 = gon + f2n+2 - 2f2n+1 + f2n = g2n + f2n+2a
which implies

n

Gon = Z for = Z Qk/(Pfl)[O, Q*kp/(Pfl)}

k=0 k=0

> Z Qk/(pfl)[gf(kﬂ)p/(p*l)’ 2*’6?/(?*1)}
k=0

and

Egh > Z(l — 2 P/~ = (4 1)(1 — 277/ (P~ 1),
k=0

This shows ||g||, = oo and proves the claim. O
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4.6 Logarithmic estimates

4.6.1 Formulation of the results

The next step of our analysis is to study logarithmic inequalities. Here the situation
is much more complicated and the calculations turn out to be much more elaborate.
Throughout, « is a fixed positive number which belongs to [0, 1].

First, we need the following easy fact, which we state here without proof.

Lemma 4.3. (i) There is a unique Ko = Ko(a) € (1,00) such that

20 +1
Ko+ log(Kg—1) = 1+1 . 4.41
o +108(Kp ~ 1) =a-+ 1+ 1og (2211 (4.41)
(i) If K € (1, Ky), then there is a unique ¢ = c¢(K,a) € (20(‘;;11,([( -1
satisfying
a+1l 1
-1 K-1)—-K=0. 4.42
oL D togle( ~ 1))~ K =0 (1.42)
For K > K, let
a1 1/2

c=c(K,a) = |exp(a+1—K) (4.43)

a+1)(K-1)
The main result of this section is the following.

Theorem 4.12. Assume that f is a nonnegative submartingale and g is a sequence
of integrable real-valued random wvariables which is a-subordinate to f. Then for
all K > 1 we have

llgllx < KsupEf,log™ f, + L(K, ), (4.44)
n
where
c (a+1)2 a(2a? + 5a + 3) i K <K
LK. o) a+2  ca+12(a+2)  (a+2)(2a+1) 0
o) =

' 1)(202 2

(a+1)(20* 4+ 3a+ 2) if K> Ko.

2a+1)(a+2)

The constant L(K,«) is the best possible. Furthermore, for K < 1 the inequality
does not hold in general with any universal L(K, ) < 0.

Therefore, as in Theorem 3.9, there are two different expressions for the
constants L(K,a) depending on whether K is small or large. Let us stress here
that the above result is valid only for o € [0,1]. We do not know the optimal
constants in the case a > 1.

Comparing (3.88) and (4.44), we see a slight difference: in the second estimate
we have the positive part of the logarithm. The special function used in the proof
of Theorem 4.12 will enable us to show the following Log™ version of Theorem 3.9.



4.6. Logarithmic estimates 171

Theorem 4.13. Let f, g be two real-valued martingales such that g is differentially
subordinate to f. Then for K > 1,

llglli < K supE|f,|log™ | fa| + L(K. 0). (4.45)

The constant L(K,0) is the best possible. Furthermore, for K < 1 the inequality
does not hold in general with any universal L(K) < oo.

4.6.2 Proof of Theorem 4.12
Proof of (4.44). Let Vi : [0,00) x R — R be given by

Vi (2,9) = |y| — Kxlog™ x. (4.46)

Now we will introduce the special functions corresponding to the inequality (4.44).
Assume first that 1 < K < Ko(a). Consider the following subsets of [0, 00) x R:

Di={(z,y):a+yl <c—(2a+1)7"},
Do ={(z,y):x+ |yl >c— 2a+1)" v <a/(2a +1)},
Ds={(z,y): —x+|y| =2 c—1,a/2a+1) <z <1},
Dy={(z,9): —z+|y/<c—1,c—2a+1)" ' <z+|y <c+1},
Ds ={(z,y) :c+1<z+|y < K/(K—-1)},
De ={(z,y) : K/(K - 1) —x < |y| < z/(K - 1)},

[

(see Figure 4.1). Note that D5 is nonempty, due to Lemma 4.3 (ii).

Let
I B GRS B R
pipK’aic(oz—i—Q) 200+ 1 ’
a+1 20+ 1
A= ———exp| -1+ cl,
c(2a+1) a+1
and introduce U = Uk o : [0,00) x R — R by
Uz,y) =
pica(@+ Y)Y (=(a+ Dz + [y|) + L(K, ) on Dy,
—ar+|y|+a+ Nexp [— 2§i11 (aj—i— ly| — ﬁ)} (x—l— ﬁ) on Ds,
—ax+|y\+a+)\exp[—%(—x—i—w\—i—m"ﬁ)}(l—x) on D3,
WP L (2 Zlog(e(K —1)) = K) (@ — 1)+ S + & on Dy,
ly| = (z — Dflog(z + [y| = 1) + K + log(K — 1)] on Ds,
Kly| = — Kzlog[(K — 1)(z + [y])/ K] on Dg,
ly| — Kzlogx on Dy.
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D,
Dy
Dy
D2 D3
D~
Dy Dg
Dy Ds

Figure 4.1: The sets D;, intersected with Ri, in case 1 < K < Kj
(upper picture) and K > K (lower picture).

Now assume that K > Ky(«) and consider the following subsets of [0, 00) x R:

Dy ={(z,y) 2+ |yl < a/(2a + 1)},

Dy ={(z,y) 1z +y| > a/(2a+ 1), z < a/(2a + 1)},

Dy = {(z,y): —z+|y| > a/2a+1), a/2a+1) <z <1},
Dyi={(z,y) i c—1< —z+y| <a/(2a+1), z <1},

D5 ={(z,y) : [z — 1[ + |y| < c},

Ds={(z,y) :c+1<z+|y < K/(K—-1)},
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D7 ={(z,y) : K/(K - 1) -z < |y| <z/(K - 1)},
Dy = [0,00) XR\(D1UD2U'~'UD7)
(see Figure 4.1). Set
P=DPKa= aa/(a+1) (2a + 1)1/(a+1) (a + 2)*1

(with the convention 0° = 1) and let U = Uk 4 : [0,00) x R — R be given by

P e+ [y D (—(a + D)o + |y)) + L(K, a) on Dy,
—ax + [y| + o+ exp [* 25:11 (m + |yl = QaCfH)] <I + 2a1+1> on Dy,
—ox + [y| + o + exp [— 2ot ( —z+yl+ —ang.l)} (1-=2)  onDs,
(11— 2041 (1 _ _

UG,y = { ~(1 - 2og B -o+ )] + @+ DA -a)+ sl on Dy,
W= L (1 _log(e(K —1)) = K) (& — 1)+ £ + & on Ds,
ly| — (z — Dflog(x + [y| — 1) + K + log(K —1)] on D,
Kly| -z — Kzlog[(K —1)(z + [y])/ K] on Dy,
ly| — Kxlogx on Dy.

Now we shall verify the conditions 1°, 2°” and 3°. To show that U(z,y) >
V(z,y), we may assume that y > 0, due to identity U(x,y) = U(x, —y) on [0, 00) X
R. The majorization follows from the three properties below:

(i) limy o0 (Uy(z,y) — Vy(2,y)) = 0,
(iii) the function y +— U(x,y) is convex and y — V (z,y) is linear on [0, 00).

Now we turn to 2°'. It can be easily verified that if « € [0,1] and K > 1
are fixed, then U is continuous on [0, 00) x R. Furthermore, U, is continuous on
(0,00) x R and U, is continuous on (0,00) x R\ {(z,y) : = 1, |y| > ¢}. Indeed,
one easily checks the continuity of U and its partial derivatives in the interiors
of the sets D; and hence one only needs to see whether the functions agree at
the common boundaries. We omit the tedious calculations. The condition 2°’ is
studied in the following.

Lemma 4.4. For any y € R and |y| < 1, the function t — U(t,y + t) is concave.
Furthermore, if |v| < «, then this function is nonincreasing.

Proof. Fix x,y, h > 0 and k € R such that |k| < h. Introduce the function
G = Gy y.n,k defined by the usual formula. We shall show that

G"(0) <0 if (x,y) lies in the interior of one of the sets D;, (4.47)

G ynk(0—=) >G4 (04) for any y > ¢ (4.48)
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and
0y k(04) <0 if [k] < ah. (4.49)

This clearly will yield the claim. We shall only present the detailed proof in the
case K > Kj; the case K < K| can be treated similarly.

We start with (4.47). If (x,y) € DY, this has been already shown: see, e.g.,
the proof of the weak type inequality for nonnegative submartingales. If (x,y) lies
in D3, then

200 + 1 200+ 1 o
G0 =17 eXp[f a+1 <$+|y‘72a+1>]

X(h+k){[2;i11(x+2a1+1) _2}h+2;:11(x+2&1+1>k}§0'

The latter inequality holds because

20 + 1 1 20+ 1 1
k| < h, ( ~2< -1 and <1.
Ikl < T\t g ) m2s -t and (et o) <
If (z,y) € DS, then we derive that
200+ 1 200+ 1 o
G"(0) = e )]
O) =7 o~ (ot i+ o
200+ 1 200+ 1
hfk{[ 1— fZ}hf 1— k}< ,
< - R [0 -2 -2k} <0
which follows from
200+ 1 20+ 1
kl <h 1-— —2< -1 d 1-— <1.
H<n 2021 aa X0
For (z,y) € Dy we have
G (0) = —h+k [( I ) 11—z <o,
1—z+y| 1—a+|yl 1—a+|yl
which follows from
1-— 1-—
k|<h 2———2 >1 and ——~ <1,
1—x+ |y 1—x+ |yl

If (z,y) € D2, then G"(0) = ¢~ (k? — h?) < 0. If (x,y) € Dg, one easily checks
that
G"0)=(z+y—1)*(h+k)(—z—2y+1)h+ (z — 1)K]

is nonpositive, as |k| < h and —z —2y+1<1—2 < 0. If (z,y) € D%, then
G"(0) = K(z +y)~*(h + k)[h(—2 — 2y) + k] <0,

since |k| < h and —x — 2y < —2 < 0. Finally, on D§, G”(0) = —Kz~'h? < 0.
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Now we will prove (4.48). Since U, is continuous, it suffices to show that for
y > ¢ we have

Us(1—,y) > Uz (1+,7). (4.50)
However,
U(1.y) = L oslS5TY] —a—1 it ye(ca/2a+1)),
SARRL U P exp[—22tly +1] if y > a/(2a+1)

is nondecreasing as a function of y, while

Ua(14.5) = {— log|y] — K —log(K —1) if y € (e, (K ~ 1))
-K if y>(K-1)
is nonincreasing. Consequently, it suffices to check (4.50) for y = ¢, and an easy
computation shows that for this choice of y both sides of the estimate are equal.
Finally, we see that (4.49) can be rewritten as U, (0+, y) + o|U, (04, y)| <0,
and we easily check that in fact we have equality here. ]

The initial condition reads
3° If ly| <z, then U(z,y) < L(K, a).

To show it, we use the previous lemma: the function ¢ — U (xt,yt) is concave and
since U (0+,0) = U,(0+,0) = 0, it is nonincreasing. Hence U(z,y) < U(0,0) =
L(K, ). Thus, by Burkholder’s method, (4.44) follows; the necessary integrability
can be verified by a bit lengthy but straightforward computations (for analogous

argumentation, see the proof of the logarithmic estimate in the martingale setting).
O

Sharpness, K > Ky. Let ¢ > 0. We will show below that there exist a sub-
martingale f taking values in [0, 1] and g, which is a-subordinate to f, such that
llg|l1 > L(K, a) —e. For such a pair, we have ||g||1 — K sup,, Ef, log™ f,, = ||g||1 >

L(K,a) — ¢ and hence the constant L(K,«) in (4.44) cannot be replaced by a
smaller one. See Theorem 4.16 below. g

Sharpness of (4.44), 1 < K < K. This is quite involved. Suppose that the in-
equality (4.44) holds with some universal constant S(K, «) and let

UO(x’ y) = Sup{]E‘gn‘ - K]Efn IOng fn}a

where the supremum is taken over all (f,g) starting from (z,y) such that f
is a nonnegative submartingale and g satisfies |dg,| < |dfnl|, [E(|dgn|Fn-1)| <
aE(df,|Fn_1) foralln > 1. Forx >0,y € R, let A(y) = U°(0,vy), B(x) = U%(z,0)
and C(y) = U%(a/(2a+ 1),y — a/(2a + 1)). Clearly, A is even. We split the re-
maining part of the proof into a few intermediate steps.
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Step 1. We start with the observation that for any x > 0 and y € R,
Uz, y+6) <U°z,y) + 6. (4.51)

To see this, take (f, g) as in the definition of U®(x,y + d), and observe that by the
triangle inequality,

E [|gn| - KntOng fn] <E [|<gn _6)‘ - vanl()gjL fn] +0 < UO(x’y> +4

and it suffices to take the supremum over (f,g).
Step 2. We will establish the bound

B(K/(K-1)) =2 -K/(K —1). (4.52)
To this end we introduce the function W : [1,00) x R — R by the formula

W(z,y) = [U°(Az, Ay)/ A + Kz log AJ.

inf
A>1/x
This function enjoys 1°, 2° (with obvious restriction to the domain of W) and is
finite. Indeed, 1° is a consequence of the fact that for any z > 1 and A > 1/x,
Uz, \y) /A + Kzlog A > |y| — K xlog(Ax) + Kzlog A = V(z,v).

To prove 2°, one shows that for any (z,y) € (1,00) x R and any € > 0 there is
0 > 0 such that if a € (0,6) and z — a > 1, then

W(z,y) > W(x+a,yta)+W(x—a,yFa))/2—ec.

Furthermore, W has the following homogeneity-type property: for any x > 1, y €
Rand p>1/x,

W(pz, py) = pW(z,y) — Kpxlog p. (4.53)
By properties 1° and 2°, we have, for x = K/(K — 1),
K¢ x
> l,z—1 5, —0
W(w,0) 2 ——=W(la — 1) + ——=W(a +6,-9) s
S RS S S |
STy Ko e+ ks TO
and
Ko (K—=1)(x4+20) z+26
—8) >
W(x+ 9, 6)_:1:+26W( e R
xr+20— K6
_ 2
T W (x4 26,0)
Ko [x+20 (K —1)(z 4 29)
> e _ ASYA Sl b4
_a:+26{ 7 (K 1)(m+26)log( e
r+20— K6

2
T W (x4 24,0)
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Ké [z+26
w+26{ 7 (Kl)($+25)log(

r+26— K6 {x+25

(Kl)}§x+25))]

W(x,0) — K (z + 26)log (1 + 2;5)] :

x + 26 T

where in the last passage we have exploited (4.53). Insert this into (4.54), sub-
tract W (x,0) from both sides, divide throughout by ¢ and let § — 0. We obtain
W(z,0) > —K/(K —1). The final observation is that W (z,0) < U°(z,0), so (4.52)
follows.

Step 3. Now we will prove that

Blc+1)> —ca—(a+1)/(2a +1). (4.55)
To this end, note that by the properties 1° and 2°, for any x > 1,

§ T —
U(l,z — 1)+ ————U -
1,z )+x71+5 (x + 4, —9)

Uz +6,—0)
r—1+96

> -
B(x)_x71+5

d(x—1)

_m+($—l)

and

1) r—1+96

N> - - —(r — = -7
Ule +6,-8) > —scU(L ~(z = 1+ 26)) + ———T5<B(x +20)

T+ 20
z—14+6
Combining these two estimates we obtain, after some manipulations,

B(x) S B(z + 20) 26 5%z

r—1"2+20—1 x-1 (z—1+68)(x—-1)

>0+ (z—-1)B

so, by induction,

B(z)  Blw+2N)) +N ! 82(x + 2k6)

r—1" z4+2N6—-1 £ Lc—i—?ké—l (x+ 2k+1)6—1)(x +2kd—1)

o

Now set z =c+1, 6 = (&5 — ¢ —1)/(2N) and let N — oo to obtain
Ble+1) 2 o(K — )B(K/(K — 1)) - clog(e(K — 1)),

K/(K-1)

as the sum converges to the integral [ (r — 1)~ tdz = log(c(K — 1)). Now

(4.55) follows from (4.52) and (4.42).
Step 4. The next step is to establish the bound

Blc— 2a+1)7) ﬁfl(c —(2a+1)7)
c2a+1) — ale+1)  (a+1)2 (4.56)

c(2a+1)+a T a1 Zat 1)y
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We proceed as previously. Using the concavity of ¢ + U°(t,c — (2a +1)71 —#)
and t — U%(t,c+ 1 —t) we can bound B(c — (2 + 1)~ 1) from below by a convex
combination of A(c — (2a+ 1)71), B(c+ 1) and U°(1,¢). It suffices to use (4.55)
and U°(1,¢) > V(1,c¢) = ¢ to obtain the desired inequality.

Step 5. Now we will deal with the estimate

20 +2a -1 2a(a+1) Blc—(2a+1)""

Alc—(2a+1)"H >
(c=Qat+1)7) z e+ —5 7 c(2a +1)? (20 +1)

. (4.57)

This is the most elaborate part. We will show the inequality only for a > 0; the
case o = 0 can be treated similarly. Use 2° to obtain, for any y > ¢ — (2 + 1)1
and 0 < 6 < a,

Ay) > U6,y + ad) > 2a+ 1)0C(y + (a + 1)d)/a

+(a— (2a+1)5)A(y + (a+1)d)/a. (4.58)
Similarly, using (iv) and (i), one gets
Cly+(a+1)d) > 2o+ 1)dy/(2+ 2a +1)d) +6/2
2a+1)(a+1)8 200 — 2o+ 1)(a +1)8
o2+ 2ot W T @+ CW
(4.59)

Multiply both sides of (4.58) by

A= (2a+3+/(2a+1)2 —45(2a + 1)) /(4 + 26(2a + 1)).
and add it to (4.59) to obtain, after some manipulations,

(A(y) =) — (Cly) —y)v2 2r[(Aly + (@ +1)0) — (y + (o + 1)d))n
(Cly + (a+1)8) = (y + (. +1)0))y2]  (4.60)
(

+(A=1)(a+1)5+d/2
where
_y s (a+1)(2a+1) 20— (a+1)(2a +1)8
NEAT G a1 T T aR+oRa+ 1)
and
(2+0(2a+1))(a = A(2a +1)d) (2a +1)(2A — (2 + 1))
T 2@+ D@atre 0 ° 2 +0(9).

By induction, (4.60) gives, for any integer N > 1,
(A(y) —y)n — (C(y) —y)rz = Y [(Aly + N(a +1)8) — (y + N(a +1)8))m
—(Cly+ N(a+1)8) = (y + N(a+1)d))72]
+[A=D(a4+1)5+6/2] (N —1)/(r —1).
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Now fix z > y,set § = (z—y)/N (here N is sufficiently large, so that § < «/(2a+1))
and let N — oo. Then 3 — a+ 1, 79 — 1 and ¥ — exp[(y — z)%}, so we
obtain, after some computations,

(4) =)0+ 1) = (Cl) = 9) Zexp |y = ) gt | [(A) = 2)(a+ 1)
—(C(2) — 2) — a2a(a + 1) +1)/ (2 + 1)]
+aa(a+1)+1)/(2a+1).

Now let z — oo. Since A(z) = U%(0,z) > V(0,z) = z and, by (4.51), C(z) <
C(0) + z, we obtain

(Ay) —y)(a+1) = (Cly) —y) 2 aafa +1) +1)/(2a: + 1). (4.61)
Take y = ¢ — (2a + 1)~! and use the following consequence of 2°:
aB(c—(2a+1)"Y  c(a+1)—(a+1)
c(2a+1)—1 c(2a+1)—1
As a result, we obtain (4.57).
Step 6. The last inequality we need is

(a+2)U%0,0) > (a+ 1)A(c — (2a+ 1)) + B(c — (2a+1)71). (4.62)

Clc—(2a+1)"1 > Alc—(2a+1)71h).

Fix a positive integer N and let § = (c— (2a+1)71)/N, k < N. Arguing as above,
one can establish the inequalities

S Ela+1)+a B((k+1)(a+1)9)

A(k(a+1)0) > mA«k +1)(a+1)d) + EICES) (4.63)
and
2k(a+1) +
B(k(a+1)0) > GE+ )k + Dot 1)A((k: +1)(a+1)9) o

1 ’
kDt D)+  kt1

Multiply (4.63) throughout by o+ 1 — (2k+1)~! and add it to (4.64). After some
manipulations, one obtains

(a+ D[Ak(a+1)6) — A(k+ 1)(a+1)d)] + B(k(a + 1)) — B((k+ 1)(a+ 1)9)
> (A(k(a+1)8) — A((k +1)(a+1)8)) /(2k + 1) > (e + 1)5/(2k + 1),
where the latter inequality follows from (4.51). Write the above estimate for k =

+

B((k +1)(a + 1)d).

0,1,2,..., N—1 and add the obtained inequalities to get
(a+1)A0) + B(0) > (a+ 1)A(c— 2a+1)"Y) + B(e— (2a+1)71)
N-1

+la+1)5 )Y (2k+1)7"

k=0
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It suffices to let N — oo to obtain (4.62); the last term in the estimate above
tends to 0, as it is of order N ! log N.
Step 7. Combine (4.56) and (4.57) to get

Alc—2a+1) ™ >c—Ra+1) " +a+(a+1)/(c(2a+1)?),
Blc—(2a+1)")>a+1-ca.

Plugging this into (4.62) yields U°(0,0) > L(K, «). Now use 3° with z = y = 0 to
complete the proof. O

On the search of a suitable majorant. Some arguments will be similar to those
used in the analogous search in the martingale setting: see Subsection 3.6.2 in
Chapter 3 above. However, the reasoning will be much more complicated. We shall
focus on the case 1 < K < Kj and a € (0,1]. We let V(z,y) = |y| — Kzlog" z
and consider the function

U%(z,y) = sup{EV (fn, gn)},

where the supremum is taken over appropriate parameters. Clearly, it suffices to
find the special function on the first quadrant [0, 00) x [0, 00).

Step 1. Let us try to gain some understanding of what the set {U° = V'}
should look like. As in the martingale setting, it is natural to conjecture that it is
of the form {(z,y) : |y| > v(x)} for some curve . However, it readily turns out
that it is not exactly the case. Namely, because the function z — zlog™’ z is not
differentiable at x = 1, it can be seen that if |y| is sufficiently large, then U°(z,y) =
V(z, 7). Loosely speaking, it is not possible to increase ||g||1 with keeping Ef log™ f
small at the same time. This gives rise to the following assumption.

(A1) Thereis ¢ = ¢(K, «) such that U(z,y) = V(x,y) for |y| > c. Furthermore,
there is v : (1,00) — R such that for > 1 we have U(z,y) = V(x,y) if
and only if |y| > v(z).

Step 2. Further assumptions. As usual, we shall impose a kind of a regularity
condition on U. However, since V is not of class C!, because of the line z = 1, it
seems plausible to assume that

(A2)  The function U is continuous on [0, 00) x R. Furthermore, it is of class C"*
on the set (0,00) x R~ [{1} x ((—o0, =] U [¢,00))].

Now it is time for structural assumptions. After many experiments and calcula-
tions, one conjectures that the set [0,00) x [0, 00) should be divided into regions
Dy — Dg which look similarly to those on the upper part of Figure 4.1. Here we
do not specify any parameters of these domains: we only take the “peak” of Dy
to be equal to (1,c¢). Next, some further experimentation leads to

(A3) U is linear along line segments of slope —1 contained in D;, Dy, D5 and
Dg, and linear along line segments of slope 1 contained in D3 and Dj.
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Furthermore, as in the case of the weak type estimate for nonnegative submartin-
gales, we impose the condition

(A4)  U,(0+,y) + aUy(0,y) = 0 for y > 0.

We have that
0Dy NOD3 = {b} X [C-‘rb— 1,00)

for some b € (0,1). In order to determine b, we need additional information on
U: the above conditions (A1)—(A4) do not help. Namely, one requires additional
smoothness of U at the boundary 0Dy N dD3. To state the assumption, we need
the function G : [-b,1 —b] = R, given by G(s) =U(b+s,y—s) (y >c+b—11is
fixed). Note that according to (A3), G is linear on [—b, 0] for any such y.

(A5) Foranyy>c+b—1,G"(0)=0.

Step 3. Determining of v and U on D5 U Dg. This is similar to the analogous
calculation in the martingale setting: in fact, the formula for 7, and the formula
for U on Dg turn out to be the same.

Step 4. Determining of U on Dy U D3. Let A(y) = U(0,y) and C(y) =
U(b,y —b), y € R. The assumption (A3) gives

h—
Ulz,y) = %C(x +y)+ TxA(:v + ), (4.65)
for (x,y) € Da, and
r—b 1—z
U(z,y) = Ul,—z+y+1)+ Cly —z +2b)
10 1-b
z—0b 1—2 (4.66)

for (z,y) € Ds. Here we have used the first part of (Al). Now, (A5) combined
with (4.66) yields the differential equation

1-C b
from which it follows that
C(y—l—b):y—i—Klexp(—%)—i—Kz, y>c+b—1,

for some constants K7 and Ks. Next, by (A2) we have U, (b—,y) = U, (b+,y) for
y > c+ b— 1, which gives

Aly+b)—Cy+b) 1—-b+y—Cy+b)
b + 1-0 ’

2C'(y +b) =
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or
K,
1-6"

1-2b Y
A(y+b)7K1 1-b exp (m) +y+b+

Finally, (A4) and (4.65) imply the differential equation

Cly) — Aly)
b

and plugging the above formulas for A and C' gives

+ (a+1)A'(y) =0,

a ala+1)
- d = K,=29"2)
20+ 1 an 2T O t1

Next, by (A2), we get the connection between K7 and ¢, by means of the equal-
ity Uz(1—,¢) = Ugy(1+,¢). By the formula for U on Ds, which we have already
obtained in the previous step, we get

a+1 2041
Klz(—a—i—log(C(K—l))—l—K)-2a+1exp<—1+ ] c).

Step 5. Determining of U on Di. Arguing as in the proof of the weak type
estimate, we compute that U is given on D; by

Uz,y) = ar(e + [y) /D (= (a+ Dz + [y]) + az,

where aj, as are some constants. Using (A2) and the formula for U on Da, we get

ai

20+ 1— K —log(c(K —1)) o 1 —1/(et1)
B oa+2 20+ 1

and

aQZ[_a+log(C<K—1))+K]< = <C : >>

20+1  a+2\ 2a+1

1 1 1
+ c— — .
a+2 20+ 1 20+ 1
Step 6. Determining of U on D4 and the value of c¢. The formula for U on
D, is obtained by the arguments used previously (for example, we can derive the
differential equation for U(-,0) on (c— (2a+1)~1,¢)). The only thing which needs

to be explained is how we get the equation (4.42), since, so far, the expressions
for U on D1 U Dy U D3 U Dy depend on c. This is simple: by (A2) and (A3),

1 1 « a+1
U (0,c———) -1, (0,c— U, (e+—2—,
< ¢ 2a+1> y( ¢ 2a+1> <c+2a+1 2a+1)

1
+Uw<c+ o o+ ),

20+ 1" 200+ 1
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which follows from the fact that the points (0, c— 2a+1) and (c+ g0, — 2a+1) lie
on the line segment of slope —1, contained in D; U —Ds. The left-hand side and
the right-hand side of the equahty above can be computed by the formulas for U
on Dy and D5, which we have already provided. We obtain

bl

K +log(c(K —1)) — 20— 1 =1 — (loge+ K +log(K — 1)) — (c O‘“> 2
C

20+1/) ¢

which, after simple manipulations, becomes precisely (4.42). This completes the
search. 0

4.6.3 Proof of Theorem 4.13

Proof of (4.45). We simply extend one of the special functions used in the proof
of (4.44) to a function on the whole R x R. Specifically, let V' : R x R — R be given
by V(z,y) = Vk(|z|,y) = |y| — K|z|log™ |z|. The corresponding special function
U:R xR — Ris given by U(z,y) = Uk, 0(|z|,y), where Uk o was defined above.
Then the function U satisfies 1° and the appropriate versions of the conditions
2° and 3°. This follows immediately from the analysis presented in the previous
subsection and the fact that (Uk ), (0+,y) = 0 for all y. Thus, (4.45) follows. O

Sharpness. This can be shown in a similar manner as previously. We omit the
details and refer the interested reader to [149]. O

4.7 Inequalities for bounded sub- and supermartingales

4.7.1 Formulation of the results

Theorem 4.14. Let « € [0,1]. Suppose f is a submartingale satisfying ||f]lco < 1
and g is an adapted sequence of real-valued random wvariables which is a-subord-
inate to f. Then for A > 0 we have the sharp inequality

P(lg|" > A) < Ux(=1,1), (4.67)

where Uy is given by (4.72), (4.73) or (4.75), depending on whether A € (0,2],
A€ (2,4) or A > 4. In particular, for A > 4,

P(lgl* > A) < ye M (2o2), (4.68)
where

1+«
200+ 4

’y:

(a4 1+ 27 5%1) (L)
exp i)

We turn to the ®-inequalities for a-subordinates of bounded submartingales.
To be consistent with the literature, we present the results in the case when the
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dominating processes f are nonnegative, but an easy argument can be used to
transfer these to general bounded f. See Remark 4.4 below.

Let ® be a nondecreasing convex function on [0, 00), which is twice differen-
tiable on (0, 00) and such that ®’ is convex on (0,00) and ®(0) = ®'(0+) = 0.

Theorem 4.15. Let o be a fized nonnegative number. Assume that f is a non-
negative submartingale bounded from above by 1 and g is an adapted sequence of
‘H-valued random variables which is a-subordinate to f. Then for ® as above,

|gnl 1+ /Oo —t
E < . 4.
sup D <a+1 <570l D(t)e "dt (4.69)

The inequality is sharp, even if H = R.

For ® as above, but &’ is concave on (0,00), the optimal constants are not
known. However, we will establish a partial result in this direction: the following
sharp L! inequality.

Theorem 4.16. Let o be a fixed nonnegative number. Assume that f is a nonneg-
ative submartingale bounded from above by 1 and let g be an adapted sequence of
real-valued random variables which is a-subordinate to f. Then

(a+1)(2a2 4+ 3a + 2)
2o+ 1)(a+2)

gl < (4.70)

and the bound is the best possible.

4.7.2 Proof of Theorem 4.14

Proof of (4.67). The special function corresponding to our problem admits three
different formulas, depending on the value of X. Let S denote the strip [-1,1] x R
and consider the following subsets of S. For 0 < A < 2,

Ax={(@,y) € S:jylzz+ 11},

By={(z,y) e S:1—ax<|y <z+ -1},

Or={(z,y)eS:ly/<l—=z and |y|<z+X—1}.

For A € (2,4), define

Ax=A(z,y) €5: |yl =z ax + A —a},
By={(z,y) e S:axz+A—a>yl >z -1+ A},
Cr={(z,y)eS:z—1+A> |y >1—xa},
Dy={(z,y)eS:1—x>y|>—-x—3+X and |y| <z —1+ A},
Ey={(z,y) € S:—xz—-3+X1> |y|}.

Finally, for A > 4, let
Ay ={(z,y) € S: |yl > ax+ X — a},
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Figure 4.2: The sets Ay — E), intersected with R%r, in the case A < 2

(left picture), 2 < A < 4 (middle picture) and A > 4 (right picture).

By={(z,y)eS:ax+A—a>y| >z —1+A},
Cx={(z,y)€S:x—1+A>y[> -z -3+ ]},
Dy={(z,y) €S:—x—3+A> |yl > 1z},
E\={(z,y) €S:1—z>|y|}.

Let V(z,y) = ly>xy for (z,y) € S. Let H : S x (=1,00) — R be the

function given by

H(z,y,z) =

at2 (1 + 2)@+2)/(a+D)

Now let us define the special functions Uy : S — R. For 0 < A < 2, let

1 if (x,y) € A,
U)\(l’,y) = Hi:iiai‘y‘ if (x,y) € B)\a
1— (A*1+I*|y|))\g>\*1+z+|y|) if (z,y) € Ch.

1 I (@ + 14D V(0 + Dz +1) - \yl)]

(4.71)

(4.72)
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For 2 < X < 4, set

1 if (:Evy) € A)\a
17(0&(1’71)7|y‘+)\)2§\—;4 if (Iay)EB)\a
—2x —z)(l—a)(A— .

UA(.’E,y) = 1+§73207|y| - )(1)\2 - ) ) if (l',y) € Cy, (473)
2(1;1) {1 _ (1704))\()\72)} _ (kzg\;m if (z,y) € Da,
a)\H(l’,y,)\73)+b)\ if (l’,y)EE)\,

where )
2(1 A—2 4(A=2)(1 —
ar = — 20 F A 27 O‘ig o o1 X A); @) (4.74)
For A > 4, set
if (:Evy) € A)\v
e if (2,9) € By,

Un(a,y) = { Tty — it (r,9)€Cx,  (4.75)
(1790)4(1+04) exp <3+Za§;rfl\;k> if (z,y) € Da,
aAH(x7y71)+b)\ if (:Evy) S E)u

where a ) L
+ a —
ay = —by=— 5 exp(2a+2>. (4.76)

Now let us study the properties of U). For the sake of clarity, we have decided
to group these into two lemmas.

Lemma 4.5. For A > 2, let ¢, ¥y denote the partial derivatives of Uy with respect
to x, y on the interiors of Ax, Bx, Cx, Dx, E\, extended continuously to the
whole of these sets. The following statements hold.

(1) The functions Ux, A > 2, are continuous on S~ {(1,£\)}.
(ii) Let

Sy={(x,y) e [-L1]xR:|y|Aax+A—a and |y| #xz+ A —1}.

Then
Ox, Wx, A > 2, are continuous on Sy. (4.77)

(ill) For any (x,y) € S, the function X\ — Ux(z,y), A > 0, is left-continuous.
(iv) For any A > 2 we have the inequality

Px < —alyl. (4.78)

(v) For A > 2 and any (x,y) € S we have V(z,y) < Ux(z,y) < 1.
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Proof. We start by computing the derivatives. Let y' = y/|y| stand for the sign of
y, with ' = 0 if y = 0. For A € (2,4) we have

0 if (x,y) € Ay,
— @t if (z,y) € By,
ox(@,y) = { — Tty + G290 it (z,9) € Cy,
-2 [1 - (1*“}“*2)} + 2050) if (z,y) € Dy,
—ea(@ +lyl + 1)@+ 1+ 5550y i (2y) € B,
0 if (z,y) € Ay,
2)}\—;4?/ if (z,y) € By,
(T, y) = ﬁy’ if (x,y) € Cy,
b if (2,y) € Da,
ex(z + |y + 1)—0/(a+1)1+La if (x,y) € Ey,
where
ex =2(1+ a)(\ — 2)2/ (@t =2,
Finally, for A > 4, we have
0 if (x,y) € Ay,
-9 if (z,y) € By,
ox(z,y) = 4 — Tt + 152 if (z,y) € Ch,
_x+18+2a exp zt\(y{lﬁ;A) it (z,y) € D,
—ea(@ +lyl+ 1) @+ 1+ 555l i (2y) € B,
0 if (z,y) € Ax,
iy’ if (x,y) € By,
Ua(z,y) = T Y if (z,y) € Cy,
(1;0-) €xXp (wg‘(yclif)_)\)y/ if (v,y) € Dx,
ez + |y + 1)—0/(a+1)1+La if (x,y) € Ey,
where
_ ~(2043)/(a+1) A-A
= (14+a)2 eXp(Z(aJrl))'

Now the properties (i), (ii), (iii) follow by straightforward computation. To prove
(iv), note first that for any A > 2 the condition (4.78) is clearly satisfied on the sets
Ay and By. Suppose (z,y) € Cy. Then A—|y| € [0,4], 1—2z < min{\—|y|, 4—A+]y|}
and (4.78) takes the form

2\ —4

—200 =yl + =

1—a)1—z+X—|y)?+2a(1 —2) <0,




188 Chapter 4. Sub- and Supermartingale Inequalities in Discrete Time

or
1,
20 =)+ = (I + A=)’ +201-2) <0, (479)

depending on whether A\ < 4 or A > 4. As (2\A — 4)/A? < 1, it suffices to show
(4.79). If A — |y| <2, then, as 1 —z < X\ — |y|, the left-hand side does not exceed

2=yl + (1= a)A=[y)? +2a(r~[y]) = (A= ly)(=2+ (1 - a) (A~ |y)) +20a)
<A —ly)(=2+2(1—a)+2a)=0.

Similarly, if A— |y| € (2, 4], then we use the bound 1 —x < 4— A+ |y| and conclude
that the left-hand side of (4.79) is not greater than

2N —Jy)+4(l—a)+2a(d —X+y]) = 22—y —2)1+a) <0

and we are done with the case (z,y) € C\.
Assume that (z,y) € Dy. For A € (2,4), the inequality (4.78) is equivalent to

2[1_ (L-a)A=2)7  2-2 _ 2afy

D) A A2 — a2

or, after some simplifications, a|y| + 1 — 2 < 2+ aX — 2a. It is easy to check that
aly] + 1 — z attains its maximum for = —1 and |y| = A — 2 and then we have
equality. If (z,y) € Dy and A > 4, then (4.78) takes the form —(2a + 1+ z) <
—a(l —x), or (x + 1)(a+ 1) > 0. Finally, on the set Ej, the inequality (4.78) is
obvious.

(v) By (4.78), we have ¢ < 0, so Ux(z,y) > Ux(1,y) = X{jy|>a}- Further-
more, as Uy(z,y) = 1 for |y| > X and ¢¥x(z,y)y’ > 0 on Sy, the second estimate
follows. .

Lemma 4.6. Let x, h, y, k be fixved real numbers, satisfying x, x+h € [—1,1] and
|k| < |h|. Then for any A > 2 and o € [0,1),

Proof. 1t suffices to show that the function
G(t) = Gayni(t) = Us(z +th,y + tk),

defined on the set {t : |x + th| < 1}, satisfies G’ (0) < 0 if the derivative exists,
and G’'(0—) > G'(0+) otherwise. Clearly, we may assume that h > 0, changing
the signs of both h and k if necessary. Due to the symmetry of Uy, it suffices to
consider y > 0 only.

We start from the observation that G”/(0) = 0 on the interior of Ay and
G’ (0) < G"(0) for (z,y) € Ax N By. The latter inequality holds since Uy = 1
on Ay and Uy < 1 on B,. For the remaining inequalities, we consider the cases
A € (2,4), A > 4 separately.
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The case X € (2,4). The inequality G”(0) < 0 is clear for (z,y) lying in the
interior of By. On C'), we have

LA KA —y) — kA - o) (4.81)

G'(0) = AI—z—y+Ar)3 =

which follows from |k| < h and the fact that A\—y > 1—z. For (x,y) in the interior
of D)\,
—h% + k?

= =0
as |k| < h. Finally, on E), the concavity follows from the fact that the function H
has this property: see the proof of the weak type estimate (4.12).

It remains to check the inequalities for one-sided derivatives. By Lemma 4.5
(ii), the points (z,y) for which G is not differentiable at 0 do not belong to Sj.
Since we excluded the set Ay N B, they lie on the line y = x — 1 + A. For such
points (z,y), the left derivative equals

G// (O)

2\ —4
GL(0) =~

while the right one is given by

(ah — k),

“htk (22 —4)(1-a)h

CL0) = g+

or

2h 1-a)(A=2) 2(1 — z)h + 2yk
4 _— —_— — J—
G0 == 1 )+ 22 !
depending on whether y > 1 — z or y < 1 — z. In the first case, the inequality
G' (0) < G"_(0) reduces to

1 2\ —2)
(h’k)<2(x—y) DY ) 20,

while in the remaining one

2

S =)y~ (A= 2) >0,

Both inequalities follow from the estimate A — y < 2 and the condition |k| < h.
The case A > 4. On the set B) the concavity is clear. For C), (4.81) holds.
If (x,y) lies in the interior of Dy, then

() = %eXp (3 Zfa—:gl)_ A) [2(1(111:1) ()= (2_;3)(’12%’“)} =0,

since |k| < h and (1 —x)/(a + 1) < 2. The concavity on FE) is a consequence of
the appropriate property of H. It remains to check the inequality for one-sided
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derivatives. By Lemma 4.5 (ii), we may assume y =  + A — 1, and the inequality

G' (0) < G"(0) reads ' , )
“h—k)— —Z) >
Z(h k)</\—y 2)‘0’
which is obvious, as A —y < 2. O

Now we are ready to establish the inequality (4.67). We have checked that
the functions Uy, V) satisfy 1° and 2°. Furthermore, we have that U, > 0 for
y > 0 and U, < 0 on S. Consequently, we have the following version of the initial
condition:

3° U)\(xay) < U)\<_1? 1) if |y‘ < ‘LE‘
This establishes (4.67). O

4.7.3 Sharpness of (4.67)

We will deal only with the case A > 4, since the remaining cases can be studied
in a similar manner. Let

U°(z,y) = supP(|gn| > N),

where the supremum is taken over all n and all appropriate f and g. Let A(y) =
U%(—1,y) and B(z) = U%,0) for all x € [-1,1] and y € R. Note that U%(1,y) =
L{y|>a}, directly from the definition.
Step 1. First we will show that
1
AN —2) > % (4.82)
This follows immediately from 2°, if « = 1: A(A—2) > U%(1,\) = 1. If a < 1,
then, for § < (1 —a)/(1 + «),

AN =2) > U%=1+8,)A—2+ad)

> <1—g>A(/\—2+(a+1)6)+gUO(l,)\—?)—i-(a—i—l)(S)

1- > (1+a+16)\2+(a+1)5+ Ha)
1 11—«

(-3
(

> (1 > { a+1)6U0(1,)\)+ (1 _ M) A()\Q)}
(1-

0) [fmss i (- Mﬁi )
21— ) 21— ) '

Subtract A(A—2) from both sides, divide throughout by § and let § — 0 to obtain
(4.82).
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Step 2. Now we will prove that

a+1 A—4
> — . .
A(2) > 5 eXP ( Yo T 2> (4.83)

To do this, note that for any y € [2,A — 2] and § < 1,

A= (1-5) A+ e+ 1o

(see the above chain of equalities and inequalities for the case y = \). Let N be
a positive integer and put § = (A —4)/(N(a + 1)): here N must be so large that
6 < 1. The above inequality, by induction, gives

A@2) > (1 - g)NA()\ —2)

and letting N — oo yields (4.83).
Step 3. The next move is to establish the bound

Bly—1) = (a+D(AQR) - Ay)), [yl <2 (4.84)

To do this, we repeat the arguments leading to (4.21); however, we replace B(y)
by B(y — 1) there, and obtain the bound

(a+1D)[A(y+(a+1)d) - Ay)|+By+(a+1)d)—By) < ;AW ﬂ;y(‘r;;if)l)éfl(y)

Now, if N is a (large) positive integer and we let § = (2 — y)/((a + 1)N), then
writing this inequality for y, y + (o + 1), y + 2(« + 1)d, ..., y + (N = 1)(a+ 1)é
and summing the obtained estimates, we get

(a+1)(A(y) — A(2)) + B(y — 1) = B(1)
N— 1
L 53~ Aly+ (k4D (a+1)5) — Aly + k(o + 1))

2y + (e + 1)

We have B(1) = 0 and letting N — oo we easily check that the sum on the
right-hand side converges to 0. This yields (4.84).
Step 4. This is the final step. Let y € [1,2]. By 2°, we have

1) 1)
Ay) > U146,y + ad) > QB(y +(a+1)6—-1)+ <1 — 5) Ay + (a4 1)6),
which, combined with (4.84), gives

o
Ay) > )A(2) + <1 -

y(a+2
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This can be rewritten in the equivalent form

A) - 22A0) 2 (1 - @) (A(y +(a+1)5) - ZI;A(Q)) .

Assume that § = (N(a+1))~!, where N is a large positive integer, and apply this
inequality toy =1,y =1+ (a+1)J, ..., y =14+ (N — 1)(a + 1)d. Multiplying
the obtained estimates gives

N-1

a+1 a+2)6 a+1
A(l)aIQA(Q)Zkli[O(l%)(A(?)Q—LA(Q)).

Now if we let N — oo, a straightforward analysis gives that the product above
converges to 2~ (@+2)/(@+1)  Consequently,

A(2)
a+2

A1) > a+1

A(2) + 92— (at2)/(a+1) |
Ta+2 @+

Note that after applying (4.83), the right-hand side above coincides with the right-
hand side of (4.68); thus the claim follows, directly from the definition of A and U°.

On the search of the suitable majorant. This is more or less analogous to the
search in the martingale case. By experimentation, one splits the strip [—1,1] x R
into regions Ay, B), ... and conjectures linearity of the special function along the
lines of slope —1 or 1. We omit the details: however, see the papers by Hammack
[87] and the author [127]. The examples constructed there can be used to derive
U° directly. O

4.7.4 Proof of Theorem 4.15

Proof of (4.69). Let S = [0,1] x H and consider V : S — R given by V(z,y) =
o <M> The special function U : S — R, corresponding to the ®-inequality, is

a+1

defined by the following formula. If z + |y| < 1, then

Ol (ot D)t |y>1/<““>} w (),

Ues) = |55+

while for z + |y| > 1,

o T+ |yl + o r4yl+a
Uz,y)=(1 x)\P<7a+1 )erq)(ia—i—l 1).

Here, for t > 1,
U(t) = et/ O(s —1)e *ds.
t
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Lemma 4.7. Let F(t) = U(t) — ®(t — 1), t > 1. Then F'(1+) = F(1) = ¥'(14) =
W(1) >0, F(t) >0, F'(t) >0, F"(t) > 0 and F(t) < tF'(t) fort > 1.

Proof. The first assertion is evident. The next three inequalities follow from the
fact that ®, ® ®” are increasing, applied to the identities

V' (t) = e /too d'(s — 1)ds, U (t) = et /too d"(s —1)ds.

Finally, we observe that lim; ; tF'(t) — F(t) = F'(1+) — F(1) = 0 and (tF'(t) —
F(t)) =tF"(t) > 0: this establishes the last inequality. O

Lemma 4.8. The function U is of class C' in the interior of S.

Proof. We compute that

2 .
~0(1) (o + G2y ) @+ Iy~ i a eyl <1,

Us(z,y) = ot
and
V() (z + Jy) /ety if 2+ |yl <1,

Uy(x, y) = { ([H_ll

v (e ) - o P () [y oyl > 1.

It remains to note that the partial derivatives match at the boundary {(z,y) € S :
x + |y| = 1}. Furthermore, observe that U, and U, can be extended to continuous
functions on the whole strip: denote the extensions by A and B, respectively. O

Now let us verify the conditions 1°, 2° and 3°. Since U, < 0 (see the formula
above), we have

Ue.s) 2 U =2 (1) = V).

To show 2°, observe that

—U(Da(z+ y)) =D i z+Jy| <1,

A ) B i = xr [e3 s
(z,y) + a| B(z,y)| {xF,( Holt ) itz 4y > 1

is nonpositive. Now, fix z € [0,1], h > 0 and y, k € H and consider the function
G = Guynr defined as usually. Then G is of class C?, satisfies G”(0) < 0 if
x+|y| <1 (see (4.15)) and, for x + |y| > 1,

G'0)=T+II+III+1V,



194 Chapter 4. Sub- and Supermartingale Inequalities in Discrete Time

where
T
1=t (L) e
III:7<1fa)2F” <Hli|(ja) (h+y' k),

1V = e |l P () (T e ),

Thus, G”(0) < 0 if |k| < |h|; to see that the expression in the square brackets in
IV is nonnegative, use the last inequality from Lemma 4.7:

F<x+|y+a) < x+|y+aF,<x+|y+a) §<x+|y>F,<x+|y+a).

1+« 1+« 1+« 1+«

Consequently, 2° follows. Applying this condition yields 3°:

1 o0
Uz, y) < U(0,0) + A(0,0)z + B(0,0)y < U(0,0) = 21—3 o(t)edt.
0
The necessary integrability holds and therefore (4.69) is established. O

Sharpness. Let U : S — R be given by

Uo(x,y) = sup E® (—13?04) ,

where the supremum is taken over all n and all appropriate processes f, g. Denote
A(y) = U°(0,y) and B(x) = U°(x,0) for all z € [0,1] and y € R.
Step 1. First we will establish the bound

A(l) > /OO e ®(s)ds. (4.85)

To do this, suppose that y > 1 and § < 1. We have, by 2°,

Aly) > U6,y + ad) > (1 = 8)A(y + (a4 1)8) + U (1,y + (a +1)6 — 1)

y+(a+1)51)’

(15)A(y+(a+1)5)+5‘1’( 1+ a

since there are no nontrivial submartingales bounded by 1 starting from 1. Con-
sequently, by induction,

N
A1) = (1= O)NAL+ N(a+1)8) + 5 (1= 8)F (ko).
k=1
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Therefore, if we set 6 = y/N and let N — oo, we get
y y
A1) > e VAL + (a+ 1)y) + / e *P(s)ds > / e *®(s)ds.
0 0

Letting y — oo, we obtain (4.85).
Step 2. Now we will prove that

a+1

>
A(0) = a+2

A(1), (4.86)

which, together with (4.85) and the definition of A and U° will give the claim.
We apply the inequality which appears right below (4.21), let N — oo and obtain
(a +1)A(1) + B(1) — (a + 2)A(0) < 0. Since B(1) = UY(1,0) = ®(0) = 0, the
inequality (4.86) follows. O

On the search of the suitable majorant. Define U : [0,1] x R — R by the formula

U(z,y) = sup{EV(|ga|)},

where the supremum is taken over all n and all (f,g) € M*"®(z,y) such that f
takes values in [0, 1]. Of course, we have U°(1,y) = V(|y|), since there is only one
submartingale bounded by 1 and starting from 1. Some experimentation lead to
the following assumptions (as usual, we switch from U to U):

(A1) U is continuous on the strip [0,1] x R and of class C! in its interior.

(A2)  When restricted to [0,1] x [0,00), U is linear along the line segments of
slope —1.

(A3)  Uu(0+,y) + aUy(0,y) = 0.

These three conditions lead to the special function used above. We shall not present
the calculations since they are completely analogous to those used in the previous
estimates. 0

Remark 4.4. To obtain a related estimate in the case when f takes values in
[—1,1], use the special function U : [-1,1] x H — R given by

U(I,y)U<x+1 g)’

2 2

where U is defined above. Obviously, the function U satisfies the majorization

U(z,y) > ®(|yl/2)

and enjoys 2°. Furthermore, 3° takes the form

— a+1 2 (e+2)/(at1) poo
U < O(t)e 'dt
(@) < g+ g [ @l
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provided |y| < |z|: this is due to the fact that the right-hand side equals

ly|<|z|

Thus, the function U leads to the estimate

) ol 2
Ed® < Ot dt
0 <2(a+1) Sorzt Tarz ), P0erdn

if g is a-subordinate to a submartingale f taking values in [—1, 1].
Similar reasoning can be applied to transfer the results from [0, 1]-valued case
to [—1, 1]-valued case, or in the reverse direction.

4.7.5 Proof of Theorem 4.16

Proof of (4.70). Let V : [0,1] x R = R be given by V(z,y) = |y|. To define the
corresponding U, consider the following subsets of [0, 1] x R:

pi={ewes gt el o)
L
D4{(I,y)5l’§2ao_li_17 x+|y‘§2a0—li-1

Let H : R? — R be defined by
H(z,y) = (| + [y TV ((a + 1)[2] - |y])
and, finally, introduce U : [0,1] x R — R by

Uz, y) thyl+atesp [ - 22 - ) (04 5
X = —Qx @] ex — X — X
Y y L P Y 9at1 e+ 1

if (Ivy) € Dla

20+ 1
a+1

Ue,y) = —aw+Jyl +atexp[ - == (ot lyl+ ) |1 - 2)

200+ 1
if (x,y) € Da,

20 + 1
a+1

Uz,y) = (1 = 2)log [=——(1 =+ |y])] + (a + 1)(1 = 2) + |y
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if (x,y) € D3 and

012

(2a+1)(a+2)[ +( a

U(x’y):f +1

20 + 11\ (@+2)/(a+1) 20
H
) @) + 50

if (1’, y) € Dy.

It suffices to verify the conditions 1°, 2°, 3° and check the necessary inte-
grability (which is easy, since f, and hence also each g, are bounded). The first
and the third condition are relatively simple, and the concavity property was in
fact verified in the proof of the logarithmic inequality (4.44): there are many sim-
ilarities between the above U and the special function used there. We omit the
details. ]

Sharpness of (4.70). If « = 0, then we take the constant processes f = g =
(1,1,1,...): then the two sides of (4.70) are equal. Thus, from now on, a > 0. Let

U°(z,y) = sup{Elgal},
where the supremum is taken over all n and appropriate f, g. Let A(y) = U%(0,y),
B(x) = U%,0) and C(y) = U%(a/(2a + 1),y — a/(2a + 1)).
Now we split the reasoning into three steps.

Step 1. First we observe that, by the diagonal concavity of U° and the fact
that U%(1,y) = |y| for all y,

1 1
B « > o+ A «Q n «Q o O,—OH_
20+ 1 200+ 1 20 +1 20 +1 2a0+1
a+1A( ! > ala+1)

200+ 1 200+ 1 (2a+1)%

(4.87)

Step 2. Next we observe that (4.61) holds; indeed, all the arguments leading to
it are valid, since U%(1, %) = |y| for all y. Applying this inequality for y = o/ (2a+1)
yields

« o « o 202 4 2a® + «
A — H-C >
[ <2a+1) 2a+1}<a+ ) (2a+1)+2a+1_ 20+1 7

which can be rewritten as

(a+1)A (zai 1) _B <2a‘1 1) > aa+ 1), (4.88)

since B <#+1> =C (ﬁ“) Combining this with (4.87) gives

(4.89)

« >20z2+2a+1
2a+1/) — 20+ 1
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and plugging this into (4.87) yields

B< a ) > (et 1) (4.90)

20+ 1 20+ 1

Step 3. Let N be a fixed positive integer and let 6 = a/((2ac + 1)N). Note
that we may use the inequality (4.21): the reasoning which gives this estimate is
still working. So, write this bound for any £ = 0, 1,2, ..., N — 1 and sum the
obtained estimates to get

(@+1) [A <2a°; 1) . A(O)] +B <2a0‘+ 1) — B(0)

_ 4.91
B N A((k + 1) (a + 1)8) — A(k(a + 1)5) (491)
- — 2k +1
Note that for any y and d we have
|A(y +d) — A(y)| < |d], (4.92)

in view of triangle inequality. Indeed, if f, g are as in the definition of U°(0,y),
then E|g,| < El|g, + d| + |d| < U°(0,y + d) + |d|, so taking the supremum over
f, g and n gives A(y) — A(y + d) < |d|; replacing d by —d and y by y + d gives
Ay +d) — A(y) < |d| and (4.92) follows. Consequently, if N goes to oo, then the
right-hand side of (4.91) converges to 0 and we get

a a
2)A(0) > 1A B
(a+2)4(0) 2 (@ +1) (2a+1)+ (2a+1)’
since A(0) = B(0). Finally, applying (4.89) and (4.90) gives

(a+1)(202 + 3a + 2)
A0 =2 = et

which yields the claim. Indeed, there is a pair (f, g) starting from (0, 0) such that
f is a nonnegative submartingale bounded by 1 and g is a-subordinate to f such
that ||g||1 is arbitrarily close to the right-hand side of (4.70). O

On the search of the suitable majorant. Essentially, one needs to repeat the argu-
mentation from Step 4 in the analogous search corresponding to the logarithmic
inequality (4.44); then one gets the formula for the special function on Dy U Ds.
To deal with the set Dy, use the argumentation from the search corresponding to
the inequality (4.12). Finally, the formula on set Dj is obtained by exploiting the
assumption

(A) When restricted to D3 N {y > 0}, U is linear along the line segments of
slope 1.

‘We omit the details. O
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4.8 On the optimal control of nonnegative
submartingales
4.8.1 Formulation of the result

Throughout, the function U : [0,00) x R — R is given by (4.98) below.

Theorem 4.17. Let f be a nonnegative submartingale starting from x > 0 and let
g be a sequence starting from y € R such that

|[dgn| < |dfn| and |E(dgn|Fn-1)| < E(dfn|Fn-1) forall n>1. (4.93)

Then
P(g® =2 0) < [|fl[L + U(z,y) (4.94)

and the inequality is sharp.

This leads to the following result on the optimal control of submartingales.
Let L:[0,00) x R x [0,1] = R be given by (4.113) below.

Theorem 4.18. Let f be a nonnegative submartingale starting from x > 0 and let
g start from y € R. Suppose that (4.93) holds. If g satisfies the one-sided estimate

P(g" > B) > t, (4.95)
where t € [0,1] is a fized number, then

f1l1 > L(z,y = B,t) (4.96)

and the bound is the best possible. In particular, if g is strongly differentially sub-
ordinate to f, then we have a sharp inequality

£l > Lz, z — B, 1). (4.97)

Finally, Theorem 4.17 leads to the following one-sided weak type inequality.

Theorem 4.19. Assume that f is a nonnegative submartingale and g is strongly
differentially subordinate to f. Then for any A > 0 we have

. 8
NP(g" 2 A) < 217l

and the constant 8/3 is the best possible.
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4.8.2 Proof of Theorem 4.17

Proof of (4.94). Let f, g be as in the statement. By the stopping time argument,
it suffices to establish the bound

P(9n20>_Efn§U<xay)a ’}’l:O, 1a 2a

Let V : [0,00) x R — R be given by V(z,y) = 1{y>0; — . To introduce the
corresponding special function, consider first the following subsets of [0, 00) x R:

Do ={(z,y) : x+y =20},
Dli{(x,y):(l‘78)/3§y<71’},
Dy ={(z,y) :z —4 <y < (z—8)/3},
Ds = ([0,00) x R) ~ (Do U Dy U D).
Let U : [0,00) x R — R be given by
1—x if (z,y) € Do,
LBz +3y+8)V/3(—bx+3y+38 if (z,y) € Dy,
Ulz,y) = 161< ) <1/3 )i (@) € Dy (4.98)
—3x(6x — 6y — 16) if (x,y) € Do,
2 if (x,y) € Ds.

In addition, we introduce A, B : [0,00) x R — R by

-1 if (x,y) € Do,
Al y) 13243y +8)"¥3(—5x—3y—8) if (z,y) € Dy,
z,y) = ,
Y7 L6 — 6y — 16)"2/3(—da + 3y +8) if (2,y) € D,
and

0 if (z,y) € Do,

Bla.y) = 13243y +8)"¥3(z+ 3y +8) if (z,y) € Dy,

T La(6 — 6y — 16)-2/3 if (z,y) € Da,

(JLE—ZV if (x,y) € Ds.

It is straightforward to check that U is continuous and of class C! on E = {(z,y) :
z > 0,z +y # 0}; in addition, A = U, and B = U, on this set. Let us verify
that U and V satisfy the conditions 1°, 2°’ (property 3° is not required here,
due to the form of the problem). The majorization is easy: for a fixed z, the
function y — U(x,y) is nondecreasing (since B > 0), lim,_,_o, U(z,y) = —x and
U(z,y) = 1 — z for sufficiently large y. Let us turn to 2°". Fix z > 0,y € R,
a € [—1,1] and consider the function G = G4 44 : [—2,00) = R given by G(¢t) =
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U(z+t,y+at). We must prove that G is concave and nonincreasing. Observe that
G y.o(—2+) < 0: this follows directly from the estimate A(0,y) + |B(0,y)] <0
for all y (which is straightforward to check). Consequently, 2°” will be established
if we show the concavity of GG, which, as we already know, reduces to verifying
the inequalities G”(0) < 0 for (z,y) € DY and G'(0—) > G'(0+) for (z,y) ¢ E. If
(x,y) lies in D§, then G”(0) = 0. For (z,y) € Dy, a little calculation yields

G (0) = i(gx 13y +8)5(a+ 1)[(a—3)(—z + 3y + 8) + 8(a — 1)a],

which is nonpositive: this follows from |a| <1 and —z + 3y + 8 > 0, coming from
the definition of D;. If (z,y) € D3, then

G"(0) = 2(1 — a)(6z — 6y — 16)*/*[ — z(a + 1) + (—2 + 3y + 8)] <0,

since —x + 3y + 8 < 0, by the definition of Ds. Finally, if (x,y) belongs to Dg, we
have

G"(0) =41 - a)(z —y) [~ (a+ Dz + (x+y)] <0,
because x + y < 0. It remains to check the inequality for one-sided derivatives.
The condition > 0, (z,y) ¢ E is equivalent to z > 0 and z +y = 0. If (z,y) €
0Dy NID; (so y =—x € [-2,0)), then after some straightforward computations,

@ (0-) = %[(a+ Dy +da — 4 > %(a+ )—1>—1=¢'(04).

On the other hand, if (x,y) € D3N 9Dy and = > 2, then

1
G'(0-) = a;; 1> —1=G(04)

and we are done. Thus, all that remains is to verify the required integrability; but
this follows immediately from the easy estimates

Uz, y)| <1+z,  |Alz,y) <1, [Blz,y)| <1,

valid for all x > 0 and y € R. Thus, Burkholder’s method guarantees that (4.94)
holds true. U

Sharpness. Let § > 0 be a fixed small number, to be specified later. Consider a
Markov family (fn, gn) on [0,00) x R, with the transitions described as follows:
(i) The states {(z,y) : y > 0} and {(0,y) : y < —8/3} are absorbing.
(ii) For —z < y < 0, the state (z,y) leads to (z + y,0) or to (z — y,2y), with
probabilities 1/2.
(ili) The state (z,y) € D1, z > 0, leads to (0, y+z) or to (222 4245, 2HU —2_4),
with probabilities p; and 1—p1, where p; = (—z+3y+8+40)/(3z+3y+8+44).
(iv) The state (x,y) € Do, > 0, leads to (0,y — x) or to (‘“539 — 4,52 —4),

2
with probabilities ps and 1 — pa, where p2 = (z — 3y — 8)/(3z — 3y — 8).
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(v) The state (z,y) € D3, x > 0, leads to (0,y — x) or to (¥, L5*), with
probabilities ps and 1 — p3, where ps = —(x + y)/(z — y).
(vi) The state (0,y), y € (—8/3,0), leads to (0 + 26,y + 20).

Let z > 0 and y € R. It is not difficult to check that under the probability
measure P, , = P(:|(fo,90) = (z,y)), the sequence f is a nonnegative submartin-
gale and g satisfies dg, = =*df, for n > 1 (so (4.93) holds). In fact, the steps
described in (i)—(v) are martingale moves in the sense that

Ex,y((fn—&-l,gn—i-l)‘(fn,gn) = (.%'/,y/)) = (w/ay/)a

provided the conditioning event has nonzero probability and (z/,y’) belongs to
one of the sets from (i)—(v). Set

P‘S(x,y) =P, (¢" > 0), M‘S(x,y) = li_}In Eeyfn. (4.99)

Usually we will omit the upper index and write P, M instead of P°, M?, but it
should be kept in mind that these functions do depend on . We will prove that if
this parameter is sufficiently small, then

P(z,y) — M(z,y) is arbitrarily close to U(z,y). (4.100)

This will clearly yield the claim. It is convenient to split the remaining part of the
proof into a few steps.

1°. The case y > 0. Here (4.100) is trivial: P(z,y) = 1, M(z,y) = z for all ¢,
and U(z,y) =1—a.

2°. The case x =0, y < —8/3. Again, (4.100) is obvious: P(z,y) = M(z,y) =0
for all 4, and U(x,y) = 0.

3°. The case —z < y < 0. For any § > 0 and n > 1, it is easy to see that
Py y(gn > 0)=1—2""and E, , f, = x. Letting n — oo, we get P(z,y) =1
and M (x,y) = x, which yields (4.100), since U(z,y) =1 — x.

4°. The case {(z,y) :y=2/3—-8/3, 2 € (0,2)}U{(x,y) : 2 =0,y € (—8/3,0)}.

This is the most technical part. Let us first deal with

A(x) :== P(z,2/3 —8/3), and B(z) := P(0,4x2/3 — 8/3)

for 0 < z < 2. We will prove that

i =2(3)"+5(5)"". pmaio=3(5)"" -3 ()" o

This will be done by showing that

lim [A(z) + B(z)] = 2(z/2)"?, lim[2A(z) — B(z)] = (z/2)*3.  (4.102)

§—0 6—0
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To get the first statement above, note that by (iii) and the Markov property, we

have
r 8 T r 8 1) 4 8
Ple,2-2) = P oo % plo,zz-2
(x’?, 3) 10 <x+5’3 3 6>+1’+§ (’3:” 3)’

which can be rewritten in the form

T x 8 )
Alx) = ——P b= —=—90 —B(x). 4.103
(@)= 5P (o465 - 5-0) + 550 (1.103)
Similarly, using (iv) and the Markov property, we get
r 8 x+90 26 2 8
———-—4)= A 0)+ ———P ——x—=—-20
P<x+5’3 3 5) ey S G ey, (0’ 3773 )
x+90
= A 0
where in the last passage we have used 2°. Plugging this into (4.103) yields
x )
= 1) ——B(z). 4.104
A(x) x+3(5A(x+3)+x+(5 (z) (4.104)

Analogous argumentation, with the use of (iii), (vi) and the Markov property,
leads to the equation

20 x+0
B(@) = ——5A(w+30) + ——=-B(@ +30). (4.105)
Adding (4.104) to (4.105) gives
T x+ 260 z+ 36 )
= A B . 4.1
A(@)+ ——B(@) = 5 | A +36) + ——=B(w +30) | +e(x,0)-6%, (4.106)
where 25( 39)
T+
@0 =~ 3w+ 40)’

which can be bounded in absolute value by 2/22%. Now we use (4.106) several times:
if N is the largest integer such that x + 3N < 2, then

T r+20 x+5 z+3NJ—9
Blx) = . R el 4.107
@)+ 5580 = T35 v 6o z+3No (4.107)
x+3N§ 5

where |c| < 2/2?. Now we will study the limit behavior of the terms on the right
as 0 — 0. First, note that for any k =1,2, ..., N,

x4+ 3k6 -0 8
x+3ké x + 3kd

) - exp(d(k)5?),
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where |d(k)| < 1/2?; consequently,

x+3kd — & N5 o
H z + 3kd _eXp<_;m)eXP(dN6 ); (4.108)

for some d satisfying |d| < 1/22. Since N = O(1/8) for small §, we conclude that
the product in (4.108) converges to exp(—3 f; t=1dt) = (x/2)'/3 as § — 0.

The next step is to show that the expression in the square brackets in (4.107)
converges to 2 as § — 0. First observe that

B(z+3N§) =P <O,4:c/3+ ANS — g) =P <25, 4z/3 4+ ANS — g + 25> =

where in the first passage we have used the definition of B, in the second we
have exploited (vi), and the latter is a consequence of 1° and 3°. To show that
A(x + 3N6) converges to 1, use (4.103), with x replaced by « 4+ 3NJ, to get

x4+ 3NJ

Alz +3N0) = ——=5s5

r+3N6 8 0
P BN+ 6, ——— — = — _—
(:” L T )+x+3N§+5
Note that, by the definition of N, the point under P lies in D3, and arbitrarily

close to the line y = —x, if § is sufficiently small. Thus, by (v) and 2°,

3N§ 8

P(a:+3N5+5,L -2 —5)

3 3
can be made arbitrary close to 1, provided J is small enough. Summarizing, letting
0 — 0 in (4.107) yields the first limit in (4.102). To get the second one, multiply
both sides of (4.105) by 1/2, subtract it from (4.104) and proceed as previously.

Next we show that C(x) := M(x,z/3 — 8/3), D(x) := M(0,4x2/3 — 8/3),
€ (0,2), satisfy

) 2 rxN\/3 4 yxN\4/3 . 4 rx\V/3 4 rxN\4/3
mc@=3(3) +3(G)  mow=3()"-3() - @
We proceed in a similar manner: arguing as before, C and D satisfy the same
system of equations as A and B, that is, (4.104) and (4.105). The only difference
in the further considerations is that C(xz + 3Nd) — 2 and D(x + 3NJ) — 0 as
d— 0.

The final step is to combine (4.101) and (4.109). We get
lim [A(z) — C(z)] = U (x,2/3—28/3), lim [B(z) — D(z)] = U (0,4z/3 — 8/3),
6—0 6—0
as desired.

5°. The remaining (z,y)’s. Now (4.100) is easily deduced from the previous
cases using the Markov property: the point (.’L‘, y) leads, in at most two steps, to
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the state for which we have already calculated the (limiting) values of P and M.
For example, if (x,y) € D3, we have

rT—Yy yYy—2x 2x
P =p3P0,y —x)+ (1 —p3)P | — =1—p3=
(z,y) = p3P(0,y —x) + (1 — p3) < 5 ' 9 ) p3 T—g’

Xr — — T
M(w,y)=p3M<0,y—x)+(1—p3>M< vy ) o

in view of 1° and 3°. Since U(z,y) = P(x,y) — M (z,y), (4.100) follows. The other
states are checked similarly. The proof of the sharpness is complete.

We conclude this section with an observation which follows immediately from
the above considerations. It will be needed later in the proof of Theorem 4.18.

Remark 4.5. The function @ : [0,00) x R — [0, 1], given by
Q(z,y) = lim P(z,y),
—0

is continuous.

4.8.3 Proof of Theorem 4.18

We start with the following auxiliary fact.

Lemma 4.9.

(i) Suppose that

<t<l1. (4.110)

4z )1/32x—2y

y<—x<0 and <
x — 3y

Then there is a unique positive number Co = Co(z,y,t) satisfying Cp <
8/(x — 3y) (equivalently, (Coz,Coy) € D) and

1
ECg(:c +4)(5x — 3y) + Co(x +y) +4 = t(3Co(x +y) +8)¥3.  (4.111)

(ii) Suppose that

2 4r 2oz -2
y<-z<0 and — <t<|(—2 i (4.112)
T —y T — 3y T — 3y

Then there is a unique positive number C1 = C1(w,y,t) such that 8/(x—3y) <
Ci < 4/(z —y) (equivalently, (Cyz,Cry) € Ds) and

C2x(x — y) = 2t(6C) (x — y) — 16)%/3.
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Proof. We will only prove (i), since the second part can be established essentially
in the same manner. Let

1
F(C) = 15C% (@ +y) (52 = 3y) + Cla +y) +4 — t(3C(w +y) +8)*/7.
It can be readily verified that F’ is convex and satisfies F'(04) = (z 4+ y)(1—1t) <
0: thus F' is either decreasing on (0,8/(z — 3y)), or decreasing on (0,xz¢) and
increasing on (zg, 8/(x — 3y) for some xy from (0,8/(z — 3y)). It suffices to note
that F'(0) =4 — 4t > 0 and

2/3 1/3 o,
I 8 4 4x 4x 2x 2y7t <0
T — 3y T — 3y T — 3y T — 3y

The claim is proved. |

Let L:[0,00) x R x [0,1] = R be given by

(x—y)/2 if t=1,

& — (3Co(z +y) + 8)1/3(=2rtdy ﬁ) if (4.110) holds,
Ly t) = ERCT (dg_;y))w if (4.112) holds,

z if <2

(4.113)

Proof of (4.96) and (4.97). Clearly, it suffices to prove the inequality for § = 0,
replacing (f, g) by (f,g— 8), if necessary. Let C' > 0 be an arbitrary constant. Ap-
plication of (4.94) to the sequences C'f, Cg yields P(¢* > 0)—C||f||1 < U(Cz, Cy),
which, by (4.95), leads to the bound

t—U(Cz,Cy)

Il > =2

. (4.114)
If one maximizes the right-hand side over C, one gets precisely L(x,y,t). This
follows from a straightforward but lengthy analysis of the derivative with the aid
of the previous lemma. We omit the details. To get (4.97), note that for fixed = and
t, the function L(z,-,t) is nonincreasing. This follows immediately from (4.114)
and the fact that U(z,-) is nondecreasing, which we have already exploited. O

Sharpness of (4.96). As previously, we may restrict ourselves to 8 = 0. Fix > 0,
y € Rand t € [0,1]. If z 4+ y > 0, then the examples studied in 1° and 3° in
the preceding section give equality in (4.96). Hence we may and do assume that
x + y < 0. Consider three cases.

(i) Suppose that t < 2z/(x — y). Take C > 0 such that (Cz,Cy) € D3 and
take the Markov pair (f, g), with (fo,90) = (Cx, Cy), from the previous section.
Then the pair (f/C,g/C) gives equality in (4.96) (see 5°).
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(ii) Let 2z(z —y) < t < 1 and take 0 < ¢ < 1 — t. Recall the function @
defined in Remark 4.5. First we will show that

Q(Cz,Cy)=t+e for some C' = C(e,t) > 0. (4.115)

Indeed, for large C' we have (Cx,Cy) € D3, so P(Cxz,Cy) = 2z/(x — y) regardless
of the value of § (see 5°), and, in consequence, Q(Cz, Cy) = 2z/(x —y). Similarly,
P(0,0) = 1 for any ¢, so Q(0,0) = 1. Thus (4.115) follows from Remark 4.5.
Another observation, to be needed at the end of the proof, is that

llggl(glf C(e,t) > 0. (4.116)

Otherwise, we would have a contradiction with (4.115), Remark 4.5 and the equal-
ity Q(0,0) = 1.

Now fix § > 0 and consider the Markov pair (f,g), starting from (Cz, Cy),
studied in the previous section. If § is taken sufficiently small, then the follow-
ing two conditions are satisfied: first, by (4.100), we have P(¢g* > 0) — ||f]}1 >
U(Cz,Cy)—e¢; second, by the definition of Q, P(¢* > 0) = P(Cz,Cy) € (t,t+2¢).
In other words, for this choice of §, the pair (f/C, g/C) starts from (z,y), satisfies
(4.93), we have P((¢/C)* > 0) > ¢ and

1f/Cllx < (¢ = U(Cz,Cy) +3¢)/C < L(,y, 1) + 3¢/C.

To get the claim, it suffices to note that e was arbitrary and that (4.116) holds.

(iii) Finally, assume that ¢ = 1. Then the following Markov pair (f, g), start-
ing from (z,y), gives equality in (4.96):

e For y > 0, the state (0,y) is absorbing.
o if x # 0, then (x,y) leads to (0,y+ ) and (2z,y — z), with probabilities 1/2.
e if y < 0, the state (0,y) leads to (—y/2,y/2).

The analysis is similar to the one presented in the case 3° in the previous section.
The details are left to the reader. O

We turn to the proof of the weak type inequality from Theorem 4.19.

4.8.4 Proof of Theorem 4.19

Fix A > 0 and apply Theorem 4.17 to the martingales 8 f/(3\) and 8g/(3)\) —8/3,
conditionally on Fy. Taking expectation of both sides, we get

) 89  8\" 8f 8fo 8g0 8
Plg* >N =P((22_8) >0)<||¥|| gy (8 30 _8)
("= ((3)\ 3) = )-Hw ot <3/\’3)\ 3
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Therefore, the theorem will be established if we show that for all points (z,y) €
[0,00) x R satisfying |y| < |z| we have

8
U(xvy_g) SO

and that the equality holds for at least one such point. This is straightforward: as
already mentioned above, the function y — U(z,y) is nondecreasing, so

U<x,y—§> SU(x,x—g) §U<0,_§> =0,

because for any y, the function ¢t — U(¢,y + ¢), t > 0, is nonincreasing.

4.9 Escape inequalities

As in the martingale setting, the weak type (1, 1) inequalities above lead to inter-
esting escape estimates. For any H-valued sequence = = (), recall the counting
function C(z).

4.9.1 Formulation of the results.

We start with a theorem for general sub- and supermartingales.

Theorem 4.20. Assume that f is a sub- or supermartingale and g is an adapted
sequence of integrable, H-valued random wvariables which is a-subordinate to f.
Then for any positive integer j we have

Callfll

If a € [0, 1], then both the constant C,, and the exponent 1/2 are the best possible.

Under additional assumption on the sign of the dominating process, we have
the following.

Theorem 4.21. Assume that f is a nonnegative submartingale and g is an adapted
sequence of integrable, H-valued random wvariables which is a-subordinate to f.
Then for any positive integer j we have

(o +2)l7 1l

]P(OE(Q) ZJ) S 5j1/2

If « € [0,1], then both the constant a+2 and the exponent 1/2 are the best possible.
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Theorem 4.22. Assume that f is a nonnegative supermartingale and g is an
adapted sequence of integrable, H-valued random variables which is a-subordinate
to f. Then for any positive integer j we have

P(Ce(g) > j) <

€j1/2 !

If a € 10, 1], then both the constant 2 and the exponent 1/2 are the best possible.

4.9.2 Proof

The reasoning leading to the announced inequalities is the same as in the martin-
gale setting, using the random variable S(g,7) and the corresponding sequence h
taking values in the enlarged Hilbert space £2(H). To see that the constants C,,
a + 2 and 2 are the best possible, simply write the inequalities for e = 7 = 1
and note that for any § > 0 we have P(|g]* > 1+ 6) < P(C:(g) > 1). Thus the
sharpness follows from the optimality of the constants in the corresponding weak
type inequalities. To show that the exponent 1/2 is the best possible, consider a
symmetric random walk f over integers, starting from 1 and stopped at 0. Then
[1f]] =1 and

P(Ci(f) = j) =P(f1 >0, f2>0,..., f; >0)=0(""?

as j — oo. This proves the claim. O

4.10 Notes and comments

Section 4.1. The notion of strong subordination appeared first in the special case
a = 1 in the paper [34] of Burkholder, motivated by related domination of Itd
processes (see [33]). Then it was extended to an arbitrary o > 0 by Choi [45] (see
also [47]). The concept of a-subordination considered above in the discrete-time
setting seems to be new; however, its continuous-time version was used by Wang
in [200] (for & = 1) and by the author in [132] (for general «).

Section 4.2. Theorems 4.4 and 4.5 in the case « € [0, 1] are due to Hammack
[88]. The result for & > 1 is new, but a corresponding result for continuous-time
processes was obtained by the author in [150].

Section 4.3. Theorems 4.7 and 4.8 for a = 1 first appeared in Burkholder’s
paper [33] and concerned Itd processes. The more general statement (still with
a = 1, but this time dealing with discrete-time submartingales and their 1-strong
subordinates) can be found in [34]. Theorem 4.7 under strong a-subordination,
a > 0, was established by Choi in [47] (the special function was used by Choi [49]
in the proof of a related result concerning nonnegative subharmonic functions).

Section 4.4. Theorem 4.10 was proved by Burkholder in [34] in the particular
case a = 1; a related estimate for Ité processes can be found in [33]. The result for
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a € [0, 1] is due to Choi [45] (see also Choi [46] for a related result for It6 processes
and Choi [48] for a version concerning nonnegative subharmonic functions; both
papers deal with the case 0 < a < 1). The above extension to the general values
of a« > 0 is new.

Section 4.5. The results presented in that section are taken from the author’s
paper [137].

Section 4.6. The logarithmic estimates presented above were established by
the author in [149].

Section 4.7. Theorem 4.14 was established by Hammack [87] in the particular
case a = 1. The above statement for a € [0,1] is due to the author [127]. It is
worth to mention here that both papers contain the proof of a slightly stronger
fact. Namely, it is shown that for a fixed « € [0,1] and A > 0, the above function
U, satisfies

Us(z,9) = sup{B(lg]* > N},

where the supremum is taken over all f, g such that f is a submartingale satisfying
fo=z and || f||eo < 1, while g starts from y and

dgn| < |dful, [E(dgn|Fn-1)| < aB(dfp]Fn-1), n=1,2,....

Theorem 4.15 was proved by Burkholder in [34] in the case when o = 1. The
inequality (4.69) for a € [0,1) appears in the paper [107] by Kim and Kim, but its
sharpness is not established there. The above version of the theorem, for general
« and with the proof of the optimality of the constant, seems to be new. Theorem
4.16 comes from the author’s paper [129].

Section 4.8. The contents of this section are taken from [140].

Section 4.9. The escape inequalities studied above were proved by Burkholder
in [34] (for @ = 1, but the results carry over to general « essentially with no changes
in the reasoning).



Chapter 5

Inequalities in Continuous Time

It is natural to ask whether the inequalities studied in the previous chapters can
be transferred to continuous-time processes. The answer is affirmative. First let us
extend the notions of differential subordination and strong differential subordina-
tion.

5.1 Dominations in the continuous-time case

Let (2, F,P) be a complete probability space s filtered by a nondecreasing right-
continuous family (F3)¢>o of sub-o-fields of F. Assume that F contains all the
events of probability 0. Suppose that X = (Xi)i>0, ¥ = (Yi)i>0 are adapted
semimartingales taking values in a certain separable Hilbert space. Assume also
that these processes have right-continuous paths with left limits. Let H = (H)¢>0
be an adapted predictable real-valued process. Then the It6 integral of H with
respect to X, that is,

t
Yt:/ HdX,,  t>0,
0

denoted by Y = H - X, is precisely the continuous-time analogue of a transform.
Furthermore, the condition of being +1-transform corresponds here to the as-
sumption Hg € {—1,1} for all s > 0. Similarly, if one considers H taking values
in the interval [0, 1], then one obtains the continuous version of a nonsymmetric
transform.

Next we turn to the extension of differential subordination. Note that in
discrete time this domination can be rewritten in the following form:

S2(f) — S2(g) is nondecreasing and nonnegative as a function of n, (5.1)

where S, (f) = (Xr_o |df;€|2)1/2 is the nth term of the square function of f. This
formulation suggests how to extend the domination to the continuous time: simply
replace the square function by its continuous counterpart, the square bracket. To
recall this notion, let us state here the following classical result.

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 211
DOI 10.1007/978-3-0348-0370-0_5, © Springer Basel 2012
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Lemma 5.1. Let X be a cadlag semimartingale taking values in H. Then there is a
family of nonnegative functions [ X, X] = ([X, X]¢)t>0 such that [X, X]o = | Xo|?,
the function [X, X]¢ is Fi-measurable for all t > 0, the function t — [X, X];(w)
is right-continuous and nondecreasing on [0,00) for all w € Q, and [X, X|; is the
limit in probability of the sums Q.+ as n — oo for all t > 0, where

2n 1
Qn.i = | Xol* + Z [ Xi(hs1)2-n — Xira—n|?.
k=0

This was established by Doléans [69] for real martingales, but the proof ex-
tends to Hilbert-space-valued martingales with no essential changes. Motivated by
(5.1), we give the following definition.

Definition 5.1. We say that a semimartingale Y is differentially subordinate to
a semimartingale X, if the process ([X, X]; — [V, Y]¢)t>0 is nondecreasing and
nonnegative as a function of t.

Remark 5.1. Let us repeat that this definition is consistent with that in the
discrete-time setting. If we treat the martingales f = (fn)n>0 and g = (gn)n>0 as
as continuous-time processes (setting X; = f;j and Y; = g|;), t > 0), then the
above condition is equivalent to saying that |df,,|* — |dg,|> > 0 for all n.

As an example, suppose that X is a semimartingale, H is a predictable pro-
cess taking values in [—1,1] and let Y = H - X. Then Y is differentially sub-
ordinate to X, which follows immediately from the equality [X,X]; — [Y,Y]; =
[y [Hs?d[X, X]; for all ¢ > 0.

We will now extend the notion of a-strong subordination to the continuous-
time setting. Suppose that X is a real-valued semimartingale and let

X = Xo + M; + Ay, t>0, (5.2)

be Doob-Meyer decomposition of X: M is a local martingale, A is a finite variation
process and both processes start from 0. In general, the decomposition is not
unique; however, if X is assumed to be a sub- or supermartingale, then there is
unique predictable process A in (5.2). In what follows, whenever the dominating
process X is a sub- or supermartingale, we will consider this particular Doob-
Meyer decomposition only. If X takes values in a separable Hilbert space (say, £?),
then we may give meaning to (5.2), simply by using the decomposition for each
coordinate separately. Let Y be a semimartingale taking values in H and let

Yi=Yo+ N+ B, >0, (5.3)

be its Doob-Meyer decomposition. In the statement below, |A;| denotes the total
variation of A on the interval [0, t].
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Definition 5.2. Let o be a fixed nonnegative number and let X, Y be two semi-
martingales as above. Let X be a general semimartingale. We say that Y is a-
strongly subordinate to X if Y is differentially subordinate to X and there are
decompositions (5.2) and (5.3) such that the process (a|A:| — | Bt|)e>0 is nonde-
creasing as a function of ¢.

Remark 5.2. This generalizes a-subordination from the discrete time. Indeed, sup-
pose that g = (gn)n>0 is a-subordinate to f = (f»)n>0, and treat both sequences
as continuous-time processes by taking X; = f|;) and Y; = g|) for t > 0. Then Y’
is a-subordinate to X, which can be seen by considering Doob-Meyer decomposi-
tions

[t] Lt
Xi=fo+ Z [dfie — E(df]| Fe-1)] + ZE(dfk‘fkfl)a
k=1 k=1
Lt] L]
Y =go+ Z [dgi — E(dgi|Fr-1)] + ZE(dgkU:k—l)-

k=1 k=1

Now, let us establish a useful lemma. Recall that for any semimartingale X
there is a unique continuous local martingale part X°¢ of X, which satisfies for all
t > 0 the equality

(X, Xe = [X X e + Z |AXS‘2’
0<s<t
where AX, = X; — X,_ denotes the jump of X at time s (we set Xo— = 0). In
fact, [X° X°|; equals [X, X]¢, the pathwise continuous part of [X, X];. A little
thought leads to the following easy statement.

Lemma 5.2. Suppose that X and Y are semimartingales. Then Y is differentially
subordinate to X if and only if Y is differentially subordinate to X° and |AY;| <
|AX| for all s > 0.

The purpose of this chapter is to extend the inequalities from the previous
two chapters to this new, continuous-time setting. Let us introduce the strong and
weak norms of semimartingales. First, if X, Y are sub-, super- or martingales and
1 <p< oo, we set

1 Xlp = sup || X¢|lp, [[X]lpoc =sup[[Xi|lp,co and [[X[|iog = sup E|X¢|log | Xy|.
£>0 £>0 £>0

For general semimartingales, we need to modify these and put

X = sup [[Xz[lp, [IIX]]
TET

proo = SUD || X7|[p,00
TET

and
[[X[[10g = sup E[X;|log |X|
TET

where T is the class of all bounded stopping times relative to (F3)i>o-
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Lemma 5.3.

(1) Suppose that X a local martingale such that ||| X|||, < oo for some 1 < p <
oo. Then X is a martingale and we have ||| X|||, = || X]|]p.

(ii) Suppose that X a local martingale satisfying ||| X|||iog < 00. Then X is a
martingale.

Proof. (i) Let (7,)n>1 be a localizing sequence for X. By Doob’s maximal L?
inequality,

p p
X7l < sup [|[ X, atllp < ——Il[X|ll»
14>0 p—1

for any n > 1. Consequently, by Fatou’s lemma, X* is in L' and the martingale
property of X follows from Lebesgue’s dominated convergence theorem. It remains
to note that || X||, < |||X]||, is obvious, while the reverse inequality follows from
Doob’s optional sampling theorem.

(ii) This can be shown in the same manner, but Doob’s inequality is replaced
by the logarithmic bound

X7, 1h < KSgPEIXrnAt\ log | Xz, el + L < K[|[X]|[iog + L-
t>0

This completes the proof. O

5.2 Inequalities for stochastic integrals
and Bichteler’s theorem

Now we shall present an approximation procedure, which enables to transfer the
inequalities presented in the previous two chapters to analogous statements for
stochastic integrals. Assume for a moment that the integrator X takes values in
R. Let Z denote the collection of all processes Z = (Z;)>0 of the form

Zy = aoX(0) + > an(X (1 At) = X(mh1 A1),
k=1

where n is a positive integer, the coefficients aj belong to [—1,1] and (7%)}_, is
a nondecreasing family of simple stopping times with 70 = 0 (here we have used
the notation X (t) = X;). If X is a martingale (or submartingale, or nonnegative
supermartingale, etc.), then (X (7x))}_, inherits this property, by means of Doob’s
optional sampling theorem.

The following statement is a direct consequence of Proposition 4.1 of Bichteler [11].

Theorem 5.1. Suppose that X is a semimartingale and let Y be the integral, with
respect to X, of a predictable process H bounded in absolute value by 1.
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(i) If 1 < p < oo and || X||, < oo, then there is a sequence (Z7)j>1 in Z such
that

lim ||Z7 - Y]], =0.
J—0

(i) If 1 < p < oo and || X||, < 0o, then there is a sequence (Z7);j>1 in Z such
that

lim [Z7 -Y|* =0 almost surely.
j—o0

This theorem enables extensions of the previous results to the case of stochas-
tic integrals, both in the scalar- and vector-valued setting. We shall illustrate this
on the following two examples of inequalities.

Theorem 5.2. Suppose that X is an H-valued martingale and let Y be the integral,
with respect to X, of a predictable process H bounded in absolute value by 1. Then

IYlp < (" = DIX]p,  1<p<oo,

and
1Y []1,00 < 2[|X]]1.

Both estimates are sharp.

Proof. By Lebesgue’s monotone convergence theorem we may assume that H = R¢
for some positive integer d. Let us first establish the moment bound for a fixed
1 < p < oo. Obviously, we may restrict ourselves to those X which are bounded
in LP. For any 1 < i < d, the pair (X% Y?) satisfies the conditions of Theorem
5.1 and hence, for any € > 0, there exist a nondecreasing family 7¢ = (le)Z’ 0
of simple stopping times such that 7; = 0 and a sequence (a} )}, for which the
corresponding process Z* € Z satisfies

I1Z' - Y|, <e. (5.4)
With no loss of generality, we may assume that the sequence of simple stopping
times is common for all ¢ = 1,2, ..., d, using 0 = 79 < 74 < 7 < -+ < 7§

obtained by interlacing the sequences 7. Introduce the processes

/= (X(O)aX(Tl)’X(TQ)v'~~7X(TN)’X(TN)"")a

9= 1(2(0),Z(n), Z(72),..., Z(1n), Z(TN), - -.), (5:5)

where Z = (Z',72%,...,Z%). Then g is differentially subordinate to f: indeed,

d d
lgol* = Z ZHO) = D _(ag)*|X*(0) Z = lfol?
k=1 k=1
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and, similarly, for n > 1,

d
|d9n‘2 = Z ‘Zk<7'n) - Zk(Tn—l)‘2
k=1
d d
=D (@)X () = X (1) P <Y 1XF (1) = XE ()P = |dfal*.
k=1 k=1
Consequently,

1Z1lp = llgllp < (" = DI[f]lp < (" = DIIX]lp

and it suffices to let € — 0 and use (5.4) to obtain the moment estimate.
The proof of the weak type estimate is slightly different. We may assume
that || X||1 < co. Introduce Z = (Z1,Z2,..., Z%) as previously, but this time (5.4)
is replaced by
P(Z - Yi* 2 ¢) <, (5.6)

where ¢ is a small positive number. Next, let (Tk)fy:o be as previously, consider
7 =inf{t : |Z;] > 1} and define f, g as in (5.5), but with 7, replaced by 7 A T,
k=0,1,2,..., N. The differential subordination of g to f is preserved, so

P(Z]" 2 1) =P(r <7v) = P(Z(rn A7) 2 1) = P(lgn| 2 1) < 2[fn]l0 < 2[[X]]1.
It remains to note that by (5.6) we have

P(Y]" > 1- Ne) > P(Z]" > 1) - N,
so letting € — 0 yields the claim. O

The other estimates can be obtained in a similar manner. We omit the
straightforward details. In the next section we shall present an alternative tool
to establish results of this type: but this requires some further work with corre-
sponding special functions.

5.3 Burkholder’s method in continuous time

As we shall see, the special functions used in the discrete-time case can also be
exploited in the continuous setting. To gain some intuition on how this will be
done, let us look at a typical problem. Let V : H x H — R be a given Borel
function and suppose that we want to show that for all bounded stopping times 7
and all local martingales X, Y such that Y is differentially subordinate to X, we
have

EV(X.,Y;) <O0. (5.7)
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Let U be the corresponding special function coming from the discrete time. Then
the usual approach works, if only we find an argument which will assure that

EU(XT,YT) < EU(XOa}/E)) (58)

for all X, Y and 7 as above. Note that in contrast with the discrete-time case,
here we no longer have the “step-by-step” procedure, which was the heart of the
matter: it reduced the estimate EU(f,,, gn) < EU(fo, go) to the problem of proving
the “one-step” inequality EU(f1, g1) < EU(fo,g0). To overcome this difficulty, we
will show (5.8) directly, using It&’s formula and a convolution argument (needed
to improve the smoothness of U). A similar approach will also be successful while
studying sub- or supermartingale inequalities under a-strong subordination.

5.3.1 Local martingale inequalities under differential subordination

This subsection is devoted to the study of results which imply various versions of
(5.8), under the assumption that X, Y are local martingales and Y is differentially
subordinate to X. Throughout, we assume that H = ¢2. Consider the following
property, which a given function U : H x H — R might have:

U(z,y) =U(0,21,22,...),(0,y1,Y2,.-.))s (5.9)

where z = (21,22,...), ¥y = (y1,¥2, .. .).
The first step in our analysis is the following fact.

Lemma 5.4. Let U : H x H — R be a continuous function satisfying (5.9) such
that U is bounded on bounded sets, of class C* on H x H ~ {(z,y) : |z||ly| = 0}
and of class C% on D;, i > 1, where (D;) is a sequence of open connected sets
such that the union of the closures of D; is H x H. Suppose that for each i > 1
there is a measurable ¢; : D; — [0,00) satisfying the following condition: for any
(x,y) € D; with |x|ly] # 0 and any h, k € H,

(MU (2, ), h) +2(WUsy (2, ), k) + (kUyy (2, y), k) < —ci(@, y)(|h]* = [k]*). (5.10)
Assume further that for each n > 1 there exists M, such that
sup ¢;(x,y) < M, < oo, (5.11)

where the supremum is taken over all (x,y) € D; such that 1/n? < |z|? + |y|* < n?
and then over all i > 1. Let X, Y be two bounded martingales with bounded
quadratic variations. If Y is differentially subordinate to X, then for all0 < s <'t,

EU(X,,Y;) < EU(X,,Y,). (5.12)

Remark 5.3. Before we turn to the proof, let us make here an important obser-
vation. It is clear that the key assumption above is the inequality (5.10); all the
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other conditions are rather technical. This assumption is closely related to the
concavity of the function G(t) = U(x + th,y + tk), t € R, where z, y, h, k € H,
|k| < |h|. In fact, (5.10) is slightly stronger, since it imposes an upper bound for
the second derivative of G also when |k| > |h|.

Proof of Lemma 5.4. It suffices to show the claim for s = 0. By the boundedness
condition, there is an integer L such that

1 Xloo + 1Y Moo + [X, X]oo + [V, V]oo < L — 2.
Therefore, given £ > 0, there is an integer d = d(¢) satisfying

3 (X XM 4 [Y™,Y™o) < /L (5.13)

m>d
Now, let @ > 2/L and
XD =(a, X", X2%,...,X%10,0,..), YD =(q, VY2 . . Y1 00,..)

and Z(4) = (X@ y(@) Let g : R* x RY — [0,00) be a C*° function, supported
on a unit ball of R? x R% and satisfying fRded g = 1. For a given integer ¢ > L,
define U* : R? x RY — R by the convolution

Ut(x,y) :/ Uz +u/lyy+v/l)g(u,v)dudv.
R x R4

Here by U(x + u/l,y +v/¢) we mean U((xz +u/¢,0,0,...),(y +v/£,0,0,...). The
function U* is of class C*°, so we may apply It6’s formula to obtain

1
U2 = Io + I + I + 5 I, (5.14)
where
Iy = U*(2{"),

t t
h= [ vz [ oy,
0+ 0+

d—1 t
_ 0 (d) mc nc
btz [, Ut @007, 0, (5.15)
+2/t Ut (Z(d))d[ch Ync} +/t Ut (Z(d))d[YmC Ync}
ot TmYn 5— ’ s 0+ YmYn S— ’ s
L= Y [0z -U'2?) - vu'(z{?) - az™].
0<s<t

We will deal with each of the terms I, I and I3 separately. Since U is of class C'*
on H x H~{|z||ly| = 0} and the martingales X (¥, V(4 are bounded and bounded
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away from 0, both stochastic integrals in I; are martingales and, consequently,
EI; = 0. To handle I, integrate by parts to get, for |x| > a, |y| > a,
Uli(os) = [ Ut ufty+ v/£)g(u,v)dudo
Re xR
and, similarly,

Uﬁy(x,y) = / Upy(x +u/l,y +v/0)g(u,v)dudo,
R4 xR

Ufy(l’,y) :/ Uyy(z+u/l,y+v/0)g(u,v)dudv.
R? x R4

Thus, by (5.10), if |z| > a, |y| > a, then
4 2 74 2 2

with
c(x,y) Z/ ci(r +u/l,y +v/0)g(u,v)dudv
i>1 ]Rdx]Rd
(we extend ¢; to the whole H x H setting c¢;(x,y) = 0 for (z,y) ¢ D;). Let
0<s9g<s; <t Foranyj>0,let (nf)lgz‘gz’j be a sequence of nondecreasing finite
stopping times with 7} = s, nf-j = 51 such that limj_)oo maxi<i<i;—1 |7 — 7| =

0. Keeping j fixed, we apply, for each i =0, 1, 2, ..., i;, the inequality (5.16) to
r=X" y=vY andh=hl = x X(d . k:] Y@y @ Summing
Mit1 nz 771+1 n}

the obtained i; 4+ 1 inequalities and letting j — oo yields

d d
7 nisi d 1
SN U (ZEOX Doy (X Dy 20t (28X @y, (v @)z

m=1ln=1

+U§myn<Z§dl>[<Y<d)C>"z<Y<d)°>"1:;]

< —c(Z(d) )

S0

(X Dy, (X Deymizy — (v eym, (v (Deym3y)

S0

iM&

d mc mecils mec mcils
<Z“> ([Xme, Xme]se — [yme yme]st)

3
Il

where we have used the notation [S, T3} = [S,T]s, — [S,T]s,. By approximation,
this yields

Iy < — Z/ ch chy [Ymc,ymc]s>. (517)
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By differential subordination,

d—1
d Z ([XmC,ch]s _ [Ymc’ (YmC]S)

m=1

= d (XX = [V Y = 3 (X, X = [y, vl
m>d

> —d Z ([ch’ch]s + [Ymc’Ymc]s>

m>d

Furthermore, c(Zﬁ)) < M for all 5. Indeed, we have v/2a < \Zs(‘i)| < ¢ -2, so, for
any (u,v) from the unit ball of R? x R9,

1/0< |2\ + (u/e,v/0)| < ¢
and it suffices to use (5.11). Therefore,

I, < M, Z ([ch,ch]B + [Y"LC,Y"LCH/J) <e,

m>d

where in the latter passage we have exploited (5.13). It remains to analyze I3. Let
z,y, h, k € H satisty |z| > 1/¢, |y| > 1/€ and let G = G, y.nt : R = R be given
by G(t) = U*(z+th,y+tk). By (5.16) and mean value theorem, there is t5 € (0, 1)
such that

Uiz + h,y + k) — U(x,y) — VU (z,y) - (h, k)
= G(1) — G(0) — G'(0) = G"(to) < —c(a + toh,y + tok)(|h[* — [KI?).

Apply this to (z,y) = A (h, k) = AZ? to obtain

Uiz - vtz - vu'(z?) - azl®
< 2 + 10 AZO) (AKX~ [AY D).
Using differential subordination,

AXID]? — AV D] = |AX |~ [AY[ = Y (AXP —|AY" )

m>d

> = (AXT]P + AY"]).

m>d
Furthermore, by the definition of Z(®),

V2a < |2 4 t0AZD] < (1 10)| 2P| + |2V < £ — 2,
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SO C(Zé@ + tOAZS(d)) < M. Putting all these facts together yields
<M Y Y (AXP]P+|AY"P) <e,
0<s<tm>d

where in the last inequality we have used (5.13).
Now, plug the above estimates for I; into (5.14) to get

EUY(X, v < BUY(XSD, Vi) + 2¢.

Letting ¢ — oo and using the continuity of U and boundedness of X and Y, we
get, by Lebesgue’s dominated convergence theorem,

EU(X", v\") < BUX{", Yg?) + 2¢

(here we treat Xb(d), Ys(d) as elements of H, using the embedding (Xb(d), 0,0,...)
and similarly for Ys(d)). Now let d — oo and € — 0 to get

EU((a, X¢), (a,Yy)) < EU((a, Xo). (a, Y0)),
and, finally, take a — 0 to get the claim, in view of (5.9). |

Lemma 5.4, though powerful, does not work if the local martingales have
possibly unbounded jumps and we need to strengthen this result.

Theorem 5.3. Suppose that U satisfies the conditions of Lemma 5.4 and, in ad-
dition, that U, U, are bounded on any set of the form 1/n? < |z|? + |y|* < n?.
Let X, Y be local martingales such that'Y is differentially subordinate to X . Then
there is a nondecreasing sequence (Ty,)n>1 going to oo such that, for any a > 0
and 0 < s <t

E[U((a, X1, at), (a, Y1, 0¢)) — U((a, Xo), (a, Yp))|Fo] < 0.

Since we do not impose any extra integrability assumptions on X, Y, the
left-hand side may happen to be —oco on a set of positive measure.

Proof of Theorem 5.3. The argumentation is similar to that of the previous lem-
ma. Let n be a fixed positive integer and introduce the stopping time

T, = inf{t > 0 [X,| + |Yi| + [X, X, + [Y, Y], > n}.
For any fixed ¢ > 0, there is a positive integer d (depending on n and ¢) for which

S (X™ XM, + Y™ Y, ) <e/(n+2)
m>d

with probability 1. For a given a > 0, put

XD = (a, X', X2 ..., X%10,0,...) and Y@ = (a, Y, V2 ... Y9 0,0,...)
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and Z(4) = (X4 y(4)). Now let £ be a fixed positive integer, g : R x R — [0, 00)
be a C* function, supported on the unit ball and satisfying fRded g =1 and
define U? : R? x R? — R by the convolution

Ut(z,y) :/d dU((a:Jru/E,O,O,...),(y+v/€,0,0,...))dudv.
R xR

Let (7%)k>1 be a nondecreasing sequence of stopping times which simultaneously
localizes XD Y(? and the stochastic integrals U, (Z(®). X @ U, (Z(®).Y (). The

processes (X;i)/\rk az)e>0 and (YT(jZ\Tk A¢)t>0 are martingales, but we cannot use the

previous lemma, since they do not have the required boundedness. Therefore, we
need some extra effort: let ¢ > 0 and apply Itd’s formula on the set {7}, > 0}.
We get

1
U£<Z¥,11)Afrk/\t) =Ilv+ 6L+ 512 + I3+ 14, (5.18)
where
d
Iy = UE(Z’;'")/\T)C/\T)’

T ATEAL d T ATE AL d
n= [ vnEax@ s [T v,
0

+ 0+
d—1 T AT AL
= Y [ [ UL x;
m,n=1 0+
T ATE AL d Tr AT A d
v [, @Oaxe e [ U, 20y v,
0+ 0+
L= Y [UYzP) vz - vulz?) . azld),
0<s<T AT AL
d d d d
I = UZ(Z’;")/\T)C/\t) - UE(Z’;"")/\T;C/\tf) - VUZ(Z;H)AT,CAF) ’ AZ'%H)/\T;C/\t'

Now, I = I;(t) is a martingale, since (7x)g>1 is its localizing sequence. Further-
more, Is < ¢ and I3 < e: this is proved exactly in the same manner as in the

previous lemma. Plugging these facts into (5.18), subtracting UZ(Z(TCTIL)AWM
both sides and taking the conditional expectation gives

) from
d d d d
E (U2 ppi) + VUL o) - AZED L il Fo| < U(ZE) + 22

almost surely on the set {7}, > 0}. Letting ¥ — oo and using Lebesgue’s dominated
convergence theorem we obtain

d d d d
E U250 ) + VU (2800 ) - DZED | Fo| < UAZE) +2¢
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almost surely on {7, > 0}. Next we let £ — oo, then d — oo, and finally e — 0 to
get, again by Lebesgue’s dominated convergence theorem,

E [U((a, Xrone—), (@, Y1, 0—))

+ VU (@, X1, p0-), (@, Ve, pa-)) - Al(a X, p0), (@, Ve, )| Fo| - (5:19)
< U((a, Xo), (a. Y0)

on {T,, > 0}. Now, by (5.10), for any x, y, h, k € H with |k| < |h|, the func-
tion G = Gy yni : R = R, given by G(t) = U(z + t,y + h), is concave. This
implies U(z + h,y + k) < U(z,y) + Uz(x,y) - h + Uy(z,y) - k. Using this fact for
r = (a,XTn/\tf), Yy = (a,YTn/\tf), h = A(a’XTn/\t) and k = A(CL,XTnAt), and
combining this inequality with (5.19) yields

]E[U((a7 XTn/\t)a (CL, YTn/\t))l{Tn>0} ’-FO:I < U((CL, XO), (CL, %))1{Tn>0}'
This is precisely the claim, since

U((av XTn/\t)7 (a’ YTn/\t)) - U((a7 XO)’ (av YO))
= [U((a, X1, nt); (a, Y1, ¢)) — U((a, Xo), (a,Y0))] L7, 03

The proof is complete. O

The above theorem concerns functions defined on the whole H x H, but the
reasoning can be easily transferred to more general situations. Suppose that D is
a closed subset of H x H satistying the following two conditions. First, if z, y, T, ¥
are vectors from H such that || = |z|, |y| = |y| and (z,y) € D, then (Z,7) € D.
Second, for any 0 < r < 1, there is € > 0 such that rD,, the e-neighborhood of
rD, is contained in D.

Theorem 5.4. Suppose that D is as above and contains the range of (X,Y):
P(X,Y): € D forallt > 0) = 1. Assume that U : D — R satisfies the con-
ditions from the previous theorem, restricted to D. Then there is a nondecreasing
sequence (Tp)n>1 going to co with the following property. For any 0 < r < 1 there
is a(r) > 0 such that

E[U((a,r X1, at), (a,7YT, 0t)) — U((a,7Xo), (a,rYo))’]:o] <0
for any t >0 and a € (0,a(r)).

The proof goes along the same lines. The only change is that instead of
the truncated process X9 = (a, X', X2, ..., X%1,0,0,...), one has to consider
X@r) = (g, r X', rX?, ..., rX%10,0,...) and a similar Y (%7,

In some situations, the special function U is not of class C!, but is piecewise
C1l: see, e.g., the special function U; given by (3.6). Then Theorems 5.3 and
5.4 cannot be applied. Here is a modification which enables us to handle such
problems.
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Theorem 5.5. Suppose that D is as above. Assume that a functionU : HxH — R
is bounded on bounded sets, of class C* on D ~ {|z||ly| = 0} and of class C* on
the sets D;, where the union of the closures of D; is equal to D. Assume that for
any (:c,y) € Di7 @Hy\ 7& 0 and h’ k€ H;

(WUas (0, ), 1)+ 2(hUsy (2, ), k) + (kUyy (2, 9), k) < —ci(z,y)(|b]* = [k[*), (5.20)
where ¢; : D; — [0,00) is measurable and such that for all 0 <r < 1,

sup sup ci(z,y) < M,.
i (xz,y)eDi;NrD

Here M, < My < o0 for 0 <r < s < 1. Assume further that
Ulx+hy+k)<U(z,y)+ Us(z,y) - h+Uy(x,y) - k (5.21)

for (z,y) € D with |z||ly] # 0 and h, k € H such that |k| < |h|. Let X and Y
be two local martingales such that Y is differentially subordinate to X and let
T =inf{t > 0: (X,Y;) ¢ D}. Then there is a nondecreasing sequence (Tp,)n>1
going to oo with the following property. For any 0 < r < 1 there is a(r) > 0 such
that

E[U((a,rXTATnM), (a,rYrar, at)) — U((a,7X0), (a,rYO))|}"O] <0 (5.22)

for allt >0 and a € (0,a(r)).

This theorem can be proved in the same manner as Theorems 5.3 and 5.4:
we use the processes X (47 Y (@) and repeat the reasoning with 7T}, replaced by
T AT,. The details are left to the reader.

Before we proceed, let us formulate here a very important observation.

Remark 5.4. Sometimes we will need to establish the inequality in the case when
one or both processes X, Y take values in R. Then the above results, Lemma
5.4, Theorems 5.3, 5.4 and 5.5, are not directly applicable. Namely, we use the
fact that the Hilbert space H has at least two dimensions when we replace the
processes X, Y by (a,X) and (a,Y), in order to bound them away from 0 (where
we do not control the derivative of U). However, if we do control the derivative,
the replacement is not necessary and H may be taken to be equal to R. That is
to say, suppose that the function U, given on R x R, is of class C' on the whole
domain (or on a given subset D, depending on which theorem we focus). Then the
above results remain valid and the assertions simplify to

E[U (X1, nt, Y1, 0t) — U(Xo,Y0)|Fo] <0

or, respectively,
E[U(rXr, at,vY1,nt) — U(rXo, rYo)|Fo] <0,
E[U(rXram,ats rYram,ae) — U(rXo, r¥o)|Fo] <0,
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for some nondecreasing sequence (7,) going to co. Similarly, if U is given on
R x H and is of class C* on R x H ~\ {(z,y) : y =0} (or, on D~ {(x,y) : y = 0},
respectively), then the above results are valid and we have

E[U (X1, nt, (a, Y1, nt)) — U(Xo, (a, Y0))|Fo] <0,

with analogous statements for versions of Theorems 5.3, 5.4 and 5.5.

5.3.2 Inequalities for sub- and supermartingales
under a-strong subordination

When the dominating process X is a sub- or supermartingale the situation is a
bit simpler, since we immediately get the reduction to the finite-dimensional case.
Indeed, if Y is H-valued and a-subordinate to X, then for any d = 1, 2, ... the
truncated process Y = (Y1, Y2 ..., Y% 0,0,...) is also a-subordinate to X,
but takes values in R%. This makes the computations a bit less complex, but the
general idea is the same as in the martingale setting. In fact, all the theorems
from the previous subsection are easily transferred. We will only show the changes
which need to be implemented to obtain a submartingale version of Lemma 5.4.
Then it will be clear how to modify the remaining theorems to obtain appropriate
extensions which deal with sub- and supermartingales.

Lemma 5.5. Let U : R x H — R be a continuous function such that U is bounded
on bounded sets, of class C* on R x H ~ {(z,y) : y = 0} and of class C* on D;,
i > 1, where (D;) is a sequence of open connected sets such that the union of the
closures of D; is R X H. Suppose that for each v > 1 there is a measurable function
ci : Di — [0,00) satisfying the following condition: for any (x,y) € D; and h € R,
ke™H,

Usa(, )12 + 200Uy (2,9), k) + (KU, (,9), k) < —cil, ) (% — [K2).  (5.23)
Assume further that there is a > 0 such that for all x € R, y € H we have
Uz(z,y) + a|Uy(z,y)| <O. (5.24)
Moreover, suppose that for each n > 1 there exists M,, such that
sup ¢;(x,y) < M, < oo, (5.25)

where the supremum is taken over all (x,y) € D; such that 1/n? < z? + |y|* <
n? and then over all i > 1. Let X be a bounded submartingale and let Y be
a bounded H-valued semimartingale. Assume that both processes have bounded
quadratic variations and Y is a-subordinate to X. Then for all 0 < s <'t,

EU(X,,Y;) < EU(X,,Y,). (5.26)
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Proof (sketch). Clearly, we may take s = 0. By the above argument and Lebesgue’s
dominated convergence theorem, it suffices to show the assertion for H = R?.
Replacing Y by (a,Y) (and, at the end, letting a« — 0), we may and do assume
that Y is bounded away from 0. As in the proof of Lemma 5.4, we approximate
U by C* functions U’ : R x R? — R, which inherit the properties (5.23) and
(5.24) in view of the integration by parts. Let X = Xy, + M + A be the unique
Doob-Meyer decomposition with A predictable, and let Y = Yy + N + B be the
Doob-Meyer decomposition coming from a-subordination. An application of Itd’s
formula yields

1
UNXe,Yy) =T+ L + L+ I3 + 514
where, this time,
Iy = U(Xo,Yo),

t t
I = / UL(X, Yo )dM, + / UL(X, .Y, )dN,,
0+ 0+

t t
I = / UL(X, Yo )dA, + / UL(X, .Y, )dB,,
0+

0+
t
13:/ UfL<X5_,}/3_)d +2Z/ Xa ,Y )d[XC’Y’ﬂc}s
0+
+ Z / (X, Y )d[Y™e Y
m,n=1
I4 = Z I:UE(XLNYS) - Ue(Xsfay‘:S*) - VUZ(Xsfay‘:S*) : A(Xsan)]
0<s<t

The difference in comparison with (5.15) is that the term I; appearing there has
been split into Iy and I, above. Note that the terms Iy, I3 and I4 can be dealt
with in exactly the same manner as in the proof of Lemma 5.4. To handle I, we
make use of (5.24) and a-subordination to obtain

t t
Izg/ Uﬁ(Xs,,Ys,)dAﬁ/ U4(Xo_, Yo )|d] By
0+ 0+
t t
g/ Uﬁ(xs,,m,)dAs+/ US(Xo—, Yoo )|d(aAs) (5.27)
0+ 0+

t
= [ [0 Y + el Vo) 0, < 0
0+

This completes the proof. O

Therefore, we see that, in comparison with the martingale setting there are
two essential changes in the formulation. The first one is the technical assumption
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that U is differentiable at the y-axis: this is due to the fact that X is real valued,
see Remark 5.4 above. However, this condition can be omitted if X is assumed
to be nonnegative, by replacing X with X + a for some a > 0; in such a case,
it suffices to assume that U : [0,00) x R — R is continuous and of class C! on
(0,00) x R (and of class C? on the sets D;, and so on). The second additional
assumption is the condition (5.24). Note that we had a similar situation in the
discrete-time setting, where we also added this assumption to make Burkholder’s
method for submartingales work.

In the same manner, adding (5.24), one obtains the submartingale versions
of Theorems 5.3, 5.4 and 5.5. The formulations are clear and the details are left
to the reader.

We conclude this subsection by noting that if the dominating process X is
assumed to be a supermartingale, then (5.24) should be replaced by

—Uw(x,y) + alUy(x’:U)l <0.

This can be seen by modifying (5.27) accordingly.

5.4 Inequalities for continuous-time martingales

Theorem 5.6. Let Uy, Uy, : H X H — R be the functions given by (3.6) and (3.12),
respectively. Let X be a martingale and let'Y be a local martingale such that'Y is
differentially subordinate to X.

(i) For any t > 0 we have
EU (X, Y;) <0.

(ii) If X is square-integrable, then for anyt >0,
EUs (X¢,Y:) <0. (5.28)

Proof. Let D = {(x,y) € H x H : |z| + |y| < 1} and introduce the stopping time
T =inf{s >0:(X,,Ys) ¢ D}.
(i) Observe that

EU1 (X, Y:) < EUL(X1at, YTar)- (5.29)

To see this, we use the inequality U (z,y) < 1 — 2|z|, established in the proof of
(3.4). By the conditional Jensen inequality, we get

EUL (X1, Yi)lr<ry < E(1 = 2[X¢ )<y
=E[1{r<yE(1 — 2| X[ Frae)]
< E[lirety(1 = 2|1 Xpnel)] = BUL(X7nt, Yore) Lir<ty

and it suffices to add the trivial equality

EUL(X¢, Yi)1{r>ey = BUL(X7At, Yoae) L {r>e)-
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Now let us apply Theorem 5.5 to the stopped martingales (Xins)s>0 and (Yins)s>o,
with D given above and D; = D°. It is obvious that the function U; satisfies
(5.20) with ¢; = 1 on D;. Furthermore, the condition (5.21) has been verified in
the proof of (3.4). Thus, (5.22) holds for some nondecreasing sequence (T3,)n>1-
Now let a — 1 and r — 1. Since |U(z,y)| < Alz| + B for some absolute constants
A, B > 0, we may apply Lebesgue’s dominated convergence theorem to get that
for any n > 1,
EU(X7AT, At YTATuAt) < EUL (X0, Yo) < 0.

Here we have used the fact that Uy(z,y) <0 if |y| < |z|. Since
U(XTAT,nt, YTAT, AL) > —1 = 2[X7pd]s
the use of Fatou’s lemma is permitted and we obtain
EUL (X1at; Yrae) < 0.

It remains to combine this with (5.29).

(ii) The argumentation is similar, but first we show that Y is in L% To do
this, let 7 be any bounded stopping time and apply Theorem 5.3 to the function
U(z,y) = |y|> — |z|* and processes X, Y7 = (Y, x;)¢>0. We obtain

ElYr, arnel? SEl X7, a0 <NIXI[5, ¢20,
for some nondecreasing sequence (7,),>1 converging to co. Now let n — oo and
t — oo and use Fatou’s lemma to get E|Y;|* < || X]|3. Thus |||Y]||2 < oo and hence

Y is a martingale, by virtue of Lemma 5.3. A similar reasoning, conditionally on
Frat, shows that

E([Yi)* — 1X?) < E(Yrael® — [ Xrae), (5.30)

where T was introduced at the beginning of the proof. The next move is to show
that for any ¢ > 0,
EUso (X¢,Y:) < EUso(X7at, YTAL)- (5.31)

We have Uy (2,y) > (ly| —1)*—|z|? for all z, y € H (see the proof of Lemma 3.1).
Therefore, by Jensen’s inequality and (5.30),

EUco(Xe, Yo)lir<ry < E[(JVi] = 1) = |Xo*] Lr <y
=E[[V;]* — [X* = 2|Ye| + 1 1{r<y
< EUYT/\t|2 — [ Xradl® = 2[Yrael + Ulir<y
= EUso (X1nt: Yrri) L ir<ty

and it suffices to add the trivial estimate
EUoo (X1at; YTAt) Lirsty = BUso (X4, Vi) Lir>4y

to get (5.31). Apply Theorem 5.5 to the stopped martingales (Xra¢)i>0 and
(Yrat)e>o and D, Dq as above. The conditions (5.20) and (5.21) hold (for the
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second of them, see Lemma 3.1). Thus (5.22) is valid: we let « — 0, » — 1 and
n — oo and use Lebesgue’s dominated convergence theorem. Here the majorant is
given by ([Y[*)? + (|X|*)? + 1, which is integrable by Doob’s maximal inequality.
As the result, we obtain

EUoo (X1at; YTat) < EUs(X0,Y0) <0
and the use of (5.31) completes the proof. O

Thus, the inequalities for basis functions U; and Uy, are valid. By Fubini’s
theorem and localization, all the inequalities of Chapter 3 which were established
using the integration method are also valid in the continuous-time setting. Let us
gather these results in the three theorems below.

Theorem 5.7. Suppose that X, Y are H-valued local martingales such that Y is
differentially subordinate to X. Then

Yl < (0" = DIIX]lp, 1 <p <o,
Y [lp < Cp.qllIXIlla, 1<p<q<oo,

Y Mg,00 < cp,alll X Ips 0<p, q¢<o0,
Y Il < K[ X[og + L(K)

(5.32)

and all the inequalities are sharp.

Proof. For example, to establish the first inequality, we may assume that ||| X[, <
oo (otherwise the inequality is trivial). Thus X is a martingale, by Lemma 5.3.
Let T, = inf{¢t > 0 : | X;| + |Y;| > n} and let 7 be a bounded stopping time. We
have, by Lemma 5.2,

Y7, arnt] < Yol + 1+ |[AY1, arae] < [ Xo| + 71+ |AX 1, ¢,

S0 Y7, arat € LP. Thus we may apply the integration method to the processes X
and (Y7, arnt)t>0 and we get

Yz Arnillp < (07 = DIX][p-

It suffices to let ¢ — co and n — oo and apply Fatou’s lemma to obtain ||Y;||, <
(p*—1)||X||p- This is what we need, since 7 was arbitrary. The remaining estimates
are proved in a similar manner. O

Analogously, one shows the following result for nonnegative local martingales.

Theorem 5.8. Assume that X, Y are local martingales such that 'Y is differentially
subordinate to X. Then

(i) If X > 0 and Y is H-valued, then

Y llp < Cortp

1Y 1llp.co < €5 pll1XIllp, 1 <p <o

X1y, 1 <p<oo,
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(ii) If X is H-valued and Y > 0, then
1Y > < Cop 11X ]]-

All the inequalities are sharp.

Now we turn to the estimates in the case when the dominating process X is
bounded. Let ® be an increasing convex function on [0, 00), such that ®(0) = 0,
®’(0+) = 0 and  is twice differentiable on (0, c0).

Theorem 5.9. Assume that X, Y are H-valued local martingales such that Y is
differentially subordinate to X and |||X]||c < 1.

(i) We have, for any A > 0,
P(YT = A) < P(N),
where P(\) is given in (3.102).
(ii) If @' is convez, then for any bounded stopping time T,

1 (e )
sup E®(|Yne]) < 5/ O(t)e dt.
t 0

(iii) If @ is concave, then for any bounded stopping time T,

SupES(|¥s i) < (1)

All the estimates above are sharp.

Proof. (i) For A < 2 we repeat the argumentation from the discrete-time case.
Hence, let A > 2 be fixed. It suffices to show that for any ¢ > 0,

P(|Yi| = 1) < P(A).

Here the situation is a bit more complicated, as the function Uy defined by (3.106)
is not of class C* on (—1,1) x (=, \), so the argument with the stopping time
T = inf{t > 0:|Y;] > A} and Theorem 5.5 is not applicable. Thus we need some
extra effort. The key observation is that the function Uy : {(z,y) € H x H : |z| <
1} — R, given by

U (.’E ) _ U)\(xay) on D() U D1 U D2 U D3,
MO T 02 1 [P+ ) - 1)L on Dy

is an alternative special function leading to (3.102) for A > 2. To see this, note
that Uy > Uy, so Uy has the majorization property. Furthermore, since U is of
class C! on D3U D, and the dependence on x and y on the set Dy is only through
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ly|? — |=|?, the function has the concavity property as well. Introduce the stopping
time T = inf{t : (X,Y:) € D3 U Dy}. The next step is to show that

P(Y:] > A) < EUA(XT/\t,YTAt)~ (5.33)

To establish this bound note that {|Y;|] > 1} C {T < t}, so by Chebyshev’s
inequality,

A -1 Y+ X2

Lir<sy-

Now plug (5.30) to obtain (5.33). The final step is to apply Theorem 5.5 to the
function Uy and the set Do U D1 U Dy. We get

EU)\(XT/\t,YT/\t) § P()‘)

which is the claim.
(ii) Follows from the integration argument.
(iii) Evident from simplicity of the special function. O

The inequalities for “nonsymmetric differentially subordinate martingales”
studied in Section 3.9 also extend to the continuous-time setting. Recall the con-
stants K, », L™ (K) and ¢, given there.

Theorem 5.10. Assume that X, Y are local martingales such that —X/2+Y s
differentially subordinate to X /2.

(i) If X and Y are H-valued, then

|HY|HP700<KP700H‘X|HP’ I<p<o

and
Y[l < ngpElth log [X¢[ + L™ (K).

Both inequalities are sharp.
(ii) If X and Y are real-valued, then

Y 1lle < el XTIl

and the constant c, is the best possible.

Proof. (i) By Theorem 5.6, we have that if X is a martingale, then we have
EU;(X/2,—X¢/2 +Y;) < 0 and if, in addition, X € L?  then we also have
EUs (X:/2,—X:/2 + Y:) < 0. These two basic inequalities combined with the
integration argument lead to the announced estimates: see the discrete-time set-
ting.

(if) We will exploit Theorem 5.3. Using an additional trick, we will not deal
with the explicit formula for Choi’s special function; it will be enough for us
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that such a function exists. Let M(z,y) denote the class of all pairs (f,g) of
simple martingales starting from (x,y) satisfying the following condition: there is
a deterministic sequence 0 = (6,),>0 with terms in [0,1] such that for n > 1,
dgn = Ondfy,. Introduce the function V : R x R — R by Vj(z,y) = [y|" — cp|z|".
Then the following lemma is clear (see Chapter 2).

Lemma 5.6. Let U, : R* — R? be given by

Up(xa y) = sup Evp(fna gn)a

where the supremum is taken over all n and all pairs (f,g) € M(z,y). Then
Up >V, and U, is concave along any line of slope belonging to [0,1]. Furthermore,
U, is homogeneous of order p.

The next auxiliary fact is the following.

Lemma 5.7. Let U, be as in the previous lemma. Then for anyx € R and 1 < p <
00, the function Up(x,-) : t — Up(z,t) is conver.

Proof. Let y1, y2 € R and A € (0,1). For any (f,g) € M(x,0), we have, by the
convexity of the function ¢ — |¢[?,

EVp(fn, Ay + (1 = A)yz2 + gn) < AEVL(fn, 1+ gn) + (1 = NEV,(fo, y2 + gn)
< AEU,(z,y1) + (1 — NEU,(z, y2),

since (f,y; +¢g) € M(x,y;) for i = 1, 2. It suffices to take the supremum over all
n and (f,g) € M(x,0) to complete the proof. a

Now we come back to the proof of the moment inequality. We cannot verify
(5.10) (or its nonsymmetric version), since we do not know whether U, is suffi-
ciently smooth. To overcome this problem, let € > 0 and g : R? — [0, 00) be a C°
function satisfying f]R2 g = 1, supported on the ball of radius 1 and center (0, 0).
Define Up, Vp :R? — R by the convolutions

Uya) = || Uplo+cuy +o)g(u,)dude

and

Vp(z,y) = /R2 Vp(z + eu, y + ev)g(u, v)dudw.

Since U, > V,,, we have that U, majorizes V,. The function U, is of class C*
and inherits the convexity and concavity properties described in the two lemmas
above. In particular,

Upao + 2Upay + Upyy <0, Upza <0, —Upy, < 0. (5.34)
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We will prove that U : Rx R — R given by U(x,y) = U,(2z, z+y) satisfies (5.10)
with - .
c(z,y) = —2(Upea 2z, 2+ y) + Upay (22, 2 + y)),

which is nonnegative due to (5.34). To do this, note that the first two inequalities
in (5.34) can be rewritten in the form

£(2Upay + Upyy) < = (2Upsa + 2Upay + Upyy) -
Therefore,
U‘L‘L<x7 y)h2 + 2Uwy(xa y)hk + Uyy(.T, y)k2
= [AUpse (22,2 + y) + AU poy (22,7 + y) + Upyy (22, 2 + y) | A®
+2 [QUpmy 2z,z +y)+ Upyy (2z,z + y)] hk + Upyy (2z,z + y)k2
< [AU poa (27,2 + y) + AU poy 22, & + y) + Upyy (22, + y)| A
— [2U 02 (22, 4+ y) + 2U pay (22, 2 + y) + Upyy (22, + y)] (R* + k)
+ Upyy (22, 2 + y)k?
= *C(%,y)(hZ - k2)
The remaining part of the proof is straightforward. We may assume that |||X|||, <
oo, which implies that |||Y]||, < oo (by Burkholder’s estimate for differentially
subordinate martingales). We have that |Up(z,y)| < &(|z|P + |y|?) for all z, y and
some absolute constant «: indeed, Uy (z,y) > |y[P — ch|z|? and U, can be bounded
from above by Burkholder’s function (z,y) — oy (ly| — (p* — 1)z|)(|z] + [y[)P~,
directly from the definition of U,. Thus, a similar bound is valid for U, and, in

turn, for U:
Uz, y)| < &(|z]” + [yl?) (5.35)

Consequently, by Theorem 5.3 and Remark 5.4,
E[U(X7,nt/2, = X1nt/2+ Y, 0t) = U(X0/2, = Xo/2+ Yo)|Fo] <0, t>0,

for some nondecreasing sequence (7,) going to oo. Now we use (5.35) with the
condition X, Y € LP to obtain

EU(X,/2, —X0/2 + Vi) < BU(Xo/2, — Xo/2 + Yo),

by Lebesgue’s dominated convergence theorem (the majorant is &((|X|*)P +
(|Y'|*)P), which is integrable thanks to Doob’s inequality). That is,

EUP(Xta }/t) < ]EU[)<XO, YO)a

and, consequently, EV ,(X;,Y;) < EU,(Xo,Ys). Now we let ¢ — 0 (¢ was the
parameter used in the convolution) to get

]EVp(Xt?}/;f) S EUP(XO7YO) S 07
which yields the claim. O
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Finally, we turn to the results concerning optimal control of martingales.

Theorem 5.11. Assume that X, Y are real-valued martingales such that Xog = x,
Y is differentially subordinate to X and P(sup, Y; > 0) > t. Then

Xy = Lp(z, 2], 1),  1<p<oo,

and the inequality is sharp.

Theorem 5.12. Assume that X, Y are real-valued local martingales such that Y is
differentially subordinate to X. Then

PlsupY; > 1) < Kp ool [[X]llp, 1 <p <oo,
t

and the constant is the best possible.

Proof. As in the discrete-time case, the key ingredient in the proof of both these
estimates is the inequality

PY™ > 0) < [[IX[[I; + Up(z,y), (5.36)

where X, Y are real-valued local martingales starting from x and y, respectively,
such that the process ([X, X]; — [Y,Y]:)t>0 is nondecreasing as a function of ¢
(this is not differential subordination: this process may take negative values). We
consider two cases p > 1 and p = 1 separately.

The case p > 1. In fact we will focus on the case 1 < p < 2; for p > 2
the reasoning is similar. With no loss of generality, we take |||X]||, < oo: this
implies that |||Y]||, is also finite. We will apply Theorem 5.5 combined with Re-
mark 5.4. Let V,(z,y) = 1{y>0y — |[#|P and let U, be the function coming from the
discrete-time setting. Finally, set D = R X (—00,0). Then U, satisfies the assump-
tions of Theorem 5.5: the inequality (5.20) can be extracted from the inequalities
(3.159)—(3.162), while (5.21) was established directly in the discrete-time case. The
remaining properties are easy to verify. Consequently, we have

EU (r XTat, at, TYTAT, A1) < BU,(rXo,7Y0) = Up(rx, ry)
and letting r — 1, n — oo we get
EVp(XTAt,YT/\t) < EUp(XTAt,YT/\t) < Up(xay)’

by Lebesgue’s dominated convergence theorem. This yields (5.36) by the stopping
time argument.

The case p = 1. We may assume that ||| X]|||1 < oo and, by localizing, that
X is a martingale. We cannot use “the real-valued version” of Theorem 5.5, since
Ui, given by (3.142), is not differentiable on the set {(0,y) : ¥ < —2}. On the
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other hand, we know that U; is diagonally concave and, as one easily checks, the
function U (x,-) is convex on (—oo, 0] for any € R. Introduce the function

Umaw:</1hm+fwy+swmmvam, (z,y) € R,
]R2

where g and ¢ are as usual (assume also that € < —y). Then U is also diagonally
concave and Uq (z, ) is convex on (—oo, —¢] for any x € R. This gives

:|:2U11y S 7U111 — Ulyy on RQ

and .
Uiyy >0 on R x (—o0, —¢]. (5.37)

Thus, for any x, y, h and k € R,
Uie(z,9)h2 + 20 10y (2, y)hk + Uty (, y)k?
< Vs @, y)h” = %AUl(gj’y)Ul2 + k) + Uryy(z,y) k>
=~y (@,9) = Uiz, 9)) (0* = )
= —c(z,y)(h* — K?).

Now, if (z,y) € D = R x (—00, —¢), then c¢(z,y) > 0 in virtue of (5.37). Thus, U,
satisfies the assumptions of Theorem 5.5 (with 7 = R) and hence

EUL (X7aT nts YrrT,ont) < Uz, y), (5.38)

where 1" is the exit time of D and (T},) is a certain nondecreasing sequence going to
oo. Since U(z,y) > 1 — |z|, Uy also satisfies an inequality of this type: Uy (z,y) >
—k(1+ |z|) for some universal constant k. By (5.38),

E [k + & XA, ae| + Ur(Xoaz, e, Yrar,ar)] < Uz, y) + £ + KE[ XAz, Al
Uz,

(z,y) + £ + KE[ X7 Al

where in the second passage we have used Doob’s optional sampling theorem. If
we let n — oo and then € — 0, we obtain, by Fatou’s lemma,

<
<

EU1(Xrae, Yrae) < Ui(z,y).

Hence EVi (X7at, Yrae) < Ui(z,y), which yields (5.36) by the stopping time ar-
gument. O
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5.5 Inequalities for continuous-time sub- and
supermartingales

Now we will focus on the inequalities where the dominating process is a sub- or a
supermartingale.

5.5.1 Weak type inequalities for local submartingales

We start from the generalization of Theorems 4.4 and 4.5. For any a > 0, let C,,
K, be the constants defined there.

Theorem 5.13. Let o > 0. Assume that X is a local submartingale and Y is a-
subordinate to X. Then

P(YT* > 1) < Kol [[XH|[li = (Ca — Ko)EXo (5.39)
and
P(Y]* > 1) < Call|X] Il (5.40)

Both inequalities are sharp.

Proof. Sharpness is clear, since the constant C,, is already optimal in the discrete-
time case. Thus we will be done if we establish the first estimate, since |[|XT|||; <
[ X]l1 and —EXo < || Xo]l1 < |||X|]]1- By localization, we may and do assume
that X is a submartingale. Recall the function U, given by (4.6), and some of its
properties. This function is of class C' on the set

ly| -1
aVl

D{(x,y)ERXH: <x<1|y}

and of class C? on D \ {(z,y) : y = 0}. Furthermore, it satisfies (5.20) and
(5.21) on D (see (4.8)) as well as the inequality Uny + @|Uay| < 0, due to (4.7).
Consequently, applying the submartingale version of Theorem 5.5 yields

E[Ua(rXrat, at, 7YrAT,At) — Ua(rXo,mY0)] <0,

for some nondecreasing sequence (1},),>0 going to oo.
By (4.9) we have U, (rXo,rYy) < —r(a + 1) Xy, whence

EUa(TXT/\Tn/\terT/\Tn/\t) S *T(OZ -+ 1)]EXO = *T(Ca — KQ)EX()

Now we let n go to oo and 7 go to 1. Observe that Uy, (rXoar, at, YT AT, AL) >
—1— Ku|rXrat|, so by Fatou’s lemma,

EUn(X1at, Yrar) < —(Co — Ko)EX,.
Thus, using the majorization property of U,, we get
P(Yrae 2 1) < KaEX7,, — (Co — Ka)EXo < Kol [|X|[l1 = (Ca — Ka)EXo,

which yields the claim by the stopping time argument. O
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5.5.2 Weak type and moment inequalities for
nonnegative local submartingales

Theorem 5.14. Let o > 0. Assume that X is a nonnegative local submartingale
and Y is a-subordinate to X. Then

PYT* 2 1) < (e +2)[[|X]]x (5.41)
and
Yy < (o = DX, 1<p<oo. (5.42)
Both inequalities are sharp.

Proof. Tt suffices to prove inequalities (5.41) and (5.42); their sharpness has been
already established in the discrete-time setting. First we focus on the weak type
estimate. Let U be the special function given by (4.14) and let T be the first exit
time from the set D = {(x,y) : 0 < 2 < 1— |y|}. By (4.16) and Doob’s optional
sampling theorem,
EU(Xt, Y)lir<ny <E(1 = (o +2)Xe)liran

<E(1— (a+ 2)XT/\t>1{T<t}

= EU(X1at, Yrae) Lir<ey
and adding this to the trivial equality EU (X¢, Y3)1{r>¢y = EU (XAt Yrae) Lir>e),

we obtain
EU(X:,Y:) <EU(Xrat, YTat)- (5.43)

Now we shall use the submartingale version of Theorem 5.5, with U and D as
above. The assumptions are satisfied: the inequality (5.10) follows from (4.15) and
(5.21) was established in the discrete-time setting. Consequently, we obtain

EU (r Xoat, ats (@, Y1 AT, A1) < EU (X0, (a,7Y0))
for some nondecreasing sequence (T}, )n>1 going to co. We have that
|U(rXo, (a,7Y0))| <14 (a+2)Xo

and
\U(rXoar,ats (@ mYrar,ar))] < 24+ (0 +2) X7ae,

so letting n — 0o, a — 0 and r — 1 yields, by Lebesgue’s dominated convergence

theorem,
EU(X7at, Yrae) < EU(Xo,Yo) < 0.

Combining this with (5.43) gives
EU(X,,Y;) <0, (5.44)

which implies the weak type estimate by the stopping time argument.
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We turn to the moment estimate. We may and do assume that ||| X]|||, < oc.
Let N be a positive integer and let 7 = inf{¢ : |Y;| > N}. Then the stopped
process Y = (Yra¢)e>0 is a-subordinate to X and satisfies |||Y]||, < oo, because

|Y'r/\t| § |Y7‘/\t7‘ + ‘AYT/\t‘ § N + |AX7‘/\t|~

Now, if p < (o + 2)/(a + 1), we exploit the integration argument and (5.44),
obtaining

EU(Xta }7t) S 0’
where U is given by (4.26). By the majorization property, this implies
(Yonellp < (o — DIIX]I]p

and it suffices to let t — co and N — oo. For the remaining values of p we make
use of the submartingale version of Theorem 5.5 and obtain

EU(a + X7, at; YT, arnt) < EU(a+ Xo,Y0) <0,
where (T,),>1 is a certain nondecreasing sequence of stopping times (here U is
the corresponding special function). It suffices to use the inequality |U(z,y)| <
c(aP + |y|P), valid for all x > 0, y € H and some absolute constant ¢. Then
Lebesgue’s dominated convergence theorem yields
EU(Xt’YT/\t) S 07
which, as previously, immediately yields the claim. O

5.5.3 Weak type and moment inequalities for
nonnegative local supermartingales

Theorem 5.15. Let a > 0. Assume that X is a nonnegative local supermartingale
and Y is a-subordinate to X. Then

B(Y[*>1) <27[|[x||l5,  0<p<l, (5.45)
and, for B, as in Theorem 4.11

Yy < BplllXIllp,  p<1. (5.46)
Both inequalities are sharp.

Proof. This is established exactly in the same manner as the previous theorem.
We leave the details to the reader. ]
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5.5.4 Logarithmic estimates for nonnegative local submartingales

Theorem 5.16. Let o € [0, 1]. Assume that X is a nonnegative local submartingale
andY a real-valued semimartingale which is a-subordinate to X. Then for K > 1,

YTl < KJlIX[hog+ + LK, ). (5.47)

The constant is the best possible.

Proof. We may and do assume that [[|X|[[;og+ < co. For a fixed a and K, let U
be the corresponding function considered in the discrete-time case. This function
is concave along the lines of slope belonging to the interval [—1, 1]. Furthermore,
when y € R and |y| < «, then the function ¢ — U(t,y + at) is nonincreasing;
finally, for any x > 0 the function U(z, -) is convex. These properties are inherited
by the function U : [¢,00) x R — R, given by

U(z,y) = /]Rz U(z — eu,y — ev)g(u, v)dudv,

where ¢ > 0 and g : R?> — R are as usual. Now, arguing as in the proof of
Theorem 5.11, we show that U satisfies 1° (with V obtained from V(z,y) =
ly| — Kxlog™ x by the appropriate convolution) and 2°. Consequently, by the
submartingale version of Theorem 5.3, if a > 2¢ and ¢ > 0,

EU(a+ X1, nt, Y1, nt) < EU(a 4 Xo,Y)
for some nondecreasing sequence (7},) going to oco. This implies
EV(a + X1, ¢, YT, 0t) < EU(a + Xo,Y0) < L(K, ).

Here in the latter passage we have used the inequality U(z,y) < L(K,«) for
ly| < |z| and the fact that |a + x + ue| > |y + ve| for any (u, v) belonging to the
unit ball of RZ. Obviously, we have

V(@) < |yl + K(z +€)log™ (z +¢) < w(zlog’ z +1)

for some absolute constant x (not depending on ). Therefore, by Lebesgue’s dom-
inated convergence theorem, if we let N — 0o, ¢ — 0 and then a — 0, we obtain

E|Y;| < KEX;logt X; + L(K, @) < K|||X||[10g+ + L(K, ).

Now if pick a bounded stopping time 7 and replace Y with (Y:a¢)i>0, we get,
taking sufficiently large ¢,

E|Y:| < K[ X][liog+ + L(K, ).

This yields the claim, since 7 was arbitrary. ]
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5.5.5 Inequalities for bounded local submartingales

Finally, we formulate the results in the case when the dominating process is a
continuous-time submartingale bounded by 1. The reasoning is similar to that
presented above and we leave the details to the interested reader.

Theorem 5.17. Let « € [0,1]. Assume that X is a local submartingale satisfying
1 X||loo <1 and Y is an adapted process which is a-subordinate to X. Then for

A > 0 we have the sharp inequality

where Uy is given by (4.72), (4.73) or (4.75), depending on whether A € (0,2],
X € (2,4) or A > 4. In particular, for X > 4,

P(Y[* 2 ) < ye/2042), (5.49)
where L+
(87 a+2
- 14255 ( )
v 2a+4(a+ + +1)exp a+1

Let ® be a nondecreasing convex function on [0, 00), which is twice differen-
tiable on (0, 00) and such that @’ is convex on (0, c0) and ®(0) = &'(0+) = 0.

Theorem 5.18. Let o > 0. Assume that X is a nonnegative submartingale bounded
from above by 1 and let Y be an H-valued process which is a-subordinate to X.
Then for ® as above and any bounded stopping time T,

Y, 1 00
go (L) < L [T g petar.

The inequality is sharp, even if H = R.

Theorem 5.19. Let o« > 0 be a fized number. Assume that X is a nonnegative
submartingale bounded from above by 1 and let'Y be a real-valued process which is
a-subordinate to X. Then

(a+1)(202 + 3a + 2)

Y= =5 heTy

The constant on the right is the best possible.
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5.6 Inequalities for smooth functions on
Euclidean domains

The estimates for continuous-time processes studied above yield interesting bounds
for smooth functions defined on subdomains of R™.

5.6.1 Inequalities for harmonic functions

Let D be an open connected set of points @ = (z1, z2, ..., ) € R™, where

n is a fixed positive integer. Let H be a separable Hilbert space. Suppose that
2

u : D — H is harmonic: the partial derivatives up = % and uj, = %

exist and are continuous, and Au = Zzzl ugr = 0, the zero vector of H. Then

ug(x) € H and we put

n 1/2
[Vu(z)| = (Z IUk(a:)F) :
k=1

Fix a point £ € D and let Dy be a bounded subdomain of D satisfying £ € Dy C
Dy U 0Dy C D. Denote by ,u§D0 the harmonic measure on 0Dy with respect to &.
If1<p<oo,let

be the strong pth norm of u: here the supremum is taken over all D, as above.
The norm ||u||« is defined by the essential supremum of u, as usual. Similarly, let

[l [poe = supsup Ay, ({x € Dy : [u(x)] > A})]
Do A>0

denote the corresponding weak pth norm. Now let v : D — H be another harmonic
function.

Definition 5.3. We say that v is differentially subordinate to w if, for all x € D,
Vo(z)| < [Vu(z)].

For example, if n = 2, D is the unit disc of R? and u, v are conjugate
harmonic functions on D, then v is differentially subordinate to u. This follows
immediately from the Cauchy-Riemann equations.

The key fact which connects the differential subordination of harmonic func-
tions with that of martingales is the following. Suppose that £ € D, u and v are
as above and that v is differentially subordinate to u. Assume, in addition, that
[v(€)| < |u(€)]. If B = (By);>0 is a Brownian motion in R”, started at £ and
stopped at the exit time of D, then X = (u(B;))i>0 and Y = (v(By))i>0 are
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continuous-time martingales such that Y is differentially subordinate to X. This
follows immediately from the identity

X, X]e = [V, Y] = [u@©)* = () + /(J+ [Vu(Bs)? —|Vo(Bs)|? ds.

Moreover, we have || X ||, = [|ullps || X]|Ip,c0 = ||t]|p,co and similarly for ¥ and wv.
Consequently, the inequalities studied in Section 5.3 above immediately give corre-
sponding results for harmonic functions under differential subordination. However,
it should be stressed here that in general, these new estimates may, but need not
remain sharp.

For example, we have the following result, concerning the strong type (p, p)
and weak type (1,1) estimate.

Theorem 5.20. Suppose that w, v are harmonic functions on D such that v is
differentially subordinate to u and |v(§)| < |u(§)|. Then
vl < (" = Dlfull,,  1<p<oo.

It is not known whether the first inequality is sharp (except for the trivial case
p = 2). Furthermore,
[v]l1,00 < 2[ulx

and the constant 2 is the best possible, even if n =1 and H = R.

Proof. In view of the remarks preceding the theorem, it suffices to establish the
sharpness of the weak type estimate. Consider D = (—1,3), £ = 0 and u(z) = 1+z,
v(x) = 1 — x. Then the assumptions on u and v are satisfied. Furthermore, if
—1<a<0<b<3and Dy = (a,b), then the harmonic measure on 9Dy with
respect to 0 is given by

pp,({a}) =0/(b—a),  pp,({b}) = —a/(b~a).
Consequently, ||lu||; =1 and, when A < 2,
. S \) = lim )\ — 2.
ligsgi) An(jv] > A) 1)}?21)\ 2

This completes the proof. O

5.6.2 Inequalities for smooth functions

All that was said in the previous subsection can be easily extended to a much wider
setting. Suppose that u, v : D — H are continuous functions with continuous first-
and second-order partial derivatives. In particular, they need not be harmonic.

Definition 5.4. Let « be a fixed nonnegative number. We say that v is a-subord-
inate to wu, if v is differentially subordinate to v and for any = € D we have

|Av(z)] < alAu(z)|. (5.50)
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Assuming that w is sub- or superharmonic (and hence real-valued), we may
transfer the results of Section 5.4 above to this new setting. This is again based on
the observation that composition of such functions with Brownian motion leads to
continuous-time processes for which the a-subordination is satisfied. Indeed, the
Doob-Meyer decomposition we consider is given by

t

t
1
X, = u(e) + / Vu(B)dBs + + [ Au(B.)ds,
0+ 2 Jot
t

1t
Y =v(€) + Vv (Bs)dBs + —/ Av(Bs)ds
o0+ 2 Jot

and (5.50) implies that the process

a [* 1 [t
(_/ |Au(BS)|ds——/ Av(BS)|ds>
2 Jot 2 Jot >0

is nonnegative and nondecreasing. We omit the further details. See also Chapter 6
for related results under an additional orthogonality property.

5.7 Notes and comments

Section 5.1. The notion of differential subordination in the continuous-time case
is due to Banuelos and Wang [8] and Wang [200]. The extension of the strong
differential subordination in the particular case o = 1 can also be found in [200];
for the general case, see [132].

Section 5.2. The results described in this part are taken from [200].

Section 5.3. The weak type estimates (for 1 < p < 2) as well as the moment
and tail inequalities were established by Wang in [200]. The weak type inequality
for p > 2, in the real-valued case, was proved by Suh [189]. The above-simplified
approach, based on the integration argument, is entirely new (but see [151]).

Section 5.4. The results presented there are new, except for Theorems 5.13
and 5.16 (see [150] and [149], respectively).

Section 5.5. Differential subordination of harmonic functions appeared first in
Burkholder’s paper [29] and was studied in many subsequent works: see Bafiuelos
and Wang [8], Burkholder [32], [34], [36], Choi [48], [49], [50], Hammack [88],
Janakiraman [103], Suh [189], and the author [125], [126], [130], [133], [156]
and [161].



Chapter 6

Inequalities for Orthogonal
Semimartingales

This chapter can be seen as a continuation of the previous one: we shall study the
estimates for continuous-time semimartingales under an additional orthogonality
assumption. However, we have decided to gather the results in a separate chapter.
This is due to their close connection to the classical inequalities for conjugate
harmonic functions on the unit disc of the complex plane.

6.1 Orthogonality and modification of
Burkholder’s method

Throughout this chapter we assume that = ¢2. This can be done with no loss
of generality and will be very convenient for our purposes.

Definition 6.1. Let X, Y be two semimartingales taking values in H. We say that
X and Y are orthogonal, if for any nonnegative integers i, j the process [X¢, Y7] is
constant (here X, Y7 denote the ith and jth coordinate of X and Y, respectively).

For example, if B! and B? are independent Brownian motions, then they
are orthogonal (we treat them as f?-valued martingales using the embedding
(B},0,0,...), (B2,0,0,...), t > 0). Another very important example is the fol-
lowing. Let B be a d-dimensional Brownian motion and let H, K be R%valued
predictable processes satisfying the condition H - K; = 0 for all s > 0 (here - is
the scalar product in R?). Then the processes

t t
Xo=Xo+ | Hab, Yi=Yo+ | K.
0+ 0+
are orthogonal: [X,Y]; = XoYo + fg+ H, - K,ds = XoYp. This example can be
easily modified to give vector-valued orthogonal processes.
Let us make here an important observation.

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 245
DOI 10.1007/978-3-0348-0370-0_6, © Springer Basel 2012
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Remark 6.1. If Y is differentially subordinate to X and both processes are orthog-
onal, then Y has continuous paths. This follows immediately from |AY;| < |AX|
(see Lemma 5.2) and the equality AX! - AYJ = 0 for all 4, j, which is a direct
consequence of orthogonality.

In this chapter we will work with continuous-time semimartingales under the
assumptions of (strong) differential subordination and orthogonality. Burkholder’s
method can be transfered to this more restrictive setting as follows. Consider the
“orthogonal version” of Lemma 5.4.

Theorem 6.1. Let U be a continuous function on H x H satisfying (5.9), bounded
on bounded sets and C' on H x H ~ ({|z| # 0} U {|y| # 0}), whose first-order
derivative is bounded on bounded sets not containing 0, the origin of H x H.
Moreover, assume that U is C? on D;, i > 1, where D; is a sequence of open
connected sets, such that the union of the closures of the D; is H X H. Suppose
that for each i > 1, there exists a monnegative measurable function c; defined on
D; such that for (z,y) € D; with |z||y| # 0,

(hUss (2, y), h) + (KUyy (2, ), k) < —ci(z,y)([A* — |k[*) (6.1)
for all h,k € H. Assume that U satisfies
Uz +h,y) = Uz,y) = Us(z,y) - h <0 (6.2)

for all x, y, h € H such that |z||ly| # 0. Assume further that there exists a nonde-
creasing sequence (M,)n>1 such that

sup ¢;(z,y) < M, < oo, (6.3)

where the supremum is taken over all (x,y) € D; such that 1/n? < |z|? + |y|? < n?
and all i > 1. Let X and Y be bounded H-valued orthogonal martingales with
bounded quadratic variations such that'Y is differentially subordinate to X. Then
for any 0 < s <t we have

EU(X,,Y;) < EU(X,,Ys). (6.4)

The proof goes along the same lines. Note that the condition (5.10) from
Lemma 5.4 is replaced above by the two inequalities (6.1) and (6.2). The reason
for this change comes from a slightly different form of the terms I and I35 defined
in (5.15). Due to the orthogonality, we have [X™,Y™] = 0 for all m, n, so

d—1 t t
I, = Z |:/ Uﬁmxn (Zs(‘i)>d[ch’ch]s +/ nymyn (Zs(li)>d[ymc,ync}s]
0+ 0+

m,n=1

Second, Y has continuous paths, and so

=Y [Py - vi(xD vD) - vh(x{?, vy ax®].

0<s<t
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It is clear that (6.1) and (6.2) control the above two terms; all the remaining
arguments are essentially the same as those used in the proof of Lemma 5.4.

Theorems 5.3, 5.4 and 5.5 can be analogously transferred to the orthogonal
setting. The further extensions to the case when the dominating process X is
a sub- or supermartingale are also easy to obtain. We omit the straightforward
details.

6.2 Weak type inequalities for martingales

6.2.1 Formulation of the result

As usual, we start with the weak type estimates.

Theorem 6.2. Assume that the real-valued local martingales X and Y are orthog-
onal. Then for 1 < p <2 we have

Y Mlp.00 < Kpl[[ X]llp, (6.5)

where
g LTt 1+ 5+t
P T(p+1) 2vr1 17#+ﬁ77p_1+1+...'

The constant is the best possible.

(6.6)

Before we turn to the proof, let us make here some important observations.
First, the above theorem concerns real-valued processes. We do not know the best
constants in the case when the martingales are Hilbert-space-valued and it seems
that these values are different (see the moment estimates in the next section).
Secondly, we do not know the best constant in the case p > 2, even in the real-
valued case.

6.2.2 Proof of Theorem 6.2
Let H = {(«, ) : B > 0} denote the upper half-plane and define W : H — R as

the Poisson integral
2r (> plloglt||P
w = dt.
(0476) p+1 [oo (a _ t)2 +ﬂ2

Clearly, W is harmonic on H. Furthermore, we have

2 P
li W(a, 8) = | = log |t
A, oy W) \w gl

for t # 0. Consider the conformal map ¢ on S = {(z,y) : |y| < 1}, defined by

o(x,y) = ¢(z) = ie™/? = (—6”/2 sin(ry/2), €™/ cos(7ry/2)> .
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It is easy to check that ¢ maps S onto H. Introduce V,U : R x R — R by
V(z,y) = 1{y>1y — Kg\x\p and

’ 1 - KpWw(s(e,y)) if |yl <1. '

Note that when |y| < 1, the substitution s = e~ "%/t yields

Ulz,y) =

p
kP / cos(y/2) |2 log 5| + 2] (6.8)
R

T Jr (sin(my/2) + 5)° + cos?(ZL)
Let us study the key properties of U.

Lemma 6.1.
(i) The function U satisfies

U(m,y) = U(.I, 7y) = U(*l’,y) on R?.

ii) For any (z,y) € R? with |y| < 1 we have Uyy(z,y) <0 and Uyy(z,y) > 0.
(111) f (z,y) € (0,00) x (0,1), then Uy (z,y) > 0.

) For any x, y € R such that |y| < |z| we have U(x,y) < 0.

)

We have
Ux,y) > Ly =1y — Kp|=P for all z, y € R. (6.9)

Proof. (i) Substitute s := —s and s:=1/s in (6.8).
(ii) Since U is harmonic in the strip, it suffices to deal with the first estimate.
Using Fubini’s theorem we verify that

plp— DKL [ cos(Zy) |2 logls| +x|"
Uxm(xvy) - - L / 3\— ‘ ‘
R 2Y

T (sin(Zy) + 5)2 + cos?(5y)

and it is evident that the expression on the right is nonpositive.
(iii) We have

71' p—
Ux(:c,y):c/ cos(5y) |5 log o] + o (Zlfg|sl+x)ds
2 oG ¥ o (Ey)

where ¢ = —pKP /7. Therefore, for ¢ € (0, ) we have

ds=1

)

fae %log|s| cos(Zy)
2U(z,y) —Uz(x —€,y) = Us(x +€,y) = C/R (s — si(n(%y))Q Zrcosf(%y)

where

fee(h) =2z +hP2(z+h)—|z—c+hfP"2(x—c+h)—|z+e+h|P*(z+e+h).
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The expression I, after splitting it into integrals over the nonpositive and nonneg-
ative half-line, and substitution s = 4+¢e", can be rewritten in the form

I= c[m foe <%r> g¥(r)dr,

cos(Gy)e" N cos(Zy)e"
(= sin(50))2 + o (5y) | (e +wn(50))? + co2(3y)
Observe that f; (k) > 0 for h > —z, due to the concavity of the function ¢ — tp—1

on (0,00). Moreover, note that we have f; (= + h) = —fyc(—x — h) for all h.
Finally, ¢¥ is even and, for r > 0,

WY () = cos(Fy)e"(1 —e") cos(Zy)e"(1 —e”)
@) = (o —sm(29)) + 0 (EHE | [ T om(Zy)P + R GoE =

where

g/(r) =

This implies I < 0 and, since € € (0,x) was arbitrary, the function U,(-,y) : x —
U, (z,y) is convex on (0, 00).

(iv) The inequality is clear if |y| > 1, so we may assume that |y| < 1. By the
symmetry of U (see (i)), it suffices to deal with positive = and y only. First we
show that

Uzy(z,y) <0 for x>0,y € (0,1). (6.10)
Since U is harmonic on the strip Rx[—1, 1], so is U, and hence we have Uy, (2, y) =
—Ugaz(z,y) < 0 for z > 0 and y € (0,1). Since Uy(x,0) = 0, which is a conse-
quence of (i), we see that Uy, (z,0) = 0 and therefore (6.10) follows.

Let 0 <y <z <1 and consider the function ®(t) = U(tz,ty), t € [-1,1].
Then ® is even and, by (ii) and (6.10),

" (t) = 22Uy (tw, ty) + 20yUs, (tz, ty) + y2U,, (tz, ty)
< AU (tz, ty) + 22yUy, (tz, ty) <0
for t € (—1,1). This implies
U(z,y) = @(1) <@(0) =U(0,0) =1 - KEW(0,1)

e 2 [ [lost]”
h P ogptl 241

g BT lslre
Poogetl [ Je?s+1

P 2P+2 o P, ,—S - —2s\k
k=0
op+2 > (_1>k
— _ D, _~ 7
=1 Kp P+l F<p + 1) ’;_0: (Zk + 1)p+1

=1-1=0,
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where in the latter passage we have exploited the well-known identity

GRS SR
8§ 3 527 '
(v) It suffices to deal with |y| < 1. First, one can easily verify that for all
z, y € R we have

o+ yl? + o=y < 22" + 20y (6.11)
Consequently, using (i),

2U(z,y) + 2K} || = Uz, y) + U(=z,y) + 2K7|x|?

_y Kp cos(%?)
T Jr (sin(%)—i—s)Q—i—cosQ(%)
2 P 2 P
X {—logerx + |—logls| — z pr} ds
T 71'

s p
59 2K5/ cos(%’)|%log|s|{ ds
T Jr (sin(Z) +5)” + cos?(%E)
= 2U(0,y) > 2U(0,0) = 0.

Here in the latter inequality we used the fact that y — U(0,y) is even and convex
on [—1,1]: see (i) and (ii). O

Proof of (6.5). By localizing, we may assume that X and Y are martingales. Fur-
thermore, we may restrict ourselves to X € LP, since otherwise the inequality
is obvious. Let > 0 and set D = [-n,n] x [-1,1], D1 = D° and T = inf{¢ :
(X:,Y:) ¢ D}. Apply Burkholder’s method (“orthogonal” version of Theorem 5.5)
to X, Y and the function U. This function is of class C* on D;. Since U(:,y) is
concave for any fixed |y| < 1 (see part (ii) of Lemma 6.1), we have

Uz + h,y) <U(z,y) + Us(z,y)h.
For any (z,y) € Dy and h, k € R,
Usa (@, y)h® + Uyy (2, y)k? = —Uyy (z, y) (> — k?)

and Uy, (z,y) is nonnegative and bounded on any rD, r € (0,1). Thus there is a
sequence (T},)p>1 such that for all r € (0, 1),

EU(r Xoar, ats rYrar, at) < EU(rXo,rYp) <O0.
We have, by (6.9),
U(rXrar,at,rYrat, at) + KD | X7aT, At]P >0,
so letting » — 1 and n — oo we get, by Fatou’s lemma,
EU(Xrat, Yrat) < 0.
It suffices to apply (6.9) to get the claim. O
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Sharpness. Let B = ((B}, B?))t>0 be a standard two-dimensional Brownian mo-
tion starting from 0 and let T = inf{t : |B?| = 1}. Let p/ > p. Then T € L¥'/2,
since it is even exponentially integrable and, by the Burkholder-Davis-Gundy in-
equality, B € L. Now, apply Ito’s formula to B stopped at T and the function
U. We get

EU(Brat) =EU(By) =0

(the left-hand side is integrable, by (6.9)). By Doob’s maximal inequality, |B|* €
Lp/, S0, using Lebesgue’s dominated convergence theorem, we let t — oo to obtain
EU(Br) = 0, or P(|B%| > 1) = KPE|BX|P. It remains to note that the martin-
gales X = (BT As)t>0 and Y = (B7,,)¢>0 are orthogonal and Y is differentially
subordinate to X: [X, X], =T At =[Y,Y];. O

On the search of the suitable majorant. In comparison with the continuous-time
inequalities considered so far, we are in a more difficult situation: the weak type
estimate (6.5) does not have its discrete-time counterpart, for which we have ap-
propriate tools. However, let us try to proceed as in the discrete-time setting and
define

Uo(xvy) = Sup{P(‘Yoo| > 1) - 5£E‘X00|p}7

where the supremum is taken over all pairs (X,Y) of orthogonal real-valued pro-
cesses starting from (z,y) such that the process ([X, X]; — [Y,Y]¢)it>0 is nonde-
creasing as a function of ¢. Arguing as in previous weak type estimates, we see
that U°(z,y) = 1 — pBlz|? if |y| > 1. What about the values inside the strip
S =R x [-1,1]? In the discrete setting at this step we did apply the concavity-
type property 2°: we did split the domain into a number of regions and for each
of them, we have conjectured linearity of U along the line segments of slope —1 or
of slope 1. Here the analogue of 2° is played by the condition (6.1), which in the
real-valued case reads

U:v:v(xvy)hZ + Uyy($,y)k2 S *C(l’,y)(hQ - k2)

The key observation here is that if U is harmonic and satisfies Uy, > 0, then the
inequality above holds with ¢ = Uy,. Thus, we conjecture that on S, U is the
harmonic lift of V'(z,y) = 1¢/>1} — B5|=(? and choose 3 so that U(0,0) = 0. This
leads to the function given by (6.7). O

Remark 6.2. Let us mention here that the above formula for U does not work
for p > 2: the majorization property does not hold for any point of the z-axis,
different from (0,0). To see this, we use (6.8) and note that

210 + z|”
Uw,0)=1- /—’ g | |
T Jr s¢+1

KP |210g\ \—l—x’p |—210g| |+x’p
=1— ds
o /R s2+1 / s2+1
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K 2|210g\s\|p 2 |z|?
<1l-——=— ———d ——d
o [/R 211 S‘L/Rs?HS

= U(0,0) — KZ|af? = —KZ|a|?.

Sk

Here in the second equation we have used the substitution s := 1/s and in the
above inequality we have exploited the bound

la 4+ bP + |a — b|P < 2|a|? + 2|b|7, a,beR, a#b,

which holds for p > 2.

6.3 LP inequalities for local martingales

6.3.1 Formulation of the result

We turn to the moment estimates. Recall that p* = max{p,p/(p — 1)} for 1 <
p < 0.

Theorem 6.3. Let X, Y be two orthogonal local real-valued martingales such that
Y is differentially subordinate to X. Then

T
Y[l < cot { 5= | 11X]l]p, 1 <p<oo, (6.12)
2p

and the inequality is sharp. Furthermore, if 1 < p < 2, then X may be taken to be
H-valued. If p > 2, then' Y may be taken to be H-valued. Finally, if p > 3, then X
also may be taken to be H-valued.

What happens if 1 < p < 3 and both processes are Hilbert-space valued?
Quite surprisingly, the constants do change; such phenomenon did not take place in
the nonorthogonal setting. Let z, denote the largest positive root of the parabolic
cylinder function of parameter p (see Appendix).

Theorem 6.4. Let X, Y be two orthogonal local martingales taking values in H
such that'Y is differentially subordinate to X. Then

Yl < Golll X, 1 <p <3, (6.13)

where

Cp=

zp_l if 1<p<2,
Zp if 2<p<3.

The constant C), is the best possible.
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6.3.2 On the method of proof

There are many similarities in the proofs of the above moment inequalities corre-
sponding to different values of p and ranges of the processes. For clarity, we have
decided to include here an outline of the reasoning which is common for all of
them. This will be useful also in the later estimates presented in this chapter.

Suppose that X, Y are local martingales taking values in an appropriate
Hilbert space (that is, in H or R). We may and do assume that ||| X]||, < oo
and hence also |||Y|||, < oo, by Burkholder’s LP-inequality. Thus, X and Y are
martingales and all we need is to show that

EV(X:,Y:) <0 forall ¢t >0,

where V (z,y) = |y|? — CP|x[P. We search for the majorant U, of V), in the class of
functions of the form

Up(z,y) = Wp(lzl, ly]), (6.14)
where W), : [0, 00) x [0,00) — R satisfies

Wy (z,y)| < ep(a? +yP) (6.15)

for all z, y > 0 and some ¢, depending only on p. The latter condition immediately
implies the integrability of sup, |W,(|X;s|,|Ys])|, by means of Doob’s inequality,
and will enable us to use Lebesgue’s dominated convergence theorem in the limit
procedure. We will use the orthogonal version of Theorem 5.3. Let us rephrase
the requirements (6.1) and (6.2) in terms of the function W,. We start with the
second condition. It can be rewritten as follows: for all (z, y) € |J, D; and h € H,

Wa (o oD o oo, Woellal lv)
e n e R

The formula (6.14) transforms (6.1) into the following: for (x,y) € S; with |z||y| #
0 and any h, k € H,

W ol o) - WP<o. (6.16)

[Woeatir, ) — L2z
 [Wal o - AL 617)

W (2], lyDIRP | Way (2l [yDIK®

B [yl —ci(@,y)([h* = [k[*).

+

Furthermore, W must satisfy the following conditions: the initial
Wy(z,y) <0 forall x>y >0 (6.18)
and the majorization

Wy(z,y) > y? — ChaP for all =, y > 0. (6.19)
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Having constructed such a W), we let U, be defined by (6.14). Then Theorem
5.3, together with limiting arguments similar to those presented in the previous
chapter, implies

E‘/}J<Xtay;f) < EU[)(XtaY;f) < EUp<X0a}/E)) < Oa

as claimed.

Summarizing, in order to establish the inequality (6.13), we need to construct
a sufficiently smooth function W), : [0,00) x [0,00) — R, which satisfies (6.15),
(6.16), (6.17), (6.18), (6.19) and for which the corresponding functions ¢; obey the
bound (6.3).

6.3.3 Proof of Theorem 6.3

Proof of (6.12) in the case 1 < p < 2. We may assume that ||| X]||, < oo; then
also |[|Y]||, < oo, due to the moment estimate for differentially subordinate local
martingales. Let W), : [0, 00) x [0,00) — R be given by

apRPcos(ph) if 6 < I,

»
y”ftanp;—px” if o~ <0< 3,

inP~ 1 [~
i1 (£)
)

ol

cos(Qp)

x = Rcosf, y = Rsinf and 0 € [0,7/2]. Let U, : H x R — R be given by (6.14)
and let

W, (,y) = { (6.20)

where

ap = —

D; ={(z,y) e HxR:0 < |y| < Cplz|},
Dy = {(z,y) € H xR : |y| > Cplz| > 0}.
We shall now verify the properties listed in the previous subsection.

1. Regularity. It is easy to see that W), is continuous, of class C'* on (0, 00) x
(0,00) and of class C? on (0,00) x (0,00) \ {(z,y) : y = tan(r/(2p))z}. Fur-
thermore, Wy, (z,0+) = 0 for all > 0, which implies that U, is of class C* on
{H xR~ {(z,y) : z=0}.

2. The growth condition (6.15). This is obvious.
3. The inequality (6.16). Assume first that § < w/(2p). We easily derive that

Wy (2, y) = pa, RP* cos((p — 1)6), Wy (2, y) = p(p — 1) R~ cos((p — 2)0)

and the condition can be rewritten in the form

cos((p —1)0)

papRP? | (p— 1) cos((p — 2)0) (2" - h)* + cosf

(1n)* = (@ - m)*)| <0.
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This is clear: oy, < 0 and both summands in the square bracket are nonnegative.
Now suppose that ¢ > 7/(2p). Then (6.16) is equivalent to

—pCa? 2 [(p — 1)(a’ - b + (| ~ (o' - h)?)] <0,

which is obvious.

4. The concavity property (6.17). The process Y is real-valued, so (y'-k)? = k2

for y # 0. If § < w/(2p), then the left-hand side of (6.17) equals I + II, where
I'=—ci(2,y)(|h]* = k%) = p(p — oy R~ cos((p — 2)0) (|n]* — &7),

cos((p —1)0) _ (p—1)cos((p—2)0)| .

11 = po, R 2(|hf? = (o - n)?) | 2

Therefore, it suffices to prove that I1 is nonpositive, or
cos((p—1)0) > (p — 1) cos((p — 2)0) cosb.

This is equivalent to (2 — p) cos((p — 2)8) cos @ + sin((2 — p)f) sin@ > 0, which is
trivial. Finally, if 8 > 7/(2p), the left-hand side of (6.17) equals

—CP(p(p — 2)aP~2(a’ - h)? + paP 2 |hf*) + p(p — 1)y k>
This does not exceed
—pCp(Cpx)P 2 |h[? + p(p — DyP k> < —p(p — D)yP2(|h]* = k?),

where we have used the inequality y > Cpx (that is, § > 7/(2p)) and the trivial
bound C2 = tan®*(7/(2p)) > 1 > p — 1. Thus (6.17) holds, with cy(z,y) = p(p —
1)yP~2.

5. The initial condition. The inequality x > y > 0 implies 6 <
cos(pd) > 0 and Wy(z,y) < 0.

6. The majorization. It suffices to focus on the case when 0 < 6 < ;—p The
majorization is equivalent to

— sinP~! (;_p) (COS (%))71 RP cos(pf)) — sin” § > — tan® (1) .

cosP 0 2p

s s
1 S % Then

Denoting the left-hand side by F', we derive that F'(7/(2p)) = 0, so the inequality
U > V will be established if we show that F’(6) < 0 for 6 € (0,7/(2p)). To do
this, note that

, sin((p — 1)0) sin?~! % sin?~1 0
F(6) = : cosf‘*‘l; cos <(>) ~ sin((p — 1))

s
2p
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and the expression in the square bracket is nonpositive. Indeed, it vanishes at
0 =7/(2p) and
sin?~1 6 ' _(p—1) sin? 2 @ sin((p — 2)0)
sin((p—-1)0) )

Thus, the majorization holds.

s (p — 1)6) =0

7. The bound (6.3). This is evident from the formulas for ¢; and co obtained
in the proof of item 4 above. O

Proof of (6.12) in the case 2 < p < co. Let W, : [0,00) X [0,00) — R be defined
as follows:

Wp(x’y> = {

2p
Here
p—1 ( 7
cos ( 2p)
Ny = ————
P : i
Sin %

and, as previously, we have used polar coordinates: x = Rcosf, y = Rsinf, with
0 € [0,7/2]. Let U, be given by (6.14); we assume that this function is given on
H x H when p > 3 and on R x H when 2 < p < 3. Finally, let

Di=A{(z,y) : [yl > Cplz[ > 0}, Do ={(z,9): 0 < |y| < Cplal},

be subsets of H x H or R x H, depending on the value of p.
Some properties of W, are gathered in the lemma below.

Lemma 6.2.

(i) For any =, y > 0 with y > cot(n/(2p))z > 0 we have

Woyy (@, 9)y = Wpy (2, ) (6.21)

and, if p > 3,
prx(xa y)x > Wpr(xa y) (622)

(ii) For any x, y > 0 with y < cot(w/(2p))z we have
Was (2, y)x < Wpe(2,y), (6.23)

Woyy (@, 9)y > Wy (2, y) (6.24)

and
eWoyy (2, y) + Wpe(z,y) < 0. (6.25)
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Proof. (i) We have

Wy (2,y) = pap, RP~! cos ((p —1) (g - 9))

and

Wy (2,9) = p(p — 1)ap RP~2 cos ((p —9) (g — 9)) ,

0 (6.21) can be rewritten in the form

(p—2) cos <(p -2) (g - 9)) cos (g - 9) +sin ((p -2) (g - 0)) sin (g - 9) >0,

for 0 € (n/2 — 7w/ (2p), 7/2). Denoting the left-hand side by F(6), we easily check
that

F'(8) = (p— 1)(p — 3)sin ((p —2) (g — 0)) sin 6.

To show that F' is nonnegative, suppose first that 2 < p < 3. Then F is decreasing
and it suffices to note that F(7/2) = p—2 > 0. On the other hand, if p > 3, then
F' is nondecreasing and

F (g - %—) = (p— 3) cos ((p— 2)211)) cosgp + cos <(p— 3)211)) >0,
so (6.21) follows. To show (6.22), we derive that

Wye(2,y) = —appRP ™! sin ((p -1) (g - 9))

and

Wea (2,y) = —app(p — 1) RP~2 cos ((p -2) (g — 9)) , (6.26)

so0 (6.22) is equivalent to
—(p—1)cos <(p7 2) (g — 9)) sin (g — 9) + sin ((pf 1) (g — 0)) >0,
f(pr)cos,((pr) (g 79>>sin<g 70> +sin((p72) (g 70» cos(g 79> >0

for € (w/2 — w/(2p), w/2). This holds true, since the two sides are equal for
0 = 7/2 and the derivative of the left-hand side equals

(3—p)(p—1)sin ((pf 2) (g 79>> sin (g — 9) <0.

This yields the claim. Note that (6.22) does not hold for 2 < p < 3. This is
the reason why the constant cot(m/(2p)) is no longer sufficient in (6.12) for these
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values of p in the case when both processes are H-valued: this will become clear
from the reasoning below.
(ii) If y < cot(m/(2p))x, then

eWpaz (2, y) — Wpa(x,y) = —p(p — 2) cot? (21) P71 <0
p

and
YWoyy(2,y) — Wpy(z,y) = p(p — 2)y? ' > 0.

Furthermore,
Wi ) 4 Wyal9) = | (0= 0 = cor” () 22

p
< payP 2 <p — 1 — cot? 211))

-2
= payP~? [p — (sin 1) ]
2p

and the expression in the square brackets is nonpositive. This follows immediately
from the elementary inequality

sin? (gx) <, z €10,1/2],
which can be verified readily. O

1. Regularity. It is easily checked that W, is continuous, of class C' on
(0,00) x (0,00) and of class C? on (0,00) x (0,00) \ {(z,y) : y = Cpx}. Fur-
thermore, Wpy(x,0) = 0 for any « > 0 and Wp(2,0) = 0 for any > 0. This
implies that U, given by (6.14), is of class C'.

2. The growth condition (6.15). This is evident.
3. The inequality (6.16). If (z,y) € H x H satisfies |y| > cot(n/(2p))|z| > 0,
then by (6.22) and (6.26) we have that

Woa (|2, [y])
||

On the other hand, if 0 < |y| < cot(n/(2p))|z|, then, by (6.23),

o Was(lal, ly)
{Wmum lyl) - ] (a' ) 2R P < W (D IAI? < 0.

1774 Whe (2], |y W (2], |y
Woo (||, B
< e (||$|| lvD) |n|* = —pCh|z|? 2|ln)* <o,

as needed.
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4. The condition (6.17). Suppose first that 2 < p < 3. Then X takes values
in R, so the inequality simplifies. On the set {(z,y) € R : y > cot(r/(2p)x}, the
function W), is harmonic, so for (z,y) € Dy,

Wy (2], ly]) Wy (], [y])[k]?
Y Y
< =Wy (2], [yDIRI* + Woyy (2, 9)[k]* = —c(z, y)(|h]* — |k]?), (6.27)

Waaa (2], [yDIRI + | Wyy (2], [y]) - (v k)* +

where in the latter passage we have used (6.21). This is the desired bound, since
¢ = Wpyy > 0. If we have 0 < |y| < cot(n/(2p))|z|, then by (6.23), (6.24) and
(6.25) the left-hand side is not larger than

Woa (|21, [y])
]

Now let p > 3. If |y| > cot(n/(2p))|x| > 0, then by (6.22) and (6.21), the left-hand
side of (6.17) does not exceed

B[ + Wy (] [y K < ~ Wiy (2], (P — (). (6.28)

Waaa (2], [yDIRI* + Wayy (2], [y [E[* < Whaw (2], [y (121 — [K[*),  (6.29)

since Wz (|z], |y|) < 0 and W), is harmonic on {(z,y) : y > cot(n/(2p)x > 0}. If
(x,y) € Da, then we repeat the reasoning from the case 2 < p < 3.

5. The condition (6.18). This is obvious: for > y > 0 we have

Wy(z,y) = yP — cot? (211)) P < 2P (1 — cotP <21p)) <0.

6. The majorization (6.19). Clearly, it suffices to show this inequality on the
set {(z,y) : 0 >n/2 —x/(2p)}, where it can be rewritten in the form

cosP~1 (L

sin? 6 — cot? (211)) cosP O < T;p) cos (p (g — 9))

2p

or, after the substitution g = /2 — 6 € [0,7/(2p)),

cosP 3 — cot? (w/(2p)) sin” B < cos? ™! (%)

cos(pp) T sing;

Since the two sides become equal to one another when we let 8 — 7/(2p), it
suffices to show that the left-hand side, as a function of (3, is nondecreasing on
(0,7/(2p)). Differentiating, we see that this is equivalent to

cotP~1 8 T
wot((p— 1)) = " <2_p> |
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The two sides above are equal to one another for 8 = 7/(2p), so we will be done
if we show that the left-hand side is decreasing as a function of 8 € (0,7/(2p)).
If we calculate the derivative, we see that this is equivalent to the inequality
sin(28) < sin(2(p — 1)B). But this follows immediately from the bounds 0 < 24 <
2(p—1)8 < 7 — 28.

7. The bound (6.3). It suffices to look at (6.27), (6.28) and (6.29): it is clear
that the estimate (6.3) is satisfied. O

Sharpness. We will only deal with the case 1 < p < 2, for remaining p’s the argu-
mentation is similar. Let x be a fixed positive number smaller than tan(w/(2p))
Consider a two-dimensional Brownian motion B = (B,El), BEQ))@O starting from
(1,0) and let 7 be the first exit time of B from the set E = {(z,y) : ly| < &|z|}; it
is well known that 7 < oo with probability 1. Put Up(z,y) = Wp(z, |y|) for z >0
and y € R, where W, is given by (6.20). We have that U, is harmonic on the
complement of E and thus, by [t6’s formula,

Up(1,0) = EU(B R, Bi%i) = E[(BR) U (1, B/ BLR)] < Up(L, 6JE(BL)P-

T

Here we have used the fact that Up(1l,-) is increasing on [0,00). We see that
Up(1,k) < 0, so the above estimate can be rewritten in the form

E(BU)P < Up(1,0)/Uy(1, ).

Now let X; = B(l/\t and Y; = B! /\)t Then Y is differentially subordinate to X and
both processes are orthogonal. By the last inequality, we have || X||, < co and, by
(6.12), ||Y||, < oco. The final observation is that, by the definition of 7,

1Yl = 1B, = &l BD |l = &l1X Ip-

But k can be taken arbitrarily close to tan(m/(2p)). Thus the inequality (6.12) is
sharp. O

On the search of the suitable majorant. As usual, we restrict ourselves to H = R.
Furthermore, we focus on the case 1 < p < 2; for p > 2 the reasoning is essentially
the same. Suppose that the optimal constant in the moment estimate equals 3,
and set V(x,y) = |y|P — BP|z|P. It is instructive to come back to the moment
estimate for differentially subordinated martingales (without the orthogonality
assumption). Recall the least special function corresponding to this inequality:
when 1 < p < 2, then

T, y) = 4 W=~ D7) (el + [yt if Jyl < (p—1)7Hal,
) - — . —
ylP —(p = 1) Plaf? if |yl > (p—1)""al,
for some appropriate constant c,. It is natural to conjecture that the special func-

tion U, in the orthogonal case should also be of this form: that is, we impose the
condition

(A1) U(zx,y) =V(z,y) when |y| > Bp|z|.
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The second assumption is the regularity condition

(A2) U is of class C! on (0,00) x (0,00).

What about the value U(z,y) on the set D = {(z,y) : |y| < vp|z|}? Arguing as in
the case of the weak type inequality, we guess that

(A3) U is harmonic inside D

(in particular, by (A2), U is of class C' on (0,00) x R). Finally, since V is homo-
geneous of order p, we assume that

(Ad) Uz, \y) = |MPU(z,y) for z, y, A € R.

The three conditions above lead to the special function above. To see this, note
that by (A4), U has the form

Ulz,y) = RPg(0),

where R and 6 are the corresponding polar coordinates as above and g is an even
function on [—7/2,7/2]. The assumption (A3) is equivalent to ¢”(0) + p*g(0) =
0 on the interval [— arctan-y,,arctan<y,|, so g(6) = asin(pf) + bcos(pf) there.
Since g is even, we have a = 0. In addition, by (Al), U(x,Bpxz) = 0 and hence
cos(parctan 8,) = 0. Since p arctan 8, < m, we deduce that 5, = tan(7/(2p)) and

by (A2),
sinP~1 (i>
b= %/
cos (%)
This gives the function U, considered in the above proof. g

6.3.4 Proof of Theorem 6.4

We shall need here some information on the parabolic cylinder functions: it can
be found in the Appendix below.

Proof of (6.13) for 1 <p <2. Let ¢, be given by (A.4) in the Appendix. Intro-
duce W, : [0,00) x [0,00) = R by the formula
W (a,y) = {%y%(m/w iy <zl

— . _1
yP =z, PaP ity >z,

where
Qp = _(Zp¢p—1(zp))_1~ (6.30)
Furthermore, let

Dlz{(:v,y)e’Hx’H:\m>zp_1\x\>0}

and
Dy ={(z,y) e HXH:0< |yl <z, |af}.
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Next we verify the necessary properties of W,,.

1. Regularity. It is easy to see that W, is continuous, of class C' on the set
(0,00) x (0,00) and of class C? on the set (0,00) x (0,00) ~ {(z,y) : y = 2, 'a}.
In consequence, the function U, defined by (3.153) has the required smoothness.
It can also be verified readily that the first-order derivative of U, is bounded on
bounded sets not containing 0 € H x H.

2. The growth condition (6.15). This follows immediately from the asymp-
totics (A.7).

3. The condition (6.16). If zp|y| > |z| > 0, then we have

Wz (2], [y]) —p| P
Woea (2], [y]) — PT (2’ - h)% = p(2 —p)z, Pl|? 2(2 - h)? 61
< p(2 - p)z, PlaP2(h|?
and
W s — -
Mvﬂ = —pz, P|z[P72|h|?, (6.32)

so (6.2) is valid. When |z| > zp|y| > 0, we compute that

Woa (|2, [y]) - _
Wprm(‘x" ‘y|) - pT (x/ : h)2: ap‘y|p ? [¢Z (T) -r 1¢;7 (T)] (I/ : h)2
< aplylP7* [gy (r) =171, ()] [,
(6.33)
where we have used the notation r = |z|/|y|. Furthermore,
W (2], ly —2, -
Welle D 2 — pyp=215, 1) 2. (6.34)

Adding this to (6.33) yields (6.2), since ¢} (r) > 0: see Lemma A.11 (v).
4. The condition (6.17). If zp|y| > |z| > 0, then

W, (||, ly B
W@ux,m>—ﬂ%fil W K = plo— P k) <0
and
Wpy(lxl’ |y‘> ‘ki|2 — p‘ylp—2|k‘2
|y '

Therefore, combining this with (6.31) and (6.32) we see that the left-hand side of
(6.17) is not larger than

—ply[P2(R? = [[?) = pllp — 1)z, Pl2P72 = y[P72) R[> < —plylP~>(|n]* — éﬂl2),)
6.35
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as needed. Here in the last passage we have used the estimates z,'|2z| < |y| and
z2 < p—1 (see Corollary 3 in the Appendix). On the other hand, if 0 < z|y| < |z],
then consider the function F, given by (A.9). A little calculation yields

Wy (2], [y])
|yl

which is nonpositive thanks to Lemma A.12 (here r = |z|/|y|, as before). Further-
more, by (A.5),

Wy (121, [y])
Yl

Wy (2. o) - (o - = aplylP2Fp(r) (v - k),

= aply[P 72 [pep(r) — ¢y, (r)] [KI* = —aply[P ¢y () |K|?,

which, combined with (6.33) and (6.34) implies that the left-hand side of (6.17)
does not exceed

aplyl" 2y (r)(|h)* — [K*).

5. The inequality (6.18). Note that ¢, is increasing (by Lemma A.11 (v)) and
zp <1 (by Corollary 3). Thus, for 0 < y < z,

Wp(xvy) = O‘pypﬁbp(x/y) < apyp¢p(1) <0.

6. The inequality (6.19). This is obvious for y > z;lx, so we focus on the
case y < z,, 1. Then the majorization is equivalent to

appp(s) <1 —2,7s" for s > zp.

Both sides are equal when s = z,, so it suffices to establish an appropriate estimate
for the derivatives: a, ¢/, (s) < fpzp’psp’1 for s > z,. We see that again the two
sides are equal to one another when s = z,; thus we will be done if we show that
the function s — ¢, (s) /sP~1 is nondecreasing on (z,,00). After differentiation,
this is equivalent to

$p(s)s = (p—1)gy(s) 20 on (2,00),

or, by Lemma A.11 (i), ¢}'(s) < 0 for s > z,. This is shown in the part (v) of that
lemma.

7. The bound (6.3). In view of the above reasoning, we have to take ¢;(x,y) =
ply[P~% and cx(x,y) = —ay|y[P~2¢) (). Tt is evident that the estimate (6.3) is valid
for this choice of ¢;, i =1, 2. O

Proof of (6.13) for 2 < p < 3. Consider ¢, given by (A.4) below. Let W, : [0, c0) x
[0,00) — R be given by

W (I’ y) _ ap$p¢p(y/x) lf y 2 pr7
P yP — zPa? if y <z,
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where
Qp = (Zp¢p—1<zp))_1-
Let
Dy ={(z,y) e HXH:0< |y| < zplz|}
and

Dy ={(z,y) € H x H : |y| > z|x| > 0}.
As in the previous case, we will verify that W), enjoys the requirements listed in
Subsection 3.2 above.

1. Regularity. Clearly, we have that W), is continuous, of class C'*! on (0, 00) x
(0,00) and of class C? on (0,00) x (0,00) \ {(z,y) : y = zpx}. Hence the function
U, given by (3.153) has the necessary smoothness. In addition, it is easy to see
that the first-order derivative of U, is bounded on bounded sets.

2. The growth condition (6.15). This is guaranteed by the asymptotics (A.7).

3. The condition (6.16). Note that if 0 < |y| < zp|z|, then

Wha (||, [y -
Woealle, lyl) — 22 oy =y 2)2piep=2at 2 <0 (636)
and
pr(j’ ‘yD |h‘2 _ 7p25|1’|p72‘h|2 < O, (637)

so (6.2) follows. Suppose then that |y| > zp|z| > 0 and recall the function F,
introduced in Lemma A.12. By means of this lemma, after some straightforward
computations, one gets

Whe (2], ly])

o @ = e R () (@R <0, (6.38)

Whez (|2l [y]) —

where we have set r = |y|/|z|. Moreover, by (A.5),

Whe (|21, [y)

2] B> = oy [pgp (r) = 1), (r)] |2[P72|h[?

= —apy (1) |z|"~?|n)?

(6.39)

is nonpositive; this completes the proof of (6.2).

4. The condition (6.17). If 0 < |y| < zp|z|, then

Wy (|21, ly])

] (v - k)? =pp—2) Y2y - k)?

< p(p = 2)ly["~* k[

Wpyy(‘x‘, lyl) —
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and
Wy (], lyl)
|yl

Combining this with (6.36) and (6.37) we see that the left-hand side of (6.17) can
be bounded from above by

k| = ply[P2|k[>.

p(p = DlyP[k1* — p2pla[P 2 hf? < p(p — 1)2p 2|2 P~ K| — p2p|al~2|h[?
< —papla[P(Ihf* — [K]%). (6.40)

Here in the latter passage we have used Corollary 3. If |y| > zp|z| > 0, then, again
using the notation r = |y|/|z|,

Wy (la]. o) - w (- 8)* = a2 [ (1) — 720, ()] (& - )?
< aplal? [¢1 (r) — ¢, (r)] [KP
and
Wy (l2l, [y])

[B[* = aplaP=2r =" ¢y, (r) K[
[yl
Combining this with (6.38) and (6.39), we get that the left-hand side of (6.17)
does not exceed —ay|z[P~2¢) (r)(|h|* — |k[?).

5. The inequality (6.18). This is obvious: Wy (x,y) < 2P(1 —25) < 0if z >
y > 0.

6. The majorization (6.19). This can be established exactly in the same
manner as in the previous case. The details are left to the reader.

7. The bound (6.3). By the above considerations, we are forced to take
c1(z,y) = p2Ble[P~? and co(x,y) = ap|x[P~2¢)(r) and it is clear that the con-
dition is satisfied. U

Sharpness. We shall show that (6.12) yields some moment inequalities for stopping
times of Brownian motion. Suppose first that 1 < p < 2 and let B = (B, B®) be
a standard two-dimensional Brownian motion. Fix a positive integer n, a stopping
time 7 of B satisfying 7 € LP/? and consider the martingales X, Y given by
X, = (BY,,0,0,...) and

(n) _ (g® 2 (2 ) )
Y= (B'r/\t/\2*"’ BT/\t/\(2~2*") - BT/\t/\Z*"’ B‘r/\t/\(S-Z*") - Bfr/\t/\(z-zfn)’ e )
(6.41)
for ¢t > 0. That is, the kth coordinate of Y;(n) is equal to the increment
2 2
BT/\t/\(k-Q*") - BT/\t/\((kfl)Q*")’

for k = 1,2,.... Obviously, X and Y™ are orthogonal, since B(") and B® are
independent. In addition, Y is differentially subordinate to X, because [X, X]; =
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[Y,Y]: = 7 At for all ¢ > 0. Therefore, we infer from the inequality (6.13) that for
any t > 0,

Y1l < CpllXel - (6.42)
On the other hand, it is well known (see, e.g., proof of Theorem 1.3 in [182]) that
for any ¢ > 0,

(n)2 _ (2) (2) 2 N0 2 2 _
Y = Z |BTAtA(k-2*") - Bmm((kq).zwﬂ B [B( ),B( )]rAt =TANL
k=1

in L2. Therefore, letting n — oo in (6.42) yields
1(r A2l < CulIBEU, < Coll BV,

and, consequently,

HTI/ZHP < CPHBS)HP‘ (6.43)
This implies C;, > z,': see Davis [59]. The case 2 < p < 3 is dealt with exactly in
the same manner. O

On the search of the suitable majorant. We will focus on the case 1 < p < 2. The
function U, considered for R-valued processes Y does not work if we allow vector-
valued processes. This gives the following hint: to obtain the optimal constant in
the moment inequality in the Hilbert-space-valued setting, we should take Y “as
infinite-dimensional as possible”. This immediately suggests the processes of the
form (6.41) and letting n — oo leads to the estimate (6.43). This can be rephrased
in the language of optimal stopping theory. Namely, let 3, be a fixed positive
number. Put G(t,z) = t?/2 — b|x[P and let

U(t,z) = supEG(t + 7,2 + B;),

be the corresponding value function. Here B is a standard Brownian motion in R,
starting from 0, and the supremum is taken over all stopping times 7 of B, which
satisfy the condition Er?/? < oco. The question is: what is the smallest possible
value of 8, such that U(0,0) < 07 And, for this particular value of 8,, what is the
explicit formula for U?

We begin by observing that the function U satisfies the homogeneity condi-
tion

U\t \x) = |\PU(t, z), for (t,x) € [0,00) x R, A # 0, (6.44)

which follows from scaling properties of Brownian motion. Next, recalling the form
of the special function in the real-valued setting (see the previous subsection), we
conjecture the following.

(A1) U is of class C! on (0,00) x R,

(A2) U(t,x) = G(t,x) when t'/2 > B, |z|,

(A3) Ui+ $Uyp =0 when /2 < B, |z|.
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Some remarks, which relate (A1), (A2) and (A3) to the theory of optimal stopping,
are in order. From the general theory of optimal stopping of Markov processes (see,
e.g., [170]), the state space [0,00) x R is split into two sets: the stopping region
U = G and the continuation set U > G. Furthermore, on the continuation set, the
value function U lies in the null set of the infinitesimal operator of the underlying
Markov process. These two facts are precisely the assumptions (A2) and (A3): in
the mean time we conjecture, using the homogeneity property, that the stopping
set is given by {(t,z) : t!/2 > B,|z|}. Finally, (Al) is related to the so-called
principle of smooth fit, which states that U matches at the common boundary of
the stopping set and the continuation set in a smooth way: the partial derivatives
are continuous on the state space (see [170] for more on this).

Now we are ready to determine the formula for U. Directly from (6.44), (A1)
and the form of the stopping problem, we infer that

Ul(t,x) = tP?g(xt=/?),

where g : R — R is a C! even function. By (A3), it satisfies the differential
equation

g"(s) — sg(s) + pg(s) =0 for |s| < 1/8p,
which is connected to the parabolic cylinder functions: see Appendix. Furthermore,
comparing the left-hand and right-hand limits of g and ¢’ at 1/3,, we obtain the
equalities g(1/8,) = 0 and ¢'(1/8p) = —pfBp. Hence, we take 1/, = z, to be the
largest zero of the parabolic cylinder function of parameter p and, for t1/2 < Bplz|,

Ult,z) =92 —pBpdp(|2lt~1/?) _ ftp/zw
(b;)(zp) Zp¢p—1<2'p)
where ¢, is given by (A.4). This leads directly to the function W, studied above.

O

6.4 Inequalities for moments of different order

6.4.1 Formulation of the result

It is natural to ask what is the optimal constants K 4 in the estimates

Y 1llp < Kpall[ XIlla:

for real-valued orthogonal local martingales X, Y such that Y is differentially
subordinate to X. We will show the following partial result in this direction. Let
1 if 1<p<2,
=) (22004 )5y w5 it 5> 2
and, for 1 < p < oo,
K1p = Kp/(p-1),00-
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Theorem 6.5. Let X and Y be two real-valued orthogonal local martingales such
that Y is differentially subordinate to X. Then for 1 < p < oo,

Y < Kl X]|]p (6.45)
and
MYy < Kp,ool [[X]]oo- (6.46)

Both inequalities are sharp.

The case when 1 < p<g<2or2<p< g < oo seems to be much more
difficult and the corresponding best constants are not known.

6.4.2 Proof of Theorem 6.5

Proof of (6.46). First, note that we may restrict ourselves to the case p > 2.
Indeed, if 1 < p < 2, then

Y I < 1Y 12 < X2 < Xl

and, obviously, the equality |||Y]||, = ||| X ||| holds for the constant pair (X,Y) =
(1,1) of orthogonal martingales. So, assume that p > 2. The construction of an
appropriate special function U is very similar to that presented in the proof of
the weak type estimate. Let H = R x (0, 00) denote the upper half-plane and let
U =U, : H — R be given by the Poisson integral

P a—t2+p

The function U is harmonic on H and satisfies

P

u(a,6>|§1og|z| Lz A0

lim
(a,8)—(2,0)

Let S denote the strip (—1,1) x R and consider the conformal mapping ¢(z) =

iefwrz/Z’ or

olz,y) = (e"y/Q sin (gx> ,e™/2 cos (gx>> , (z,y) € R
One easily verifies that ¢ maps S onto H. Define U = U, on S by

The function U_ is harmonic on S and can be extended to a continuous function
on the closure S of S by U(£1,y) = |y[P.
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Further properties of U are investigated in the lemma below.

Lemma 6.3.

(i) The function U satisfies U(x,y) = U(—=x,y) on S.
(ii) We have
Ulz,y) = [yl”  for all (z,y) € 5.

(i) For any (z,y) € S we have Uyy(z,y) <0 and Uyy(x,y) > 0.
(iv) If (z,y) € S and y > 0, then Uyyy(x,y) > 0.

(v) For any (z,y) € S such that |y| < |z|, we have U(z,y) < K?
(vi) For any (x,y) € S we have U(z,y) < 2P~ y|P + 2P KP .

,00*°

We omit the proof, since it is similar to that of Lemma 6.1 above. It is easy to
see that the orthogonal version of Theorem 5.4 immediately yields (6.46): indeed,
with no loss of generality we may assume that |||X|||c = 1; then |[|Y]||, < oo (by
Burkholder’s inequality) and Y is a martingale. Thus, for any ¢,

E|V;P < EU(X,,Y;) < BU(Xo,Yo) < K2,
and we are done. O

Proof of (6.45). Here the things are more complicated. First, we will not work
with (6.45) directly, but rather with the following modification:

Y I < (XTI + L, (6.47)

where L is a fixed positive number. We have already seen such a recipe in the
proof of Theorem 3.6 in Chapter 3. In order to establish (6.47) we will use the
value function of the following optimal stopping problem. Let B = (B(l) , B(Z)) be
a two-dimensional Brownian motion starting from (0, 0) and introduce U : R? —
<_OO’ OO} by

U(x,y) = supEG(x + B,y + BY), (6.48)

where G(z,y) = |y| — |x|P and the supremum is taken over all stopping times of
B satisfying ETP/2 < oo.
The key properties of U are listed in the lemma below.

Lemma 6.4.

(i) The function U is finite on R2.

(ii) The function U is a superharmonic majorant of G.
(iil) For any fived x € R, the function U(z,-) is conver.
(iv) If ly] < [z, we have

p/(p—1)
Ula,y) < (KT) 1), (6.49)
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Proof. (i) Take a stopping time 7 € LP/? and note that the process (Bg\)t) is

differentially subordinate and orthogonal to (z + Bil/\)t). Therefore, by virtue of

(6.12) we have, for any ¢,

Ely + BE,| <yl + EIB,| < |y| + ¢ + [cot(r/2p")] 7| BELIIE
< |yl + e+ [Jz + BE, |2,

where ¢ = [cot(m/2p*)/p|?/®=1) . (p — 1). Since 7 € LP/?, the Burkholder-Davis-
Gundy inequality implies that the martingales (Bil/\)t), (Bg)t) converge in L? to
BY and Bg), respectively. Thus, letting ¢t — oo yields U(z,y) < |y| + ¢

(ii) The inequality U > G follows immediately by considering in (6.48) the
stopping time 7 = 0. The superharmonicity can be established using standard
Markovian arguments (see, e.g., Chapter I in [170]).

(iii) Fix x, y1, y2 € R and A € (0,1). For any 7 € LP/2, by the triangle
inequality,

EG(z + BM Ayy + (1 — Nya + B?) < AEG(z + BY, 1 + BP)
+ (1 - NEG(z + BY,yp + BPY)
< AU(z,91) + (1 = MU (z, y2).
It remains to take the supremum over 7 to get the claim.

iv) Fix a stopping time 7 € LP/2 and ¢t > 0. We have
pping

2
E ‘y + Bv('/\)t

=E (y + B‘E‘Z/\)t) sgn (y + B‘E'Z/\)t) :

Consider the martingale ¢* = ((!),>0 given by (! = E [sgn (y + Bf/\)t) ’fmr}.
There exists an R2-valued predictable process A = (Agl) , Ag))r such that for all r,

TAT TAT
d = JEC; +/ AsdBs = Esgn (y + B‘E‘Q/\)t) +/ AqdB
0 0

(see, e.g., Chapter V in Revuz and Yor [182]). Therefore, using the properties of
stochastic integrals, we may write

TAL
E ‘y + B3| = yEsgn (y+ BY,) + BB, /0 A,dB, (6.50)

TAt TAL
— yEsgn (y + B?A)t) +E /0 (0,1)dB, /0 A.dB,
5 TAL
= yEsgn (y—l—BiA)t) —HE/ AgZ)ds
0

5 TNt TAL
—yEsgn (y+ BY,) +E /0 (1,0)dB, /O (A®), —A)dB,
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TAL
<fol [Bsen (v-+ BE)| + B [ (4@ —a)aB,

TAL
=E (x + Bil/\)t> {sgnm ‘]Esgn (y + Bg/\)t) ‘ + /0 (A, —Agl))st}

TAL
<llo+ Bl sanaEsnly+ B2 + [ (AR, —al)as,

D

p—1

Observe that the martingale

(1 )r>0 = (Sgnx ’E sgn (y + B7(—2/\)t>

/ (A<2 A1>)dB>
0 >0

is differentially subordinate and orthogonal to ¢*. Furthermore, we have ||¢*|| =

sen(y + BX)lleo = 1, so, by (6.46), we see that |[n'|l,,_1) < Kp/(p—1).00
Consequently,

K p/(p—1)

1 1 —1),00

Bl 4 B3] < Kooyl Bl < Bl B (22202 ) T o)
and it suffices to let ¢ — oo to obtain (6.49), using the argument based on the
Burkholder-Davis-Gundy inequality. g

Now we are ready to establish (6.45). Fix § > 0, ¢ > 6+/2, and convolve G
and U with a nonnegative C* function ¢°, supported on the ball with center (0,0)
and radius 4, satisfying ||g°||; = 1. In this way we obtain C* functions G° and U?,
such that G® < U® and U? is superharmonic. Furthermore, by Lemma 6.4 (iii), we
have Ugy > 0 and, by superharmonicity, UfL < 0. Applying the orthogonal version
of Theorem 5.3 yields
REU°(X;:,Y;) = EU°(Xo, Yo),

whence
EG®(Xrat, Yrne) < EU (X0, Y).

Obviously, we have |G%(z,y)| < |z| + |jy| + 6| < 2P~I(|y|P + 6P). Hence, by
Lebesgue’s dominated convergence theorem, if we let ¢ — 0 and § — 0, we get

Kl p/(p—1)
EYznel < E[X7nel” + < pp> “(p—1).
By the Burkholder-Davis-Gundy inequalities, we may replace 7 A ¢ by 7 in the
above estimate. Applying it to the pair (X', Y’) = (X/A,Y/\) with
_ [1Xlpp"/® Y
- Kll/(p—l)
P

(clearly, the differential subordination and the orthogonality remain valid) yields
(6.45). O
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Sharpness. When p > 2 and ¢ = oo, then equality is attained for the pair B =
(BglA)t, Bg/\)t), where (B, B(?) is a standard Brownian motion starting from (0, 0)
and 7 = inf{t > 0: \Bt(l)| = 1}. An analogous reasoning was already used in the
case of the weak type estimates, so we omit the details. If p=1and 1 < ¢ < 2,
we use a duality argument similar to the one above. Namely, suppose that (6.45)
holds with some constant Cy. Let B be as above. Then

E|B7('2/\)t|q/(q_1) = ]EBT2/\)t ) ‘B'(rz/\)t‘q/(q_l)_2B7('2/\)t = EB7('2/\)t£ = EBv('l/\)tCa

where (&, ¢) is a corresponding pair of orthogonal processes starting from (0, 0) and
such that ( is differentially subordinate to £. Consequently, since Bil/\)t is bounded
by 1,

2 — 2 _ 1/
BBV < E[(| < Cylléllg = C[BIB V]
or |\B§2)\|q/(q,1) < Cy. Thus Cy > Ky/(g—1),00, as desired. O

On the search of the suitable majorant, the case ¢ = co. This is straightforward:
write

U°(z,y) = sup{E[V;["},

where the supremum is taken over all pairs (X, Y") of orthogonal martingales start-
ing from (z,y) such that ([X, X]; — [Y,Y]¢)¢>0 is nondecreasing and || X||oc < 1.
This makes clear which pairs should give the supremum: we take any X and wait
until it reaches +1; the corresponding Y satisfies [Y,Y] — y? = [X, X] — 2. By
a standard time-change argument, we may assume that X and hence also Y, are
stopped one-dimensional Brownian motions. Hence, U? is necessarily the harmonic
lift of the function (z,y) — |y|?, (z,y) € S. This is precisely the function used
above. g

6.5 Logarithmic estimates

The special functions considered in the preceding section can be used to obtain
the following sharp logarithmic estimate. Introduce the function ¥ : [0,00) — R
by the formula ¥(¢) = (¢t + 1) log(t + 1) — ¢.

Theorem 6.6. Suppose that X, Y are orthogonal real-valued martingales such that
Y is differentially subordinate to X. Then for K > 2/,

oo 42/(Km) _ 2logt _
K

¥ < supBY(K[Xi]) + 5 [ @ (650
t 1

241
The inequality is sharp for each K.

For a related estimate with the more natural function ¥(t) = tlog™ t, see
[163] and the bibliographic notes at the end of this chapter.
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6.5.1 Proof of Theorem 6.6

Proof of (6.52). First we shall establish the following dual estimate. Let ® :
[0,00) — R be defined by ®(t) = €' —t — 1. We will show that if || X||. < 1,
then, for v < 7/2,

f%logtfl

6.52
t2+1 ( )

0o t2’y/7r
supES([Yi]) <8 [
t 1

and the constant on the right is the best possible. This is straightforward. For any
k=23, ... we have, by (6.46),

k
2F+L %0 | 1og [t]|* 4 [° (zlogt)
YE<KF_ = dt = = Ar 2 gt .
IY1[E < Ky oo 7Tk+1/0 2ol 7T/l 1 (6.53)

Hence, for v < /2,

> Ak k oo y2v/m _ 24 —
¥7 Y 4 t ~logt —1
Ewwm=§}4ﬁﬁg;[ at
k=2 ’

t2+1

and it remains to take the supremum over ¢ to get (6.52). To see that the bound
on the right is the best possible, consider the two-dimensional Brownian motion
started at (0,0) and stopped at the boundary of the strip [—1,1] x R. Then we
have equality in (6.53) for all k¥ > 2 (see the previous section) and hence (6.52)
is sharp too. Now it suffices to repeat the arguments which enabled us above to
deduce (6.45) from (6.46). To do this, we need to consider an appropriate optimal
stopping problem and rewrite (6.50) accordingly. The crucial property of ® and ¥
is that they are conjugate in the sense that ®’ is the inverse to ¥’ on (0, 00). We
omit the further details, as the proof goes along the same lines. O

Sharpness. This follows from duality; see sharpness of (6.45).

6.6 Moment inequalities for nonnegative martingales

6.6.1 Formulation of the result

We shall now study the moment estimates in the particular case when both pro-
cesses are real valued and one of them is nonnegative. Let

B {tan(w/Qp) it 1<p<2,

P (1 + cos?(n/p) P (sin(m/p))~! if 2 < p < .
and
B, = { [_sin" " (ép)sin((p-1)é,) "7 i1 5 (6.54)
P [Tcos 1) cos((p—1)p) hl<p<s '

cot(m/2p) if 2<p<oo.



274 Chapter 6. Inequalities for Orthogonal Semimartingales
Here ¢, is the unique number from the interval (7/4,7/2) such that
sin ((p— )¢ — %) +sin%cosp71¢ =0. (6.55)

Theorem 6.7. Let X, Y be real-valued orthogonal local martingales such that'Y is
differentially subordinate to X.

(i) If X is nonnegative, then
Y llp < CplllXTllp, 1 <p<oo, (6.56)

and the inequality is sharp.

(ii) If Y is nonnegative, then
Yl < BpllIXIllp,  1<p<oo, (6.57)
and the inequality is sharp.

Therefore, if we compare (6.56) and (6.57) to (6.12), we see that in the case
when X is nonnegative, the best constant in the L? inequality does not change for
1 < p < 2 and decreases for p > 2; if Y is assumed to be nonnegative, then the
best constant remains the same for p > 2 and decreases for 1 < p < 2. Observe
that we have the same behavior of the optimal constants in the nonorthogonal
case.

6.6.2 Proof of Theorem 6.7

It suffices to establish (6.56) for p > 2 and (6.57) for 1 < p < 2. The reasoning is
the same as in the proof of Theorem 6.3, so we will only present the formulas for the

special functions. To prove the first estimate for p > 2, let W), : [0, 00) x[0,00) — R
be defined by

RP[ cos(pm/2 — pb)
Wy(x,y) = +sin(pr/2 — pb) - cot(m/p)(cos?~2(n/p) +1)] if 0 >n/2—=/p
yP — CPa? it 0 <7/2—7/p,

where, as previously, R and 6 are the polar coordinates. Finally, the special func-
tion W, corresponding to (6.57) for 1 < p < 2 is given by

EPRP| cot(mp/4)sin(pd) — cos(pf)] if 0 <60 < ¢y,
y? — EPzP it ¢, <6 <m/2.

Wp(x’y) = {
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6.7 Weak type inequalities for submartingales

6.7.1 Formulation of the result

We will prove a statement which can be regarded as the orthogonal version of
Theorem 4.4. Let ¢ = 3.375. .. be given by (6.61) below.

Theorem 6.8. Assume that X is a submartingale such that Xo = 0 and Y is a real-
valued semimartingale which is orthogonal and strongly differentially subordinate
to X. Then

P(Y]" =2 1) <[ X1l (6.58)

and the constant c is the best possible.

6.7.2 Proof of Theorem 6.8
The estimate (6.58) follows from the existence of a function U : R? — R such that

(i) U is continuous and superharmonic,

(ii) for any (x,y) € R?, the functions t — U(x +t,y +1t) and t — U(z +t,y — t)
are nonincreasing on R,

(iii) U is concave along the horizontal lines,
(iv) U(0,0) = —c7,
(v) Ulz,y) > U(0,0)1y|<1y — x™ for all z, y € R.

Indeed, convolving U with a smooth radial function g which has the usual prop-
erties, we see that the resulting function UY satisfies AUY < 0, U4, < 0 and
UZ +|UJ| < 0. These conditions imply that for X, Y as in the statement of the
theorem, the process (U9(Xy,Y:))t>0 is a local supermartingale; then the proper-
ties (iv) and (v) play the role of the initial condition and the majorization property.
We refer the reader to [158] for the detailed explanation of this argument.

To prove the existence of a function U satisfying (i)—(v), we will construct
some auxiliary objects first. For the sake of convenience, in the considerations
below we identify R? with the complex plane. Let D = {z € C : |z| < 1} be the
open unit disc of C and put

J={2z€C:|Imz| <1, |Imz| <Rez},

6.59
K={zeC:|Rez|<lor|lmz| <1}. (6.59)

Define h : 0K — R by setting h(z,£1) =1 — |z] if |z| > 1 and h(£1,y) = |y| — 1
if l[y| > 1. Consider the function F' given by

w,

14+ w

F(z)aAZ@d
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=)

The function F' is a conformal mapping of D onto the interior of K and it sends the
arcs {e¥ : 0] < 7/4}, {e¥ : 0 € (n/4,3m/4)}, {e? : 0 € (3n/4,5m/4)}, {1 0 €
(57 /4,77 /4)} onto the sets K N (0,00)%, OK N (—00,0) x (0,00), IK N (—00,0)?,
OKN(0,00) x (—o0, 0), respectively. Finally, we have F(e*™/4) = F(e*37/4) = cc.
Let G be the inverse of F' and define v : D — R by the Poisson integral

where

2m o T2 )
u(re'®) = i/0 L h(F(e™))dt

27 1—2rcos(t—0)+r?

for r € [0,1) and 0 € [0,27) (this is well defined, see (6.63) below). To describe
the optimal constant ¢ in (6.58), let R = 0.541... be the unique solution to the

equation
R
1 4 1 _ 4
/ T e V2 / > (6.60)
0

1+54

and put

o= [i /h L1 h(F(e“))dt] . (661

2m 1—2Rcos (t+ %) + R?
Computer simulations show that ¢ = 3.375.. .. Finally, let
Uz, y) =u(G(z,y))  for (z,y) € K.

Lemma 6.5. The function U enjoys the following properties:

(i) It is continuous on K and harmonic in the interior of K.
(ii) The function (z,y) — U(x,y) + x is bounded on J.
(iii) U has the following symmetry: if (x,y) € K, then

U(x,y) =U(x,—y) =U(~z,y) and U(z,y) = Uy, x).

Proof. (i) Clearly, U is harmonic in the interior of K, since it is the real part of
an analytic function there. To see that U is continuous on K, observe that the
function ¢ — h(F(e™)) is continuous on [—m,m] \ {£7/4,+37/4}. This implies
that u is continuous on D ~ {e*7/4 ¢*37/41 and the latter set is precisely G(K).

(ii) First we prove the identity

2 2 ) )
L / 1-r F(et)dt = F(re'?) (6.62)
0

27 1 —2rcos(t—6)+r2
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for r € [0,1), 8 € [0,27). To do this, apply Fubini’s theorem to obtain

1 27 1—7"2 4
o F it dt
2 /o 1 —2rcos(t — 0) + 12 (€")

1 27 1— 2 e't /1
= / ! -a/ 7dzdt
0 ) +r? 0

1 —27cos(t — 1424

/ /2" 1—r? V1 — stedit
0 27 0

it
. - dt ds.
1 —2rcos(t — 6) + r? T shedit © 8

For any fixed s € [0,1), the expression under the outer integral is the Poisson

formula for the function
_ V1 — szt
Jorzm oz
which is continuous on D and analytic on D. Thus, this expression equals f (Tew)
and

itds

L g - Nrrer

_ / Zt dt /

2 Jo 1—2rcos(t—6)+ r2 14 strietit
= F(re").

To see that the above use of Fubini’s theorem is permitted, note that for any fixed
r and 6 as above and some positive k1, Ko,

2“/ 1—72 V1—stett
—e

0 1—2rcos(t—0)+r2 14 stet

< /Qﬂ/ L dsdt

K 7 as
=T o it ster]
2m 1 1
< ———dsdt .
_nz/ A |1+Se4n‘ s (6.63)

/”/ 4 / dsdt
= 8K2 -
s+cos 4t +1 sin 4¢

sin 4t

1
=2 I 1 dt .
“A %(+wwmﬁ <o

Therefore, if (z,y) € J and G(z,y) = re'?, then we may write

Z/[($,y) +z—1

dsdt

1 27 1— 7"2 4 |
=5 F it r ity 1
2m /o 1 —2rcos(t — 6) + r? [h( (")) + Re F(e") ]dt

L /JW/Z L [h(F(e")) + Re F(e") — 1]dt
C 27 1 —2rcos(t—6)+r2 ’
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because h(x,y) + z — 1 = 0 for (z,y) € OKN{z € C : Rez > 1}. Now if
we take (z,y) € J with z sufficiently large, say, « > 2, then 6 lies in a proper
closed subinterval of (—7/2,0) and thus the Poisson kernel is bounded uniformly
inre[0,1) and ¢ € [0,37/2]. It suffices to note that, by (6.63),

37w/2 ) )
/ [A(F(€")) + Re F(e") — 1|dt < oo,
0
(iii) We have F(iz) = iF(z) for any z € D, so G(iz) = iG(z) for all z € K

that is, if (x,y) € K, then G(~y,z) = iG(z,y). Consequently, if G(z,y) = re?,
then

U(—y,z) = ul(iG(z,y)) = u(re'™/>9)

I 1— 72 ;
:—/ ! h(F(e))dt
27 Jo 172rcos(tf%79)+r2

1 37‘!‘/2 1 _ T2 .
= — h(F(ie™))dt
210 J_pj2 1 —2rcos(t —0) +r?
1 37/2 1— 2 .
- / ! h(iF(e'))dt,
21 J_nj2 1 —2rcos(t —0) + 12

which is equal to —U(x,y), since h(iz) = —h(z) for z € OK. Therefore,

and it remains to show that U(z,y) = U(x,—y) for (x,y) € J. But this follows
from the previous part: the function (x,y) — U(x,y) —U(z, —y) is continuous and
bounded on J, harmonic in the interior of this set and vanishes on its boundary.
Thus it is identically 0. ]

In the next lemma we exhibit more properties of U.

Lemma 6.6. If (z,y) € J, then

ly| — = <U(z,y) < min{l — x,0}, (6.65)
Uy (z,y) Uy (z,y) <0 (6.66)

and
Ups < 0. (6.67)

Proof. Note that the function (x,y) — |y| — = is subharmonic and agrees with U
on the boundary of J. Combining this with Lemma 6.5 (ii), we obtain the lower
bound in (6.65). To show the upper bound, note that the functions (z,y) — 1 — =,
(z,y) — 0 are harmonic and majorize U at 0.J; it remains to apply Lemma 6.5
(ii) to get (6.65).
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We turn to (6.66). By the symmetry of U (see part (iii) of the previous
lemma), it suffices to show that U, (x,y) +Uy(x,y) < 0. Using the Schwarz reflec-
tion principle, U can be extended to a continuous function on J U (J + 2¢) and
harmonic inside this set (here we have used the usual notation J +w ={z € C:
z—w € J} for w € C). The extension is given by

Uz,y) =2 -2z —U(x,2 - y)
for (x,y) € J+ 2i. Fix k € (0,1) and define the function V on J by

Using (6.65) several times, one can show that V' is nonnegative on the boundary
of J. Indeed: if y = —x € [0,1], then U(z,y) = 0 and U(x + k,y + k) < 0; if
y=x¢€[0,1— k|, thenU(z,y) =U(x + k,y + k) =0;ify =2 € (1 —k,1], then
U(z,y) =0 and

Uz +Eky+k)=2—-2c-2k-Ulx+k,2—y—k)
<2-20-2%—(2—y—k—a—Fk) =0.

Next, U(z,—1)=1—x>1—x—k>U(z+k,—1+k); finally, U(z,1) = 1 —2 and
U(x+k,1+k)=2-2k—2x—-U(z+k,1—k) < 1—z. Furthermore, by Lemma 6.5,
V' is continuous, bounded on J and harmonic in the interior of J. Consequently,
V > 0 and since k € (0,1) was arbitrary, (6.66) follows.

To prove the concavity property (6.67), we proceed similarly. Fix k € (0,1)
and consider the function V' : J — R given by

V(I7y) - QZ/I(x,y) - Z/{(.’E + kay) - U(I - kay)
It suffices to prove that V' > 0 on the boundary of J. Clearly, this is true on
[14k,00) x {—1,1} (V = 0 there). When = € (1,1+ k), then, using the symmetry
of U and the lower bound from (6.65), we get
Uz —kt1)=-ULl,z—k)<1—(x—k),
so V(x,£1) > 0. Similarly, by the symmetry of U we get, for z € [0, 1],
Ve, tx) = -Ux + k,2) —U(x — k,z) = Uz + k,z) +U(z,x — k) >0,

in virtue of (6.66). This completes the proof. O

Now we are ready to prove the existence of U. Define

Uz +1,y) if (z+1,y) € J,
Ulz,y) =40 if [yf<land(z+1,y)¢J,
—xt if |yl > 1.



280 Chapter 6. Inequalities for Orthogonal Semimartingales

Let us verify the announced properties of this function.

(i) The continuity is straightforward. In addition, we have that U is har-
monic in the interior of J — 1 and U is majorized on R? by the superharmonic
function (x,y) — —z™ (see (6.65)). Hence the mean-value inequality holds and U
is superharmonic.

(ii) Clearly, we have the monotonicity outside the set J —1; thus the property
follows from the continuity of U and (6.66).

(iii) The concavity is evident for |y| > 1. When |y| < 1, use (6.67) and the
estimate U(z,y) <0 on J — 1 (see the upper bound in (6.65)).

(iv) This follows immediately from the equality F'(Re™""/4) = 1, or G(1,0) =
Re~ /% (recall that R is given by (6.60))

(v) Both sides of the estimate are equal when |y| > 1, so let us assume that
y € (—=1,1). Then the majorization takes the form

U(z,y) > U(0,0) —z™.

This is clear when (x,y) ¢ J — 1: the left-hand side equals 0 and the right-hand
one is U(0,0) = U(1,0) < 0 (see (6.65)). Next, suppose that (z,y) € J — 1. Since
U is harmonic on this set, (6.67) implies that for any x > —1 the function U(z, -)
is convex on {y : (x,y) € J — 1} and hence U(x,y) > U(z,0) by the symmetry of
U. Thus, all we need is to verify that

U(z,0) > U(0,0) —z* for x > —1.

This follows at once from the fact that the two sides are equal to one another for
x = 0 and that U,(z,0) € [-1,0] for z > —1 (to see the latter, use the concavity
of the function U(-,0) and the lower bound in (6.65)).

Sharpness. The example is similar to that constructed in the proof of the sharpness
of (4.4), but, additionally, we have to take into account the orthogonality of the
pair (X,Y). Let B be a two-dimensional Brownian motion starting from (0,0),
put 7 = inf{¢ : B; € 8J—1} and consider the (random) interval I = [r,7— Bgl)] if
Bgl) < 0, and I = () otherwise. Let X, Y be Itd processes defined by Xg =Yy =0
and, for ¢ > 0,

dX; = 1 dB + 1,(t)dt,
dY; = 1;>0dB + sgn BP1,(¢)dt.

The pair (X,Y’) behaves like B until it reaches the boundary of J — 1 at the time
7. Then if X > 0, the pair stops; if X; < 0 and Y; > 0, then the pair moves along
the line segment {(x — 1,) : © € [0,1]} until Y reaches 1; finally, if X, < 0 and
Y; < 0, the pair moves along the line segment {(z —1,—z) : z € [0,1]} until ¥
reaches —1. Observe that Y is strongly differentially subordinate to X and (X,Y)
is constant on the interval [T 4+ 1,00). Now, the stopping time 7 is exponentially



6.8. Moment inequalities for submartingales 281

integrable, so Itd’s formula yields EU(X,,Y;) = U(0,0) = —c~!. However, we
have |Y;11] > 1 and

U(Xrayr) = U(XT+1?YT+1) =X

T4+1 = _XT+1

with probability 1, so
P(Y|*>1)=1 and E|X, 1] =c L

This does not finish the proof yet, since the quantity E|X 1| is strictly smaller
than || X||1 (X takes negative values). To overcome this problem, we make use
of the “portioning argument”, see the proof of the sharpness of (4.4) or consult
[158]. |

On the search of the suitable majorant. Here the reasoning is the combination of
the arguments appearing in the searches corresponding to (4.4) and (6.5). We
write down the formula

U%(z,y) = sup{P(|Y;| > 1) — cEX,"},

where the supremum is taken over all pairs (X,Y") of orthogonal real-valued pro-
cesses such that (Xo,Yy) = (z,y), X is a submartingale and Y is strongly differ-
entially subordinate to X. Of course, we have U%(z,y) = 1 — 2™ for all (x,y) such
that |y| > 1. Furthermore, if z < 0, |y| < 1 and |z| + |y| < 1, then U%(x,y) = 1,
which can be seen by considering the (deterministic) processes

Xy=x+4+t and Y;=y+tsgny fort<1-—y

(we take sgn 0 = 1). Thus it remains to determine UY in the interior of the set J—1
(J is given in (6.59)). A little experimentation suggests that U® should be harmonic
on this set. Thus, the function (z,y) +— U°(xz — 1,y) — 1 vanishes on {(x,y) : x =
ly| € [0,1]} and we expect it to be harmonic on J. Thus, applying the Schwarz
reflection principle, it suffices to find the explicit formula for a continuous function
on K which is harmonic in the interior of this set and equals h on the boundary
of K. This was precisely our starting point in the above considerations. O

6.8 Moment inequalities for submartingales

Now we will establish the following moment inequality.

6.8.1 Formulation of the result

Let a be a fixed positive number and let ¢ = p(«a) € [0, 7/2) be given by o = tan .
Set pg =2 — 2¢/m and

%, (6.68)

{tan% if p < po,
cot % if p> po.
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We will establish the following LP inequality.

Theorem 6.9. Suppose that o« > 0. Let X be a nonnegative submartingale and
Y be an R-valued process, which is a-strongly subordinate to X. If X and Y are
orthogonal, then, for any 1 < p < oo,

Yl < Gl X1l (6.69)

and the constant C, is the best possible. Furthermore, if p > 2, then Y can be
taken to be H-valued.

6.8.2 Proof of Theorem 6.9

Proof of (6.69). The reasoning is similar to the one presented in Subsection 6.3.2
above: we search for a special function Up : [0,00) x R =+ R or U, : [0,00) x H —
R of the form Uy(z,y) = Wp(z,|y|). The only additional property which the
corresponding function W), must satisfy reads

W + a|[Wyy| < 0.

This is needed to control the submartingale property; we have already seen in the
previous chapter how the above condition works.

To avoid repetition of the same arguments, we will only present the formulas
for the special functions and leave the details to the interested reader (or refer to
[132]). We consider three cases: 1 < p < po, po < p < 2 and p > 2. In the first
case, let W, be given by (6.20): this is the function used in the proof of moment
inequality for orthogonal martingales. When pg < p < 2, the special function is
given as follows. Let v, = % and ¢, = 5 — %. Note that 1, < ¢p: this is
equivalent to p > pg. We define W,(z,y) by

RPsinP~Y(¢,) (cos ) " cos(p(5 —0) + ) if ¢, <0<73,
yP — ChaP if ¥, <0 < ¢p,
RP(tan® (1), — tan? ¢,) cos? 6 — Rp% cos (pd) if 0< 0 <.

Finally, if p > 2, then W), : R; x Ry — R is defined by

sin?~! (¢p) (cos dy) " cos(p + @) if ¢, << F,

W(e,y) = {hp(¢) it 0< o< o

. . =)
Here, as in the previous case, ¢, = 5 — %. ([l

Sharpness. We only study the case p > pg. Let (B(l),B(2)) be two-dimensional
Brownian motion starting from (0, 1) and let A denote the local time of B! at 0.
That is, we have, for all ¢ > 0,

t
B = [ sen(BO)BY + A
+
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Let 7 = 7, denote the exit time of B from the cone Ky = {(z,y) : y > tan|z|}.
Fix a > 0 and, for ¢t > 0, define
Xy = |Bv('1/\)t" Y = Bv('Z/\)t + aArpe.

Then Y — 1 is a-strongly subordinate to X and X, Y — 1 are orthogonal. Now,
suppose that ¢ < £ —1, and fix a (small) positive number a. Consider the function
f defined on the cone {—a < 6 <1} by

f(z,y) = RP -sin?~* ¢, (cos gbp)_l cos(pf + ).
Then f is harmonic in the interior of its domain and satisfies the condition
f=(0,y) + afy(0,y) =0 (6.70)

for all y > 0. Applying It6’s formula, we obtain, for any ¢ > 0,

t t
F(X0Y0) = £(0.1) + /0 Fo(Xo YO)dX, + /O (X YdYe  (6.71)
+ +

But the measure dA; is concentrated on the set {s : Xy = 0}. Thus, by (6.70),
we get
¢ ¢
| reeayvodacs [ pvidea) =o
0+ 0+
and taking expectation in (6.71) yields
Ef(X0,Y5) = £(0,1). (6.72)

Since on Ky, we have f(x,y) = Uy(z,y) > |y|P — ChxP > (cot? ¢ — tan? ¢, )P, the
equation above yields

£(0,1) > (cot? ¢ — cot? ¢, ) EX} = (cot? ¢ — tan? ¢, ) EX?,

so EX? < £(0,1)/(cot? ¢ — tan? ¢,,) and, consequently, X € LP. Therefore, if we
let t — o0 in (6.72), we get, by Lebesgue’s dominated convergence theorem,

EX? = £(0.1)/ (1, tan ).

Thus we see that if ¢ — T — ¢, then || X[, — oco.
Now, by the definition of T,

cot || X||p = cot Y[ Xz [[p = [[Y[l, < (Y = 1][p +1
and all the terms are finite. It suffices to let ¢ 1 5 — ¢, to get the claim. O

On the search of the suitable majorant. This is similar to the search in the non-
orthogonal setting. See also the reasoning leading to the special functions of The-
orem 6.3.
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6.9 Inequalities for orthogonal smooth functions

Here we return to estimates for smooth functions under differential subordination
or a-subordination, initiated in Section 5.6 above. So, let D be a domain in R”
and fix £ € D. Let u, v be two C? functions on D, taking values in H.

Definition 6.2. We say that v and v are orthogonal, if for any positive integers
i, j, the gradients of v’ and v? are orthogonal: Vu' - Vov/ = 0 on D.

For example, this is the case when D is a unit disc of R? and u, v are two
real-valued harmonic functions which satisfy the Cauchy-Riemann equations. Of
course, any pair (u,v) of orthogonal functions gives rise to a pair of orthogonal
semimartingales: we compose v and v with Brownian motion in R™ and apply
It6’s formula. All the results obtained in this chapter can be easily translated to
corresponding statements for orthogonal functions. We shall formulate here only
two results: the sharp versions of inequalities of Riesz and Kolmogorov, comparing
the sizes of harmonic functions and their conjugates.

Theorem 6.10. Let D, & be as above. Suppose that u, v are orthogonal harmonic
functions taking values in H such that v is differentially subordinate to v and

[0(©)] < [w(©)]. Then for 1 < p < o0, |loll, < cot (2= ) llull, and for 1 <p<2,

- 1 1 1 1/p
ol oo < | R o T Rt e } ]
oo < - :
P Fp+1) 2r-t 1— o4 2 — 4 8

Both inequalities are sharp even when n =2, & = (0,0), D is the unit disc of R?
and u, v satisfy the Cauchy-Riemann equations.

Proof. Tt suffices to show the optimality of the constants. This can be easily ex-
tracted from the examples studied above. To show that cot(m/(2p*)) is the best
possible, consider first the case 1 < p < 2. For any € > 0 there is a sector A of
the form {(z,y) € [0,00) x R : |y| < cz} such that if B = (B!, B?) is a Brownian
motion started at (1,0) and stopped at the exit of A, then

1Bl > [cot(n/(2p")) — €] | B],-

Let F = (F', F?) be a conformal map, which maps the unit disc D onto A such
that F(0,0) = (1,0). Then the functions u = F!, v = F? satisfy the Cauchy-
Riemann equations on D and

olly = [1E[l, = 1B}, > [cot(m/(2p")) - €] 1B,
= [cot(m/(2p")) — ]I |, = [cot(n/(2p")) — e] [ ull

The optimality of the constant appearing in the weak type inequality is dealt with
in a similar manner: this time we use a conformal map which sends unit disc onto
the strip R x [—1,1]. We omit the further details. O
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6.10 LP estimates for conformal martingales
and Bessel processes

In the final section of this chapter we discuss a slightly different setting, in which
the orthogonality does not affect the interplay between the processes X and Y, but
concerns the inner structure of the processes X and Y. We say that an R%-valued,
continuous-path martingale X is conformal (or analytic) if for any 1 <i < j <d,
the coordinates X, X7 are orthogonal and satisfy [X?, X! = [X/, X7]. Two-
dimensional conformal martingales arise naturally from the composition of analytic
functions and Brownian motion in the complex plane. They also appear in the
martingale study of the Beurling-Ahlfors operator; see the bibliographical notes
at the end of the chapter.

Fix p > 0 and d > 1. We will be interested in the moment estimates
Yy < Cp,al [ X]lp, (6.73)

where X, Y are conformal martingales, taking values in R?, such that Y is differ-
entially subordinate to X. Since a two-dimensional analytic martingale is just a
time-changed planar Brownian motion, its norm is a time-changed Bessel process
of dimension 2. Recall that a real-valued process is a Bessel process of dimension
d, if it satisfies the stochastic differential equation

dR;, =dB; + % %i,

where B denotes the standard one-dimensional Brownian motion. See, e.g., [182]
for more on the subject. The above observation connecting conformal martingales
to Bessel processes leads to the extension of (6.73) to the case when d is an
arbitrary positive number, not necessarily an integer. In fact, we will consider
an even more general setting. Let X, Y be two nonnegative, continuous-path
submartingales and let

X=Xo+M+A Y=Yy+N+B (6.74)

be their Doob-Meyer decompositions, uniquely determined by My = Ap = Ny =
By = 0 and the further condition that A, B are predictable. Assume that X and
Y satisfy the following condition: for a fixed d > 1 and all £ > 0,

d—1 d—1
Xidd > X, X], YidB, < S—d[y, Vs, (6.75)

For example, if X, Y are conformal martingales in R%, then |X|, |Y| are sub-
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martingales and by It6’s formula, their martingale and finite variation parts are

d—1 (" 1 1 —
M; = Z X, dX A=2 dx X,
0+ 0+ s
2 | X
Y —j d—1 [t —1 —
t—Z/ v, p=21 Ay, 7., t>o.
2 0+ | s‘

Hence (6.75) is satisfied; in fact, both inequalities become equalities in this case.
To give another example, consider adapted d-dimensional Bessel processes R, S
and let 7 be the stopping time; then X = (R;at)i>0, ¥ = (Srat)i>0 enjoy the
property (6.75).

6.10.1 Formulation of the result

For a given 0 < p < oo and d > 1 such that p+d > 2, let 2o = 29(p, d) be the
smallest root in [—1,1) of the solution to the equation (6.80) below and let

o (6.76)

Itz = if (2—d)y <p<2,
Cpa = .
if 2<p<o0.

1+2zp’

Theorem 6.11. Let X, Y be two nonnegative submartingales satisfying (6.75) and
such that Y is differentially subordinate to X. Then for (2—d); <p < oo, d > 1,
we have

Ylp < Cp,all Xl (6.77)

and the constant Cp 4 is the best possible. If 0 < p < (2 — d)4, then the moment
inequality does not hold with any finite Cp 4.

As an application, we have the following bound for conformal martingales
and Bessel processes.

Corollary 1. Assume that X, Y are conformal martingales in R%, d > 2, such that
Y is differentially subordinate to X. Then for any 0 < p < oo,

1Y ly < Cp.all X1l (6.78)

and the constant C, q is the best possible.

Corollary 2. Assume that R, S are d-dimensional Bessel processes, d > 1, driven
by the same Brownian motion. Then for any (2 — d)4+ < p < oo and any stopping
time T € LP/?, we have

HSTHP < Cp,d |RTHP (6~79)

and the constant Cp q is the best possible. If 0 < p < (2 — d), then the moment
inequality does not hold with any finite C, 4.
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6.10.2 An auxiliary differential equation

We will present the proof of Theorem 6.11 only for p > 1; for the general case the
interested reader is referred to [7]. So let 1 < p < 0o, d > 1 be given and fixed.
Consider the auxiliary differential equation

(1 —5%)g"(s) —2(d — 1)sg’(s) + p(d — 1)g(s) = 0. (6.80)

As shown in [7], there is a continuous function ¢ = gpq : [-1,1) — R with
g(—1) = —1, satisfying (6.80) for s € (—1,1); furthermore, this solution is shown
to have at least one root in (—1,1). Denoting by zo = 2¢(p, d) the smallest root of
9p,d, We have the following statement.

Lemma 6.7. The function g enjoys the following properties:

(i) If s € (—1, 20|, then ¢'(s) > 0.
(ii) If p < 2, then g is convex on [—1,2¢). If p > 2, then g is concave on [—1, z).
If p # 2, then the convexity/concavity is strict.
(iil) We have zo > 0 for p < 2, z0 =0 for p =2, and zo < 0 for p > 2.

The proof rests on a careful analysis of the differential equation (6.80): consult
[7] for details. Next, introduce the function v = v, : [-1,1] = R by

(s) = 1+s\? 1420\ /1—=3s\?
=T 1— 2 2 )
An easy calculation shows that

sy = 2 =1 {(1 + 5P - <1 + zo)p (1- S)H} .

2p ].72’0

For p # 2, let s1 = s1(p) denote the unique root of the expression in the square
brackets above. It is easy to verify that s < 0 and s; < zg, using assertion
(iii) of the above lemma. Let ¢ = ¢(p) be the unique positive constant for which
cg’(z0) = v'(20). Tt is readily verified that

_ 2p(1 + z9)P~*
2rg'(20)(1 — 20)

Lemma 6.8.
(i) Let 1 < p <2. Then for s € [—1, z0] we have

cg(s) > v(s). (6.81)
(i) Let p > 2. Then for s € [—1, 29] we have

cg(s) < v(s). (6.82)
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Proof. For p = 2 we have cg(s) = v(s), so both (6.81) and (6.82) are valid and
hence we may assume that p # 2. We treat (i) and (ii) in a unified manner and

show that
c(2-p)g(s) > (2 —p)v(s)

for s € [—1, zg]. Observe that (2—p)v”(s) > 0 for s € (—1,s1) and (2—p)v”(s) <

for s € (s1,1). Since (2 —p)g is a strictly convex function, we see that (6.81) hold

on [s1, 2] and is strict on [s1, z9). Suppose that the set {s < z¢ : cg(s) = v(s )}

is nonempty and let sy denote its supremum. Then sy < s1, cg(so) = v(sg) and
/

(2—p)eg(s) > (2—p)v(s) for s € (s0, 20), which implies (2—p)cg’(so) > (2—p)v'(s0).
Hence, by (6.80),
0 < (1—53)(2—p)eg”(s0)
= (d—1)(2 = p)(2s0cg’(s0) — pg(s0))
< (d—1)(2 = p)(2s0v’(s0) — pv(s0))

_ _p(2 _p)<d2_p (1 - sp) [<1 +so)P % — <1 + Zo)p (1- So)p—2] _

This yields sg > s1 (see the definition of s1), a contradiction. O

Finally, let us list some further properties of g that will be needed below.
Again, the proof is based on a careful analysis of the differential equation (6.80).
We omit the details and refer the reader to [7].

Lemma 6.9. Assume that s € (—1, z].
(i) We have

(2=p)(1—5%)g"(s) —2(p = 1)(p — 2)s9'(s) +p(p— ) (p—2)g(s) > 0. (6.83)
(ii) We have
S(1— 59)g"(s) — [p+d — 2+ (d— p)s?]g’(s) + pld — 1)sg(s) < 0. (6.84)

(iil) If p < 2, then

pg(s) + (1 —s)g'(s) > 0. (6.85)
(iv) If p > 2, then

pg(s) — (1 +s)g'(s) < 0. (6.86)

6.10.3 Proof of Theorem 6.11

Assume that 1 < p < 00, d > 1 are given and fixed. Recall the numbers ¢ = ¢(p),
2o = zo(p,d) and the constant C), 4 introduced in the previous two sections. We
start by defining special functions U = Up 4 : Ri — R. For 1 <p <2 let

c(x+y)Pgp.a (ﬁ) if y< 1"’;3“%

p__ (P ,.p : 1+2¢
Y Cp’dw if y> oo,

Upyd(wv y) = {
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while for p > 2, we put

_dgAx+yy%d<%%)ify2};g%

P _ (P P i 1—z9
Yy —C, 4z if y< T

Upyd<x’ y) = {

Moreover, let V, 4(z,y) = y? — C’I’; 427 for any p. We will skip the lower indices
and write U, V instead of Up q, Vp 4.
Using Lemma 6.9, one easily shows the following statement.

Lemma 6.10. For any x, y > 0 and h, k € R we have

(d — 1)Um(xay)

Upa(z,y) + -

} h* + 2Uy, (z,y)hk

[Pty + G0t o

< w(x,y) - (h2 — kz), (6.87)

where

(d — 1)U1(33,y)

(d—-1DUy(2,y)

w(z,y) = Upe(z,y) + ”

- {Uyy@,y) + } < 0.
The remainder of the proof is standard. We convolve U, V with a smooth
function g supported on a ball of radius d and satisfying the usual assumptions.
Denoting the results by U° and V?, we apply Ito’s formula to U° and the pair (X +
24,Y +20) of submartingales satisfying the assumptions of the theorem. A careful
analysis of the terms arising from the formula, combined with the inequalities

(6.75), (6.87) and the differential subordination, implies the estimate
EU® (26 4+ X7 nt,20 + Yo, nt) < EU°(Xo + 26, Yy + 20) + K(6),  t>0.

Here k(6) = o(1) as 6 — 0 and (7,)n>0 is a certain nondecreasing sequence of
stopping times, depending only on X and Y, which converges almost surely to co.
By (6.81) and (6.82), U4 > V4 and hence U® > V?; thus, plugging this in the
preceding inequality and letting 6 — 0, n — oo yields

E|lY:)P < ngdIE\Xﬂp,
which immediately gives the claim. ]

Sharpness. We present the reasoning only in the case p < 2; then zy > 0 by virtue
of Lemma 6.7 (iii). It suffices to show that the constant C), 4 is the best in (6.79).
Suppose that R, S are Bessel processes of dimension d, starting from 1, satisfying
the stochastic differential equations

d—1dt

AR, = dB, + —— -,
t (6.88)

d—1dt

dS; = —dB; + ———
t t + 53,
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(here B is a standard one-dimensional Brownian motion). Introduce the function
W :(0,00) x [0,00) = R by the formula

W) = o+ ot (L)

and, for any a € (0, z9), consider the stopping time

1
Tainf{tzo;stz 1+“Rt}. (6.89)

Applying It&’s formula, it is not difficult to check that (W (Rrant, Srant))e>0 is a
martingale. Consequently, for any ¢ > 0,

W(1,1) = EW(Rrapt, Srant) < sup g-E(Rrapt 4+ Srant)?.

[_17‘1]

But g has no roots in [~1,a] and hence the number sup;_, , g is negative. This
yields

ER?.,, <W(1,1)/ [sup}g < 00. (6.90)

—1l,a

By the Burkholder-Gundy inequality for Bessel processes (see [60]) we obtain that
7@ € LP/? and Ry, Sy« € LP. Finally, since R, S start from 1, we have 7% > 0
almost surely and thus the expectations ER?, and ESE, are strictly positive. It
suffices to use the definition of 7¢ and the fact that a < zq is arbitrary to conclude
that the constant C), 4 is indeed the best possible. O

On the search of the suitable majorant. We will describe the reasoning which
leads to the sharp version of the estimate

15+]lp < Cp,al[Br ] (6.91)

for stopped Bessel processes of dimension d. We will present the arguments only
in the case p < 2; for p > 2 the ideas are similar. First, we assume that both R, S
start from 1. A priori, these processes satisfy the stochastic differential equations

d—1dt

dR; =dB; + —— —
t ¢+ 5 R
d—lg

dS; = dB; + =5
where B, B are two adapted one-dimensional Brownian motions. Thus, during
the search for the optimal C), 4, we have to deal with two questions: what is the
best choice for the pair (B, B) and what is the optimal stopping time 7. The key
is to look at the one-dimensional case, the solution to which follows immediately
from the study of (3.59) (or rather (5.32)) above. Namely, if X, Y are adapted
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one-dimensional Brownian motions with Xy = Yy = 1, then for 1 < p < 2 we have
Y7, < (p—1)7'|X+||p; the sharpness is obtained by taking dY; = —sgn (Y;)d X,
and the stopping time 0% = inf{t : |Y;| > a|X;|}, where 1 < a < (p—1)7!, and
letting @ — (p — 1)~!. Thus, it is natural to conjecture that the extremal pairs
(R,S) in (6.91) satisfy (6.88) and the asymptotically optimal stopping time is
given by (6.89), where 1 < a < Cj, 4 is close to Cp, 4. This gives rise to the function

W(.T,y) if Yy S Cp,dxa
yP = Cp gaP it y > Cpaz,

UIhd(x’ y) = {

for some unknown W. This function must be homogeneous of order p and satisfy

the condition that W ((Rrant, Sraat))e>0 is a martingale (for any a as above). Writ-
ing W in the form W(z,y) = (x + y)Pg (ﬁ), the latter requirement, combined
with (6.88) and It6’s formula, gives rise to the equation (6.80). O

6.10.4 Further results

Theorem 6.11 (or rather Corollary 1) deals with the case in which both martingales
are conformal. One can consider similar results in which only one martingale has
this property.

Theorem 6.12. Suppose that X and Y are two R?-valued martingales on the filtra-
tion of 2-dimensional Brownian motion such that Y is differentially subordinate
to X.

(i) If Y is conformal, then

& x|, 1<p<?,

HYHpSm

where ay, is the least positive root in the interval (0, 1) of the bounded Laguerre
function L. This inequality is sharp.

(ii) If X is conformal, then

\/§<1 —ap)

P

1Yl < X,  2<p<oo,

where ay, is the least positive root in the interval (0, 1) of the bounded Laguerre
function Ly. This inequality is sharp.

The proof is similar to that of Theorem 6.11. We omit the details and refer
the interested reader to [14], [15].
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6.11 Notes and comments

Section 6.1. The notion of orthogonality is classical and was already studied in the
works of Itd6. The modification of Burkholder’s method leading to inequalities for
differentially subordinated orthogonal martingales was introduced in the papers
by Bafiuelos and Wang [8], [9] and [10]. The appropriate version for submartingales
was exploited by the author in [132].

Section 6.2. The special function corresponding to the weak type (1,1) in-
equality was discovered by Davis [58] in his study of the corresponding result for
conjugate harmonic functions on the unit disc of C. Davis’ approach was prob-
abilistic in nature and used Brownian motion and Kakutani’s theorem. Davis’
result was rephrased in an analytic language by Baernstein [3]. This was taken up
by Choi [50], who established a more general inequality for orthogonal harmonic
functions given on Euclidean domains. The probabilistic counterpart of Davis’ in-
equality, the weak type (1,1) inequality for differentially subordinate orthogonal
martingales, was established by Bafniuelos and Wang [9]. The further extension to
weak-type (p, p) estimates is due to Janakiraman [103] (see also [133]). The reader
is also referred to the papers [190], [191] by Tomaszewski, which contain related
weak type estimates for conjugate harmonic functions on the unit disc.

Section 6.3. The special functions corresponding to LP estimates were con-
structed by Pichorides [171] during the study of the best constants in the M.
Riesz’s inequality for conjugate harmonic functions. See also Essén [72], [73] for
related results. The extension to the martingale setting is due to Bafiuelos and
Wang [8], who also established some vector-valued extensions: namely, they proved
that (6.12) holds for H-valued X when 1 < p <2, and for H-valued Y when p > 2.
The above general statement in the vector-valued case is due to the author [155].

Banuelos and Wang [8] used the LP estimates for orthogonal martingales
to derive the norms of Riesz transforms as operators acting on LP(R™). Their
approach utilizes the so-called background radiation process introduced by Gundy
and Varopoulos: see [86] and [192]. The norms turn out to be equal to the Picho-
rides-Cole constants cot(m/(2p*)), 1 < p < 00, as was first shown by Iwaniec and
Martin [97] with the use of the method of rotations.

Section 6.4. The contents of that section is taken from [161].

Section 6.5. The logarithmic estimate for martingales comes from [161]. This
Llog L inequality is natural, especially in view of the corresponding result for
harmonic functions, due to Zygmund [205]. There is a natural question about the
best constant when W is given by U(t) = tlog® t. The following statement was
established in [163]. Let

t if 0<t<1
a(t) = LSt
exp(t—1) if ¢> 1.
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Theorem 6.13. Let X, Y be real-valued orthogonal martingales such that Y 1is
differentially subordinate to X and Yo = 0. Then for any K > 2/7 we have

o 2(s)
Vil < E|X,|logt | X K? =
Y[ < 212113 [Xi[log™ | Xo| + /o cosh(nKs/2) "

and the inequality is sharp.

Section 6.6. The results presented in this section are new, though in fact they
base on the tools developed in Section 6.3. See also Pichorides [171] for related
results for nonnegative harmonic functions and their conjugates.

Section 6.7 and Section 6.8. There is a natural question of how much of the
work done in the martingale setting can be carried over to the submartingale
case: compare the results of Chapter 3 and Chapter 4. This turns out to be a
quite difficult problem: essentially, the only results in this direction are described
in these sections. The weak type (1,1) estimate was taken from [158] and the
moment estimate of Section 6.8 comes from the author’s paper [132].

Section 6.9. The literature on the subject is very rich, especially in the case
when the domain is the unit disc of C and the harmonic functions are assumed to
satisfy Cauchy-Riemann equations. The first results of this type are the classical
theorems of Kolmogorov [109], Riesz [179], [180] and Zygmund [205]. For further
results, see Banuelos and Wang [8], Choi [50], Davis [58], Essén [72], [73], Essén,
Shea and Stanton [74], [75], [76] and [77], Janakiraman [103], Pichorides [171] and
Verbitsky [196]. See also Hollenbeck, Kalton and Verbitsky [93], Hollenbeck and
Verbitsky [94], [95] for related results.

Section 6.10. Conformal martingales have been studied quite intensively in
the literature, see, e.g., [83] for details. Their connection with the Beurling-Ahlfors
operator has been investigated by a number of authors: see Banuelos and Janaki-
raman [5], Bafuelos and Méndez-Hernandez [6], Banuelos and Osgkowski [7],
Borichev, Janakiraman and Volberg [14], [15]. Theorem 6.11 presented above con-
stitutes the main result of [7] (see also [15]), while Theorem 6.12 can be found in
[14] and [15].



Chapter 7

Maximal Inequalities

We turn to another very important class of inequalities, involving the maximal
functions and one-sided maximal functions of semimartingales.

7.1 Modification of Burkholder’s method

7.1.1 A version for martingales in discrete time

We shall first show how to modify the method so that it yields maximal inequalities
for +1-transforms of vector-valued martingales. Let B be a Banach space, put
D =BxBx[0,00) % [0,00) and fix a function V' : D — R, satisfying the condition

V(z,y,z,w) =V (z,y,|z| V2, |ly| Vw) for all (x,y,z,w) € D. (7.1)
Suppose that we want to establish the estimate

Ev(fmgm |fn‘*a ‘gn‘*) S Oa n = 0? 1a 2a RS} (72)

for all simple martingales f, g taking values in B such that g is a +1-transform
of f. As previously, one needs to consider a class of special functions: those
which majorize V' and yield a supermartingale when composed with the process
((frs Gn, [ fnl™, |gn|™))n>0. Consider a function U : D — R which satisfies the fol-
lowing conditions.

1° (Majorization property) If (z,y, z,w) € D, then
V(x7y7sz) S U(I7y727w)‘ (73)

2° (Concavity along the lines of slope +1) Let (z,y, z,w) € D be such that |z| <
2, |yl <w. Ife e {-1,1} and @ € (0,1), t1, t2 € B satisfy at; + (1 —a)ts =0,
then

aU(x+t1,y+st1,z,w)+(lfoz)U(:c+t2,y+5t2,z,w) S U(xayvsz)' (74)

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 295
DOI 10.1007/978-3-0348-0370-0_7, © Springer Basel 2012
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3° (The initial condition) For any « € B and ¢ € {—1,1},

Uz, ex, |x|, |z]) <O0. (7.5)

4° (The “maximal process” condition) If (z,y, z,w) € D, then

Ulz,y,z,w) = Ulz,y, 2| V 2 [y| V w). (7.6)

Clearly, the concavity condition is equivalent to saying that if d is a mean-zero
random variable taking two values from B, then

EU(.T‘Fd,y-i-d,Z,U)) < U(.T,y,Z,UI), EU($+d,y—d,Z,w) < U(‘T’yazaw)7 (77)

provided |z| < z and |y| < w. By easy induction, if this holds, then (7.7) is also
valid when d takes a finite number of values (but still Ed = 0).

The relation between functions satisfying 1°-4° and the inequality (7.2) is
established in Theorems 7.1 and 7.2 below. We shall use the following notation: for
any (z,y) € Bx B, the class M (z,y) consists of all pairs f, g of simple martingales
satisfying fo = z, go = y and such that for any n > 1 we have dg,, = df, or
dgn = _dfn~

Theorem 7.1. Suppose that U satisfies 1°, 2° and 4°. Then for any (z,y, z,w) € D
and any (f,g) € M(x,y) we have

EV (fu, gn, | ful™ V 2, gn|" Vw) < U(z,y, z,w), n=0,12,.... (7.8)

Consequently, if U satisfies 1°—4°, then (7.2) is valid.

Proof. Tt suffices to show that the process (U(fn, gn, |fnl*V 2, |gn|* V w))n>0 is a
supermartingale. By (7.6) we have, for n > 1,

U(frs Gns [ ful™ V 2, lgnl™ VW) = U(fr, gns [ ful V[ a1l V 2,1gnl V gn—1]* V w)
= U(fnagna ‘fn—l‘* Vz, ‘gn—l‘* Vw)~

Now, using the fact that |fn,_1] < [fn-1l", [gn-1] < |gn-1]", we have, by the
conditional form of (7.7),

]E[U(fnagna |fn—1|>’< \% Z, ‘gn—l‘* V w)‘]:n—l]
= E[U(fnfl + dfnagnfl + dgna |fn71|* Vz, ‘gnfl‘* \ w)|fn71]
S U(fn—lagn—la |fn—1|>’< Vv Z, ‘gn—l‘* \ ’U))

This completes the proof. O
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We have also a result in the reverse direction.

Theorem 7.2. If the inequality (7.2) is valid, then there is U : D — R satisfying
1°4°. Furthermore, the least function with this property is given by

U2y, 2,w) = Sup{EV (foo, goo, [ foo|* V 2, |goo|* V W)}, (7.9)
where the supremum is taken over the class M(z,y).

Proof. This can be proved using the splicing argument, similarly to the non-
maximal case. We omit the easy proof. |

Remark 7.1. Before we proceed, let us make here two important observations.

(i) In fact, the reasoning above yields a slightly stronger statement. Namely,
if U satisfies 1°—4°, then (7.2) holds for all simple f, g such that g is a transform of
f by a predictable sequence taking values in {—1,1}. Similarly, suppose that in 2°
we allow ¢ to take values from the interval [—1,1]. Then we obtain inequalities in
the case when g is a transform of f by a predictable sequence bounded in absolute
value by 1.

(ii) The above technique can also be used in the situation when only one
maximal function appears in the estimate under investigation. If this is the case,
it suffices to omit the variable corresponding to the maximal function which is
not involved. This results in simplifying of the problem, since then U depends
only on three variables. We can go further and note that if the inequality (7.2) is
non-maximal, that is, V is a function of z and y only, then the above approach is
precisely Burkholder’s method for +1-transforms described in Chapter 2.

Now we shall present the modification of the above approach for the case
when f is a martingale and g is differentially subordinate to f. Then, for a given
and fixed Borel V : D — R, one has to study functions U which satisfy the
following conditions.

1° If (z,y,2,w) € D, then
V(z,y,z,w) <U(z,y,z,w). (7.10)

2° There are Borel functions A, B : D — B* such that if (z,y, z,w) € D satisfies
|z| < z, ly| <w and h, k € B satisfy |k| < |h|, then

Ul +hy+k zw) <U(x,y,z,w) + (Alz, y, z,w), h) + (B(z,y,2,w), k).
(7.11)

3° For any z, y € B with |y| < |x| we have
Uz, y,|z],y]) <0. (7.12)
4° If (z,y, z,w) € D, then

Ulz,y, z,w) = Ulz,y, 2| V 2, [y| V w). (7.13)
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Theorem 7.3. Suppose that U, V : D — R are such that 1°4° hold. Let f, g be
B-valued martingales such that g is differentially subordinate to f. If, in addition,
f and g satisfy

ElV (fn,gn)|l <00, E|U(fn,gn)| < o0,
E‘A(fnagna |fn|*a ‘gn|*>|‘dfn+1‘ < oo, (714)
]E‘B<fn?g'm |fn‘*a |gn‘*)‘|dgn+1‘ < 00

foranyn=0,1,2, ..., then (7.2) holds.

This can be established in the usual way: (U(fn, gn, | fnl*, |gn]™))n>0 is easily
shown to be a supermartingale. The proof is straightforward and we shall not
present it here.

Next, the method can be easily modified to yield inequalities involving one-
sided maximal functions f* = sup,,~q fn, 9° = sup,>g gn. Clearly, these make
sense only in the real-valued case. Let us focus on the extension of the technique
for +1-transforms. Let D = R* and let V : D — R be a given function such that

Viz,y,z,w) =V(z,y,x V z,y Vw) for all (x,y,z,w) € D.
Consider U : D — R for which the following conditions are satisfied.
1° If (z,y,2,w) € D, then
Viz,y,z,w) <Ulx,y, z,w).

2° Let (x,y,2z,w) € D be such that © < z, y <w. If e € {—1,1} and « € (0, 1),
t1, t2 € R satisfy at; + (1 — a)te = 0, then

aU(x +t1,y + ety z,w) + (1 — a)U(x + to,y + eta, z,w) < Uz, y, z,w).
3° For any x € R and € € {—1,1},
U(z,ex,x,ex) <0.
4° If (z,y,z,w) € D, then
U(z,y,z,w) =U(x,y,zV z,y Vw).
The existence of such a function is equivalent to the validity of the estimate
EV (fn,gn, £5,05) <0,  n=0,1,2,...,

for any simple martingale f and its £1-transform g. The inequalities for differen-
tially subordinate martingales can be studied in the similar manner. Of course,
the approach above can be easily adjusted to “mixed” estimates, which involve
both one-sided and two-sided maximal functions.
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7.1.2 A version for sub- and supermartingales in discrete time

The above technique can be also implemented in the case when the dominating
process f is a sub- or supermartingale. We shall focus on the submartingale case,
replacing f by —f if necessary. Let D = R X R x [0,00) x [0,00) and V : D — R
be a given function satisfying (7.1). Suppose we are interested in showing that

Ev(fmgm |fn‘*a ‘gn‘*> S Oa n= 0? 1a 2a RS} (715)

for any simple submartingale f and any simple g which is a transform of f by a
predictable sequence bounded in absolute value by 1. This problem is equivalent
to finding a function U as in the martingale case, with 2° replaced by the following
condition.

2° Let (z,, 2, w) € D be such that |z]| < z, |y| <w.Ife € [-1,1] and a € (0, 1),
t1, ta € R satisfy at; + (1 — a)ta > 0, then

aU(x+ty, y+ety, z,w)+(1—a)U(z+ta, y+ete, z,w) < U(z,y, z,w). (7.16)

The proof of this fact is the same as in the martingale setting. Similarly, suppose
that V is given on R x B x [0,00) x [0,00) and one wants to study (7.15) for
a submartingale f and its a-subordinate g taking values in B (o > 0 is a fixed
number). Consider the assumptions of Theorem 7.3, with 2° replaced by

2° There are Borel functions A : D — R, B : D — B* such that if (z,y,z,w) €
D satisfies |z| < z, |y| < w and h € R, k € B satisty |k| < |h|, then

Ul@+hy+k z,w) <U(z,y, 2,w) + (Alz,y, z,w), h) + (B(z,y, z,w), k).
(7.17)
Furthermore, for any (z,y,z,w) € D such that |z| < z, Jy| < w and any
h >0, k € B with |k| < ah we have

U@ +hy+k zw) <U(z,y,zw).

If there is U with the properties 1°—4°, then (7.15) is valid for any f, ¢ satisfying
(7.14).

There are similar statements for estimates involving one-sided maximal func-
tions. The modification is straightforward and the details are left to the reader.

7.1.3 The passage to the continuous time

The reasoning is essentially the same as in the nonmaximal case. There are two
ways of handling this problem. First, one can try to use discretization arguments
to approximate continuous-time semimartingales by appropriate discrete-time se-
quences. The second approach is to apply the convolution argument and Ito’s
formula to the special function coming from the discrete-time case. We shall not
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state here general theorems as in Chapter 5 in order to avoid unnecessary and tech-
nical repetitions. It seems to be more convenient to illustrate the ideas on concrete
examples. It should be stressed here that as in the non-maximal setting, the main
difficulty lies in proving the estimate in the discrete-time case; the passage to the
continuous-time case is a matter of standard technical arguments.

7.2 Doob-type inequalities

7.2.1 Formulation of the results

We shall show how the technique described above can be used to prove classical
Doob’s inequalities as well as certain extensions of them. We start with the weak
type and moment inequalities.

Theorem 7.4. Assume that X = (Xy)i>0 is a nonnegative submartingale. Then
[ X [p,oe <[ X|[p, 1<p<o0 (7.18)

and the inequality is sharp.

Theorem 7.5. Let X = (Xi)t>0 be a nonnegative submartingale. Then we have
* p
1% Hpéﬁ\lX\lp, p>1, (7.19)

and the inequality is sharp, even if X is assumed to be a nonnegative martingale.

The inequality (7.19) fails to hold when p < 1 and a natural question is what
can be said for these values of p. We shall prove the following more general result.
Let @ : [0,00) — [0,00) be an increasing function such that [ ®(s)/s?ds < oo

and let
xfmoo (Ds(rf)ds if >0,
v =% e
(0) if z=0.

Theorem 7.6. If X is a nonnegative supermartingale, then
Ed(X™) <E¥(Xy). (7.20)
The inequality is sharp, even if X is a nonnegative martingale.

For example, if ®(s) = s, 0 < p < 1, then ¥(z) = 2P/(1 — p) is a con-
cave function; hence the estimate (7.20) yields the following extension of Doob’s
inequality: if X is a nonnegative supermartingale, then

X1y < (1 =)V PIIXoll, = (1= p) 21Xl (7.21)

and the constant (1 — p)~!/P is the best possible.
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Next, we turn to logarithmic estimates.

Theorem 7.7. Let X = (Xi)t>0 be a nonnegative submartingale. Then for K > 1
we have
[|X*|1 < KsupEX;log X; + L(K), (7.22)
t

where L(K) = % The constant is the best possible, even if we restrict our-

selves to nonnegative martingales. For K < 1 the logarithmic estimate does not
hold with any finite L(K).

The final result of this section is the sharp comparison of moments of different
order. We need the following auxiliary fact.

Lemma 7.1. Let 1 < p < g < co. Then there is a unique solution v = 7yp 4 to the
differential equation

ps!
~alg = 1Dy(s)172(s = 7(s))
(extended to its mazimal domain [s.,00)), which satisfies v(s«) =0, v(s) < s and
limg_,00 v(8)/s = 1.

See [169], [170] for details (the equation is studied there in a slightly different
form). Unfortunately, there seems to be no closed-form formula for v, 4 except for
some special cases. For example, it can be easily checked that v = v, 4 can be
written in the closed form

7'(s)

(7.23)

oo

sexp(—qv(s)?") = q(q — 1)/ 7" exp(—qt?™")dt,
~(s)

from which we infer that
se =q(q - 1)/ 897 exp(—qt?!)dt = ¢/ T (Ll) :
0 q—

Theorem 7.8. Let X = (X,)i>0 be a nonnegative submartingale. Then for 1 <p <
q < 0o we have
X" lp < Cpq

[ Xllg, (7.24)

pam st () (Y
P q—p q—p

The constant is the best possible, even if we restrict ourselves to discrete-time
nonnegative martingales.

where

In particular, when p = 1, the inequality (7.24) can be rewritten in the more
compact form

. 291\
Il < (2=5) i, (7.25)
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Figure 7.1: The function 7, , (bold curve) is the unique solution v to
(7.23) which satisfies y(s)/s — 1 as s = oo.

7.2.2 Proof of Theorem 7.4

Proof of (7.18). Although the estimate follows immediately from Chebyshev’s in-
equality and the stopping-time argument, it is instructive to see how Burkholder’s
method works here. Using standard approximation, it suffices to establish the
bound for discrete-time simple submartingales. By homogeneity, it is enough to
show that

P(ff>1)<Eff, n=0,1,2,....

Observe that the estimate depends only on one process: the sequence g does not
appear at all. Consequently, the problem is two-dimensional, that is, the functions
we shall study depend on 2 and z only. For any z, z > 0, let V(z,2) = 1,51} — 2"
and

Ulx, ) = 1—2P if zvz2>1,
00 if xvz<l.
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We will verify the conditions 1°-4°. The majorization is immediate. To check the
concavity property, note that

Ulw+d,(z+d) v 2) < Uz, 2) + Up(a, 2)d,

valid for all 0 < x < z and d > —x. This estimate implies 2°: here it is important
that U, < 0. Finally, the conditions 3° and 4° are evident; this proves (7.18). O

Sharpness. Obvious.

7.2.3 Proof of Theorem 7.5

Proof of (7.19). As previously, it suffices to focus on the discrete-time case. Let
P

V(z,z) = (x V2)P — (p%l) aP for z, z > 0. The special function U : [0,00) x

[0,00) — R is given by the formula

Ulz,2) = pla V 2)P~} (:chp’_’lx).

Let us verify the conditions 1°—4°. The majorization follows immediately from the
mean value property of the function ¢ — t?. To show 2°, note for any 0 < z < z
and d > —ux,
2
Ul+d,z) <U(z,z)— p—lz”_ld. (7.26)
p—
Indeed, if  + d < z, then both sides are equal; if  + d > z, then we obtain, after
some manipulations, the equivalent estimate

—1)zP d\P
i < DD @y
p
which follows from Young’s inequality. Finally, the properties 3° and 4° are obvious
and the inequality follows. O

Sharpness of (7.19). We shall use Theorem 7.2. Let p > 1 be fixed and suppose
that the inequality (7.19) holds for all nonnegative martingales with some constant
8> 0. Forxz, 2> 0,let V(z,2z) = (xV 2)P — fPzP and

UO<.'1?,Z> = Sup{]EV<fOOaf* 4 Z>}7

where the supremum is taken over all simple nonnegative martingales f starting
from z. Then U° satisfies appropriate versions of the conditions 1°-4°. Further-
more, by the very definition, this function is homogeneous of order p. Now, fix
d>0anduse 2° withz =2=1,e=1,t; =8, t2 = —1/pand a = (1 + pd)~!
to get

1 pé

0(1,1) > 14614+68)+ ——U°(1—-1/p, 1
U(,)_1+p6U(+,+)+1+p5U( /p,1)
(140)P pd
>~ U%1,1 1—1/p,1
_1+p5U(,)+1+p5V( /p, 1),
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where in the last passage we have used the homogeneity and the majorization
property. This estimate can be rewritten in the equivalent form

_ P _ p
1+pd—(1+9) U0(1,1)21—,6’p(p—1) .
po p

Letting § — 0 makes the left-hand side vanish; this shows that right-hand side is
nonpositive. But this means that 8 > p/(p — 1) and that (7.19) is sharp, even for
nonnegative martingales. O

7.2.4 Proof of Theorem 7.6

Proof of (7.20). As previously, by approximation, it suffices to focus on the dis-
crete-time case. Let V' : [0,00) x [0,00) — R be defined by V(z, z) = &(z V z) and
consider the function U given by U(z,0) = ¥(z) and

U@J):(1f )@@vzy+;€;wva)

rxVz

for x > 0 and z > 0. We shall now verify the properties 1°-4°. To check the
majorization, observe that U(0,0) = V(0,0) and, for z V z > 0,

U@w%fﬂxv@:x/’f%?@,xézlﬁ
zvz S TV z
oo
(0]
o [T R V)
zVz S xV z

To show the concavity property, we may assume that z > 0 (otherwise the condi-
tion is trivial). For z € [0, z] and d > —z we have

U(x+d,z) <Ul(x,z) + {? +/:O %ds] d. (7.27)

Indeed, if x+d < z, then the two sides are equal to one another; if x +d > z, then

U@+¢@:@+®/m®®®:®+@/m%?®—®+®/HM§MS

2
x+d S

g@+®£w%§®—w+®LHM¥hs
=U(x,z) + {%wL/:O %ds} d.

z 52

The inequality (7.27) implies 2° since the expression in the square brackets is
nonnegative. The initial condition does not hold and needs to be modified: we
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have U(x,z) = ¥(z) whenever z > 0. Finally, 4° is obvious and Burkholder’s
method yields

which is exactly what we need. O

Sharpness of (7.20). We will construct an appropriate example. Fix § > 0 and let
X1, Xo, - -+ be asequence of independent random variables such that X}, € {0, 1+
0t and EXy =1,k =1,2,.... Let f be given by fo =1 and f, = X1Xs... X,
n =1,2,.... Then f is a nonnegative martingale such that f* takes values in
the set {1,1 + 6, (1 + §)?,...}. To be more precise, for any integer N we have
fr=0+0Nifand only if X1 = Xo = --- = Xy = 1+ 6 and Xy = 0.
Therefore,

EB() :6§: D((L+8)Y) b i B((1+8)NH)

N+l = N+1
= (1+9) 1+5N:O (1+9)
JR— Nag. [T
= O((1+)NF )/ s77ds
1+ szjo (148)N
1 & [T g 1 [ d(s) EV(fo)
> — Z / 5 ds = / 3 ds = .
1+ oo/ 4N S 146 1 S 1+6
Since 6 > 0 was arbitrary, the proof is complete. O

7.2.5 Proof of Theorem 7.7

Proof of (7.22). We can restrict ourselves to discrete-time submartingales f. Sup-
pose that K > 1 and let V : [0,00) x [0,00) — R be given by V(z,2) = (x V z) —
Kzlogx — L(K). The corresponding special function U : [0,00) x [0,00) — R is
given by

(K-1)e’

0 if .’E\/Z<ﬁ

U, 2) = {K(w\/z) — Kzlog (52e(zVv2)) — L(K) if V2> &
Let us verify the conditions 1°—4°. If zVz > ﬁ, the majorization is equivalent
to s—x > xz(log s —logx), where s = (K —1)(z V z) /K. This inequality is obvious
for x = 0, while for x > 0 it can be rewritten in the form s/x > log(s/x) + 1,
which is also trivial. For x V z < K/((K — 1)e), the condition 1° is equivalent to
an elementary bound zlogxz > e~!. To show 2°, one easily verifies that for any
z, z > 0and d > —x we have

U(x+d,z) <Ul(x,z) + Az, 2)d,
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where A : [0,00) x [0,00) = (—00,0] is given by

K— : K
Al 2) = —Klog (5e(zvz) if zvz> "-Te’
’ 0 if V2 < ®Zoe

The initial condition is straightforward: the function « — U(x, x) is equal to 0 for
< ﬁ and is decreasing for z > (K_Ll)e Finally, 4° is obvious. This completes
the proof of (7.22). O

Sharpness. Let K > 1 be fixed. To show the optimality of the constant L(K) for
nonnegative martingales, we use a version of Theorem 7.2. Let

Uo(z, z) = sup{E(f; V z) — KEf,log fn}, x,z >0,

where the supremum is taken over all n and all nonnegative martingales f starting
from x. Then Uy majorizes V(z,z) = (z V z) — Kxlogx, and satisfies 2° and 4°.
Furthermore, arguing as in the proof of Theorem 3.9 in Chapter 3, we can show
that Uy enjoys the homogeneity property

Uo(Az, Az) = AUp(z, z) — Kz log A, for z, z >0, A > 0.

Let 6 > 0. Using this property together with 2° and 4° gives

) K-1 Kt
> 9 _
Up(1,1) > e <1 + (K 1)log( e )) + T +5U0(1 +4,1)

8 K-1 K1
_m<1+([(—1)log( e )>+K1+6U0(1+5,1+5)

) K-1

K=1(1+96)

W [Uo(l, 1) — KlOg(l + 5)} .

Subtracting Up(1,1) from both sides, dividing throughout by ¢ and letting § — 0
yields Up(1,1) > K log (%) Consequently, again by homogeneity,

K K K2
Yo <(K e’ (K = 1)6) Z K1 HE)

which is the claim, directly from the definition of Uy.

Finally, the fact that (7.22) does not hold for K < 1 with any L(K) < oo
is an immediate consequence of the fact that limg 1 L(K) = oo. See the proof of
Theorem 3.9 in Chapter 3 for details. O
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7.2.6 Proof of Theorem 7.8

Proof of (7.24). We can restrict ourselves to the discrete-time case. Clearly, we
may assume that ||f||; > 0, otherwise there is nothing to prove. Let 1 < p <
g < oo be fixed, let s, be the corresponding zero of v = 7,4, and introduce
V :]0,00) x [0,00) = R by V(z,2) = (x V 2)P — 27 — sk. The special function U
is given by

Uie.s) = [@V P+ @Dty 2l —ary(ev ! =t i avz s,
7)o if zVz<s,.

Let us check the properties 1°—4°. If z V z > s., then the inequality U(x,z) >
V(z, z) is equivalent to

[y(z V)] =27 < q[y(z V) y(x Vv 2) — )
and follows from the mean value property. On the other hand, if z V z < s, then
V(z,z)=(xVz)P —a? —sL <P —sP =0=U(z, 2).
To show 2°, it suffices to establish the pointwise bound
U(x+d,z) <Ul(x,z) + Az, 2)d,

where A(z, z) = —q[y(2V2)]7 1 {zy.>5.3- This estimate is straightforward and we
leave the details to the reader. To prove 3°, observe that the function x — U(x, x)
equals 0 on [0, s.] and then decreases. Finally, 4° is obvious and Burkholder’s
method gives

7115 < NLF11G + 82

It suffices to apply this bound to the submartingale A f, with

1/q
p 1
A= s
(q—p > Hqu

and (7.24) follows. O

Sharpness. Here we use a different argument. Fix 1 < p < ¢ < oo and let v =
Yp,q- Let X be a one-dimensional Brownian motion, starting from s., stopped at
T =inf{t > 0: X; = v(X;)}. By standard approximation, if we show that

X" [lp = Cp,ql1X[lg; (7.28)

we will be done. First, since v(s)/s — 1 as s — oo, we have that X belongs to
LY (see, e.g., Wang [198]). The special function U used above is of class C? on
{(z,2) : z > s.}, so application of It&’s formula gives

EU(X:, X)) =U(Sx,84) =0
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for any ¢ > 0. However,

UXe, X]) = UXe, X)) frety + U(Xe, X)) Loty
= V(Xt7 X:)l{.,-gt} + U(Xt, Xt*)]‘{T>t}

and, since y(s) < s for all s > s,,
U(Xe, X)) rspy| < e(X7 4+ (X0)7)

for some absolute constant ¢ > 0. Consequently, if we let ¢ — oo and use the
boundedness of X in L%, we obtain EV (X, X*) = 0, which is precisely (7.28).
This completes the proof. O

7.3 Maximal L! estimates for martingales

7.3.1 Formulation of the result.

We turn to inequalities which involve two processes. We start with the following
fact.

Theorem 7.9. For any real-valued martingales X, Y such that'Y is differentially
subordinate to X we have
Y1l < BIHXT I, (7.29)

where = 2.536 ... is the unique positive number satisfying

1—
B =3—exp 25.

The constant 3 is the best possible.

If X is assumed to be nonnegative, then the constant in the above inequality
decreases to 2 + (3e)~! = 2.1226.. ... In addition, this can be further extended to
cover the case of nonnegative supermartingales and their a-subordinates. Precisely,
we have the following.

Theorem 7.10. Let X be a nonnegative supermartingale and let'Y be a-subordinate
to X.

(i) If « € [0,1], then
Y[ < (24 (3e) || X*||1 = 2.1226... || X*]|1. (7.30)

The constant is the best possible. It is already the best possible if X is assumed
to be a nonnegative martingale.
(i) If a > 1, then

1Yl < (e + 1+ ((2a+ 1)e) ™) IX 1. (7.31)

The constant is the best possible.
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A very natural and interesting question is what is the best constant if X is
assumed to be a nonnegative submartingale and Y is a-subordinate to X. Un-
fortunately, we have been able to answer it only in the case when both processes
have continuous paths; see below.

7.3.2 Proof of Theorem 7.9

For reader’s convenience, we have decided to split the proof of (7.29) into two
parts. First we shall establish this estimate in discrete time and when Y is a
+1-transform of X. As already mentioned above, this is the heart of the matter.
Then, in the second step we shall use the convolution argument and It6’s formula
to obtain the result in full generality.

Proof of (7.29) for +1-transforms of simple martingales. Introduce the function
V:RxRx[0,00) =R by V(x,y,2z) = |y| — B|z| V 2. We shall show that for any
integer n and any € > 0 we have

V(fnsgn,e VI fal") <0, (7.32)

where f, g are simple real-valued martingales such that g is a +1-transform of
f. This clearly yields the claim by virtue of Lebesgue’s dominated convergence
theorem. Let S denote the strip [—1, 1] X R. Consider the following subsets of S:

Dy={(z,y):0<y<w <1},
Dl:{<x?y)O§$§1,$<y§x+ﬁ_1},
D2:{(l”y)0§l’§1,y>x+ﬁ,1}

First let us introduce an auxiliary function u on S. It is given by the symmetry

condition

u(z,y) = u(—z,y) =u(z,—y) forall (z,y) €S (7.33)
and the formula

P [—e—3—-32-22—y)(1—z+y)"?] on Dy,
u(z,y) = 2 2y — 3+( — ) exp (55Y)] on Dy,

y ﬁ—i— (1—x)exp(m—y+ﬂ—1) on Ds.
We shall need the following technical fact.

Lemma 7.2. The function u enjoys the following properties:
(i) u(l,y) > |y| = B for all y € R,

(i) u is diagonally concave,

(iil) u(1,-) is conver,

(iv) for any y € R,

lim u(l,y) —u(l — 0,y +0)

> .
5~L0 6 — U(l,l)
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Proof. It is easy to check that u(1,-) is of class C! on R and u(1l,y) = |y| — 3
provided |y| > 8. Thus item (i) follows from (iii), which is evident. To show (ii),
note that u is of class C! in the interior of the strip S and hence it suffices to
check the diagonal concavity on [0, 1] x [0, 00). We easily derive that us,(z,y) > 0,
when (x,y) lies in the interior of Dy, Dy or Do, and hence

Uge (T,Y) + 2|uly(x,y)\ + uyy(%y) = Uga(T,Y) + 2“wy<x,y) + uyy(%y)

However, the right-hand side is equal to zero: the function w is linear along the line
segments of slope 1 contained in [0, 1] x [0,00). This gives (ii). Finally, to check
(iv), we compute

hm“’(lay) - U(l - 6?y + 6) = lim U’(la _y) - U(l - 6? -y - 6)
510 1) 510 1)
u(1,1)+ 55 — SR exp(—|y| + ) if y <5,
u(l,l)—i—%1 (2—exp (1_7‘2”)) if yel[-p,-1],
= u(l, 1) + 525 [y[/? if ye(—1,0),
u(1,1) if yel0,3],
u(1,1) = 2L [exp(—y + ) —1]  if y>8

and note that all expressions are not smaller than u(1,1). The proof is complete.
|

The special function U : R x R x (0,00) — R (note that z = 0 is not allowed)
is defined by the formula

€z Y
U(z,y,z) = (Jz| Vz)u (|x| V7 Tl \/z) .
Let us check that U has the properties 1°~4°. To show the majorization, note that
we may assume z = 1, due to homogeneity. Then the inequality reads u(z,y) >
ly| — 5. By part (ii) of Lemma 7.2, it suffices to establish this for |y| = 1 and here
part (i) comes into play. We turn to 2°. By (7.33), we will be done if we show
this for ¢ = —1. Furthermore, by homogeneity, we may assume that z = 1. Let
x €[-1,1], y € R and put ®(¢t) = U(z + ¢,y — t, z). We shall prove that

B(t) < B(0) + A, y)t (7.34)

for some A and all ¢t € R; this immediately gives 2°. The inequality (7.34) is a
consequence of the following three properties:

® is concave on [—1 —z,1 — x], (7.35)
® is convex on each of the intervals (—oo, —1 — 2], [1 — &, c0), (7.36)
0 L 0@) _ o
— > —1 — <L S
t_l)n_noo - O'(—1 —z+), tll)rrolo s O'(1—z—). (7.37)
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The condition (7.35) follows from part (ii) of Lemma 7.2. To show (7.36) fix
a1, g > 0 satisfying ag + as = 1, choose t1,ty € [1 — z,00) and let t = > ayty.
We have

E Oqu)(tk) = E Oku(l’ + g,y + tk, 1)
Y+ tk

= -1

E Qg {(x—l—tk)u ( ’x+tk>}

ag(x + ty) Y+t

= t ——u |1 .

(z + )Z T+t u(’x—i—tk)

However, by part (iii) of Lemma 7.2, this can be bounded from below by

Y+t akx+tk) y+t
t . = t 1— = O(1).
(z+ ( >3 ct+tn x4t > (x+)“( +t) ®)

The convexity on (—oo, 1] follows from the symmetry condition (7.33). Finally, to
show (7.37), we note that for t < —1 — =z,

d(t —
():x+tu Ly t
t t x4+t

) 20 u(1,1) < /(1 — 2—),

where in the last passage we have used part (iv) of Lemma 7.2. The second in-
equality in (7.37) follows from the symmetry condition (7.33). The condition 3°,
due to the appearance of € in (7.32), needs to be slightly modified. The statement
reads

3° U(z,2x,z) <O0forall z>0and 0 <z < z,

and this follows by simply noting that u(z, +z) = —% < 0 for x € [-1,1].
Finally, the property 4° follows directly from the definition. This completes the
proof of (7.29) for +1-transforms. O

Proof of (7.29) in the general case. We may and do assume that || | X|*||; is finite,
since otherwise the claim is obvious. For a fixed positive integer IV, consider the
stopping time 7 = inf{t > 0 : |X;| + |¥;| > N}. We have, by the differential
subordination,
Yonel < [Yone—| + [AYone] <N + [AX7 ¢
(with the convention Yy_ = 0), so |Y,|* belongs to L*.
Observe that the function U satisfies the inequality

U.(2,y,2) <0 (7.38)

for any z > 0 and any z, y € R such that |z| < z. Furthermore, for such (x,y, 2)
and h, k € R satistying |k| < |h|, we have

Ulx+hy+kz) <Uzy,z)+ Uy(z,y, 2)h+ Uy(z,y, 2)k. (7.39)
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Indeed, we have shown this above in the case h = +k, but the reasoning works for
k € [—|hl,|h|] as well.

Fix 6 > 0 and let g : R® — [0,00) be a C function, supported on the unit
ball of R?, satisfying [,; ¢ = 1. Define a smooth U : R x R x (0,00) — R by the
convolution

U(z,y,2) = / U(x + du1,y + dusg, z + 26 + dus)g(u1, uz, ug)duidusdus.
R3

Observe that when |z| < z, then also \_x +0ur| < z+ 20 + dug for (u1,uz,us) lying
in the unit ball of R3. Consequently, U inherits the following properties from U:
(i) for any fixed z > 0, U(, -, 2) is diagonally concave on [—z, 2] x R.
(i)
(i) U,(z,y,2) <0 forany z >0,z € [—z,2z] and y € R.
)

U(z,y,2) < c(ly| + |z| V 2) for all (z,y,2) € D and some absolute ¢ (not
depending on ¢).

(v) U satisfies (7.39).

( x,-, z) is convex for any fixed x € [—z, 2], z > 0.

(iv

We may write, for |z| < z and y € R,

Usa(z,y,2)h* + 2U oy (2, y, 2)hk + U yy (7, y, 2) k>
h? + k2

S ULJL(',I;? Y, Z)h2 - AU(',E’ Y, Z) 2

= —c(z,y,2)(h* — k).

Here

—Ugs(z,y,2) + Uyy(z,y,2)
2

where in the first inequality we have used the superharmonicity of U (which follows

from (1)), while in the second we have exploited (ii). Let Zy = (X at, Yrat, | XtV

¢) for t > 0 and ¢ > 0. Application of Itd’s formula gives

C<$aya Z) = > Uyy(xaya Z) >0,

— — 1
U(Zt) = U(Z0)+Il +I2+ 5[3 +I47

where

7‘/\t_ T/\t_
o / T, (Z,_)dX, + / T, (Z,_)dv,,
0+ 0+

TAL
12:/ (2, )d(|X|* Vo),
0

.
=], Tl / WY+ [Tz Y
L= Y [0(Z)-U(Ze)~UulZ:0)|AX| - T, (Z:0)|AYi]].

0<s<TAL
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Using the localizing argument if necessary, we may assume that El; = 0. By
(iii), Iz < 0. Reasoning as in the nonmaximal setting, we have that (7.40) implies
I3 < 0. Finally I, <0 due to (v). Consequently, we obtain

EU(XT/\ta YT/\ta |XT/\t‘* Vv E) S EU<X07Y0? ‘X0| \ E)'

Now let § go to 0. By (iv) and Lebesgue’s dominated convergence theorem, we
obtain
EU(XT/\t7YT/\t7 |XT/\t‘* \ 5) S EU(X(Ja YEJ? ‘X0| \ 5) g 07

S0, using the majorization,
E[Yrael < BE([Xrae™ V).
It suffices to let € = 0, N — oo and then ¢ — oo to get the claim. ]

Sharpness of (7.29). The proof will be based on Theorem 7.2. Suppose that Sy > 0
is such that

lgllx < Boll [£1"1]x

for all simple real-valued martingales f and their +1-transforms g. For z, y € R
and z > 0, let V(x,y,2) = |y| — Bo(|z| V z) and

U (x,y, 2) = sup{EV (foo, oo, [ fo|" V 2)},

where the supremum runs over all (f,g) € M(z,y). Then U° satisfies 1°-4° and,
by the very definition, it is homogeneous: for any A # 0,

Uz, £y, |A2) = (MU (2,9, 2). (7.41)
‘We shall use the notation
A(y) =U%0,y9,1)  and  B(y) =U"(L,y,1)

for y € R. It will be convenient to divide the proof into a few steps.

Step 1. The first observation is that the function B is convex. To see this, we
repeat the argument from Lemma 5.7 above. Namely, let y1, y» € R and A € (0,1).
Let (f,g9) € M (1, y1 + (1 — N)yz). If we set

g =g+ (1 =N1—y2) and g% =g+ Ay — ),
then, clearly, (f,g™") € M(1,y1) and (f,g®) € M(1,y,). Hence, by the triangle
inequality,
E(|gso| = fol focl) = E(1Ag&) + (1 = Mg 2| = fol foc])
< AE(|giD| = Bol fool) + (1 = ME(1g82| = Bolfool)
< AB(y1) + (1 - NB(ys).

Now taking the supremum over all (f,g) as above yields the convexity of B. In
particular, this shows that the function B is continuous.
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Step 2. The next move is to establish the inequality
A(0) > B(1). (7.42)

This is straightforward: we apply 2° with . =y =0,2=1,e =1,t; = —to = —1
and a = 1/2 to get

1 1
§UO(71, ~1,1) + 5UO(1,1, 1) <U%0,0,1).

It remains to use the equality Up(—1,—1,1) = Uy(1,1,1), which follows from
(7.41).

Step 3. Now we will establish the much more involved estimate

Aly—1) > B(y) + B(1) <1 —exp (1—2y)> (7.43)

valid for all y > 1. To do this, fix § > 0 and apply 2° withx =2 =1, y, e = —1,
t1 =—0,te =T and o = T/(T + 9). We obtain

T )
U'(1,y,1) > —U°1 =6,y +6,1) + ——U(1+ T,y = T,1+T)

“T+o T+
T A+T), of, y—T
- yo1-— N+ 8T oy ¥=2 4
7ol U0yt o)t = UR (L 1

where the latter passage is due to (7.41). Now let T — oo and use the continuity
of B established in 1° to obtain

B(y) > U(1 =6,y +6,1) +6U°(1,—1,1) = U°(1 = 6,y + 6,1) + 6B(1), (7.44)

the last equality being a consequence of (7.41): U°(1,—1,1) = U%(1,1,1). Now we
use the property 2° again, this time withx =1—-46,y+0d,z2=1,e=1,t; =6 —1,
to =0, a = 5. We arrive at

U1 =6,y+6,1)>6U°%0,y+25 —1,1) + (1 —6)U°(1,y + 26,1)
= 0A(y 420 — 1) + (1 — §)B(y + 20)

and plugging this into (7.44) yields
B(y) > (1 —=0)B(y+206) + 0A(y +26 — 1) + 6B(1). (7.45)

Using a similar argumentation, one can establish the estimate

0 0 1-9
A 20 —1)> ——B —B 20 — Ay —1). A4
(y+ )2 5 BW + 5B+ 20) + Al - 1) (7.46)
Indeed, it suffices to combine the following inequalities: first,
1

)
Aly+25-1) > U0(6,y+671,1)+1—B(y+25),

1+94 +0
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coming from 2° withz = 0,y+2d,z2=1,e = —1,t1 =0,to = —land a = 1/(1+0)
(and the fact that U%(—1,y + 25,1) = U°(1,y + 26,1) = B(y + 26)); second,

UO(6,y+ 06— 1,1) = (1 - 6)Aly — 1) + 6B(y),
a consequence of 2° with x =6, y+d—1,2=1,e=1,t1 = =6, t =1 — 0 and
a=1-24.

Multiply (7.45) throughout by 1/(1 + §) and add the result to (7.46). After
some manipulations, we get

Aly+20—1) = By +20) — B(1) > (1 - 6)(A(y — 1) — B(y) — B(1)).
Therefore, by induction, we see that for any nonnegative integer N,
Aly+2N6—1) - Bly+2N5) — B(1) = (1- 8" (Aly — 1) - B(y) - B().

Now fix s > 1 and set y =1, § = (s — 1)/(2N). Letting N — oo yields

o) 561511 2 (4020000 (15

and using (7.42) we arrive at (7.43).

Step 4. This is the final part. We come back to (7.45) and insert the bound
(7.43) there: as a result, we obtain

B(y) > B(y + 26) + 20B(1) — 6B(1) exp (1%25) .

By induction, we get, for any nonnegative integer IV,
ol 1—y—2ké
B(y) > B(y +2N3) + 2N§B(1) — 6B(1) Y exp (yf)
k=1

1 — e N6 1_—y—2
— B(y + 2N§) + 2N§B(1) — 5B<1)ﬁexp (#) .

As previously, fix s > 1 and set y =1, § = (s — 1)/(2N). Letting N — oo gives

B(1) <3 —s—exp (?)) > B(s)

and hence B(3) < 0. Since U° majorizes V, we have that
B—Bo=V(1,5,1) <UL B,1) = B(B) <0,

that is, By > . This shows that the constant 3 is indeed the best possible. O
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On the search of the suitable majorant. Let By be a given positive number and set
V(Iayv Z) = |y‘ - ﬁo‘x‘ V z,

Uo(xaya Z) = Sup{]EV<fnagna |fn‘*>}a

where the supremum is taken over all n and all (f, g) € M(z,y). This formula gives
us some crucial information. First, obviously, U is homogeneous and symmetric,
so in fact we need to find the function U°(-,-, 1) on the strip [0,1] x [0, o). The
second observation concerns the set J = {(z,y) : U%(x,y,1) = V(x,y,1)}. This
set is clearly symmetric with respect to the x and y axes; furthermore, we have
J C{(+1,y) : y € R}. Indeed, for any = € (—1,1), y € R, one easily constructs a
pair (f,g) € M(x,y) with ||f|lcc <1 and ||g||1 > y. This pair yields the claimed
inclusion, because U°(z,y,1) > EV (fu, gn, |fnl®) > ly| — Bo = V(z,y,1). A little
experimentation leads to the following assumption on J:

(A1) J={(£l,y): |y| >~} for some v > 1.

In particular, this implies
ULy, 1) =yl =B  for |y =1 (7.47)

Furthermore, we make the following conjectures concerning the special function
(which from now on is denoted by U). Let, as above, A(y) = U(0,y,1), B(y) =
U(1,y,1); furthermore, put C(z) = U(«,0,1).

(A2) U(+,-,1)is of class C! on the strip (—1,1) x R.
(A3) For any z € (0,1) and y > x we have

Ulz,y,1) =2B(—z+y+1)+ (1 —2)A(-z +y).
(A4) Forany z € (0,1) and 0 <y <z,

Y —xr+1

U 1) = —B(— )+ ——
(o9, = o Blow+y+ D+

C(z —y).

The next assumption is based on (7.44): we guess that
(A5)  Usz(l=,y) = Uy(L,y) = B(1) for y € [0,7].
The conditions (A1)—(A5) lead to the special function U studied in the proof
above, as we shall show now. Since U(z,y,1) = U(—=x,y, 1) for all z € [-1, 1] and
y € R, we have, by (A2) and (A3),

A'y) = —Aly) + Bly + 1) (7.48)
This, together with (7.47), yields

Ay)=y—Pot+ae ™,  y=y-1, (7.49)
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where ¢ is a certain positive constant. Next, combining (A3) and (A5) gives that
for y € [1,]
2B'(y) = By) — Ay — 1) — B(1)

and, by (7.48), implies 2B’(y) = A’(y — 1) — B(1), or
2B(y) = Ay —1) = B(l)y + c2 (7.50)

for some constant co. Plugging this again into (7.48) and solving the resulting
differential equation gives

+1
A =B+ e+ 2o (<152). yelby -1
for some c3 € R; this implies
B(y) = B(1)(1 — y) + co + cse ¥/2 (7.51)

Plugging y = 1 and using the equations A(y—1-) = A(y—1+) and A'(y—1-) =
A'(y — 14), we derive that ¢; = (1 + B(1))e?~! — B(1)e""1V/2, ¢, = 2B(1),
c3 = —B(1)e'/? and

Bo=~— B(1) {3’yexp <1T’V)] (7.52)

Inserting these parameter values into (7.51), we obtain
-y
Bly)=B{1) |3~y —exp| —;

and, since B'(y) = 1, we get B(1) = 2 (exp(52) — 2)_1. Plugging this into (7.52)

gives

2(1-1)
2 —exp (1777) '
The right-hand side, as a function of v € [1,00), attain its minimum S at v = §.
The final assumption is that this equality takes place. Then the formulas for A
and B we have just obtained allow us to derive the values of U(+,-,1) on the set
{(z,y) : ly| > |z|}. What we get coincides with the special function u above. To
get U(z,y,1) for |y| < |z|, we use (A2), (A4) and the symmetry of U(,-, 1) with
respect to the y-axis. Namely, we have Uy(z,0,1) = 0, which implies

Bo=7v+2+

B(l1—2z)—C(x)

1—2

C'(z) =

for x € [0, 1).
Now, by (A4) and (A5),

2B'(y) = By =Cl=y _ B(1)  forye|0,1).
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Consequently, C(z) = —2B(1 — z) + B(1)x 4 ¢4 for some constant c4; plugging
this into one of the above differential equations and solving gives

C(x) = B(1)x — §B(1) + 63—4 +e5(1—2)%?  forzel0,1),

where ¢5 is another constant. Using the equalities C’(0) = 0 and C(0) = 0 gives
explicit formulas for B and C on [0, 1]. These, in turn, by virtue of (A4), yield
the function U on {(z,y) : |y| < || < 1}: we get precisely the function u defined
above. g

7.3.3 Proof of Theorem 7.10

Quite unexpectedly, this result is closely related to the moment inequality for
bounded submartingales studied in Theorem 4.16. Let u,, be the special function
invented there.

Proof of (7.30) and (7.31). We shall only sketch the proof of the first estimate.
We focus on the discrete-time version for £1-transforms of simple supermartin-
gales; the passage to the continuous-time can be carried out in the same manner
as above. Let D = [0,00) X R x (0,00). Define V, U : D — R by V(z,y,z) =
lyl = (2+ (3¢)71)(|2| v 2) and

U(z,y,z) = (xV 2) [ua (1— x\x/z’:c?/z) —ua(O,l)}.

Repeating the above reasoning, we conclude that the function
u(x,y) =uq (1 —x,y) — ua(0,1)

satisfies the properties listed in Lemma 7.2 (with § replaced by 2 + (3¢)~1). In
addition, we have that for any y € R and |y| < 1, the function ¢ — u(t,y + t)
is increasing on [0, 1]. This implies that U satisfies the conditions 1°—4° and the
estimate follows. g

Sharpness of (7.31). Let a > 1. Suppose that the inequality
lgllx < Boll £ 11
holds for all nonnegative supermartingales f and their a-subordinates g. Let
U0<.’1?,y, Z) = Sup{]E“goo‘ - BO‘f:o|* \ Z]}?

where the supremum is taken over all simple f, g satisfying appropriate properties.
By a supermartingale version of Theorem 7.2, the function

u=U%,-1):[0,1] xR =R
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has the following properties:

u(@,y) = [yl — Bo, (7.53)

u is diagonally concave, ( )

u(l,y) > u(l —t,y + at) for any ¢ € [0, 1], (7.55)
u(r,+x) <0  forall z€]0,1]. (7.56)

Let B(y) = u(1,y) for y € R. Furthermore, for y > a/(2a + 1), denote

C(y):u<a+1 o )

20+17  2a+1

It is convenient to split the proof into a few intermediate steps. Throughout, ¢ is
a sufficiently small positive number.

Step 1. We will show that for any y > a/(2a + 1),

(2a+1) a—02a+1)

B(y) > Cly+ (e +1)d) + By + (a+1)8). (7.57)
To prove this, note that by (7.55) we have
B(y) = u(l,y) = u(l -6,y + ad)

and, by (7.54),

2 1 1
u(l—é,y+a5)26(a+ )u<a+ <

20+17 2a+1
a—02a+1
L@ 0Qa+])

+ (a+ 1)5)

u(l,y + (o + 1)0)

(2a+1) a—02a+1)

= ——Cly+(a+1)0) + B(y + (a +1)d).

Combining these two facts yields (7.57).
Step 2. Next we show that for y > o/(2a + 1),

Cly + (a4 1)8) > 3 fggifm (y + 2a1+ i ﬁo) (7.58)

(a+1)(2a+1)6 20— (a+ 1)(2a + 1)0
22 10at 1) W T et i@at)) W

The proof is similar to that of (7.57). By (7.54), we have

N 24
2+6(2a+1)’

Cly + (a +1)8) > 0(2a +1)

1
—2+5(2a+1)“<0’y+ 20+ 1 HO‘H)‘;)
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where

_ a+l  (a+1)0 ! (a+1)8
A—u<2a+1 5 Y 5, +ad .

Furthermore, again by (7.54),

(a+1)(2a+1)d
2a

200 — (a0 + 1)(2a + 1)0
2a

A > B(y) + C(y)-

In addition, by (7.53),

1 1
6] > 1)6 — Bo.
u<0,y+2a+1+(a+ ))_y+2a+1+(a+ )6 — Bo

Combining the three inequalities above gives (7.58).
Step 3. Multiply both sides of (7.58) by

20+ 3+ /(2a +1)2 —45(a + 1)(2a + 1)
2(a+1)

Ay =

and add it to (7.57). After some lengthy but straightforward computations we get

Cly + (a+1)8) = pa,sB(y + (e +1)8) > qa,s(C(y) — pa,s B(y))

1 (7.59)
T <y+ 2a+1 0) ’
where
—0(2a+1)
Pass = Ara—6(2a+1)’
A (20 — (a4 1)(2a+ 1)9)
10 = 95 52a+ 1)) (Ao —o(2a + 1))
. Ara2a+1)8
24 82a+1)Ara—686(2a+1))

By induction, (7.59) gives that for any positive integer N,
Cly+ N(a+1)d) —pasB(y+ N(a+1)d) > I + I, (7.60)

where
I = q)5(Cy) — pa.sB(y))

and

1
Iz—manN - k<y+k(a+1)5+2a—+150>.

k=0
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Now take y1 > y2 > o/(2a+ 1), put y = y2, 6 = (y1 — y2)/(N(a + 1)) in (7.60),
and let N — 0o. One easily checks that then p, s — 1/2 and

_2a+1y1—y2

=1-62a+1 =1 Nt
Gos = 1= 820+ 1)+ 0(6) =1 = ~ PP (),
% 20+ 1 By)
o+ Y
I - - - =22
e (<2 - ) (cw - Z2)
Furthermore, 74,5 = (2ac + 1)d/2 + 0(d) and
(200 + 1)8 1 s —1
I = — _— —_—
2 2 LA T ) s o1
(N —1)g;2 = Ng; s+ ¢~
+(a+1)6 ?qa — 1;2 a, +o(1)

1 200+ 1 « Y1 — Y2
= - - 1| (= )
2{6@( a+1(y1 yz)) ]( y2+60+2a+1>+ 5

Using all these facts in (7.60) and working a little bit yields

C(yr) — 9 _§+7+ 220 +1) (7.61)
20+ 1 Bly2) y2 , B o
ZeXp[_aJrl(yl_yZ)] <C(92)_ 9 _§+70+m>.

Step 4. Similarly, multiply both sides of (7.58) by

_ 200+3-— V(2a+1)2 —46(a+1)(2a + 1)

A~ 2(a+ 1) ’

add the result to (7.57) and proceed as in the previous step. What we obtain is
that for all y; > y2 > a/(2a + 1),

3

Cly1) — (@ +1)B(y1) + ayr + a1 + a — foa
> exp | 22 Ly — )] (Clo) - o+ DBG) + e + 2 42— B
Z €xXp 2a(a+1) Y1 — Y2 Y2 o Y2 QY2 %0+ 1 « o] .
Note that this implies
3
Cly) = (a+1)B(y) +ay + +a—foa <0 (7.62)

200+ 1

for all y > a/(2ac + 1). Indeed, if this estimate is not valid for some y, then use
the preceding inequality with y; > y2 = y and let y; — oco. As the result, we get
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that C'— («+ 1) B has exponential growth at infinity. However, this is impossible:
arguing as in the proof of Lemma 5.7, we get that both B and C are Lipschitz.

Step 5. This is the final part. By (7.54) and then (7.56) we have
a a+1 o o a+1
C > B 0 ——' —
(2a+1>_2a+1 <2a+1)+2a+1“<’ 2a+1)
1 1
> o+ B e} i e} o+ — B ).
20+ 1 20+ 1 20+1 \2a+1
Combining this with (7.62), applied to y = a/(2a + 1), yields, after some manip-

ulations,
a 1 20 4+ 1
B > . 7.64
(2a+1>+ﬁo_2(2a+1)+ o (7.64)

(7.63)

Now, use (7.61) with y; = 1 and y2 = a/(2a 4+ 1) and plug the two estimates
above to get

B 1. g a _ o (BlEE)th  a@iy
e B R v f 1 2(2a +1) (20 + 1)2
> (2e)71,
or
0(1)_@>1_@_L+<26)—1.

2 =2 2 22a+1)
On the other hand, by (7.62) applied to y = 1, and by (7.56),

B(1 1 203 203
C(l)*%ﬁ <a+§>B(1)2a2a+1+50a§2a2a+1+50a.

Combining this with the previous inequality gives By > a + 1+ ((2a+ 1)e) ™1, as
desired. g

Sharpness of (7.30) in the martingale case. Suppose that for any nonnegative
martingale f and its +1-transform g we have

lgnlls < Bollfpll,  n=0,1,2,...

and let
UO(.Z,y, Z) = Sup{ELgOO‘ - BOEf:o \ 2}7

where the supremum is taken over appropriate sequences f and g. Now, repeating
word by word the arguments from the proof of sharpness of (7.29), we conclude
that (7.44) holds. That is, for any y € R and ¢ € [0, 1],

U%1,y,1) > U1 — 6,y +6,1) +5U°(1,1,1).
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Consider the function u : [0, 1]xR — R given by u(z,y) = U%(z,y,1)-U°(1,1,1)z.
This function majorizes v(z,y) = |y|—Bo (since U°(+, -, 1) does and U°(1,1,1) < 0)
and is diagonally concave. The above inequality can be rewritten in the form
u(1l,y) > u(l — 6,y + 0). Finally, we have u(1,1) = 0. However, we have shown
above that the existence of such a function implies that 8y > 2 + (3e)~!: repeat
the previous proof with a = 1. O

On the search of the suitable majorant. The reasoning is similar to the one pre-
sented previously. We omit the details. ]

7.4 Maximal L? inequalities

7.4.1 Formulation of the result

Now we shall study related LP estimates. These can be stated as follows.

Theorem 7.11. Let X, Y be Hilbert-space-valued martingales with Y being differ-
entially subordinate to X. Then for any p > 2,

YTy < 2l XL (7.65)

and the constant p is the best possible. It is already the best possible in the following
discrete-time inequality: if f is a martingale and g is its +1 transform, then

gl lle < Il (7.66)

Note that the validity of the above estimates follows immediately from the
moment inequality of Burkholder and Doob’s maximal estimate. The nontrivial
(and quite surprising) fact is that both (7.65) and (7.66) are sharp.

We shall also prove the following submartingale inequality.

Theorem 7.12. Let v be a fized number in the interval [0,1]. Let X be a nonnegative
submartingale and let Y be real-valued and a-strongly subordinate to X. Then for
any p = 2,

YTy < (e + 1)pl| X[ (7.67)

and the constant (+ 1)p is the best possible. It is already the best possible in the
discrete-time estimate

g™ [lp < (a4 Dpl[f*lp (7.68)

(note that on the left we have the one-sided maximal function of g).

We shall establish this result only in the discrete-time case. A natural ques-
tion is what is the best constant in the inequalities above in the case 1 < p < 2.
Unfortunately, we have been unable to answer it; our reasoning works only for the
case p > 2.
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7.4.2 Proof of Theorem 7.12 and sharpness of (7.66)

A DIFFERENTIAL EQUATION. To establish (7.67), first we need to study an auxil-
iary object. For a fixed @ € (0,1] and p > 2, let C = Cp o = [(a + 1)p]?(p — 1).
Consider the following differential equation

1y - L OO = y(@)y(x)ar
[ e
2

(7.69)

Lemma 7.3. There is a solution v : [((a + 1)p)~1,00) — R of (7.69) with the
wnitial condition

1 1
— ) =1 — . 7.70
7((a+1)p> (a+1)p (7.70)
This solution is nondecreasing, concave and bounded above by 1. Furthermore,
(p—2)(1 —7(x)) — 2y (x) <0. (7.71)

For the proof, we refer the reader to the original paper [156]. We extend ~y
to the whole half-line [0, c0) by setting

1 1
v@ =lp-Da+)—llz+7, =z {0’ (a + 1)p> '

It can be readily verified that v is of class C! on (0, 00). See Figure 7.2 on top of
the next page to gain some intuition.

Let H : [((a+ 1)p)~t, 00) — [1,00) be given by H(z) = = + y(x) and let h
be the inverse to H. Clearly, we have

z—1<h(z) <z, x> 1. (7.72)
Finally, let us provide a formula for A’ to be used later. Since
- 1 - 1
-~ H'(Mz)) 14+ (h(x))
one finds, using (7.69), that
_ 1+ ((a+Dp)P(p —1)(h(z) —x + 1)h(z)P!
((+ Dp)r(p — D(h(z) — x + Dh(z)r=22

Proof of (7.67). Let D = [0,00) x R x (0,00) — R and introduce V : D — R
by V(z,y,w) = (Jy| Vw)? — (p(a + 1))PzP. To define the corresponding special
function, consider the following subsets of the strip S = [0, 00) x [—1, 1]:

Dy = {(z,y) € S: |yl < ~v(x)},

Dy ={(x,y) € S: |yl >~v(x), z+ |y| <1},
Dy = {(z,y) € S: |yl >~(x), z + |y| > 1}.

W ()

x> 1, (7.73)

W ()

(7.74)
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1/3

/6

Figure 7.2: The graph of v (bold curve) in the case p = 3, @ = 1. Note
that ~ is linear on [0,1/6] and solves (7.69) on (1/6,c0).

Introduce the function u : S — R by

1 — [(a+ 1)p]Pa? on Dy,
" _\p—1
u(@,y) = 41— (LN p(p(a + 1) = D)o = ply| + 1] on Dy,

1= [(r+ D)pJPh(z + [y)P~ pz — (p — Dh(z + [y))] on Ds.

Finally, let U : [0,00) X R x (0,00) — R be given by

x y
U(z,y,w) = wa”u(—,—).
o) =WV el v v
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One easily verifies that U is of class C*. We shall prove that it satisfies the con-
ditions 1°-4°; due to the complexity of the calculations, we have decided to split

the verification into a few intermediate lemmas.

Lemma 7.4. For any (z,y,z) € [0,00) X R x (0,00), we have

U(z,y,z) > V(z,y, 2). (7.75)

Proof. The inequality is equivalent to u(x,y) > 1 — [(a + 1)p]P2? and we need to
establish it only on D; and Dsy. On Dy, the substitutions X = pzr and Y = ply|—1

(note that Y > 0) transform it into

X+Y
p—1

(a+1)PXP > ( )p_ (pla+1)—1)X —-Y].
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However, this is valid for all nonnegative X, Y. Indeed, observe that by homo-
geneity we may assume X + Y = 1, and then the estimate reads

F(X):=(a+1)PXP -~ (p—1)"Ppla+1)X -1 >0, X €][0,1].

Now it suffices to note that F' is convex on [0, 1] and satisfies

P (oern) = (e =*

It remains to show the majorization on Ds. It is dealt with in a similar
manner: setting s = z + |y| > 1, we see that (7.75) is equivalent to

G(x) := 2P — h(s)? [pz — (p — 1)h(s)] > 0, s—1<z<h(s).

It is easily verified that G is convex and satisfies G(h(s)) = G’(h(s)) = 0. This
completes the proof of (7.75). O

We turn to the concavity and initial condition.

Lemma 7.5. For fized y, z satisfying z > 0, |y| < z, and any a € [-1,1], the
function & = &, , , : [0,00) = R given by

O(t)=Ult,y+at,z)

1S concave.

Remark 7.2. It is clear that Lemma 7.5 yields that if x, y, 2, ks, ky satisfy =, z +
kz >0,2>0, ly| <z and |ky| < |ks|, then

U+ ke, y+ ky,2) <U(z,y,2) + Us(x,y, 2)ks + Uy(x,y, 2)ky (7.76)

(for z = 0 we replace U,(0,y,z) by the right-hand derivative U,(0+,y,2)). In
addition, Lemma 7.5 implies 3°: for any = > 1 we have

Ulz,1,1) 0. (7.77)
To see this, note that ®q; ,-1(0) = U(0,0,1) =1 and

®o,1.0-1(((a+1)p) ™) =U(((e+ 1)p) 27 ((a + 1)p) 71, 1) =0,

since (((a+1)p) L a7 ((a+1)p)~1,1) € Dy. But & > 1 > ((a+1)p) !, so Lemma
7.5 gives U(x,1,1) = @ ,-1(x) <O0.

Proof of Lemma 7.5. By homogeneity, we may assume z = 1. As ® is of class C?,
it suffices to verify that ®”(t) < 0 for those ¢, for which (¢,y + at) lies in the
interior of Dy, D1, Do or outside the strip S. Since U(z,y,z) = U(x, —y, z), we
may restrict ourselves to the case y+at > 0. If (¢, y+at) belongs to D, the interior
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of Dy, then ®"(t) = —[(a+ 1)p]? - p(p — 1)t?~2 < 0, while for (t,y + at) € DS we
have )
Pt +ply +at) — 1)P3(1 + a)

(I)H(t) - (p _ 1)p—2

(Il + 12)7

where

L=ptl(p—2)(1+a)(pla+1) = 1) +2(p(a+1) -1 —a)] >0,
L =(ply+at)—1)(2a+1—a)>0.

The remaining two cases are a bit more complicated. If (¢,y + at) € D3, then

¢//<t)
L R S A
Cplltap T2t

where
Ji=ht+y+at)P 2R (t+y + at)[h(t +y + at) — ],
Jy = h(t+y+at)’ [0 (t+y + at)*[(p — Dh(t +y + at) — (p — 2)1],
2
— _ p—21/
J3 —a+1h(t+y+at) h'(t+y + at).

Now if we change y and t keeping s = t +y + at fixed, then J; + Jo + J3 is a linear
function of ¢ € [s — 1, h(s)]. Therefore, to prove that it is nonpositive, it suffices
to verify this for ¢ = h(s) and t = s — 1. For t = h(s), we have

2
Ji+ Jo + Jz = h(s)""*h'(s) [h/(s) Ta+ J =0

since 0 < B/(s) <1 (see (7.73)). If t = s — 1, rewrite (7.74) in the form
Cs(h(s) +1—s)h(s)P"2h(s) = 1+ C(h(s) + 1 — s)h(s)P !

and differentiate both sides; as a result, we obtain

2
Cs|J1+ Ja2 + J3+h<8)p_2h/<8) <a 1 — 1)

= Ch(s)P2[(W(s) = 1)h(s) + (p — 2)(A(s) + 1 = s)h/(s)].

As b/ >0 and 2/(a+ 1) > 1, we will be done if we show that the right-hand side
is nonpositive. This is equivalent to

W (8)[h(s) + (p = 2)(h(s) + 1 = 5)] < h(s).

Now use (7.73) and substitute h(s) = r, noting that h(s) +1 —s =1 —~(r), to
obtain

r+(p—=2)1 =) <r(1+4/(r)),
or my'(r) > (p — 2)(1 — ~(r)), which is (7.71).
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Finally, suppose that y + at > 1. For such ¢ we have
O(t) = (y + at)’u(t/(y + at), 1)
and hence, setting X =t¢/(y+t), Y = y + at, we easily check that ®”(t) equals
y?P—2 [p(p —Da*u(X,1) +2a(p — 1)(1 — aX)ux (X, 1) + (1 — aX ) *uzs (X, 1)] .
First let us derive the expressions for the partial derivatives. Using (7.74), we have

_ Cph(X +1)P1

Up(X,1) = —2—[1+ C(h(X + 1) — X)h(X + 1)P7]

-1
ea(X1) = BP0 COX 1) = X0nCX + 17
_ Oph(X + 1P Cph(X + 1)P2W(X + 1)
X+1 X+1 '

Now it can be checked that

"()Y?*P/p= K, + Ky + K3,

where
a+1\? 1
Klz(p—1)<X+1) [1+C((X +1) — X)h(X + 1)1,
 ChX 4 1)t )
Ky = —X—H(1+2a—a X),
B 1—aX\? 14 Ch(X +1) = X)h(X +1)p!
K3__<X+1) ' MX +1) - X
< () e
Further,
K2+Kg§gégag%Lqu+2aﬁXXX+l)+aaXﬂ
___CMX+1V4m+1) .

a+1\? 1
< — X +1)7
< - (§5) oo,

where in the last passage we have used a < 1. On the other hand, as h is nonde-
creasing,

_ ChP _ Ch(X + 1P A1)
op—1 ~ p—1 ’

1
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Moreover, since © — h(x + 1) — x is nonincreasing (see (7.73)), we have h(X +
1) = X < h(1). Combining these two facts, we obtain

Ki<(p-1) (%) [14 Ch(1)h(X + 1)P71]
= ()a(ill) CR(X + 1P~ [h(1) + (p — 1)A(1)]
<(571) e,

as ph(1) = (o + 1)~ < 1. This implies K; + Ko + K3 < 0 and completes the
proof. O

We have established “half” of property 2°; here is the remaining part.

Lemma 7.6. For any z, y, z such that x >0, z > 0 and |y| < z we have
Uz(xayaz) § 7a|Uy(x7y’Z)| (778)
(if © = 0, then U, is replaced by the right-sided derivative).

Proof. Tt suffices to show that for fixed y, z, |y| < z, and a € [—a, a], the function
®=7o,,,:[0,00 — R given by ®(t) = U(t,y + at, z) is nonincreasing. Since
a < 1, we know from the previous lemma that ® is concave. Hence, all we need is
to show that ®'(0+) < 0. By symmetry, we may assume that y > 0. If y < 1/p,
then the derivative equals 0; in the remaining case, we have

p*(py —1)P~!

' (0+) = — =1

(aia)gov

so the claim is established. O

Thus, we have checked 1°, 2° and 3°; property 4° is obvious. We are ready to
complete the proof of (7.67). Clearly, we may and do assume that f is bounded in
LP; then, by Burkholder’s moment inequality and Doob’s maximal estimate, we
get that |g|* is in LP and all we need is the bound

EV(fnagn, \gn\*) <0.

To apply the submartingale version of Theorem 7.3, we need to verify the required
integrability (7.14). It suffices to show the bounds

U(z,y,2) < K(z + |yl +2)" (7.79)
and

Us(z,y,2) < K(z+ |yl + z)pfl, Uy(z,y,2) < K(z+ |y| + 2)P7L, (7.80)
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for all z, y € R and z > 0, where K is a certain absolute constant. The inequality
(7.79) is evident for those points (z,y, z), for which (\y\v,z’ \y\v,z) € Dy U Dy; for

the remaining (x,y, z) it suffices to use (7.72). Finally, the inequality (7.80) is clear
if (777 fvz) € Do U D1. For the remaining points one applies (7.72) and (7.73),

the latter inequality implying A’ < 1. This completes the proof. g

Sharpness of (7.66). We will show that the inequality is sharp in the discrete-time
case, even if ¢ is assumed to be a £1 transform of f. Suppose the best constant
in this estimate equals 8 > 0. Let

U2, y,2,w) = sup{E(|ga|" V w)? — B'E(|ful" V 2)7},

where the supremum is taken over all integers n and all martingales f, g satisfying
P((fo,g0) = (x,y)) = 1 and dfy, = +dgx, k = 1, 2, .... Then U° satisfies 1°-4°
and is homogeneous of order p: W( Az, £y, |\|z, [Aw) = |APW (z,y, z,w) for all
z,y €R, z,w >0 and A # 0.

Let 6 be a small number belonging to (0,1/p). By 2°, applied to z = 0,
y=w=12=0/(1425),e =1and t; =9, t2 = —1/p, we obtain

5 ) 1 1 6
0 > 0 - -
v (0’1’1+25 1> —1+p6U < p’l p’1+25’1)

5 (7.81)
U (5 1+ 5 T2 J1+ 5>

+

1 +p(5
Now, by 1° and 4°,

1 1 4 1 11 B\"
Uo(—=1— - —— U0< _1_,_,1)>1<—> . 7.82
(p p 1+26 > p P o p (7.82)

Furthermore, by 4°,
U° <5 1+5 0 T35 1+5) =U"(5,1+06,5,1+9),

which, by 2° (withaz =z =40,y =w =1+40,e = —land t; = =6, tz2 = %4—(5(%—1))
can be bounded from below by

pé 146 1 1+0—-p6, 4
1+5U(p 1 +6(2 p),5,1+6)+ —PU0(0,14:26,6.1 4 9).

Using the majorization, we get
1+4 1 P
U° (L 1——+5(27—) 5, 1+5) > (1+6)P [1 (é) },
p p p
furthermore, by 4° and the homogeneity of W,

U°(0,1+26,6,148) = W(0,1+26,8,1+20) = (H%)pUO(’ ’1+625 1)
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Now plug all the above estimates into (7.81) to get

UO(0,1,L 1) {1(1—1-(5—195)(14—26)1’]2

1426’ 1+6)(1+ pd
S ( ;( rp0) (7.83)
p —1
—— _1-(= 1+ (140)P7h).
ri - (5) Jorasor)
It follows from the definition of U that
00 (0,1, —2 1 < W(0,1,0,1)
) ’1 +26’ — ) ) ) -
Furthermore, one easily checks that the function
_ p
F(S):17(1+5 ps)(1 + 2s) ’ $>71,
(1+5)(1+ps) p
satisfies F'(0) = F’(0) = 0. Hence
L (ﬁ)p < U%0,1,0,1) - F(9) - (1+ po)
p) — po(1+ (L+)P—1)
P
and letting § — 0 yields 1 — (g) <0,or 8 >p. ]

Sharpness of (7.68). Suppose the best constant in the estimate equals 5 > 0.
Introduce the function UV : [0, 00) x R x [0,00) x [0,00) — R by

U°(x,y, z,w) = sup{E(g;, V w)? — BPE(|fa]" V 2)"},

where the supremum is taken over all integers n, all nonnegative submartingales
f and all integrable sequences g satisfying P((fo,90) = (z,y)) = 1 and, for k =
1,2, ...,

|dfe| = |dgrl,  oB(dfx|Fr-1) = [E(dgk|Fr-1)]
with probability 1. We see that U° is homogeneous and satisfies 1°~4°. Note that
this time 2° consists of two conditions: the concavity and the property

Uz 4d,y+ad,z,w) <U%x,y,z,w), if 0<2<z y<wandd>0. (7.84)

Fix 6 € (0,1/p) and apply (7.84) with z =0, y =w =1, z = §/(1 + (a + 1)p),
d = ¢ and then use 4° to obtain

0 )
vllo,1, —————,1) >U" <5,1+ 5,7,1)
( 1+ (a+1)8 > - T (a+1)0 (7.85)
=U"5,14 ad,d,1+ ad).
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Using 1°, the concavity and the majorization as above, we get

o d(a+1)p B '
U014 a0 81 +a0) 2 = (1 ad)f [1‘ <m) ]

1+ad—0(a+1)p
1+ ad

(1 + (Oé + 1)5)pU0 <0, ]., m, 1) s

which, combined with (7.85), gives

) 1+ad—d0(a+1)p
(0,1, ———— 1) |1- P
v (0’ T+ (a+1)8’ )[ 1+ao (14 (@+1)9)

> 5o+ 1)p(1 + ad)P~! [1 - <ﬁ>p] .

Now it suffices to use

U° <0,1, 0 )5,1) <U%0,1,0,1)

1+ (a+1
and the fact that the function

1+as—s(a+1)p
14+ as

G(s)=1- 1+ (a+1)s)P, s>-1/a,
satisfies G(0) = G’(0) = 0, to obtain

(B N\ _ U%0,1,0,1)G(9)
! ((04—!-1)19) = (5(a+1)p<1+a5)p—1‘

IN

0, or § > (a + 1)p. This completes the
proof. O

: . (s
Letting 6 — 0 gives 1 ((a+1)p>

On the search of the suitable majorant. We shall focus on the submartingale in-
equality (7.67) for a > 0. As usual, we assume that the best constant is some
B >0, let V(z,y,w) = (Jy| Vw)P — P|z|P and write the corresponding func-
tion U°:

Uo(xa Y, ’U)) = Sup{EV<fna In, ‘gn‘* \ ’U))}

By homogeneity, it suffices to determine this function for w = 1. We start with the
analysis of the set {(z,y) : U%(z,y,1) = V(z,y,1)}. Observe that it contains no
point of the form (x, +1). First we shall prove this for = 0: fix § > 0 and consider
apair (f,g) suchthat fy =0, f1=fao=---=dandgy=1,91 = g2 =+ = 14ad.
Then

U0<Ov 1? 1) > EV(flagla |gl‘*) = (1 +a6)P - BP(SP >1= V(O? 1a 1)7
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where the strict inequality holds if ¢ is sufficiently small. To show that U°(x,1,1) >
V(z,1,1) for x > 0, consider a martingale pair (f,g) such that fo = x, go = 1,
dfy € {-6,6}, dfs = dfs =--- =0 and dg, = —df,, for n > 1. Then

1
U@, 1,1) Z BV (f1,91,01]") = 5 ((1+6)" + 1= 87 [(z +6)" + (z — 9)"])
>1—pPzP =V(x,1,1),

provided ¢ is sufficiently small.

The next observation concerning the set {U° = V} is the following. Fix
y € [0,1], let = be a large positive number and look at the definition of U®(z,y, 1).
Intuitively, we search for such f and g, for which the pth moment of |g|* V 1 is
large in comparison with the size of the pth moment of f. However, if we want
lg|* V 1 to increase, we need to make g reach the endpoints of the interval [—1,1].
Since p > 2, this may result in a significant increase of ||f||,, especially if x is
large, and this will draw EV (f,,, gn, |gn|* V 1) down. This leads to the hypothesis
that for fixed y € (—1,1) and large z, the best pair (f, g) is the constant one. In
other words:
(A1)  Thereis a function v : R — [0, 1] such that if |y| < v(z), then U%(z,y,1) =

Vi(z,y,1).

Furthermore, we assume that

(A2)  The function 7 is strictly increasing and of class C*.
(A3)  The function U(, -, 1) is of class C' on [0, 00) x (—1,1),
(A4)  On the set {(z,y) : v(z) <y < 1}, the function U(-,-,1) is linear along
the lines of slope —1.
(A5)  Uz(0+,y) + alUy(0,y) =0 for y > v(0).
The next assumption is based on the behavior of the function U(-,-, 1) on the line
y = 1. If we consider the pair f, g as above, we get
2U(x,1,1) > U(x — 0,1+ 6,1+ 86)+U(x+ 0,1 —0,1)
x—9
=1+HPU | —, 1,1 0,1 —0,1).
(+0pU (F5.11) + UG+ 6161

Subtracting 2U (z, 1, 1) from both sides, dividing throughout by § and letting 6 —
0 gives zUy(z,1,1) + Uy(x,1,1) — pU(z,1,1) < 0. We conjecture that we have
equality here.
(A6) For x>0,

2Uz(x,1,1) + Uy(x,1,1) = pU(x,1,1). (7.86)

Let us show how the assumptions (A1)—(A4) lead to the differential equation
(7.69). Observe that if z > 0 and ¢ € [0, min{x, 1 — y(z)}], then

Uz —t,7(x) +,1) = Uz, 7(2), 1) + [Us (2, 7(2), 1) + Uy (2, 7(x), D)t
= V(@ v(2), 1) + [=Va(a,y(2), 1) + Vy (2, 7(2), 1)t
=1— BPaP + ppPaP~'t.
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Differentiating this equation with respect to x and ¢ leads to the following formulas
for U, and Uy:

_1, plp—1)BPaP 2t
Upg(z —t,y(x) +t,1) = —ppPaPt 4+ 22—~
(= t7(@) +,1) = e

p(p — 1)BPaP 2t

1+7'(x)
Now if  +~v(z) > 1, then plugging these two expressions into (7.86) yields (7.69),
with C replaced by SP(p — 1). Next, use (7.87), this time with > 0 satisfying
x4+ v(z) < 1 and take t — z: by (A5), we obtain 7'(z) = (p — 1)(1 + ) — 1.
Now, let zo be the unique positive number satisfying x¢ + v(xg) = 1. Comparing
' (x9—) with v'(zo+) leads to the equation

~1+ (p—1)BPah (1 — x)
1+ pr(p — 1)ag ’

(7.87)
Uy(z —t,y(z) +¢,1) =

p-D1l+a)—-1=

or, equivalently,
» 1+«
ﬂ = p_l p .
g —app—1)(1+a)
The right-hand side, as a function of z9 € (0,((p — 1)(1 + «))~1), attains its
minimum (a+ 1)PpP at the point (p(a+1))~1. This suggests the final assumption.

(A7) 8= (a+ 1)p and the condition (7.70) is satisfied.

Now it is straightforward to obtain the formula for U(-, -, 1): we know the function
~ and it remains to use (7.87). O

7.5 Double maximal inequality

We have come to one of the most difficult inequalities of this monograph. We shall
determine the optimal constant § in the maximal inequality
YT < BIHX T,

under the assumption that X is a martingale and Y is differentially subordinate to
X. First, we need an auxiliary section, where we introduce the parameters which
are needed to describe the constant and define the corresponding special function.

7.5.1 Related differential equations

Let w > 1 be a fixed number. Standard argumentation yields the existence and
uniqueness of Y = Y% : [1,w] — R satisfying

Y'(t) = % (1 + %) (141)2 [t2 +2(1—1t) <exp <#) - 1)} , (7.88)

t € (1,w), with the terminal condition Y (w) = w.
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Lemma 7.7. Let w > 1. Then Y™ is nondecreasing and

YU@t) >t for all t, with equality only for t = w. (7.89)
Proof. Note that 2(1 — ) exp(w) <0 for ¢t € (1,w), which implies
1+wt
Y)Y (t) < o——5 (2 + 2t — 2
(VY () < gty (4 2= 2)

71+w*1 . 3\
o 2 1+t)

Consequently, since t < w and w > 1,

w w 14wt 3 3
YE) 2 Y (w) - —5 [w+1+w 1+t]
-1
zw,HTw(w,t) (7.90)
1— —1
el

which gives (7.89). This also implies 2(1 — t)(exp(w) —1)>0forte (1,w)
and in turn,

ey > L (L) >0, (7.91)

The proof is complete. O

Let 8 be the positive number given by
£ = min Y“J(l)Jr§ 1+l (7.92)
- 4 w) |’ ’

It will be shown that this is the value of the best constant. Let us provide some
approximation of f.

Lemma 7.8. We have
3.4142... < < 3.4358.... (7.93)

Proof. The number on the left is 2 + v/2. To prove this two-sided bound, take
w > 1 and use the first line of (7.90) with ¢ = 1 to obtain

1 -1 3 ) )
(14+w™) Zw—l <w—|—— ——) + (1 +wh)

w
=24+ w4 —.
+tw +2

5
Y¥(1 .
(1)+7
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The expression on the right, as a function of w € (1,00), attains its minimum
2 + /2 for w = /2. This gives the left inequality in (7.93). To prove the right
one, we proceed as previously, using a lower bound for (Y*)" coming from (7.91).
After integration, we get

Y*(1) + Z (1+w™!) < <1+ é) [2 —log2 + log(1 + w)] + % -1,

and the upper bound in (7.93) is the minimum of the expression on the right
above. O

It is clear that the function w — Y*(1) + 5/4(1 4+ 1/w) is continuous. In
addition, it tends to 7/2 > B as w | 1 and, by (7.94), tends to infinity as w — oc.
Hence the minimum defining S is attained for some wy. To avoid the question
about the uniqueness of wy, let us take the smallest number with this property.
Combining (7.94) with the right inequality in (7.93), we conclude that 1/wg +
wp/2 < 1.436, so 1.18 < wy < 1.69. To complete the discussion about the explicit
values of 8 and wy, let us record here that numerical approximation gives 8 =
3.4351...and wy = 1.302.. ..

A few words about some auxiliary notation. Set wy = Y™°(1), write v =
—1—1/wq and use the function yo : [wy,we] — [1, wp], the inverse of Y°; we shall
often skip the argument and write yo instead of yo(w). It can be easily checked
that the function yo satisfies the differential equation

1 2(1 2
go=—= - — (1 + o) — (7.95)
Y yg 290 — 2+ 2(1 — yo) exp(¥5)

for w € (w1, wp). Moreover, in view of (7.89), we have
yo(w) < w for w € [wy,wp], with equality only for w = wy. (7.96)

‘We conclude this section with a technical fact to be needed later.

Lemma 7.9. We have
Yo > 1 (7.97)

and
Yolvo —1) <o+ 1. (7.98)

Proof. The estimate (7.9) follows immediately from the fact that

2 1+ yo)?
Y Yo+ 2y0—2

and that both the factors are bigger than 1.
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To prove (7.98), observe that, by (7.96), 2(1 — yo) exp (L2
Plugging this into (7.95) gives

=) > 2(1 — o).

1 2(1+4y)?
yo(yo—1) < —~ . 2LEW” gy
Y Yo

so we will be done if we show that 2(y2 — 1) < —yy2. But
2006 — 1)+ =5 (2 +7) =2 S wj(2+9) = 2= wo(wo — 1) =2 <0,

where the latter estimate comes from the bound wg < 2. O

7.5.2 Formulation of the result

We shall establish the following fact.

Theorem 7.13. Assume that X, Y are real-valued martingales such that'Y is dif-
ferentially subordinate to X. Then

YT < BIHXT L (7.99)

where B is given by (7.92). The constant [ is the best possible. It is already the
best possible in the discrete-time setting, when Y is assumed to be a +1-transform
of X.

As previously, we will show the estimate only in the discrete-time setting, for
41 transforms. The passage to the continuous time requires standard approxima-
tion arguments and we shall not present them.

7.5.3 Proof of Theorem 7.13

Proof of (7.99). We start with reduction of the dimension. Initially, we need to
find a function U(:,-,-,-) of four variables. However, due to the homogeneity of
the inequality (7.99), it suffices to construct uw = U(-,-,1,-). To do this, consider
the following subsets of [0, 1] x [0, 00) X (0, 00):

Dl—{(xy, ):w <wi, y <}y
={(z,y,w) :w<w, z<y<z+w — 1},
={(z,yw) :w<wy, r+w — 1<y},
={(z,y,w) 1wy <w < wpy, y <x+yo(w)— 1},
={(z,y,w) w1 <w < wp, v +yo(w) —1<y<z+w-—1},
={(z,y,w) : w1 <w <L wp, v +w—1<y},
= {(z,y,w) : w > wo, v +y < 1},
={(z,y,w) 1w >wy, l<x+y<1l4+w-—wp},
={(z,y,w) 1w >wo, 1 + w—wo <z +y}.
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Now we introduce the function u : [—1,1] x R x (0,00) — R. First we define it on
the sets D1—Dg.

f%(y27x2+1)+%7 on Dy,
37 — vy + (. — 2)yexp (5¢) on Ds,
(3 —y) +yexp (F52) (—1 oy —wy — et e ) on Ds,
—Tlly%))(ny:chLl)erfﬂ on Dy,
u(w,y,w) = § T exp (L= (2 - 2) + a(y, w) on Ds,
2 exp (15) (<14 y - w - L= 4 a(y,w)  on De,
exp(;;;;ofw) (2—22+1)+w—p on Dy,
Uw;:)exp(x—i—y—l—wo—w—l)—i—w—ﬂ on Dsg,
(ywar;)z})O —z°+1 +w—p on Dy,

where

2
+2
Y0 ’7+w76.

We extend u to its whole domain [—1, 1] x R x (0, 00), setting

u(m, Y, w) = u(fxv Y, ”LU) = u(:c, Y, ”LU) = u(fxv -y, w) (7100)

for all z € [0,1], y > 0 and w > 0.

In the lemma below we list the main properties of the function w, which will

be exploited while showing that U satisfies 1°—4°. For the proof of these technical
facts we refer the reader to the original paper [162].

Lemma 7.10.

(i)
(i)

(v)

The function w is continuous. In addition, it is of class C* on each of the
sets {(I’yaw) fw < wl}; {(xayaw) Tw e (wlawo)}; {(I’yaw) tw > wo}.
For all w >0 and |y| < w,

(Lyaw)*u(l*éayié?w) >

u
li 101
lim 3 >y (7.101)
Furthermore, for all w > 0 and x € (—1,1],
. u(z,w,w) —u(z — 0, w — 0, w)
1 > . .102
lim 5 >y (7.102)

For xz € [-1,1] and w € (0,00) \ {wo, w1}, we have wy(z, w,w) < 0.

For any x, the function H, : (=1 —x,1 —x) = R, given by H,(t) = u,(x +
t,t,t) + uy(x + ¢, t,t), is nonincreasing.

The function J : (0,00) = R given by J(y) = u(1,y,y) is convez.
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(vi) For any fized w > 0, the function u(-, -, w), restricted to the rectangle [—1,1] x
—w,w), is diagonally concave, i.e., concave along any line of slope +1.
is di Il j [ li l +1

(vil) For any fized w > 0, the function y — u(1l,y,w) is nondecreasing on [0, w].
(viii) For any w > 0 and |y| < w,

u(l,y,w) — (y — Duy(l,y, w) — wuw(l,y,w) < 7. (7.103)
(ix) For any w >0 and |z| <1, |y| < w we have
u(z,y,w) > w—p.
(x) If w e (0,1] and |z| = |y| < w, then u(z,y,w) < 0.

Now we introduce the special function U : R x R x (0,00) x (0,00) — R by

@ y  lylvw
Ulz,y,z,w) = (|z] v : ; 7.104
@z = (ol v (o o ) (a0

and let V(z,y,z,w) = |y| Vw — Blz| V z for z, y, z, w as above. Let us verify
the conditions 1°-4°. The majorization follows immediately from (ix). To show
2°, we fix x, y, z, w as in its statement. Since U is homogeneous, we may and do
assume that z = 1. By the continuity of U, we are allowed to take |z| < z and
ly| < w. Moreover, since U satisfies U(z,y, z,w) = U(z, —y, z, w), we may assume
that e = 1. Now let ®(¢t) = U(z+t,y+t, z,w) for t € R and observe that it suffices
to prove that

d(t) < B(0) + @' (0)t (7.105)

for positive t. Indeed, applying this to the function ®(t) = U(—z +t, —y +t, 2, w)
we get, for ¢ < 0,

B(t) = B(—t) < B(0) + B (0)(—t) = B(0) + &' (0)t.

Thus there is a linear function ¥ such that ® < ¥ on R and ®(0) = ¥(0); this
implies the desired concavity.

To show (7.105), we consider two cases: y > z+w —1and y < z +w — 1.
We shall only present the details in the first case: the second one can be handled
in a similar manner. Namely, we shall show that

® is concave on the set [0, w — y], (7.106)
O'(t+) < ¥ ((w—y)—) fort € (w—y,1 — x), (7.107)
® is convex on [1 — z, 00), (7.108)

Tim @/(t) < ((w - y)-). (7.109)
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These properties clearly yield (7.105). The first condition is a consequence of
Lemma 7.10 (vi). Property (7.107) follows from items (iii) and (iv) of that lemma,
indeed,

Q' (t4) = lgrtl(um + uy + uw) (T + 5,y + 5,y +5)

< limsup(ug; + uy)(z + 8,y + 5,y + 5)
st

< limsup(ug + uy)(z + 8,y + 5,9y + 5) = @' ((w —y)—).
st(w—y)

The condition (7.108) is shown exactly in the same manner as in the proof of
inequality (7.29); here we use item (v) of Lemma 7.10. Finally, we turn to (7.109).
We have, for sufficiently large ¢,

(t)=Ul(x+t,y+t,xc+t,y+t)

y+t y+t
= ¢ 1. 47"
(@+ )u<’x+t’x+t)
7(x+t)+%’y(xfy)fﬁg’x;?) if y<u,

3v(@+t) —y(y +1t) —y(x+t)exp (%) if y>u,

from which we infer that lim;_,. ®'(t) = . It suffices to use (7.102) and the
condition 2° is proved. To show 3°, observe that by the concavity we have just
proved,

U‘Ta,x, +U*$,77:177
Ule. .2 ol) < Ula, . Jaf, ) = L2 D T2 20 el )

< U(0,0, ], [yl) < U(0,0,]yl, |yl) < 0.

Finally, 4° is obvious. Consequently, Burkholder’s method gives

EV (fn, Gns [ fnl* Ve, |gnl*) SEU(fn, gn, | fol* Ve, lgnl™) <0

and letting e — 0 yields the claim. O

7.5.4 Sharpness

This is really involved. Suppose that the inequality (7.99) holds with some constant
~: the set of such 4’s forms an interval [8’,00). As in the previous estimates, we
make use of Theorem 7.2 and exploit the properties of the function

U (z,y,z,w) = sup]E[|gn|* Vw—|fal"V z],

the supremum being taken over all n and all (f,g) € M(z,y).
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Lemma 7.11. The function F : [f',00) — R given by F(y) = U7(1,1,1,1) is
convezr.

Proof. This is straightforward. Fix A € (0,1), y1, 72 > #" and (f,g9) € M(1,1).
Then for any n,

Eflgnl™ Vw — (1 + (1 = Ny2)| ful” V 2] =AE[|gnl” Vw —nlful* V 2]
+ (1= NE[lgnl" Vw — 72| ful* V 2]
SAF(n) + (1= A)F(72).
It suffices to take the supremum over f, g and n to complete the proof. O

Next suppose that the inequality (7.99) holds with some constant Sy < 8. By
the previous lemma, enlarging 3 if necessary, we may assume that U5 (1,1,1,1) <
UP(1,1,1,1)+1/100. However, we have U” < U, because U” is the least majorant
of (z,y,z,w) — |y| Vw — Blz| V z satisfying 2°—4°. Thus, in particular, we have
UB(1,1,1,1) < U(1,1,1,1) = v < —1 — (1.7)~L. The latter estimate follows from
the bound wy < 1.69, see above. Consequently,

U (1,1,1,1) < —3/2. (7.110)

From now on, we will work with the function U?0. It satisfies 1°-4°, with V = V3, -
Furthermore, it is homogeneous of order 1 and such that

Uﬁo(x,y,z,w) = UBO(—x,y,z,w) = Uﬁo(x, —y,z,w)

for all z, y € R, z, w > 0. We shall use the following notation: wg(z,y,w) =
UPo(z,y,1,w), A”(y) = uo(0,y,w), B*(y) = uo(1,y,w) and vo = ug(1,1,1).

Lemma 7.12. For any x € [—1,1], y1, y2 € R and wy, we > 0 we have

o (2, y1, w1) — uo(x, Y2, w2)| < max{lyr — yaf, [w1 — wal}.
Proof. By the triangle inequality, for any numbers a1, as, ..., ay, b1, b2, ..., by,
ly1 +ai| Vg1 +az| V- Viyr +an| Vwr —[y1 +a1| Vg2 +az| V- V|y2 + an| Vws

< max{|yr — ya|, w1 — wal}.

Therefore, if f, g are simple martingales such that f starts from x, g starts from
0 and dg,, = +df, for n > 1, then, by the definition of uy,

E((y1 +9)y Vw1 — Bofy V1) = uo(z, ya, w2)
<E[((y1 4+ 9)5Vwr = Bofi V1) = ((y2+9)5 Vwr — BofyV1)]

< max{|y1 — yal, [w1 — wa|}.
It suffices to take the supremum over f, g and n to obtain
o (@, y1, w1) — uo(@, Y2, w2) < max{lyr — yal, [wr — wal},

and the claim follows by symmetry. ]
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Lemma 7.13. For any w > 0, |y| <w and ¢ € (0,1),
B“(y) > uo(1 =6,y + 6, w) + 0. (7.111)
Proof. This is shown exactly in the same manner as (7.44). O

Lemma 7.14. For any w >y > 1 and § € (0,1) satisfying § < (w—y)/2,

BY(y) > 6A%(y + 26 — 1) + (1 — 6)B™ (y + 26) + 670, (7.112)
P 1
AY(y+26 —1) > ——BY(y + 20) + ——ug(—=8,y +6 — 1,
(y ) > T (y ) 1Jr(su()( Y w) 113
P b 1-6 '
> w _ w - - w _
——1+5B (y+26)+1+53 (y)+1+5A (y—1)

and
(1= 6)(BY(y) — A% (y— 1) +0) = B®(y+26) — A®(y — 1+26) + 0. (7.114)
Proof. Repeat the argumentation leading to (7.45). a

Lemma 7.15. For any w > 1,

B¥(w) < 7o {3wexp (17“’)] (7.115)

Proof. Essentially, we have shown this in the proof of sharpness of (7.29). How-
ever, we shall present a quick proof since we shall need some estimates which will
appear in between. First, we have A*(0) > B*(1), by 2° applied to (z,y, z,w)
:=(0,0,1,w), e =1 and ¢; = —1, to = 1. Thus, using (7.114) and induction,

(1= 6)¥0 > (1= 6Y¥ (BU(1) — A¥(0) +0) > B*(1 +2N6) — A¥(2N3) + .
Hence, if we put § = (w —1)/(2N) and let N — oo, we arrive at
AY(w—=1) > BY(w) + v (1 — exp((1 — w)/2)). (7.116)
Arguments leading to (7.112), with y replaced by w, give
BY(w) > (1 — 8)BY+ 2 (w + 26) + 6 Ao (w 4 26 — 1) + o0,
so, by Lemma 7.12,
BY(w) > (1 = 8)BY 2 (w + 26) + 6A T2 (w + 26 — 1) + 679 — 02, (7.117)
Applying (7.116) yields
BY(w) > BY (w4 26) 4 670(2 — exp((1 — w — 26)/2) — 2.
Using induction as in the proof of (7.116), this leads to
7o = B'(1) > B (w) + nofw — 2 + exp((1 — w)/2)],

which is the claim. O
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Lemma 7.16. Suppose that w € (1,2) and let 1 <y < w. Then
A%y = 1)y* > B (y)(y* — 2y +2) +2(y — 1)(w — Po) (7.118)

Proof. We apply 2° three times:

2
T+ 2“0(_y/2ay/2 - 1,11)),

2y — 2
Y

y
A%y —1) > —L_BY(y) +
(y )_y+2 (y) ”

uo(=y/2,y/2 = Lw) > uo(—=1+y/2,—y/2,w) + up(—1,0,w),
uol =1+ y/2,~y/2,) = wo(1 — y/2,y/2,w) 2 L4y~ 1) + 2L B ).

Combining these estimates with ug(—1,0,w) > w — By, a consequence of 1°, we

get (7.118). O
Lemma 7.17. Suppose that w € (1,2) and let 1 <y < w. Then
(A¥(w—=1) —w+ Bo) [ ( ) —1] (7.119)
> (B¥(y) —w+Bo)(1 =2y~ +2y™2) + (y — w)o

+2(BY (w) — w~+ Bo + 7o) [exp (Ty> - 1}

and

B == )

ZBw(w)quLﬂoquyo {wlerexp (%)] .
In addition,
dexp(52)
1+2y=2(y — 1)(1 — exp(454))
x {2y 2 (y — 1)(B“(w) —w+ Bo +v(w—y)) + 7} — 6°.

Proof. Using (7.114) inductively yields the following estimate: for 1 < y” <
y < w,

BY=% (1 — 26) >BY¥(w) + 2070 — (7.121)

"o
exp (y 2 ) ) (BY(y") = A" (y" = 1) +10) = B*(y') = A" (y' = 1) + 0. (7.122)

Take y' = w and note that B*(y"” 4+ 26) > B*(y") — 20, a consequence of Lemma
7.12. Plug these two estimates into (7.113) to get

APy +26 — 1)

25 A ,
zAw(y”1)+1+6{exp <“’ 2y >(Bw(w)Aw(w1)+%)%5 .
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Now set § = (w —y)/(2N), write the above estimates for y"" =y, v/ =y +24, ...,
y" =y + (2N — 2)d and sum them up. We obtain
AP —1) = A®(y+2N6—1) > A®(y — 1) — —2_N(70 + )

149
w—y\ 1—exp(—NJ)
2 1 —exp(=4)

26 w w
+ m(B (w) — A (w — 1)+’Yo)exp(

Letting N — oo gives
A¥(w=1) > A (y=1)+2(B" (w) = A* (w—1)+70) [exp (%) - 1] +70(y—w)

and combining this with (7.118) yields the first estimate. We skip the proof of
(7.120), since it can be established using similar argumentation. To get (7.121),
plug (7.120) into (7.119) to obtain

Yy—w

eXP(T)
14+ 2y=2(y — 1)(1 — exp(¥57))
x {2y (y — (B (w) —w + Bo +v(w —y)) + 70}

A (w —1) 2B (w) + 70 —

It suffices to make use of (7.117) (with w replaced by w — 20) to complete the
proof. O

The final estimate we will need is the following. It can be established essen-
tially in the same manner as above; we omit the tedious and lengthy calculations.

Lemma 7.18. For any w > 1,

w?(1 4 7o)

w >
B (w) 2

+ 2w — fo. (7.123)

Now we are ready to complete the proof.

Sharpness of (7.99). The first observation is that 9 € (—2, —3/2). The inequality
Yo < —3/2 is precisely (7.110). To get the lower bound, apply (7.123) to w =1 to
obtain v9 > 5 — 28y > —2 (we have 3y < 8 < 3.5). Now let vg = —(1+ )" * €
(1,2), define Y as in Section 7.3 and let G, be the inverse to Y. Finally, let
vy =Y (1) and

2% Yo — W Y0 (g + 2)
C = — 1— JOAJ0 T A _
(w) = exp ( 5 + o ( w) + 2001 +70) +w — By

for w € [v1, vg]. Observe that since 7, (vg) = vo, we have, after some manipulations,

3 v3(1+
C(vo) = vo — o = 2+ 1) 5 )

) + 21}0 — 60 S Bv° (Uo), (7124)
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by virtue of Lemma 7.18. Furthermore, it can be verified that C' satisfies the
differential equation

exp(y" w)

2[1+ 275 (7o — 1)(1 — exp(L252))]
x {2752 (W — 1)(C(w) — w + Bo + y(w — o)) + 70},

C'(w) = =7 +

for w € (v1,v0). Note that C” is bounded on (v, vg). To see this, observe that the
solution Y to (7.88) can be extended to an increasing C'*° function on a certain
open interval I containing [1,vg]. Consequently, yo, ¥, y{ are bounded on (v1,vg)
and hence C” also has this property. Therefore for some absolute constant r,

5exp(
1+ 2555 — 1)(1 — exp(2ez™))

x {275 2@ — 1)(C(w) —w + Bo +v(w — Fp)) + Y0} + rd>.
(7.125)

Yo— w)

C(w —20) <C(w) + 2070 —

Combining this with (7.121), applied to y = 7, (which is allowed, since 7, € (1, 2)),
yields

Bw_%(w —20) — C(w — 26) > (B (w) — C*(w)) - R(S,w) — (r + 1)5?,

where R(4,w) is a certain constant lying in [0, 1]. By induction and (7.124), we
obtain B(vi) — C(v1) > 0, which implies, by (7.115), that

- [31}1 ~exp (1 2“)} > C(w).

This is equivalent to
5 1 5 1
> - ([1+—)=Y"1)+-(1+—
50_v1+4(+vo) ()+4<+U0)

and gives Sy > 3, by virtue of (7.92). This contradicts the assumption 8y < 8 and
completes the proof. O
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7.6 Double maximal inequality for
nonnegative martingales

7.6.1 Formulation of the result

If the dominated martingale is nonnegative, then the constant in (7.99) decreases.
We have the following fact.

Theorem 7.14. Suppose that X, Y are real-valued martingales such that X is
nonnegative and Y is differentially subordinate to X. Then

YT < 31X (7.126)

and the constant is the best possible.

As in the proof of the preceding estimate, we focus on the version for +1-
transforms in the discrete-time case.
7.6.2 Proof of Theorem 7.14

A special function. Arguing as above, it suffices to construct U(-,-,1,-). Let S =
{(z,y,w) : x € [0,1], |y| < w} and consider the following subsets of S:

Dy ={(z,y,w) € S: |y| <z},
Dy ={(z,y,w) € S:a < |yl <z +w—1},
DBZ{(Ivy,w)GS:$+w—1< ‘y|§w}

Let u : S — R be given as follows. First, if w > 1, then u(x,y,w) equals

Fexplz(1 —w){2+ 2z +[y| = 2)(~z + |y| + 1)/?} +w =3 on Dy,
2zexp[i(—z+ |y —w+1)]+w—3 on Dy,
2z —zlog(z — |y| + w) +w —3 on Dy

(with the convention 0log0 = 0). If w < 1, then we set u(z,y,w) = u(z,y,1).
The special function U : [0,00) X R x (0,00) x (0,00) — R is given by

U(w,y,z,w)z(sz)u( L 'yv"").

xVz aVvVz xVz

This function satisfies 1°-4°, which can be seen by repeating the argumenta-
tion presented in the previous section. We omit the details and refer the interested
reader to [152]. O

Sharpness. We shall be brief. Suppose that 8 > 0 is the best constant in (7.126)
in the discrete-time case, when Y is assumed to be a +1-transform of X. Let Uy
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be the function guaranteed by Theorem 7.2. The function Uy satisfies 1°—4°, is
homogeneous and for any = > 0, z > 0 and y1, y2 € R, wy, we > 0 we have

[Uo(z, y1, 2, w1) = Uo(,y2, 2, wa)| < max{[y1 — yal, |w1 — wal}. (7.127)
Arguing as in the proof of (7.44) and (7.45), we get, for w > 0 and ¢ € (0,1),
Uo(1,w,1,w) > Up(l = 6,w+ 6,1, w+ )+ 0Up(1,1,1,1) (7.128)
and
Up(1 =0, w+6,1,w+6) > (1—-8Up(1l,w~+25,1,w~+2§)+ 6w+ —3). (7.129)
Combining (7.128) and (7.129), we get
Up(1,w,1,w) > (1 = 6)Up(1,w+ 24,1, w+25) + 6Up(1,1,1,1) + 6(w + 6 — B).

Substituting F(w) = Up(1,w,1,w) — Up(1,1,1,1) — (w — B + 2), we rewrite the
above inequality in the form F(w) > (1 — 6)F(w + 2§) — 62. This, by induction,
yields

F(w) > (1 = 8)"F(w + 2nd) — né>.
Now fix z > 1 and take w =1, § = (# — 1)/(2n) (here n must be sufficiently large
so that § < 1). Letting n — oo gives

B—3=F(1) ZF(Z)eXp(lgz).

However, by (7.127), F has at most linear growth; thus, letting z — co, we obtain
B — 3 > 0. This completes the proof. O

7.7 Bounds for one-sided maximal functions

7.7.1 Formulation of the result

We turn to related L' estimates which involve one-sided maximal function of the
dominated process. Let Sy = 2.0856 ... be the positive solution to the equation

2log (;—ﬁo) —1-8,

and Bf = & =1.555....
Theorem 7.15. Let X, Y be real-valued martingales such that Y is differentially
subordinate to X .
(i) We have
Y"1 < Bolll XTI, (7.130)

and the constant By is the best possible. It is already the best possible in the
discrete-time setting, even when Y is assumed to be a £1-transform of X.



348 Chapter 7. Maximal Inequalities

(ii) If X is nonnegative, then
Y|l < B I1X s (7.131)

and the constant ,6’3' is the best possible. It is already the best possible in the
discrete-time setting, even when Y is assumed to be a +1-transform of X.

In the case when the dominating sequence is a nonnegative supermartingale,
we have the following result.

Theorem 7.16. Let X be a nonnegative supermartingale and let Y be 1-subordinate
to f. Then
Y1 < 3] 1X]*[)1 (7.132)

and the constant 3 is the best possible. It is already the best possible in the discrete-
time case, when 'Y is assumed to be a 1 transform of X.

We shall only prove discrete-time versions of the above results and restrict
ourselves to +1-transforms.

7.7.2 Proof of Theorem 7.15

Proof of (7.130). A very interesting feature of the L' estimates for one-sided max-
imal functions is that there is an additional reduction of the dimension of the prob-
lem. First, it is not difficult to see that we may assume that fj is constant. Second,
we may assume that go > 0 almost surely: if this is not the case, we replace vy by
sgn fo and the new sequence g we obtain has a larger one-sided maximal function.
Now we search for a function on D =R x R x [0,00) x R, given by the formula

U°(,y, z,w) = sup{Eg;, V w — BE| f|" V 2},

with the supremum taken over the usual parameters. We have a reduction of the
dimension of this problem, coming from the fact that U° is homogeneous. A new
argument is that for any d > 0,

Uz, y +d,z,w+d) = sup {Eg, V (w+d) — BE|fa]"V 2}

M (z,y+d)
= sup {E(gn +d)"V (w+d)—BE|fu|"V 2}
M(z,y)
—d+ sup {Eg}Vw—BE/f,[*V 2}
M(z,y)

=d+U%z,y,2,w).

Consequently, it suffices to find the appropriate U(-,-,1,0) and then extend it to
the whole D by putting

U(m,y,z,w):wa—i—(x\/z)U( z y_(va),1,0>.

lz| vz x| Vz
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Let us introduce an auxiliary parameter. The equation

2 a—2 1
21 2—— | = = 1
og < 3a) 30 a> 3, (7.133)
has a unique solution a = 0.46986 . . ., related to By by the identity
2a + 2
fo=——

Let S denote the strip [—1, 1] x (—o0, 0] and consider the following subsets of S.
D, = {(I’y) : |I|+y > 0}’
D, = {(I’y) 10> ‘IE‘ +y>1 750}7
Ds ={(z,y) : [a| +y < 1= fo}.
Introduce u : S — R by
a2la| -y —2)(1 || —y)'/? = 3ala| +y  if (z,) € Dy,
u(z,y) =} 3a(2 — |z|)exp(2(|z| +y)) + (1 = 3a)y — 8a if (z,y) € Dy,
2 .
1y (1= [z]) exp(|z] +y) — Bo if (z,y) € Ds.

We have the following fact, an analogue of Lemmas 7.2 and 7.9. The proof is
straightforward, so we shall not present the details, referring the reader to [138].

Lemma 7.19. The function u has the following properties:

u(1,-) is conver, (7.134)
u(1,y) > —fo, (7.135)
u(z,0) > —fo, (7.136)
u is diagonally concave. (7.137)
Define U : R x R x (0,00) x (0,00) = R by
r _y—(yvw
U =yV \Y% . 7.138
(@ zvw) =y v ] v 2 ) (7.139)

Using Lemma 7.19, we check that U satisfies the properties 1°-4°, just repeating
the argumentation from the proofs of (7.29) and (7.99). O

Proof of (7.131). We shall only present the special function leading to this esti-
mate. Let ST denote the strip [0, 1] X (—oc, 0] and let

Dy ={(z,y)eSt:iaz—y>2 z< 2},
Dg:{(x,y)65+:x+y<§,x>§},
Dy ={(z,y) € Stz +y>3},
Dy={(z,y)e Stz —y< 2}
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Introduce the function u* : St — R by

xexp[%(fx +y)+1] - 87, if (z,y) € Dy,
() = (gf:r)exp[%(quy)fl]fBJ, if (z,y) € Do,
’ —:v—i—y—\/Lg(l—x—y)l/Q(Q—Zx—i—y), if (x,y) € D3,
xfxlog(%(:rfy))fﬂg', if (z,y) € Dy.
The special function U is then given by (7.138), with u replaced by u™. |

Sharpness of (7.130). Suppose that the best constant in (7.130), restricted to +1-
transforms, equals 8 and let Uy be the function guaranteed by Theorem 7.2. By
definition, Uy satisfies

Uo(tz, ty, tz, tw) = tUp(z,y, z,w) fort >0, (7.139)

and
Uo(z,y,z,w) = Up(z,y +t,z,w+t) —t fort>—w. (7.140)

Introduce the functions A, B : (—o00,0] = R, C': [0,1] = R by
A(y) = UO(07y7 170)7 B(y) = UO(]-ayv 170) = UO(flvyv 170)7 O(x) = Uo(l',o, 170)

Step 1. We start with the observation that for x € (0,1] and ¢ € (0,x], the
property (7.64) gives

26 1—2
>————Bx—-1 _ -2
C(x)_lf:c+25 (x )+17I+26(C(x d) +9)
20 1—z
> —1— S —
_1—x+25B($ 1 25)+1_x+26(0(x 26) +6),

where the latter inequality follows from the fact that B is nondecreasing (by its
definition). Furthermore,

1) l—xz+96

1) > - _ - = 7
B(x—1) > 64+ 6B(0) + ;= —5:Cle ~20) + ;—

B(x —1-29).

Equivalently,

Bz —1-25) C(z—20)]  26(1—=x)
_ —25) > -
Clz) - C(x 25)—25[ 1—24+28 l—z+25] 1—-x+2

2B(x —1) — 2B(z — 1 — 26) > 26 [fﬁ“xfgg _B i”“’_;”?)] +20(1 4 B(0)).

Adding these two estimates gives

462

(7.141)
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Now fix an integer n, substitute § = 1/(2n), z = k/n, k =1, 2, ..., n in (7.141)
and sum the resulting inequalities; we get

C(1) +2B(0) = C(0) — 2B(~1) > 2+ B(0) — 7112 Z 1—#’“;1
k=1 n

Passing to the limit n — oo and using the equalities C'(1) = B(0), C(0) = A(0)
we arrive at

2B(0) — A(0) — 2B(-1) > 2. (7.142)
Step 2. Now let us show that
A(0) > B(—-1)+ 1. (7.143)
To do this, use the property 2° twice to obtain

O B-1) 4+ —— () +0)

A0) 2 1+0

—+

> B(—-1) + (6B(—1) + (1 — 8)(6 + A(0)) +6),

1494
0 L
1+0 1+94
or, equivalently, A(0) > B(—1) +1 — £. As § is arbitrary, (7.143) follows.

Step 3. The property 2°, used twice, yields

) 1

5 5 15 (7.144)
>——B(y—20—1 —B(y—1 —A
Z 155820 - D+ 5Bl - D+ 15A40)

if 6§ <1 and y < 0. Moreover, if y <0, 6 € (0,1) and ¢t > —y + 1, then

§
Up(1—-6,y—1-9,1,0 U(1+t,y—1+1¢1,0
t+60( Y 7a>+t+50<+7y +a7)
t

5(1+1) (y—1+t

B(y—1)>

= Up(1—0,y+1—-146,1,0)+

Uy(1,0,1,0
t+§ +0(7a7))7

t+6 1+4+1¢
which upon taking ¢ — oo gives
By—1)>Up(l=6,y—1-46,1,0)+ 6(1 + B(0)). (7.145)
Combining this estimate with the following consequence of 2°:
Uo(1 -0,y —1—-10,1,0) > Ay —20) + (1 —§)B(y — 1 — 20)
gives

B(y—1) > 6A(y — 20) + (1 — 6)B(y — 1 — 28) + 6(1 + B(0)). (7.146)
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Now multiply (7.144) throughout by 1+ ¢ and add it to (7.146) to obtain
Aly —28) = By — 1 —28) > (1 - 8)(A(y) — B(y — 1)) + 3(1 + B(0)),
which, by induction, leads to the estimate
A(—2nd) — B(—2né — 1) —1—B(0) > (1 — §)"(A(0) — B(—1) — 1 — B(0)),

valid for any nonnegative integer n. Fix y < 0, § = —y/(2n) and let n — oo to
obtain

A(y)—B(y—1)—1—B(0) > e¥/?(A(0)— B(—1)—1—B(0)) > —B(0)e¥/?, (7.147)

where the last estimate follows from (7.143).
Now we come back to (7.146) and write it in the equivalent form

By—1)—B(y—1-2§) > §(A(y — 20) — B(y — 1 — 26)) + 6(1 + B(0)).
y (7.147), we get
By —1) = B(y — 1 —28) > 6(—e¥/2B(0) + 2 + 2B(0)).

This gives, by induction,
B(—1) = B(—2nd — 1) = > [B(—2kd — 1) — B(—2k6 — 1 — 20)]
k=0
1—e M0

> n3(2+2B(0)) - 0B(0) T — -

Now fix y < 0, take 6 = —y/(2n) and let n — oo to obtain
B(—1) — B(y — 1) > —y(1 + B(0)) — B(0)(1 — e¥/?). (7.148)
Now, by (7.142) and (7.143),

1 1 2 1

B(-1) = -B B(-1)< -A SB(-1) 4+ =

(~1)= 5 B(-1)+ 2B(-1) < 2 A(0) + 2B(-1) + 5

Furthermore, by the definition of B we have B(y — 1) > —
estimates into (7.148) yields

B> —y(1+ B(0)) — B(0)(1 —e¥/?)+1— =B(0).

This implies that 1 + B(0) < 0, otherwise we would obtain 5 = oo (note that
y < 0 is arbitrary). Take y € (—o0, 0] satisfying

2
v2 -~ 49,
e B(0)+



7.7. Bounds for one-sided maximal functions 353

We get

8> —2(1+ B(0)) log (2 + %) 434 %B(O)

and the right-hand side, as a function of B(0) € (—oo, —1], attains its minimum
Bo at B(0) = —3a (where a is given by (7.133)). Hence 8 > fy and the proof is
complete. O

Sharpness of (7.131) for nonnegative martingales. Suppose that for any nonneg-
ative martingale f and its 1 transform g we have

g™ llx < Bl h

and let Uy be the corresponding special function coming from Theorem 7.2. From
its definition it follows that

Ui (tz, ty, tz, tw) = tUS (2,9, z,w) for t > 0, (7.149)

and
Uf (v, y, 2,w) = U (z,y +t,z,w+1t) —t fort>—w.
Furthermore,
the function U; (1, -, 1,0) is nondecreasing. (7.150)

It will be convenient to work with the functions
2
A =05 (3::1.0) . B) = U (1, 1.0), C(o) = U 2.0,1,0)

As previously, we divide the proof into a few intermediate steps.

Step 1. First let us note that the arguments leading to the estimate (7.141)
are valid for these functions and hence so is (7.141) itself. For a fixed positive
integer n, let us write (7.141) for 6 = 1/(6n), © = % +2ké, k=1,2,...,n and
sum all these inequalities to obtain

2 1 1 1 1
C(1)+2B0)=C (=) =2B (=2 ] > =(1+B0) - — > ——
W +280-(3) 28 (~5) 2 50+ 50) ~ gz 3 e
Now let n — oo and use C(1) = B(0) to get
3B(0) > C (g) +2B (é) 4 §(1 + B(0)). (7.151)

Step 2. We will show that

2\ _ 2 1\ 4 8
C <§> > 3B (—§> +t5-3 (7.152)
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To this end, note that, using (7.64) twice, for 6 < 1/3,
2 30 1 1 2
Cl=)|>——B|—-= ——0+C (==
(5) =28 (a) rm e (9)]
34 1 1 34 2—30 2
> B(—- o0+ —(— 1) = .
>t (3) ram e s g e (3)])
This is equivalent to
2 2 1 2 3 B
- | >=B|(-= —(2—-=0)—=
°(5)z57(-5)+5 (-30) -3
and it suffices to let § — 0.

Step 3. Using the property (7.64), we get, for y < —1/3 (see (7.145) and the
arguments leading to it),

B(y) > Ui (1 -6,y —§,1,0) + 6(1 + B(0)).

Furthermore, again by (7.64),

1
Ud(1 =6,y —6,1,0)> (1 —38)B(y — 20) + 36A <y—|— 3 —25)

and hence
B(y) > (1 —38)B(y — 20) + 36 A (y + é — 25) +6(1 + B(0)). (7.153)
Moreover,
A<y+%25) > 2i535U0+ (0,;,%25,1,0) (7.154)
+ 2+35U0+ (; + 0,y + é —5,1,0>
25 1535(—@ +3 f% [353@) +(1-35)A (y + %)] )

Step 4. Now we will combine (7.153) and (7.154) and use them several times.
Multiply (7.154) by v > 0 (to be specified later) and add it to (7.153). We obtain

oo (- 540 4 -])
zB(y—zé).(1—3a)—A(y+%_25>.(7_35)+5(1+B(0)_23f§5>

ZB(y—Q(S).(l—Sé)—A(y+%_25>.(7_35)4_5(14_3(0)_3!%).
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Now the choice v = (5 — /9 — 240) /4 allows to write the inequality above in the
form

F(y) > QsF(y — 20) + 6 <1 + B(0) — 3’%) : (7.155)
where
B 675 1\ (2-66)y
F(y) = B(y) - <12—|—36> A(y+§> o135
and

- 66 -t
Qs = (1 — 30) (1 2+35) .

The inequality (7.155), by induction, leads to

F(-1/3) > QyF(-1/3+2nd) +6 (1 + B(0) — 3&) Q5 —1

2 Qs —1

Now fix Y < —1/3, take 6 = (Y +1/3)/(2n) and let n — oo. Then

1 n 3 1
tAndet Q5 %exp(z (Y+§>)
and we arrive at

B <%) - %A(O) > exp G <Y+ %)) (B(Y) - %A <Y+ %))
+§ <1+B(O) - %) {exp (Z(Y+ %)) - 1} .

Now we have B(Y) > —f and A(Y + 3) < A(0). Hence, letting Y — —oo yields

F(=1/3) > % <1 + B(0) - %) . (7.156)

Now combine (7.151), (7.152) and (7.156) to obtain 5 > 14/9. The proof is com-
plete. O

On the search of the suitable majorant. We shall focus on the inequality (7.130).
The reader is encouraged to compare the argumentation below with the corre-
sponding search for the inequality (7.29); there are many similarities.

Suppose that the best constant in this estimate equals 3 and let

Viz,y,z,w) = (yVw) = B(lz| V 2).
First, write the formula for the corresponding function U°:

U° (2, y, 2,w) = sup{E(gn V w) — BE( ful* V 2)},
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where the supremum is taken over all n and all (f,g) € M(z,y). This function
satisfies (7.139) and (7.140), which implies that it is enough to find U(,-,1,0) :
[—1,1] X (—00,0] — R. Furthermore, by symmetry, it suffices to construct this
function on [0, 1] X (—o0, 0]. First, note that the set J = {(z,y) € [0,1] x (—o0,0] :
U%w,y,1,0) = V(z,y,1,0)} is contained in {1} x (—o0,0]. Indeed, if z € (0,1)
and y < 0, then there is a pair (f,g) € M(z,y) such that ||f|lcc < 1 and g* > 0
with non-zero probability. Consequently,

U°(2,9,1,0) > EV(f, goo, 1,0) > =8 = V(z,y,1,0).

After some experimentation, we are led to the assumption
(A1)  J={1} x (—o0,] for some v < —1.

In particular, this gives U(1,y,1,0) = —f for y < ~ (as usual, we have passed
from U° to U). Next, we impose the regularity assumption

(A2) U(-,-,1,0) is of class C* on (—1,1) x (—00,0); the functions U(1,-,1,0)
and U(-,0,1,0) are of class C! on (—o0,0) and (-1, 1), respectively.

To handle U(1,y,1,0) for y € (v,0), we make the following conjecture, based on
(7.145).

(A3) U,(1—,9,1,0)+Uy(1,y,1,0) =1+ U(1,0,1,0) for y < 0.

The next condition concerns the behavior of U(+, -, 1,0) in the interior of (—1,1) x

(—00,0).

(A4)  When restricted to [0, 1] x (—o0, 0], the function U(-,-,1,0) is linear along
the line segments of slope —1.

Now we proceed in the same manner as in the search corresponding to (7.29). Let
A=U(0,-1,0), B=U(1,-,1,0) and C = U(-,0,1,0). The assumption (A2) and
the symmetry of U with respect to the first coordinate imply U,(0,y,1,0) = 0 for
y < 0, which, by (A4), yields the differential equation

A'(y) = Aly) — By — 1) for y < 0. (7.157)
If y < v+ 1, then (Al) gives B(y — 1) = — and we get that
Aly) = cre? = B,
for some constant ¢;. Next, if y € (v, —1), then (A3) and (A4) imply
2B'(y) = Aly +1) = B(y) + 1+ B(0),
which, combined with (7.157), gives
2B(y) = A(y + 1)+ (1 + B(0))y + ¢z

for some co. Plugging this into (7.157) and solving the obtained differential equa-
tion yields that

Aly) =2+ 1+ BO)(y+1) +eze?®  fory € (v+1,0),
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where cg is another constant. Next we deal with B on (—1,0). Using (A3) and

(A4), we get

B(y) - C(y+1)
Y

Next, for any x € (0,1) and sufficiently small § > 0 we have, by (7.140) and 2°,

2B/ (y) = +1+ B(0). (7.158)

U(z,0,1,0) > = [U(x — 6,6,1,0) + U(z + §,—6,1,0)]

N = DN =

[U(x —46,0,1,6) + Uz +,-6,1,0)].

If we subtract U(z,0,1,0) from both sides, divide throughout by ¢ and let § — 0,
we are led to the following assumption

(A5)  Uy(z,0,1,0) =1 for z € (0,1).
This equality, together with (A4), implies

B(z—1)—C(x)
1—2x

C'(z) = +1  forxe]0,1).

Combining this with (7.158) yields 2B'(y) = —C'(y + 1) + 2 + B(0), or 2B(y) =
—C(y+ 1)+ (24 B(0))y + c4; plugging this into (7.158) again and solving the
obtained differential equation, we get

Bly) = %4 +y+es(—y)?2
The final observation is that the symmetry condition, together with (A2), gives
C’(0) = 0. Now, setting y = 0 in the equality above, we get ¢4 = 3B(0); in
addition, the equations B(—1—) = B(—14), B'(1-) = B'(1+), B(y—) = B(v+),
B'(y=) = B(y+) give further connections between ca, cs3, c5, v, 8 and B(0).
Solving the obtained complicated system of equations, one gets

B(0) 4 B(0)
2(1+ B(0)) §1+B(0)) '

5= (1+B(0) <g +2log

The right-hand side, as a function of B(0) € (—o0, —1), attains its maximum Sy
for B(0) = —3a, with a defined by (7.133). This gives rise to the final assumption
(A6) B(0) = —3a,

from which all the remaining parameters (¢, c2 and so on) can be easily derived.
The obtained function U(-, -, 1,0) coincides with the function u above. O

7.7.3 Proof of Theorem 7.16

Proof of (7.132). As before, we shall only present the formula for the special func-
tion. We introduce V : [0,00) X R x [0,00) x R — R by setting V(x,y,z,w) =
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(y Vw) —3(z V z) and define w : [0,1] x (—o0,0] = R by

(2.9) 2 —zlog(z —y) — 3 if z—y<1,
u(z,y) =
Y 2zexp [2(—x+y+1)] =3 if z—y>1,

with the convention 0log0 = 0. The function U : [0,00) x R x (0,00) x R — R is
given by

U(x,y,z,w)z(wa)—i—(x\/z)u( y_(va)>.

xVz  xVz

It suffices to verify the conditions 1°-4°, which is done in a similar manner as
above. The interested reader is referred to the original paper [154] for details. O

Sharpness. See the proof of the optimality of the constant 3 in (7.126). In fact the
argumentation presented there can be repeated, we only need to replace (7.127)
by the equality

Uo(1, w1, L,wy) = Up(1, w2, 1, w2) + w1 — wa.
This guarantees that the corresponding function F' has linear growth and com-

pletes the proof. O

7.8 LP bounds for one-sided maximal function

7.8.1 Formulation of the result

For any p € (1, 00], let

2 71 171/?
p(p 1) if 1<p<2,
-
C — 2 1-1/p
P op/(p—1) _ L/ S1/ (1) =2 if 2 <p< oo,
p—1/;
14+e ! if p=o0.

We shall establish the following fact.

Theorem 7.17. Suppose that X, Y are real-valued martingales such that'Y is dif-
ferentially subordinate to X. If 1 < p < oo, then

Y7l < Gl X]lp (7.159)

and the constant C, is the best possible. It is already the best possible in the
discrete-time setting and when Y is assumed to be a £1-transform of X.
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The second result of this section can be stated as follows.

Theorem 7.18. Suppose that X is a nonnegative submartingale and let Y be a
real-valued process which is 1-subordinate to X . Then

1Y*[l, <20+ D)V7||X]|oe;  1<p <o, (7.160)

and the inequality is sharp. It is already the best possible in the discrete-time
setting, even when 'Y is a +£1-transform of X.

We shall only present the proof of these results in the discrete-time case for
+1-transforms.

7.8.2 Proof of Theorem 7.17 for 1 < p < 2
Proof of (7.159). First we define the function , : [0, 00) — (—o0, 0] by

Yp(t) = —exp(ptP~1) /too exp(—psP~1)ds. (7.161)

%@AMWp{p@nA%+mp%ﬁd&

the function +, is nonincreasing on [0, o). Let G}, : (—00,7v,(0)] — [0, 00) denote
the inverse to the function ¢t — 7, (t)—t, t > 0. We will need the following estimate.

Lemma 7.20. G,G + (p — 2)(G})* < 0.

Since

Proof. The inequality to be proved is equivalent to (G,/G})" > p—1. Since 7, (t) =
p(p — 1)tP~27,(t) + 1, we obtain

Gy(2) = (1p(Gp()) = 1)7" = [p(p = NG (2)(z + Gp(2))] ™

and
G (r) = 1 (Gp(x)) _
G p(p— 1)G572(x)'7p(Gp(x))
Therefore
N D A0 A o)
(G13) =616 @+ Gyla) =p=1+ e > o,
because Gp(x) > 0 and 7,(Gp(x)) < 0, 7, (Gp(z)) < 0. O

Let D = {(z,y,w) € R®:y <w}andlet V : D — R be given by V (z,y,w) =
(y Vw) — |z|” + 7,(0). We are ready to introduce the special function. Set

Dy ={(z,y,w) € D :y—w— x| >,(0)},

Dy ={(z,y,w) € D :y—w—|z| <7(0) and |z| > Gp(y —w — |z|)},

D(] = D AN (Dl U DQ)
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Let U, : D — R be given by

—w)?—a? »(0)
e T on Dy,
w + v, (0
Up<x?va) = ’YP( ) p p—1
+(p—1)Gply —w — [z])P — plz|Gp(y — w — |=[) on Dy,
w — |z? + 7,(0) on Dy.

We will now verify that U, satisfies 1°~4° and thus establishes (7.159). To
do this, it suffices to show the following facts.

Lemma 7.21.

(i) The function U, is of class C* in the interior of D.
(ii) For anye € {—1,1} and (z,y,w) € D, the function F = Fy 4 . : (—o0,w —
y] = R given by F(t) = Up(z + et,y + t,w) is concave.
(iii) For anye € {—1,1} and x, y, h € R,

Up(z +et,y+t,(y+t) Vy) < Up(z,y,y) + eUpe(z,y,9)t +. (7.162)

(iv) We have
Up(z,y,w) > Vy(2,y,w)  for (z,y,w) € D. (7.163)

(v) We have
Up(z,y,w) <0 when y < w < |x|. (7.164)

Proof. (i) This is straightforward: U, is of class C! in the interior of Dy, D; and
D>, so the claim reduces to a tedious verification that the partial derivatives Uy,
Upy and Uy, match at the common boundaries of Dy, Dy and Ds.

(ii) In view of (i), it suffices to show that F”(¢) < 0 for those ¢, for which
the second derivative exists. By virtue of the translation property Fr ;o (u) =
F. ptesy+s,w(u — s), valid for all  and s, it suffices to check that F”(¢) < 0 for
t = 0. Furthermore, since Uz (0, y, w) = 0 and Up(z,y, w) = Up(—2,y, w), we may
restrict ourselves to > 0.

If € = 1, then we easily verify that F"/(0) = 0 if (z,y,w) lies in the interior
(D1 U D3)° of D1 U Dy and F”(0) = —p(p — 1)2P~2 < 0 if (z,y,w) € D§. Thus it
remains to check the case e = —1. We start from the observation that F”(0) =0
if (x,y,w) belongs to DY. If (x,y,w) € D3, then

F"(0) = 4p(p — 1)GE 3 [G G (Gy 4+ 1) + (Gp — 2)((p — 2)(G,)? + GoGy)],

where all the functions on the right are evaluated at o = y — w — x. Since y < w,
we have r < —x( and, in view of Lemma 7.20,

F"(0) < 4p(p — 1)Gp ™ (w0)[Gp (w0) G, (w0) (G (o) + 1)

+ (Gp(20) + 20)((p — 2)(G(20))* + Gyp(20) Gy (w0))] (7.165)
= 0.
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Here in the latter passage we have used the equality

, o = @G @G (@) +1)
Gr(@)Gy () + (0 = D(Cy@))* = ===

which can be easily extracted from the proof of Lemma 7.20. Thus we are done
with D3. Finally, if (z,y,w) belongs to D, then F”(0) = —p(p — 1)zP~2 < 0.

(i) We may assume that = > 0, due to the symmetry of the function U,.
Note that Up,y(z,y—,y) = 1; therefore, if ¢ < 0, then the estimate follows from
the concavity of U, along the lines of slope £1, established in the previous part.
Ift > 0, then

Up(z+et,y+t,(y+t)Vy) =Up(z,y+t,y+t) =y+t+ Up(xr +¢t,0,0),

i

and hence we will be done if we show that the function s — U,(s,0,0) is concave
on [0, 00). However, its second derivative equals 1/7,(0) < 0 for s < ~,(0) and

p(p— 1)Gg_3(—8)[(Gp(—S) -9)((p— 2)(G;(—s))2 + Gp(_s>p_2GZ<—S))
+ Gp(=9)Gp(=5)(Gy(=5) +2)]
= p(p = 1)Gp(=5)"G(=5) <0

for s > ~,(0). Here we have used the equality from (7.165), with zo = —s.

(iv) Again, it suffices to deal only with nonnegative z. On the set Dy both
sides of (7.163) are equal. To prove the majorization on Dy, let ®(s) = ,(0) — s?
for s > 0. Observe that

Up(@,y,w) = w+ @(Gp(y —w —x)) + ' (Gply —w —2))(x = Gply —w — x)),

which, by the concavity of @, is not smaller than w + ®(z). Finally, the estimate
for (x,y,w) € Dy is a consequence of the fact that

W(0) = (y — w)
Upy<$?y ,’U)) ’Yp(o) > Oa
0
Up(xa Y, w) - Vp(xv Y, w) > Up(xv Yo, w) - ‘/p(ma Yo, w) > 0.
Here (z,y0,w) € 0Dy and the latter bound follows from the majorization on Do,
which we have just established.

(v) It suffices to establish the bound for y = w. We have
Up(2,y,y) = Up(l],0,0) +y < Up(|z], 0,0) + [x].

As shown in the proof of (iii), s — Up(s,0,0), s > 0, is concave, hence so is the
function s — Up(s,0,0) + s, s > 0. It suffices to note that its derivative vanishes
at —,(0), so the value at this point (which is equal to 0), is the supremum we are
searching for. O

Sharpness. As we have already seen (cf. (7.25)), the constant C), is already optimal
in the inequality ||f*|]1 < Cpl|f]lp. In other words, the estimate (7.159) is sharp,
evenif X =Y. 0
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7.8.3 The proof of Theorem 7.17 for p > 2

Proof of (7.159). Here the argumentation is similar, so we will be brief. Suppose
that p is finite and let ~, : [0, 00) = (—00,0) be given by

t
o (t) = exp(—pt" 1) {— / exp(psP~1)ds — p~ 1/ P~V
p—1/(p=1)
t
=—t+p(p- 1)eXP(*Pt’)—1)/ s~ exp(ps”™")ds
p=1/(p—1)

if t > p~ /(=1 and

lt) = (p = 2)(t —p~ /D) —p Y

if ¢ € [0,p~Y/(P=Y]. Tt is easy to check that 7, is of class C' and nondecreasing.
This implies that the function ¢ ~ ~,(t) + ¢, t > p~ /=Y is invertible: let G,
denote its inverse. We have the following version of Lemma 7.20.

Lemma 7.22. G,GY + (p — 2)(G})* > 0.
Define

2
_ =1 -1 _ _P 1/(p=1) s—2
M, = pryey 2 1), s e’~%ds (7.166)

and let V : D — R be given by
V(z,y,w) = (y Vw) — |z|° + M,.
Introduce Hy : R? — R by
Hy(z,y) = (p = 1) P(=(p = | + [y)) (|| + [y~
and let
Dy ={(z,y,w) €D :y—w=y(x), z+y—w=<0},

Dy ={(z,y,w) € D:y—w>y(x), r+y—w>0},
D():D\<D1UD2).

The special function U, : D — R is defined by

w+ Hy(z,y —w+ (p— 1)p~/®=D) — M, on Dy,
w— M

U,(xz,y,w) = P

OB =0 1G4y — wp — plelGyllel +y — wpt on Dy,
w— |zP — M, on Dy.

Here is the analogue of Lemma 7.21: it implies that U, satisfies the conditions
1°—4°. We omit the proof.
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Lemma 7.23.

(i) The function U, is of class C*.
(ii) For any € € {—1,1} and (x,y,2) € A, the function F = F, 5, . : (—00,2 —
yl = R, given by F(t) = Up(x +¢et,y +t,2), is concave.
(iii) For anye € {—1,1} and x, y, h € R,

Up(x+et,y+t,(y+t)Vy) <Up(z,y,y) +eUpe(z,y,y)t +t.  (7.167)

(iv) We have

Up(z,y,2) > Vy(z,y,2) for (z,y,2) € A (7.168)
(v) We have
sup Up(z,y,y) =0, (7.169)
where the supremum is taken over all x, y satisfying |z| = |y|.

Sharpness, 2 < p < co. The proofis based on “mixture” of examples and Theorem
7.2. We have, by Young’s inequality,

el fllp < FII5+p 07D (p = 1)/ P71,
so if (7.159) held with some ¢ < Cp, then we would have

g™l <A +C (7.170)

for some C' < p~P/(P=1(p — 1)05/(”71) = M. Therefore it suffices to show that
the smallest C, for which (7.170) is valid, equals M,,.

Suppose then, that (7.170) holds with some universal C, and let us use The-
orem 7.2, with V =V, given by V,(z,y,2) = (y V 2) — |z[P — C. As a result, we
obtain a function Uy satisfying 1°, 2°, 3° and 4°. Observe that for any (x,y, z) € D
and t € R,

Uo(z,y,2) =t + Up(z,y — t, z — t). (7.171)
This is a consequence of the fact that the function V), also has this property, and

the very definition of Up.
Now it is convenient to split the proof into a few intermediate steps.

Step 1. First we will show that for any y,
Uo(0,9,9) >y + (p— L)p /"~ = U,(0,9,y). (7.172)

In view of (7.171), it suffices to prove this for y = 0. Let d = p~ /=Y and § > 0.
Applying 1°' to e = —1, 2 = y = z = 0 and a mean-zero T taking the values &
and —d, we obtain

d 1
ix 6U0(—6, 0,0) + ——=Us(d, —d,0).

>
Uy(0,0,0) > 10
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By (7.171), Up(—6,6,0) = §4+Uy(—4, 0, 0). Furthermore, by 2°, Uy(d, —d,0) > —dP,
so the above estimate yields

d 5
U, > Up(— — —|dJP. .
0(0,0,0) > Z7<(8 4 Un(~0,0.0)) = —=—=]d] (7.173)

Similarly, one uses the property 1°’ and then 2°, and gets

d
— > [ —d — —
Uo(=8.0,0) > —=—<U0(0.6.6) + -~ —Up(~d — 8, ~d,0)
d
> - p,
_d+5<6+U0(0’0’0>> d+§(d+6)

Combining this with (7.173), subtracting Uy (0, 0, 0) from both sides of the obtained
estimate, dividing throughout by § and letting 6 — 0 leads to Up(0,0,0) > d—dP =
U,(0,0,0), which is what we need.

In consequence, by the definition of Uy, for any y € R and x > 0 there is a
pair (f™Y, g"¥) € M(0,y) satisfying

Up(0,9,y) < Vo(fZ¥, 957, (957)7) + k- (7.174)

Step 2. Let N be a positive integer and let § = tg/N, where
2
to :p—1/<p—1>/ $1/ (1) 5245
1

satisfies tg + Up(£o,0,0) = 0. We will need the following auxiliary fact.

Lemma 7.24. There is a universal R such that the following holds. If x € [, o],
y € R and T is a centered random variable taking values in [v,(Gp(2)), 8], then

Proof. We start from the observation that for any fixed z € [§,to] and y € R, if
t € [=(Gp(2)), 0],

Up(z =ty +t,y) = Up(z,y,y) — Upa(@, 9y, y)t + 1.
For t € (0,0], by the concavity of s — U,(s,0,0),

Up(x —t,y+t,y+1t) =y +t+Uy(x —t,0,0)
> y+t+ Uy(2,0,0) — Upy(z,0,0)t — RG*
=Up(z,y,y) — Upa(z,y,y)t +t — RS>

Here, for example, one may take R = —inf,¢[o,4y] Upzz (7, 0,0), which is finite. The
inequality (7.175) follows immediately from the two above estimates. O
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Now consider a martingale f = ( fn)f;le, starting from ¢y, which satisfies the
following condition: if 0 < n < N —1, then on the set {f,, =t —nd}, the difference
dfn41 takes the values — and —v,(Gp(fn(w))); on the complement of this set,
dfpn+1 = 0. Let g be a £1 transform of f, given by g9 = fo and dg, = —df,,
n=1,2,..., N. The key fact about the pair (f,g) is that

EUP(fnvgnvg:;,) g EUp(fn+17gn+1ag;+1)+R§27 n= 07 17 27 ceey Nf]- (7176)

This is an immediate consequence of Lemma 7.24 (applied conditionally with
respect to Fy,) and the fact that Uy (fn, gn,95) # Up(fat1, 9nt1,951) if and only
if f,=t—mnd,or g, =t+nd=g:.

Another property of the pair (f, g) is that if fy # 0, then Uy(fn,gn,9xn) =
Vo(fn,gn,gx)- Indeed, fy # O implies df, > 0 for some n > 1 and then, by
construction,

IN — 9N = G5, — Gn = —dgn = dfn, = p(fn) = 1 (fN).
Thus we may write

M, = Up(to, to, to)
= EV,(f5, 95, 98 )1 20} + Up(0, 2t0, 2t0)P(fx = 0) + RN,

since gy = g = 2tp on the set {fy = 0}.

Step 3. Now let us extend the pair (f,g) as follows. Fix k > 0 and put
In = fny1 = fny2 = and gy = gNy1 = gn42 = --- on {fn # 0}, while on
{f~n = 0}, let the conditional distribution of (f,, gn)n>n with respect to { fx = 0}
be that of the pair (f*2%, g®2%) obtained at the end of Step 1. The resulting
process (f, g) consists of simple martingales and, by (7.174) and (7.177),

M, <EVp(fo, goo» 9i) + RNS? + kP(fn = 0).

Now it suffices to note that choosing N sufficiently large and x sufficiently small,
we can make the expression RN6%+ xkP(fn = 0) arbitrarily small. This shows that
M), is indeed the smallest C' which is allowed in (7.170). O

Sharpness, p = co. We may assume that ||f||cc = 1. The proof will be based on
a version of Theorem 7.2. Namely, let let Uy : {(z,y,2) : |z|] <1,y <z} - R be
given by

U()(IE, Y, Z) = E(gZo \ Z)v

where the supremum is taken over the class of all pairs (f,g) € M(x,y) such
that ||f]lcc < 1. Then Uy satisfies the appropriate modifications of conditions 1°,
2° and 4°. Furthermore, note that the function Uy satisfies (7.171) (with obvious
restriction to = lying in [—1, 1]).
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Now we shall exploit the properties of this function. First we will show that
Uy(0,0,0) > 1. (7.178)
To prove this, take § € (0,1) and use 2° to obtain

1 0
> - - .
U()(0,0,0) > +5Uo<5, (5,5) + 1+5U0< 1, 1,0)
We have Up(—1,—1,0) > 0 by 1°, and Uy(6,6,0) = §+U(4,0,0) by (7.171). Thus,
5 + Uo(6,0,0)
> Nl

Similarly, using 2° and then 1°,
U(6,0,0) > (1 —6)U(0,8,8) + 6Up(1,6 — 1,0) > (1 — 6)[6 + Uo(0,0,0)].

Plug this into (7.179), subtract Up(0,0,0) from both sides, divide throughout by
0 and let 6 — 0 to get (7.178).

Next, fix a positive integer N and set 6 = (1 — e"!)/N. For any k =
, 2, ..., N, we have, by 1°, 2° and (7.171),

) 1—ko

1

k9, ———Up(1,k6 — 1 _ k—1)4,6,0
U( 00)_1—]66 6U0(7 70)+1_k6+6U0(( )77)
ko
> - _
> P[5+ Uo((k— 1,0,0)]
or, equivalently,
Uo(k4,0,0) S Uo((k —1)6,0,0) 1)
1-k = 1-(k—1)0  1-(k—10
By induction, it follows that
_ Ug(N$,0,0) _ al
N 1 _ 0 s Uy
eUg(1 = 74,0,0) = =2 > Uo(0,0,0) +;1
Letting N — oo and using (7.178), we arrive at
1—e
er(lfe’1,0,0)21+/ de =2,
0 1—-2z

and hence, by (7.171),
U(l—etl—etl-e)=1—-e'+Uy(1-e10,00>1+e !
This yields the optimality of C's,, by the very definition of Up. O

On the search of the suitable majorant. The search is based on exploiting the
properties of the function

UO(I‘,y, Z) = sup{E((g; \ Z) - ‘fn|p)}

The reasoning is similar to the ones presented previously; we omit the details. [
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7.8.4 Proof of Theorem 7.18
We may and do assume that || f||c < 1.

Proof of (7.160) for p=1. Let U be the special function introduced in the proof
of Theorem 7.16. Let W7 : [0,1] x R x R — R be given by the formula

Wiz, y,w) =U(1l —z,y,1,w) + 3.
It can be verified that W; has the following properties:

if e € {—1,1} and y, w € R, then the function

t— Wi(t,y +et,w), t € [0, 1], is concave and nonincreasing; (7.180)

Wi (z,y,w) >y Vuw. (7.181)

Property (7.180) implies that the process (W1 (fn, gn, g))n>0 is a supermartingale.
Combining this with (7.181) and (7.180) again gives

Eg; S EWl(fnagnvg:;) g EWl(f()?gO?gS) g ]EWl(0,0,0) = 27

which is the desired bound. O

Proof of (7.160) for p > 1. This time the special function W, : [0,1] x RxR — R
is given by

Wy(z,y,w) = p(p — 1)/ a?*Wy(x,y — a, (w — a) V 0)da.
0
By (7.180), for any ¢ € {—1,1} and y,w € R and any a > 0, the function

t— Wi(t,y —a+et, (w—a)VO0)

is concave and nonincreasing. This implies that ¢ — W,(¢, y + ¢, w) has the analo-
gous property, and consequently the process (W, (fn, gn, g.))n>0 is a supermartin-
gale. On the other hand, by (7.181), we have

W, (2, y,w) 2p<p1>/oooap2 [(y— )V (w—a) V0] da

yVw
—pp-1) [ (V) - ada= (v ).
0
Therefore,
E(.g:;,)p S ]EWP(fn,gn,g:;) S EW[)(an 4o, g;) S Wp(oa Oa 0)

=p(p— 1)/ ap72W1(0, —a,0)da = 2T (p+ 1),
0

which is the claim. O
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Sharpness. Fix § € (0,1) and consider the following example. Let &1, &, ... be a
sequence of independent mean zero random variables which take values in the set
{=6,1—0}. Let S = (Sn)n>0 be given as follows. Set Sy = 0 and, for n > 1,

Son—1 =& +&+ -+ &1 + 1,
SZ7L:€1+£2+"'+£YL+TL6-

It is very easy to check that S is a nonnegative submartingale. Introduce the
stopping time 7 = inf{n : S, = 1} and let f,, = S;an, n =0, 1, 2, .... By Doob’s
optional sampling theorem, f is also a nonnegative submartingale. Furthermore, it
can be easily verified that f is bounded by 1. Let g,, be given by dg,, = (—1)""1df,,,
n = 0,1, 2,.... Directly from the definition, we see that g has the following
behavior: it starts from 0 and then increases in § at each step, until it finally
drops, at time 7, from (7 — 1) to 76 — 1, and stays there forever. Consequently,

P(g* = (n —1)8) = P(r =n) = (1 — §)"/*7 14, n=24,6,...

and hence

i 2k — 1)3]P (1 — 8)*1o.

k=1

It is not difficult to show that the right-hand side converges to 2°T'(p+1) as § — 0.
This shows that the inequality (7.160) is sharp. O

7.9 Burkholder’s method for continuous-path
semimartingales

Another very interesting problem is to study the above estimates for continuous-
path semimartingales. It turns out that, in contrast with the non-maximal setting,
the passage from the general to the continuous-path case results in a decrease of the
values of optimal constants. This raises the question of how to refine Burkholder’s
method so that one can exploit the additional regularity of trajectories, and we
will address it now.
Let H be a separable Hilbert space (we may and do assume that it is equal
to l3), set D = H x H x [0,00) x [0,00) and fix a Borel function V : D — R
satisfying (7.1), which is bounded on bounded sets. Suppose we are interested in
the inequality
EV (X, Ya, | Xe |, |[Y2|") <O, (7.182)

to be valid for all ¢ > 0 and the class of all pairs (X,Y") of continuous and bounded
‘H-valued martingales such that Y is differentially subordinate to X. Suppose that
U:D — Ris of class C? and satisfies the following conditions.
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1° U >V on D.
2° There is a function M : D — [0,00), bounded on any set of the form
{(z,y,z,w) : |z|,ly| < L,1/L < z,w < L} for some L > 0, such that for
any (z,y,z,w) € D and h, k € H,
(Uga(z,y, z,w)h, ) + 2(Ugy(x, ¥, 2, w)h, k) + (Uyy(z, ¥, 2, w)k, k)
S M<$?yazaw)<‘k|2 - ‘h|2)

3° For any (x,y,z,w) € D such that w = |y| < |z| < z

U(z,y,z,w) <0
4° For any  # 0 and |y| < w we have U,(z,y,|z|,w) < 0. For any y # 0 and
2| <z, Un(®,y,2,]y|) <0.

Theorem 7.19. If U satisfies 1°-4°, then (7.182) holds for all bounded H-valued
continuous-path martingales X, Y such that'Y is differentially subordinate to X .

Proof. 1t suffices to show that
EU (X, Yy, | Xe|", |Ye]*) <0 (7.183)

for any t. Furthermore, since X, Y are bounded and U is continuous, we may
assume that

P(|X¢|, |Yi| belong to (5,6~ 1) for all t > 0) = 1,
where § > 0 is a fixed small number: simply replace X, Y by (4, X), (4,Y) if
necessary. Let

M = sup{M(x,y,Z,w) : ‘.’E‘, ‘y| € (6?6_1)} <00

and, as usual, denote the ith and jth coordinate of X and Y by X and Y7,
respectively.

For a fixed t > 0 and & > 0, there is D = D(e) > 1 such that if d > D, then

EY [XF XM, =E) X[ <. (7.184)
k>d k>d

For 0 < s <t let

X =(x!x2...,x%0,0,...),

v =l v2 ..., v%00,..)
and

7 = (x| XD [y D).
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Since X (@, V(@ take values in a finite-dimensional subspace of H, Itd’s formula
is applicable. Thus, using 3°, we obtain

UZY =U(ZS 4+ L+ L+ B <L+ I + I, (7.185)
with

t
/ U (Z\P)dX (D + / U, (zD)ay @,
0 0

t t
- / U.(ZD)d x| + / U, (Z(0)aly @],
0 0

t
S(ZD) XD, x @], +2/ Usy(ZEd[X @, y (@),
0 0

+ / Uyy(Z\)d]y @y (D]
0

The random variable I; has null expectation. The term I5 is nonpositive: by 4°, we
have UZ(Zéd)*) <O0on {s: x@ = x
dXs (D" The second integral is dealt with likewise and it remains to handle I5. Let
0<sg<sy <t For any 7 >0,let (77z )1<Z<ZJ be a sequence of nondecreasing finite

}, and this set is precisely the support of

stopping times with 7} = s, 77Z = s1, such that hmjHOO maxi<i<i;—1 |T71+1 ; \ =
0. Keeping j fixed, we apply, for each i = 0,1,2,...,1,;, the property 2° to
d d d)|* d)|*
e=X{, y=Y, =X w=Y
and

h=hl=X9 -X9 k=k =Y -y

N1 N1 m
Summing the obtained 7; 4 1 inequalities and letting j — oo yields

ii[ e (ZEOVX D)™ (XDY 2 420, (28X D), (v D))

m=1n=1
Uy (ZE VD), (Y O)2]

0

< T3 (0% ()5 = (X (X))

If we approximate I3 by discrete sums, we see that the inequality above leads to

d
I <MY (YD) (YD) = (XD, (X D)H5)
k=1
7MZ ([Ykayk]f) - [XkﬂXk]f))ﬂ
k>d

where the last passage is due to the differential subordination.
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Now take the expectation of both sides of (7.185) and use (7.184) to ob-
tain EU(Z{") < Me. Then let d — oo to get EU(Xy, Yy, |X,|*, [Vi|*) < Me, by
Lebesgue’s dominated convergence theorem. Since ¢ was chosen arbitrarily, (7.183)
follows. ]

When the dominating process is a sub- or supermartingale, the statement is
similar. We shall formulate the conditions 1°-4° when X is assumed to be a sub-
martingale, the passage to —X yields corresponding versions for supermartingales.
So, suppose we want to prove (7.182) for all submartingales X and all H-valued
processes Y that are a-subordinate to X. Let D = R x H x [0,00) X [0, 00). Then
we search for functions U : D — R that enjoy the following properties:

1° U >V on D.
2° We have Uy(z,y, 2z, w) + a|Uy(z,y, z,w)| < 0 provided |z| < z and |y| < w.
Furthermore, there is a function M : D — [0,00), bounded on any set of

the form {(z,y,z,w) : |z|, |y|,w,z < L} for some L > 0, such that for any
(z,y,z,w) € Dand he R, k € H,

Urr(xaya Z,UJ)hQ + Q(ny(l’,y, va)hﬂ k) + (Uyy(l’aya va)kﬂ k)
< M(z,y, z,w)(|k|* — h?).

3° For any (x,y,z,w) € D such that w = |y| < |z| < z
U(z,y,z,w) <0.

4° For any z # 0 and |y| < w we have U,(z,y,|z|,w) < 0. For any y # 0 and
2] < 2, Un(z,y, 2, ly]) <O0.

Theorem 7.20. If there is U satisfying the conditions 1°—4° above, then (7.182)
holds for all bounded continuous-path submartingales X and all bounded contin-
uous-path processes Y which are a-subordinate to X .

We omit the analogous proof.

The problem of showing the reverse implication of Theorems 7.19 and 7.20
is in general much more delicate. It is natural to proceed as previously; let us first
focus on the martingale setting. For any z, y € R, let M (z,y) denote the class of all
bounded continuous-path martingales (X,Y’) such that X starts from z, Y starts
from y and we have Y; =y + fg L HodX, for some predictable H taking values in
{-1,1}. Obviously, if (X,Y") € M(z,y), then the pointwise limit (X, Ys) exists
almost surely. For a given V' as above, define

Uo(z,y,z,w) = sup{EV (X, Yoo, | X|* V 2,|Y]" Vw)},

where the supremum is taken over M (z,y). The main difficulty is that there is no
reason for the function Uy to be of class C2. However, as we shall see below, one
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may still recover some properties of Uy, which are useful in proving the sharpness.
While dealing with submartingales, one fixes & > 0, z > 0 and y € R and denotes
by M, (x,y) the class of all pairs (X,Y) of bounded real-valued It6 processes of
the form

t t

t t
Xo=ao+ [ 6B, + / bods,  Yi=y+ [ CdBo+ [ gds,
0+ 0+ 0+ 0+ (7.186)

with |(s| = |¢s| and |€s| = aft)s| for all s > 0.

Then the function Uy is defined analogously: again, it is not difficult to see that
the pointwise limits X, Y5, exist with probability 1 (for example, using escape
estimates). The same problems appear: in general, we are not able to deduce
any regularity properties of this function (however, for some specific V', we will
overcome this).

7.10 Maximal bounds for continuous-path martingales

7.10.1 Formulation of the result

We start with the following martingale inequality.

Theorem 7.21. Suppose X, Y are H-valued continuous martingales such that'Y is
differentially subordinate to X. Then the inequalities

2 *
Yl <\ 2Tl 1<p<2 (7187)
and
Wil < o= DXl 2<p < oo (7158)

hold and the constants are the best possible. They are the best possible even when
X is assumed to take values in R and Y is the Ité integral, with respect to X, of
some predictable H taking values in {—1,1}.

7.10.2 Proof of Theorem 7.21

Proof of (7.187). For p € [1,2), we will write 5 = 8, = \/2/p. Let U, V : H x
H x (0,00) — R (note that z = 0 is not allowed) be given by

U(z,y,2) = g,@”‘2(\y|2 — |2|? = (8% — 1)2%)2P 2 (7.189)

and V(z,y,2) = [y|P — pP2".

Lemma 7.25. The function U satisfies the conditions 1°-4°.
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Proof. To prove the majorization, observe that we may assume that z = 1, due to
homogeneity. Now, by the mean value property of the concave function t — 7/2,

Ule,y,1) = 5872yl = [af? = (82 = 1)) = £872(ly|* - %)
= SNl — 87 2 Iyl — B = V().
To check 2°, note that
(U (2,9, 2)hy B) 4+ 2(Usy (2,9, 2)h, k) 4+ (Uyy (2, y, 2)k, k) = pBP~22P72(|k|? — |h|?)

and the function M (z,y,2) = pBP~22P~2 has the required boundedness property.
Condition 3° is evident. Finally, we have

p(p—2)
2

which gives 4°. O

Us(,y, |z|) = B2yl P~ < 0,

Now the proof is immediate: using localization, reduce the inequality to
bounded martingales. That is, for a fixed n, we consider the stopping time T;,, =
inf{t : | X;| > n or |¥;| > n} and define the martingales (Xt(n)) and (Yt(n)) by

Xt(n) _ J X ?f T, >0,
0 if T, =0,

with a similar definition for Yt("). Since U and X (™ Y (™ satisfy the conditions
of Theorem 7.19, we have, for any ¢ > 0,

E[Y," P < BPE(| X" ") < BPE(|X]*)P.

Now let n — oo to obtain ||Y;||, < B|||X|*||p, by means of Fatou’s lemma. It now
suffices to take the supremum over ¢ to get the claim. O

Remark. The function U leading to the inequality (7.187) is not unique. For ex-
ample, one can try to work with the following alternative. First introduce the
auxiliary @ : [ — 1,00) — R by

t
D(t) =e" [—p/ e*(s+1)Ptds + ppP=2(1 — B)eP 1 . (7.190)
B—1
and let w : [0,1] x [0,00) — R be given by

(7.191)

(o, y) = (y—z+1)P+(1-2)P(y—2)-pF if y—2>p-1,
T ApBry? - o - B2 1 1) if y—z<p-1
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The special function U : R? x R? x (0, 00) is defined by

U(x,y,z)(|x|\/z)pu< ol _lyl > (7.192)

lz| V2 |z| V2

This function has almost all the required properties; however, it is not of class C?
on the set {(z,y,2) : ly| — |z] = (8 — 1)(|z| V 2)} and one needs to use smooth-
ing arguments to overcome this difficulty. We omit the details (but see the next
section).

7.10.3 Sharpness
Let 1 < p < oo be fixed and suppose that  is the best constant in the inequality
Y1l < &I1XT*[]ps (7.193)

to be valid for all (X,Y’) € M(x,y) such that y = +x. Recall that for any z, y € R,
the class M (z,y) consists of all bounded continuous path martingales (X,Y") such
that X starts from x, Y starts from y and we have Y; = y + fg+ H,dX, for some
predictable H taking values in {—1,1}. Let &/ > & and consider the function
Up: R xR x [0,00) = R, given by

Uo(z,y,2) = sup {E|Ys|" — (5")PE(|Xs|" V 2)7}.
)

M(z,y
Lemma 7.26. The function Uy has the following properties.
(1) Uo(z,y,2) < oo for any (z,y,2) € R x R x [0, 00),
(ii) For any (x,y,z) € R x R x [0, 00),

Uo(Az, £y, |A|2) = [MNPUo(z,y, z) for A #Q0. (7.194)
(iil) For any (z,y,z) € R x R x [0, 00),
Uo(x,y,2) = [yl” — (&))" (=] v 2)". (7.195)

(iv) For any (z,y,2) € RxR X [0,00), || < z,e € {-1,1}, if aq, a2 € (0,1) and
t1,te € (—x — 2z, —x + 2) satisfy a1 + as =1 and a1t1 + asty =0, then

U()(-’L’,y, Z) Z 061U0<-TL' + tla Yy + Etla Z) + OézUo(.’I? + t2a Yy + Et?a Z)

(v) IfyeR, d >0 and a € (0,2), then
] a

UO(L?J?l)Za+6U0(1_aay+aa1+6)+a+6U0(1+6vy_6a1+6)
6
> _ "\P(1 — p
> L [Uh(l—ay+a 1)+ (<) (1= (14 )
a y—20
——(1+0)? 1,——,1]).
ot )U0<’1+6’ >

(7.196)
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Proof. (i) Let (z,y,2) € RxRx[0,00) and (X,Y) € M (x,y). Since (Y —y+z,X) €
M (z,x), we have, by the triangle inequality and (7.193),
Yoollp < NI(Y =y + )oollp + 1y — 2| < KI[IX*|]p + [y — 2|
< (WPNIXT"V 2l +C -y = o),
where C' depends ounly on k, " and p. Thus Uy(z,y, z) < Cly — z|P.

(ii) This is quick: (X,Y) € M(z,y) if and only if (AX, £A\Y) € M (Az, £Ay).

(iii) The pair (z,y) of constant martingales belongs to M (x,y).

(iv) We will use the continuous analogue the “splicing argument”. Suppose
that (X%, Y*%) € M(z + t;,y + €t;) and let H' be corresponding predictable pro-
cesses, i = 1, 2. Intuitively speaking, we will “glue” the two pairs using Brownian
motion and obtain a pair belonging to M (z,y). To this end, we may and do as-
sume that these processes are given on the same probability space equipped with

the same filtration. Suppose B is a Brownian motion starting from z, independent
of these two pairs. Let 7 = inf{t : By € {x +t1,2 + t2}} and set

Bt if t§7',
X = .
X; . if t>7and B =z +t;,

€ if t<T,
H, = . )
Hi _ if t>7and B =241

and V; =y + f(o 4 H,dX;. It is easy to see that X is a martingale with respect to
the natural filtration and (X,Y) € M(z,y). With probability 1,

Yoo =Yoo lin,—attr} + Yool {Br=ota} (7.197)
and, since |z + t1], |z + t2| < z,
(X" Vz=(X"1"V2)ln oty + (1 X2V )5 cpre- (7.198)
Therefore

Wiz,y,2) 2 E|Ys |7 — (" )PE(I X"V 2)”

= ;(E\YSO\” — (W)PE(IX["V 2)")P(Br =z + 1;) (7.190)

= Z%(E\YJQI” = (RPE(IX" v 2)P).

Now take supremum on the right-hand side over the classes M (z +t1,y +¢et1) and
M (x4 t2,y + et2) to obtain the desired estimate.

(v) We repeat the argumentation from the previous part, with © = z = 1,
e = —1,t; = —a and t3 = §. Equation (7.197) remains valid; however, (7.198)
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is no longer true: we still have (|X|* V 1)11p 145 = (| X?|* V 1)1{5 —144), but
the equality (| X |*V1)1{p, —1-q} = (|X'[*V1)1{5, =1_4} does not hold in general.
Nonetheless, we have the inequality

(X V< (X V(4 0) =10y + (X3P V)15, 2145} (7.200)
But, by the very definition of Uy,
U0($,y,21) S U()(I,y,ZQ) for Z1 Z Z2, (7201)

so arguing as in (7.199), we get the first inequality in (7.196). To deal with the
second one, we need to compare Up(1 —a,y+a,1+6) and Up(1 —a,y+a,1). Note
that for 2, 6 > 0 we have (z V (14 6))? — (x V1)? < (14 6)? — 1. Thus, for any
(X’Y) € M(]' - a’y+a)’
Uo(l = a,y+a,1+68) > E|Yoo|” — (¢ )E(IX|" V (1 +6))"
> E[Yool” — ()PE(IX]" V 1)" + ()P (1 = (1 + 6)P).
Taking supremum over all such (X,Y") yields
Uo(1 = ayy+a,1+8) > Uo(1 = ayy + 0, 1) + (5)°(1 = (1+6)7).
Thus the second inequality in (7.196) follows, since, by homogeneity of Uy,
y—20
Uo(]. +0,y—08,1+ 5) = (1 + 5)pU0(1, —_—, 1)
1+0
This completes the proof. O
Now we are ready to prove that the inequalities (7.187) and (7.188) are sharp.

Sharpness of (7.187). We keep the notation 8 = (8, = /2/p. Apply (iv) with
x=0/2,y=1-0/2,z=1,e=-1,t1 =1—Fand ta =1— /2 (o and s are
uniquely determined by ¢; and ) to get

Us <§1§1> > %U <1§ g 1> 25,6T2Uo(1,0,1). (7.202)

The condition (iv) withz =1-8/2,y=8/2,z=1,e =1,t; = /2 and t = —1
implies

B8 B 2 B B B
Uy <1—§,§,1> > B+2U0(1,,6,1)+6+2U0 —5,—1+§,1). (7.203)

By homogeneity, Uy <f§, -1+ g, 1) = Uy (g, 1-— g,l . Furthermore, (iii) im-
plies Up(1, 3,1) > BP — (k’)P; combining this with (7.202) and (7.203) gives

ﬂ_QUO <§ g 1) > <1 _ g) (87— (k)P )+<5; 4 g - 1) Uo(1,0,1). (7.204)
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Now exploit (v), with y =0, a =1 — /2 and § > 0, to obtain

Uo(1,0,1) > — 20 {U (é,l— é,l) + ()P (1=(1+9)")

o ﬁztsz ’ (7.205)
gL O (1,=3/1+).1).

By (ii), Up (1,=6/(1+0),1) = Uo(1,6/(1 + §),1); moreover, if we use the first
inequality in (7.196), with y, a, é replaced by the numbers 6/(1+4), (1— —)11+—_~_265 -

% and 6/(1 4 4), respectively, we obtain

5 26 14+ 26\" Jé] o)
U0<1’1—+5’1)2(25)(1+25)<1+5> U°(5’<1‘5>’1>

(2-B)(1+20)—26 (1+20\"
2-p8)(1+24) <1+5) Uo (1,0,1).

Plug this into (7.205), subtract Up(1,0,1) from both sides, divide throughout by
2§ and let § — 0 to obtain

0> QUo(ﬁ/z,lgﬁ/Qal) n <p

2
5 ﬁ) Uo(1,0,1).

Combining this with (7.204) and using 8 = /2/p we get

;vo@l§,1>z<1f—p)(@"”w)ﬁvo@@%o

or k' > 4/2/p. Since £’ > k was arbitrary, we conclude that the constant /2
can not be replaced in (7.187) by a smaller one.

Sharpness of (7.188). Apply (iv) withz =0,y =p, z=1,e =—1,t =1 and
to = —0 to get

(9]

UO(O?pa 1) >

UO<1ap_1a1>+ U0<_6?p+6?1)

[«

1
+ 1+
> (o1 - ()P +

—_

(7.206)
ng(5,p+ 5,1),

where we have used the majorization (iii) and the homogeneity. Using again (iv),
this time with z =6, y=p+9d,2=1,e =—1,¢t; =1 —§ and t; = —6, we get

Uo(8,p+8,1) > 8Up(1,p+25 — 1,1) + (1 — 6)Up(0, p + 26, 1)

7.207
> §Uo(1,p+26 —1,1) + (1 — 6)Up(0, p + 26,1 + 25/p), (7.207)
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where in the last passage we have exploited (7.201). Now by (v), with y, a, ¢
replaced by p + 2§ — 1, 1 and 2§ /p, respectively, together with the majorization
and homogeneity, we have

2
Uo(l,p+25—1,1) > . 0 Uo(0,p + 26,1+ 25/p)

+2}§$
+ FUOO +26/p,(1+25/p)(p—1),1+25/p) 7209
> o5 (1 20/p)°Uo (0., 1)
o (1 28/ (= 1P = (5)7).

Now combine (7.207) with (7.208), and insert the obtained lower bound for
Uo(d,p + 0,1) into (7.206). We obtain an estimate, which, after subtracting
Uo(0,p, 1) from both sides, dividing throughout by ¢ and letting 6 — 0, becomes

0 =Uo(0,p,1) - lim [1 - % (1 + %)p] >2((p— 1)P — (K)P).

This implies ¥’ > p — 1 and, consequently, & > p — 1. (]

On the search of the suitable majorant. Let us sketch an argument which leads to
the right choice of the optimal constant £, 1 < p < 2, and the right guess of the
special function U used in the proof of (7.187).

First we will indicate how to construct the function described in the remark
at the end of Section 7.3. Let p € [1,2) be fixed and write down the desired
inequality

Y11y < BIIIX Il

with the optimal # > 1 to be determined; some experimentation shows that /3
should be smaller than 2. Let us restrict ourselves to the real-valued martingales:
H = R. Since the function V(x,y, z) = |y|? — BP(|x| A 2)P is homogeneous of order
p, we assume that U also has this property. Let u(z,y) = U(z,y, 1) for x € [-1,1]
and y € R. In addition, we assume that U is of class C! on R x R x (0, c0).

It is natural to expect that there should be some similarities between U and
the special function used by Burkholder in [25]: both functions concern essentially
the same maximal inequality (strictly speaking, this is the case if p = 1; but for
p > 1, the conditions imposed below also lead to the right function). Burkholder’s
majorant suggests that we should search for w in the class of functions that satisfy
the following assumptions (A1)—(A3):

(Al) Forallz e[-1,1] and y € R,

u(z,y) = u(—z,y) = u(z, —y). (7.209)
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(A2) If0<z<1anda <y, then
u(w,y) = (1 - D)A(-o+y) +2B(1-z+y)  (7.210)
and if 0 < y < z < 1, then

1—2 Y

—_— — — B(1 - 211
Ol Bl e ty), (721)

u(z,y) =
where A = u(0,-), B =u(1,-) and C = u(-,0).
(A3) Forally > S wehave u(l,y) =U(1,y,1) =V(1,y,1).
Lemma 7.27. If u satisfies conditions (A1)—~(A3), then for z € [0,1] and y >
x4+ B — 1 we have

u(w,y) = (y—e+1)7 =P+ (1-z)e"¥ AU3—-U65‘1—4{/_w+ye%s+-np‘%m .
B—1

Proof. By (7.210), for any y > 8 — 1 and § € (0,1) we have
u(,y+0) = (1-0)A(y) + 0B(1 +y).

Subtracting A(y) from both sides, dividing by ¢ and letting 6 — 0 yields u,(0,y)+
uy(0,y) = —A(y) + B(1 + y). But u,(0,y) = A’(y) and, by (7.209), u,(0,y) = 0,
So we obtain

Ally) = —Aly) + (y + )P = B".

Solving this differential equation gives

-1

Mwmy4y€@+UpHsHyHVW+AWDeHBR

and plugging this into (7.210) yields the claim. |

Now we will find the function u on the remaining part of the domain. It is
easy to see that the property (iv) from the definition of U (V') implies that the
function w : s — u(s,1 —s), s € [0, 1], is concave. From Lemma 7.27, we know the
explicit form of w on the interval [0,1 — 3/2]. Some experimentation suggests the
following assumption, which is not satisfied by Burkholder’s majorant, but in our
case leads to the right function. This is the key condition.

(A4) wis linear on [1 — §/2,1].
Lemma 7.28. Under the assumptions (Al)—(A4), for all x,y € [0,1] such that
z+y<1land —z+y<p—1, we have,

pBP—?
9

u(z,y) = (y? —2? — B2+ 1). (7.212)
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Proof. Let
ap = (B—1AB—-1)+ps" (B -2). (7.213)
Since u is of class C', we obtain that for s € [1 — 3/2,1],

w(s) =u(l—B/2,8/2) + (ua(1 = /2, 8/2) — uy(1 = 8/2,/2))(s — 1+ 5/2)
B

= §A(6—1)+a5(s—1+5/2)-

Suppose that y € [0, 5 — 1]. By (7.210), the function s — u(s,y + s) is linear, so,
for 0 <d < (1—-1y)/2,

26 1—y 1—y—26
- + A(y).

Subtract A(y) from both sides, divide throughout by § and let 6 — 0 to obtain

Solving the differential equation, we get

By (7.209), A’(0) = 0; this gives A(8 — 1) = ag(B — 1), so, by (7.213),
ppr?

2
This enables us to obtain (7.212) for y > x: it suffices to observe that

2x 1—y 1l—z—y
= Aly —
o) = oo () + Al - o)

(1—y)*

ag = —ppF? and Aly) (y*+1-p5°).

which follows directly from (7.210).

If y < x, we proceed similarly: by (7.211), we have, for z € [0,1) and 0 <
d<(1—1x)/2,

u(z+46,0) = T C<x)+1fx 5

1—2—20 26 <1 + x)

Subtract C'(z) from both sides, divide by § and let § — 0 to obtain a differential
equation for C. Solve it and use C’(0) = 0 to get C(x) = pBP~2(—a? — B2 +1)/2.
To obtain (7.212), apply the following consequence of (7.211):

2y 1+z—y l—z—y
- Clz —y).
u(z,y) 1$+yw( . )+1$+y<x )

The claim follows. ]
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Lemma 7.29. If u satisfies (A1)—(A4), then 8 > \/2/p.

Proof. Since U is homogeneous of order p, we have 2Pu(1,0) = U(z, 0, z) for > 0.
Differentiating at 1 and using the property (iii) from the definition of the class
UV), we get

pc(l) :pu(l,()) = UI(1707 1) + UZ(LOv 1) < Uz(l,O, 1) = C’/(l),
which is the claim. O

We impose the following condition.

(A5) We have 8 = \/2/p.

To complete the description of u, it remains to guess its values on the set
E={(z,y):2€0,1],1 —z <y < ax+ §—1}. Here is our final assumption.

(A6) For (z,y) € E, the formula (7.212) is valid.

As one easily checks, in this way we have obtained the function u given by
(7.191). The description of U is completed by (7.192). As already mentioned in
the remark at the end of Section 7.3, this function is not sufficiently smooth, so
It6’s formula is not directly applicable. However, as we have seen in the preceding
chapters, in general the majorant corresponding to a given martingale inequality is
not uniquely determined. When U is described by different expressions on pairwise
disjoint subsets, it is useful to look at U, given by one of these expressions on the
whole domain. Fortunately, a similar phenomenon occurs also in our case. The
function U defined by (7.189), much simpler and more regular than the one just
obtained above, is sufficient for our purposes. ([l

7.11 A maximal bound for continuous-path
supermartingales
7.11.1 Formulation of the result

Theorem 7.22. Let o be a fized nonnegative number. Assume that X is a nonneg-
ative continuous-path supermartingale and Y is a-subordinate to X. Then

Y1l < BIX"|], (7.214)

where 3 = B(possup) = a+ 1+ ((2a+ 1)e)~ . The constant is the best possible,
even if we restrict ourselves to It processes of the form (7.186).
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7.11.2 Proof of Theorem 7.22

Proof of (7.214). This inequality holds for general, not necessarily continuous-
path processes: see Theorem 7.10 above. ]

Sharpness. Let a > 0, 8 > 0 be fixed and suppose that we have
1Yl < BIX*| (7.215)

for any It6 processes X, Y of the form (7.186), with the additional condition
that X is a nonnegative supermartingale. Let D = [0,00) x R x [0,00), define
Va(z,y,2) = |y| — B(|z| V 2) for (z,y,%z) € D and let U : D — R be the function
given by
Up(.y.2) = sup {EVp(Xo, Yoen [X[*V 2)).
Mo (z,y)

Lemma 7.30. The function Uy has the following properties:
Uy>Vs onD, (7.216)

Uo(z,y,z1) < Uo(x,y,22) if (x,y,2;) €D and 21 > 29 > x, (7.217)
Uo(z,-,2) : y = Up(x,y,2) is convex for any fired 0 < x < z, z > 0. (7.218)

Foralle € {—1,1}, A1, A2 € (0,1), 2 € [0,2], y € R, 2 > 0 and t1, ta € [,z — 2]
such that A\ + Ao = 1 and Aty + Aata =0,

Uo(z,y,2) > MUo(x +t1,y + et1,2) + AoUp(x + t2,y + cto, 2). (7.219)
Furthermore,
Uo(z,y,2) > Up(x — d,y + ad, 2) if x<zand0<d<uz, (7.220)
Finally,
Uo(z,y,2) <0 if ly <z <z (7.221)

Proof. The first thing which needs to be checked is the finiteness of Uy. This is
straightforward: if (z,y,2) € D and (X,Y) € M,(z,y), then Y —y is a-subordinate
to X; hence, by the triangle inequality and (7.215),

EV3(Xe, Y, X*V 2) < |yl + EV3(Xe, Vi — 9, X7V 2) < [yl-

Since (X,Y) € My(z,y) and t > 0 were arbitrary, we obtain Uy(z,y,2) < |y| <
oo. To show (7.216), it suffices to note that the constant pair (x,y) belongs to
the class M, (z,y). The condition (7.217) follows directly from the definition of
Uy and the fact that Vg also has this property. To prove (7.218), fix (z,y1,2),
(,y2,2) € D, A € (0,1) and let y = Ay1 + (1 — A)ya. Take (X,Y) from M, (x,y).
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Since (X,y1 —y+Y) and (X,y2 — y +Y) belong to M,(z,y1) and M,(z,y2),
respectively, we have, by the triangle inequality,

EVB(XOO,YOO,X* vV Z) < )\]EV,B<Xoo,y1 —y+Y,, X'V Z)
+ (1= NEV3(Xoo, Y2 — Y+ Yoo, X"V 2)
< )‘U(xayhz) + (1 - )‘)U(I’y%z)'

Now it suffices to take the supremum over X and Y and (7.218) follows.

We turn to (7.219). In fact, we will prove the following stronger version, which
allows one of ¢;’s to take values larger than z — x. Namely, for all € € {-1,1},
A, A2 € (0,1),z €[0,2], y e R, 2z >0 and t; < 0 <ty such that A\j + Xy = 1,
Mt + Xoto =0and x+t; > 0,

Uo(z,y,2) = At [Uo(z + t1,y +et1,2) — Bz + t2 — 2)4]

(7.222)
+ )\QU()(.’E + to,y + €ta, Z)

This more general statement is needed in the proof of the optimality of the con-
stant S(possub). We will prove (7.222) only for ¢ = 1; the argumentation for
e = —1 is similar. Let 2; = x + t;, y; = y + t; and take two pairs (X!,Y!) and
(X2)Y?) from M, (x1,y1) and M, (z2,%2), respectively. Let 1¢, ¢¢, ¢* and & de-
note the corresponding predictable processes in the decompositions of X* and Y.
We may and do assume that these processes are given on the same probability
space equipped with the same filtration and are driven by the same Brownian mo-
tion W. Enlarging the probability space if necessary, we may assume that there
is a Brownian motion B starting from x, which is independent of W. We use B
to “glue” (X1, Y1) and (X?2,Y?) into one Itd process (X,Y). Precisely, introduce
the stopping time 7 = inf{¢ : B; € {z1,22}} and set

Bt if ¢ S T,
Xo=4" .
X;_ if ¢t>7and B; =2y,

and

v, — y—xr+ By if t<m,
N B if t>7and B, =uz;.

Then (X,Y) € My (x,y), with

1 if t<7, 0 if t<7,
¢t{ _ ¢t{

¢t if t>7and B, =1y, i if t>7and By =1y

and

1 if t<T, 0 if t<T,
Ct{ _ ft{

¢ if t>7and B, = 1y, & . if t>7and By = ;.
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We have, with probability 1,
Yoo = Yo lyp,=an) + Yo 1{B. =02}
and, since r1 < x < x9,
(X* \/Z>1{BT:1;1} (Xl* \/332\/2)1{37:1;1}
(X V2) + (22 = 2) 1] (B, =01}
(X* V Z>1{B.,-:1:2} = (XQ* V Z>1{B.,-:902}-

<
<

Therefore, we get

Uo(-’L',y,Z) > ]E‘YOO‘ - ﬂE(X* v Z)
2
> —B(wy — 2):P(By = 21) + > (BIYL| - BE(X™ V 2))P(B, = ;)
=1
2
=-MB(x2 —2)4 + > M(EYL] - BE(X™V 2)).

i=1

Now take the supremum on the right-hand side over the classes My (z1,¥1) and
My (x2,y2) to obtain (7.222).

Next we establish (7.220). Take (X,Y) € M, (x —d,y — ad) and consider the
process (X', Y”") defined by the formula

{(xt,yat) if t<d,

XY, =
KX = Xavia) i 14,

with respect to the filtration (F{) = (Fi—ayvo)- It is easy to see that (X', Y') €
Ma(z,y), (Xoo,Yoo) = (X, YL) and XV z=X*V 2z, so

EVs(Xoo, Yoo, X ¥V 2) = EV3(XL, YL, X"™) < Ul(z,y, 2).

Take the supremum over (X,Y) to get U(z —d,y — ad, z) < U(z,y, z). Finally, to
show (7.221), suppose that the point (z,y,z) € D satisfies |y| < z < z. The first
inequality implies that for any (X,Y) € M,(x,y), the process Y is a-subordinate
to X, so

EVi (X, Y, X7V 2) <0.
Therefore, the claim follows and the proof is complete. ]

Let u(x,y) = U(x,y,1) for € [0,1] and y € R. We will also use the notation
B(y) = u(l,y) for y € R. By Lemma 8.6, U belongs to U5"P(V;3) and satisfies
b(U) < 0. In consequence, we have

u(z,y) > ly| =B forall z€[0,1],y €R, (7.223)

u is diagonally concave. (7.224)
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and

u(z,y) >u(z—d,y—ad) for0<z—d<zx<landyeR (7.225)
u(z, £z) <0 for x € [0, 1], (7.226)

Furthermore, it is easy to see that u satisfies
u(z,y) = u(z, —y) for all z € [0,1] and y € R. (7.227)

We will show that the existence of w : [0, 1] xR — R satisfying these properties
implies 8 > B(possup). We consider two cases.

The case @ = 0. Here the calculations are relatively simple. Take small § > 0 (in
fact, 6 € (0,1) is enough) and use (7.225) with x =1, y € R and d = § to obtain

B(y) = u(l,y) = u(l = 6,y).
Next apply (7.224) to get
u(l1=194,y) > du(0,y+1-96)+(1=05)u(l,y—9) = du(0,y+1—0)+(1—0)B(y—9).
Combine the two estimates above with the following consequence of (7.223):
u(0,y+1—-06)>(y+1-9)—B.

We obtain
B(y)>2dé(y+1-6—-8)+(1—-6)B(y—9),

which can be rewritten
Bly)—(y—p) = (1-0)[Bly—0)—(y—0-p)]. (7.228)
Write this estimate twice, with y = ¢ and y = 0:

B(6) = (6 —p) = (1 = 6)(B(0) + B),
B(0)+ 82 (1 =0)(B(=0) = (=6 = 9)).

But, by (7.227), B is an even function, so B(—J) = B(d). Thus, combining the
above two estimates yields

(B(0) + B)(20 — 6%) > 26(1 — ).
Dividing throughout by § and letting 6 — 0 gives
B(0)+ 8 > 1. (7.229)
Now we come back to (7.228). By induction, we get, for any integer N,

Bly)—(y—pB) > (1=0)N[B(y—Né&) — (y— N5 - 5)].
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Let y =1 and 6 = 1/N. If we pass with N to infinity and use (7.229), we get
B(1) = (1=8) e {(BO)+p) =e .

It suffices to apply (7.226) to get 8 > 1+ e~ !, as claimed.

The case a > 0. See the sharpness of (7.31) and repeat the argumentation, word
by word. In particular, compare (7.53)—(7.56) to (7.223)—-(7.226). O

On the search of the suitable majorant. This is similar to the search in the mar-
tingale case. We omit the details. (]

7.12 A maximal bound for continuous-path
submartingales
7.12.1 Formulation of the result

Theorem 7.23. Let o be a fized nonnegative number. Assume that X is a nonneg-
ative continuous-path submartingale and 'Y s a-subordinate to X. Then

1]l < BIIX|s, (7.230)

1/2
where § = f(possub) = o + (ggﬁ) . The constant is the best possible, even if

we restrict ourselves to Ito processes of the form (7.186).
7.12.2 Proof of Theorem 7.23
Proof of (7.230). First we introduce auxiliary parameters
2(a+1)\"? _ 1 5 2
7 (2a+1) A YO g PP

and let
B = B(possub) = a + 7.
Consider the subsets D1, D2, D3 of [0,1] x R, defined by

Dl{(xvy):IS ,x+y|27},

«
20+ 1

Dy = {(a:,y):a:>

Ds

(0%
20{—|—1’x+y|271}’

([0, ].} X R) AN (D1 U DQ)
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As previously, first we introduce an auxiliary function w : [0,1] x R — R. This
time it is defined as follows. On the set D, put

(z,1) Fyl+atrexp |22 (o - =2 P
ulx = —Qx @] ex — X — X — .
Y Y L Yo+l 2o+ 1

If (z,y) € Da, then set

20+ 1
a+1

(1’+ ly| + 2@1 1)] 1-z)—B.

u@w)am+w+a+Amp{

Finally, on D3, let

s

u(z,y) = Ty <a m)x

One easily verifies that u is of class C! on (0, 1) xR. The special function U : D — R
corresponding to (7.230) is given by the formula

U(x,y,z)z(x\/Z)u( R )

zVz zVz
Furthermore, let V(z,y,2) = |y| — B(|z| V 2).
Lemma 7.31. The function U satisfies (7.216), (7.217), (7.218), (7.219),

U(z,y,2) >U(z+d,y + ad, 2) if 0<z<zxz+d<z, (7.231)
and (7.221).
Proof. This is straightforward. We omit the tedious calculations. |

The only problem is that U is not smooth enough and hence we need an
additional convolution argument.

Lemma 7.32. For any k > 0 there is U = U", which is of class C'°° and satisfies
(7.216), (7.217), (7.218), (7.219), (7.231) and

Ux,y,2) <k if lyl<z<z. (7.232)

Proof. Let g : R?* — [0,00) be a C°° function, supported on the ball of center
(0,0,0) and radius 1, satisfying [ps ¢ = 1 and such that

g(r,s,t) = g(r,—s,t) = g(r, s, —t) for all r, s and ¢. (7.233)

Let 6 = x/(53) >0 and let U =U" : D — R be given by

U(z,y,z) = / U(xr 426 —rd,y — s,z + 55 — td)g(r, s, t)dr ds dt + k.
[7171]3
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We will show that this function has the desired properties. Clearly, U if of class C°.
To prove that U satisfies (7.216), we use the fact that U enjoys this majorization
and hence, by the symmetry condition (7.233),

U(z,y,2) >y— B(z+55)+ 5/ (—s+ pt)g(r,s,t)drdsdt + 585 =y — Bz.
[(-1,1]3

The inequality U(z,y,2) > —y — Bz is established in the same manner. The
remaining properties (7.217), (7.218), (7.219) and (7.231) follow immediately from
the definition of U. Finally, note that if |y| < z < z, then

ly — 86| <z +25—rd < z+55—td,
for any r, s,t € [—1, 1]. Thus, for such z, y, 2,
U(z,y,2) < &,
and the proof is complete. O

Now let us translate the properties listed in the above lemma into their
differential counterparts.

Lemma 7.33. Let U =U" be as in the previous lemma. We have the following.
(i) For any x>0 and y € R,
U.(z,y,z) <0. (7.234)
(ii) For any (x,y,2) € D, 0 < z < z, we have
Uy(z,y,2) + a|Uy(z,y,2)| <0. (7.235)

(iii) For all (x,y,z) € D with 0 < x < z there is ¢ = ¢(x,y, z) > 0 such that if h,
k € R, then

Uy (,y, 2)h? + 2U 1y (w0, y, 2)hk + Uy (2, y, 2)k* < c(k* — h?).  (7.236)

Proof. The property (i) follows from (7.217), while (ii) is an immediate conse-
quence of (7.231). To show (iii), note that by (7.218),

Uyy(z,y,2) >0 if 0<z<z yekR (7.237)

By (7.219), for any fixed z the function U(-, -, 2) is concave along any line segment
of slope +1, contained in [0, z] x R. Therefore,

U (2,9, 2) £ 2U 3y (2,9, 2) + Uyy(2,9,2) <0 for0<xz <z y€eR.
In particular this implies that U (,y, 2)+U,, (2, y, 2) < 0 and hence, by (7.237),

Usa(2,y,2) <0 if 0<z<zyeR (7.238)
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Consequently, if h, k € R, then

Usa(@,y, 2)h° + 2Uuy (2, y, 2)hk + Uy (z, y)k?

P+
2 + Uyy(z, y)k°

<

S Uxx(xaya Z>h2 - (Uﬁmﬁ(xay, Z) + Uyy(xaya Z))

_ yy(x?y7z);Ull xayaz)(kZ_h?).

Hence, by (7.237) and (7.238), (iii) holds and we are done. O

In other words, the function U" satisfies the conditions 1°, 2° and 4°, while
the condition 3° is replaced by (7.232). Consequently, Burkholder’s method im-
plies that for any bounded continuous-path X, Y such that X is a nonnegative
submartingale and Y is a-subordinate to X we have

EVs(Xy, Vs, X; Ve) <EU(Xy,Y:, X; Ve) <EU(Xo, Yo, Xg Ve) < k.
It suffices to let k — 0 and use a localizing argument to get the claim. O

Sharpness. As in the supermartingale case, one has to consider two possibilities:
a =0 and a > 0. We will focus on the second case, and leave the details of the
first to the reader. So, fix positive «, Sy and assume that

Y1l < Boll X [lx

for any nonnegative continuous submartingale X and any semimartingale Y which
is a-subordinate to X. Let Uy be given by

U()(.T,y,z) = sup {EVB(XoovyooyX*)}
Mo (z,y)

and set u(z,y) = U(z,y, 1). Furthermore, let

(07 (07
20+17 2a+1

B(y) = u(0,y) and C(y)zu( ) for y > a/(2a+1).

The function u satisfies (7.53), (7.54) and the following analogue of (7.55):
u(z,y) > u(x +d,y + ad) for0<z<zxz+d<1landyeR.

We split the proof into a few parts.

Step 1. Observe that the “reflected” function @ : [0,1] x R — R given by
u(z,y) = u(l — z,y) satisfies the conditions (7.53)—(7.55). Therefore, some of the
calculations from Subsection 7.3.3 can be repeated. In particular, (7.62) yields

3

Cy) — (a+1)B(y) + oy +

_ <0
2a+1+04 Boax <0,
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where B and C are the corresponding restrictions of . Coming back to u, B, C
just defined above, the latter inequality becomes

Oy) = (a+ 1)By) + ay + —2

e
— <0. .
2a+1+a Boa <0 (7.239)

Step 2. Here we will use a new argument. Applying (7.222) and the homo-
geneity of Uy, we get

u(1,0) = Up(1,0,1)

20 Y vy 2606 v
> 1—2,1) - 1+46,-0,1
—7+25“( 2’2) v+ 26 7+25U°< +8,-6,1+9) (7.240)
20 v oy v(1+9) 5 23062
7’Y+25u( 2’2)Jr ’y+2§u 1446 v+26°
Moreover, by the diagonal concavity,
§ 26 ¥ § ¥ 6
1 > 1— 2 L
“(’1+5)—7(1+5)+5“< 2+2(1+5)’2+2(1+5)>
y(14+06)—561426
1
y1+6)+0 1+5u( /0);
and
u(l—l z) >7(20z+1)c(_)+2(a+1)—'y(2a+1)u(1 ,)
2°2) = 2at+1) ! 2(a+ 1) ’ (7.241)
12a+1) o 2(a+1)—yQ2a+1) '

where the first passage above was allowed due to v < 2(a + 1)/(2a + 1) and the
second follows from the majorization. Plug these two estimates into (7.240) and
combine the result with the following consequence of the diagonal concavity:

5 ) 5 ) (YA +0)+)(2a+1)
s 0592 20502 2atr DI +0)

(7(1+ ) + 8)(2a + 1)
*(1 2(a+ 1)(1 +9) )(750)‘

What we get is a rather complicated estimate of the form

c®)

28062
v+26°

w(1,0) > a1C(F) + az(y — Bo) + asu(1,0) — (7.242)

where the coefficients a;, as and as depend on a and §. We will not derive the

explicit formulas for these; we will only need their asymptotic behavior as § — 0:

20a+1) —v(2a+1)
Y(a+1)

 2a+1

a
! a—+1

0+ 0(0), ag= 0+ 0(0)
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and

az =1+ ﬂ5+0(6).
gl

These equations can be easily derived from the above estimates. Now, subtracting
u(1,0) from both sides of (7.242), dividing throughout by ¢ and letting 6 — 0
gives

2@+1)—v(2a+1)
Y(a+1)

O>2a+1 v —2

T a+1

CH) + u(1,0). (7.243)

(v —Bo) +

Step 3. We use the diagonal concavity of u to obtain

_ v(2a+1) _ 2a v a v a+l
C > - B - - £ T
<’Y)_7(2a+1)+2a (”>+7(2a+1)+2a“ 2 %12 2a+1
and
1 2 1) —~v(2 1
w2 @ ’1_04+ > (a+1) —v(2a+ )u<1—1,1>
2 2a+4+1'2 2a+1 v2a+1) 272
2v(2 1)—2 1
Y@atl) =20+l )
v(2a + 1)

Combining these two estimates and applying the lower bounds for u(1—3,3) and

u(1,0) coming from (7.241) and (7.243), we obtain, after tedious but straightfor-
ward computations,

(a+1D)2a+1)(2—7)
a0+ 1) —~(2a+ 1)

(CH) = (@+1)B®7F)) = (ya+a+1)(y = Bo)-

However, v < 2(a+1)/(2a+ 1) < 2 and, by (7.239),

3

20 + 1

CH) - (a+1)B®FH) < —ay — —a+ B

Therefore, the preceding inequality yields

20(2 = y)(a + 1)°
(a+1)2=7)2a+1)+ (yva+a+1)2(a+1) —y2a+1))’

Bo > v+
or, after some calculation, By > v + «. This completes the proof. O

On the search of the suitable majorant. This is similar to the search in the mar-
tingale case. We omit the details. O
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7.13 Notes and comments

Section 7.1. The method appeared first in Burkholder’s paper [35]: it was shown
there how to establish maximal inequalities for martingales and their transforms
(however, [32] also contains some results in this direction). The version of the
technique for supermartingales was described in the author’s paper [131] and the
modification for one-sided maximal functions can be found in [138]. See also [156],
where the method was applied under strong differential subordination.

Section 7.2. Doob’s weak type and moment inequalities for submartingale
maximal functions (for 1 < p < oo and 1 < p < oo, respectively) can be found
in [70]. The above approach is taken from [32]. The moment inequality (7.21) for
nonnegative supermartingales was proved by Shao [184]; the extension presented
above is a new result. The version of Doob’s inequality for different orders of
moments was studied for p = 1 < ¢ by Jacka [98], using probabilistic methods,
and Gilat [84], using analytic methods. The general statement is due to Peskir
[169], who proved the estimate using the theory of optimal stopping.

Section 7.3. Theorem 7.9 was established by Burkholder [35] in the case when
Y is a stochastic integral with respect to X of some predictable process taking
values in [—1,1]. The above statement for differentially subordinate martingales
is new. So is the proof of the optimality of the constant § = 2.536...: Burkholder
showed this by constructing an appropriate example. Theorem 7.10 was partially
studied by the author in [131], in the stochastic integral setting. The version for
supermartingales and their a-subordinates presented above is new.

Section 7.4. The material of that section is taken from [156].

Section 7.5. The validity of the double maximal inequality with some absolute
constant is trivial and follows, for example, from Davis’ maximal inequality for
the square function [57]. The optimal value of the constant was determined by the
author in [162].

Section 7.6. The results presented in that section come from [152].

Section 7.7. The L'-inequalities for one-sided maximal function (with some
absolute constants) follow immediately from the results of the previous two sec-
tions. The optimal values were found in [138]: the approach presented above is
taken from that paper.

Section 7.8. The results from that section are taken from [147].

Sections 7.9-7.12. The modification of Burkholder’s method for continuous-
path martingales was first described by the author in [153]. That paper contains
also the proof of Theorem 7.21. The proofs of Theorem 7.22 and Theorem 7.23
are taken from [164].



Chapter 8

Square Function Inequalities

As we have mentioned in Chapter 2, the inequalities for differentially subordinated
martingales imply related estimates for the square function. However, in general,
the inequalities we obtain are not sharp. In this chapter we shall present an ap-
proach which can be used to derive the optimal constants and review the results
in this direction. Recall that if f is a martingale taking values in a Banach space

B with norm | - |, then its square function is given by
~ 1/2
S(f) = [Z |dfk|2] :
k=0

We will also use the notation

n 1/2
Su(f) = [Z |dfk|2] :

k=0

for the truncated square function, n =0, 1, 2,.. ..

8.1 Modification of Burkholder’s method

First we introduce a version of Burkholder’s technique which allows to study the
estimates involving a martingale, its maximal and square function simultaneously.
Let B be a separable Banach space, set D = Bx [0,00) x [0,00) and fix V : D — R,
which satisfies the condition

Viz,y,2) =V(z,y,|z| V 2) for all (x,y,z) € D.
We are interested in showing that
]Ev(fnasn<f)a|fn‘*) §07 n:Oa 1a 2a (81>

for any simple discrete-time martingale f taking values in B. Suppose that U :
D — R enjoys the following four properties:

A. Osgkowski, Sharp Martingale and Semimartingale Inequalities, Monografie Matematyczne 72, 393
DOI 10.1007/978-3-0348-0370-0_8, © Springer Basel 2012
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1° U<$ayaz) > V(l’,y,Z) for any (.’E,y,Z) € D,

2° EU(x + d, \/y? + |d|?,z) < U(z,y, 2) for any (x,y,2) € D such that |z| < z
and any simple centered random variable d taking values in B,

3° Ulw, [z, |z]) <0 for all z € B,

4° U(z,y,z) = U(z,y,|x| V z) for all (z,y,z) € D.
Theorem 8.1. Let V' be as above. Then there is a function U satisfying 1°-4° if
and only if (8.1) is valid.

Proof. The underlying concept is the same. If U satisfies the conditions 2° and
4°, then the process (U(fn, Sn(f), |fn]*))n>0 is a supermartingale: indeed, for any
n>1,

= E[U<fn—1 + dfna 53_1(]0) + ‘dfn|2a ‘fn—l‘*>|fn—1]
S U(fnfla Snfl(f)a ‘fnfl‘*)

Thus, by 1° and 3°,

We turn to the reverse implication. The desired special function is given by

U°(,y, 2) = sup{EV (fu, /y? — [a> + SZ(f), |fal V 2)},

where the supremum is taken over all n and all simple martingales f starting
from x which are given on the probability space ([0, 1],58([0,1]),] - |). Here the
filtration may vary. To see that U? majorizes V, it suffices to observe that for
n = 0 the expression in the parentheses equals V(x,y, |z| V z) = V(z,y, z). To
show 2°, we make use of the “splicing argument”. Let d be as in the statement
and let K = {z1,22,..., 2z} be the set of its values: P(d = z;) = p; > 0 and
25:1 p; = 1. For any ¢ > 0 and 1 < j < k, let f7/ be a simple sequence starting
from x + x;, such that

EV( go,\/y2+|xj\2— \:c+:cj\2+S§o(fj),|fj|*\/z)ZU(x+xj,1/y2+|a:j\2,z)—5.

Let ag = 0 and a; = Zzzl pe, j = 1,2, ..., k. We define a simple sequence f by
fo =« and _
fow) = fri((w—aj-1)/(a; —a;j-1)), n=1,

when w € (aj—1,a;]. Then f is a simple martingale with respect to its natural
filtration. Consequently,

U(z,y,2) 2 BV (foo, Vy? = 2l? + SZ(f), [f1* V 2).
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Since |z| < 2, we have |f[* V 2 = sup,,>1 | fu| V 2 and the right-hand side above
equals

k a;
Z/ V<f°°(”>’¢y2 — |22 + S2,()(w), |f|*(w) V 2)dw

k
= 3 DBV (a9 a2 = 2+ s+ S ()P 2)
j=1

k

> ijU(x + Tjy4/ y2 + |.CL']“2,Z) —ke = ]EU(.CL‘ + da V y2 + ‘d‘Q?Z) — ke.

j=1

Since £ was arbitrary, this gives 2°. Condition 3° follows immediately from (8.1)
and the definition of U°. Finally, 4° is a direct consequence of the formula for U°.
This completes the proof. O

Remark 8.1. Obviously, the above theorem can be used when the estimate involves
only f and S(f), simply by omitting the variable z. Then the condition 4° is
“empty” and need not be taken into consideration.

While studying square function inequalities, it is often of interest to deter-
mine optimal constants for conditionally symmetric martingales. Then the above
approach works and the only modification is that in 2° one has to consider sym-
metric random variables d. By easy induction on the number of values of d, this
condition can be simplified to the case when these random variables take only two
values. That is, it can be rewritten in the equivalent form

2° for any (x,y,z) € D such that |z| < z and any d € B,

(U@ +d. /P 1dP.2) + Ule = d,/y? +1dP. 2)| < Uy, 2).

N | =

This observation shows the following general fact: the optimal constants for con-
ditionally symmetric martingales are equal to those coming from the dyadic case.
However it should be stressed that typically they do differ from those of the general
case. We shall see this below.

Remark 8.2. The method described above deals only with discrete-time martin-
gales. However, in general the passage to the continuous-time analogues requires
no additional effort: in most cases it is just a matter of standard approximation;
see, e.g., Lemma 2.2 in Burkholder’s paper [38]. Thus, in what follows, we shall
concentrate on martingales indexed by {0,1,2,...}.
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8.2 Weak type estimates

8.2.1 Formulation of the result

As usual, we begin our study by reviewing the facts concerning weak type esti-
mates. We have the following statement for general martingales.

Theorem 8.2. If f is an H-valued martingale, then

1S(N1.00 < Vel f]1- (8:2)

The constant is the best possible, even if H = R.
It turns out that the estimate above characterizes Hilbert spaces.

Theorem 8.3. If B is not a Hilbert space, then there is a B-valued martingale f
such that

P(S(f) = 1) > Vellflh-

The best constants in the corresponding weak type (p,p) inequalities, with
p > 1 and p # 2, are not known.

In the case when f is assumed to be conditionally symmetric, we shall prove
the following two results.

Theorem 8.4. If f is a conditionally symmetric H-valued martingale, then

1S(Pll1,00 < K[ f]1 (8.3)

1 ! t2
K =exp <—§) —|—/ exp <—5) dt ~ 1,4622.
0

The constant K 1is the best possible.

where

The second result is the following weak type estimate in the reverse direction.

Theorem 8.5. For any H-valued conditionally symmetric martingale f we have

[ fllp,oo < CpllS(HIlp, 1<p<2 (8.4)
where

v 2 2P TRT((p+1)/2) Attt e
’ L(p+1) L— g+ — e+

The constant C), is the best possible.

For the remaining values of the parameter p, the question about the best
constants in the corresponding estimates is open.
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8.2.2 Proof of Theorem 8.2

Proof of (8.2). By standard approximation, it suffices to show that for any simple
martingale f we have
P(S.(f) > 1) < VEEfyl,  n=0,1,2,....

This estimate has the form for which Burkholder’s method is directly applicable.
Let V(z,y) = 1qy>1} — Velz| for z € H and y € [0, 00). The corresponding special
function U : H x [0,00) — R is given by
(1 — 2)1/2 ﬁ} : 24,2
Ul y) = 1—(1—-y*)"?exp [2(17?42) if |z +y* <1, (5.5)
1—+/e|z| if |z? +y? > 1.

We shall verify the properties 1°, 2° and 3°. To show the majorization, we may
assume that |z|? + 32 < 1; then the inequality takes the form

2 } ] 1
L l<ve ¥
- =V T
and follows immediately from the elementary bound exp(s?/2) < /es+1, s €
[0, 1], applied to s = |x|/y/1 — y2. To check 2°, let

exp [

z|? .
—.’L‘(l - y2>_1/2 exp [2(‘1,‘?/2)} if |.%‘|2 + y2 <1,
—ea if |z>+y? > 1.

A(.’E,y) = {

We shall establish the pointwise inequality

Ul +d,Vy?+d?) <U(z,y) + A(z,y) - d (8.6)

for all z, d € H and y > 0. This will clearly yield 2°, by taking expectation. We
start by showing that U(z,y) < 1 — /e|z| for all z € H and y > 0. This is trivial
for |z|? +y? > 1, while for remaining x, y can be transformed into an equivalent

inequality
|22 |22
— 5 <exp -1,
1—y2 1—y2

which is obvious. Consequently, when |z|? + y? > 1, we have

Uz +d,Vy? +d?) < 1—Velz+d| < 1—Velz|+A(z,y) -d = Ulz,y) + Az,y) - d.
Now suppose that |z|> 4+ y? < 1. Observe that for X, D € H with |D| < 1 we have
|ID?|X|>+2X - D+ |D|? - (X -D)?+2X-D+|D?
I~ [DF = 1~ [DF
(X -D)?>+2X-D+|DJ?
- 1—|DJ?
(1+ X -D)?
1—|DP?

exp

+1
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Plugging X = x/4/1—y? and D = d/y/1 —y? we get (8.6) in the case when
|z 4+ d*> + y*> + d®> < 1. Finally, if |2]> + 2 < 1 < |z +d|® + y*® + d?, then
substituting X and D as previously, we have |X| < 1, |X + D|? + |D|? > 1 and
(8.6) can be written in the form

XP2-1
exp<|T) (1+X-D)<|X+D|

X2 -1 | X + D|? —
exp — 1+ 5

or

X|? —|DJ]?
X1 ||)§m+D.

Now we fix | X]|, |X 4+ D| and maximize the left-hand side over D. Consider two
cases. If |X + D|?> + (|X + D| — |X|)? < 1, then there is D' € H satisfying
| X +D|=|X + D'| and |X + D'|?> +|D’|?> = 1. Consequently,

[ X]* -1 | X + DP? — |X|* — [DJ?
exp e 14+ 5

X271 X D/27X27D/2
g (BL=L) (1 BEREZNEZIDEY ey,

Here the first inequality follows from the fact that |D’| < |D|, while to obtain the
second we have applied (8.6) to z = X,y =0 and d = D’ (for these x, y and d we
have already established the bound). Suppose then, that | X + D|? + (| X + D| —
|X[)2 > 1. This inequality is equivalent to

1—|X|?
|X + D] > X]
V2 — X2 - |X]
and hence
X|Z-1 X +DJ]2—|X]2—|D?
o (BEE21) (14 PP IXPZIOFY
2 2
X|Z-1 X+D]2—|X]2-(|X+D|-|X])?
< o (IKE1) (14 E DRI (XDIZ XYYy

mp(géri)@4m%+[mp<§%—i)ufqLX+D

1—]X? { <X|21> }
< exp | 2 ") o (X2 —1].
S RE X p 5 | X

It suffices to observe that the last expression in the square brackets is nonpositive,
which follows from the estimate exp(1—|X|*) > 2—|X|?. This completes the proof
of 2°. Finally, 3° is a consequence of (8.6): U(z,|z|) < U(0,0) + A(0,0) -z = 0.
This completes the proof of (8.2). O
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Sharpness. We shall show that the constant /e is the best possible even if we
restrict ourselves to the real-valued martingales f that satisfy S(f) > 1 almost
surely. To do this, let us introduce the special function

U°(z,y) = inf{E|f,[},

where the infimum is taken over all n and all martingales from M (z,y). This class
consists of all simple martingales starting from x and satisfying

ly|> —2? + S%(f) > 1 almost surely. (8.7)

Obviously, U is symmetric: U%(—x,y) = U°(x, y). Let us show that U°(x,y) = |z|
when 22 + |y|? > 1. The inequality U°(z,y) > |z| is trivial. The reverse estimate
is also immediate when y > 1 (we take a constant martingale), and for y < 1, we
consider f € M(z,y) such that df; = £4/1 —y? and dfy = dfs =--- = 0.

The next move is the following. Reasoning as in Theorem 8.1, we show that
U? satisfies the convexity condition

2° For any =z € R, y > 0 and any centered simple random variable d we have
EU°(x + d,\/y? + d2) > U%(x, y).

Furthermore, the restriction to f satisfying (8.7) has the advantage that the func-
tion U has an additional homogeneity-type property. Namely, for all z € R and
y € [0,1) we have

U%(z,y) = /1 — y2U° (%?ﬁo) (8.8)

which follows immediately from the fact that f € M(z,y) if and only if

f/vV1I—9y? € M(xz/+/1—19y20).

Now apply 2° to some z € (0,1), y = 0 and a centered random variable d which
takes two values: 6 > 0 and —2z/(1 + 2%). We get

5(1 + 2?) x(l1—2%) 2z 2z
0 < of 0
U(=,0) 233—}—(5(1—1—332)U( 1422 "1+ 22 +2x—|—(5(1+x2)U (@ +6,9)

5(1 — 2?) 221 — 62
2+ 5(1 +2?) 2x + 0(1 4 2?)

U%(z,0) + U%(x+06,0),

by (8.8) and the inequality U%(z +6,8) < U°(x+4,0), which follows directly from
the definition of U®. This implies

U%(x +6,0) o Ltox
U%x,0) — /1-202

> 14 dx. (8.9)
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Now fix a (large) positive integer N and apply this inequality to z = n/N and
0=1/N, wheren=1,2, ..., N — 1. Multiplying the obtained estimates, we get

1/N0 ” H (1+32)-

The right-hand side converges to e/ as N — co. Furthermore, we have U°(1,0) =
1 (see the beginning) and, by 2°,

U°(0,0) < (UO(L/N, 1/N) + U°(~1/N. 1/N))/2 = UO(L/N. 1/N) < U°(1/N,0).
This yields U°(0,0) < e~'/2, which is precisely the claim. O

On the search of the suitable majorant. In fact, much of the work in this direction
has been already carried out in the proof of sharpness. For U? defined there, we
know that U°(z,y) = |z| when 22 4+ y? > 1; for the remaining z and y, (8.8) and
(8.9) hold. Reasoning as above, the latter estimate yields U°(x,0) < exp(z? — 1),
so, by the homogeneity property,

2
U%(z,y) > \/1—y2€xp(1xy2 —1).

It is natural to conjecture that we have equality above; then the formula for the
special function follows immediately. Namely, we take

U(%,y) =1- CUO(xay)’

which is precisely (8.5).
For an alternative approach using the method of moments, see Cox [53]. O

8.2.3 Proof of Theorem 8.3

Let (B,]|| - ||) be a separable Banach space and let S(B) be the least extended
positive number g such that for any B-valued martingale f we have

P(S(f) = 1) < ISl (8.10)

For z € Band y > 0, let M(z,y) denote the class of all simple B-valued martingales
f given on the probability space ([0, 1],B8(0,1),]|-|), such that fo =z and

y: —||z|? + S*(f) > 1 almost surely.

Here the filtration may vary. The key object is the function U® : B x [0,00) — R,
given by

U°(x,y) = mt{E||f.l[},
where the infimum is taken over all n and all f € M (x,y). Repeating the arguments
from Section 8.1, we show the following fact.
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Lemma 8.1. The function U° enjoys the following properties.

1°" For any x € B and y > 0 we have U%(z,y) > ||z]|.
2°" For any x € B, y > 0 and any simple centered B-valued random variable T,

EU(z + T, \/y? + [|T|?) > U°(,y).

3°" For any x € B we have U°(z, ||z||) > B(B) .
Further properties are described in the next lemma.

Lemma 8.2.

(i) The function U° satisfies the symmetry condition
U°(a,y) = U°(~a,y)

forallx € B and y > 0.
(ii) The function U° has the homogeneity-type property

Uo(xay>:\/1_y2U0< 1:1; 2,0)

for allx € B and y € [0,1).
(i) If z € B satisfies ||z|]| =1 and 0 < s <t < 1, then

U°(s2,0) < U%(tz,0) exp((s® — t)]2]?/2). (8.11)

Proof. (i) It suffices to use the equivalence f € M(z,y) if and only if —f €
M(—z,y).

(ii) This follows immediately from the fact that f € M(z,y) if and only if
f/V1—vy?2 e M(z//1—1y20).

(iii) Fix € B with 0 < ||z|| < 1 and § > 0 such that ||z + dz|| < 1. Apply
2°' to y = 0 and a centered random variable 7 which takes two values: dz and
—2z/(1 + ||z|?). We get

Oll=[|(1 + [l*) U0<x(1|1’|2) 2val)
) L lzf] 7 1 [f]?

U%(,0) <
2|f|| + offa]|(1 + [l

2] ]|

U° (z + 6z, 6||x|]) .
ANl Sl (L F ) © ¢ 1D

+

By (i) and (ii), the first term on the right equals

] el ]2 — [Jo]?]
2|[|| + 8[| (L + [[[]*)

U (z,0).
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The second summand can be bounded from above by

2] ]|

U°(z+6z,0),
ANl & Sl (L F o) © ¢ )

because M (x+dzx,0) C M (z+dx,d||z||). Using these two facts into the inequality
above and recalling that ||z|| < 1 (so |1 — ||z||?| =1 — [|z]|?) we get

Uz + 6x,0)

> 1+ 6|zl
o 2 1 ol

This gives
U°(z(1 + k6),0)
U%(z(1 + (k—1)9),0)
provided ||z(1+k6)|| < 1. Consequently, if N is an integer such that ||z(1+N0d)|| <
1, then

>1+6(1+4 (k—1)0)|=|f?,

U%z(1 + N§),0
U%(x,0)

N

) > [J+ 601+ (k= 1))l). (8.12)
k=1

Now we turn to (8.11). Assume first that s > 0. Put = sz, § = (t/s —1)/N and

let N — oo in the inequality above to obtain

U(tz,0) L, 19,0 o
I e A Z —
UO(SZ,O) _exp<2|z| (t $ ) ’

which is the claim. Next, suppose that s = 0. For any 0 < s’ < t we have, by 2°,
1 1
U°0,0) < §U0(s’z, l|s"z]]) + EUO(—S/Z, |s'2|]) = U°(s'z, ||s'2||) < U°(s'2,0),

where in the latter passage we have used the inclusion M (s'z,0) C M(s'z, ||s'z]]).
Thus,
U°(tz,0) _ U°tz,0) L, 9.0 o
> > — e —
e = g = o (P - )

and it remains to let s’ — 0. O

Next, let us assume that 3(B) = /e. This allows us to derive the explicit
formula for U°.

Lemma 8.3. If 8(B) = /e, then

= Uel® 1) i (o2 a2
UO(x’y)_{meXp (2(1,y2) 2) Zf H_CL‘H +y <1’

|| if ol +y* > 1.
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Proof. First let us focus on the set {(z,y) : ||z||> + ¥*> > 1}. By 1°, we have
U%x,y) < ||z||. To get the reverse estimate, consider a martingale f such that
fo = x, df takes the values —x and x, and dfy = dfs = --- = 0. Then 32 — [|z||* +
S2(f) = y* + ||z]|*> > 1 (so f € M(z,y)) and ||f||1 = ||z||. Now suppose that
||z||* + y? < 1. Using items (ii) and (iii) of Lemma 8.2, we have

U(z,y) = V1—y*U" (L o> > U°(0,0)v/1— g2 exp (7“6'2 > :

1y 2(1-y?)

so, by 3°/ in Lemma 8.1,

2 1
U°(z,y) > /1 —y2exp (L —>~

2(1-y?) 2

To get the reverse bound, we use the homogeneity of U? and (8.11) again:

Uz, y) = /1 —y2U° <\/17—y2,0>

() on(3(12)

|z 2\1-y
el 1
— /12 1
Fe (7 )
where in the last line we have used the equality U%(Z,0) = |[Z|| valid for T of norm

1 (we have just established this in the first part of the proof). For completeness,
let us mention here that if = 0, then x/|z| should be replaced above by any
vector of norm one. O

Lemma 8.4. Suppose that 3(B) = /e and assume that z, y € B and o > 0 satisfy
2]l <1, |lz+az +yl|> +[laz +y[|* < 1 and ||z + az — y[|* +[Jaz — y[|* < 1.
Then

2 2
2+ 2ala]|” < 1—|aw+y|2exp[2'“%+yl _|x|}

(I—lax+yl?) 2

(8.13)

T+ axr — 2 z||?
. 1_|ax_y|gexp[| yl> |l |]

2(1 = ljox —y[[*) 2

Proof. Consider a random variable 7" such that

2x
P(T=—"__ )= P(T = —P(T=azx—vy)= —2%

where p € (0,1) is chosen so that ET" = 0. That is,

__alt+falP)
2+ a(l +||z]?)
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By 2°’, we have U°(x,0) < EU’(z + T, ||T||). Since ||z + T||*> + ||T||*> < 1 almost
surely, the previous lemma implies that this can be rewritten in the equivalent

form
— 1Lt |lo)?
Hp<ww><p¢1< T !V(lﬂw )
2 )~ L+ |2 5 <1 2ljal] 2)

14+(]=]]?
1 p e + oz + g2
+ —1—||lax+y 2exp(

2 llow + P o | 5oz 1 41
1=p g (ot oz =l
P oA 2

L lloz = eXp(21|axy|2>

However, the first term on the right equals

1— ||z||? 2
i) (1)
24 a(l 4+ |[|=[|?) 2
and, in addition, (1 — p)/2 = (2 + a(1 + ||z]|?))~!. Consequently, it suffices to

multiply both sides of the inequality above by (2 + a(1 + ||z]|?)) exp (—||=|[*/2);
the claim follows. g

Now we are ready to complete the proof of the characterization. Suppose
that a, b belong to the unit ball K of B and take ¢ € (0,1/2). Applying (8.13) to
r=ca,y =c’b and a = ¢ gives

2+ 253Ha|\2 <+/1 —¢e*||a + b||? exp(m(a, b))

(8.14)
1 —&*||a — b||? exp(m(a, —b)),
where
lla+e(a+d)*  &all?
m(a,b) = — o~
2(1 — e{]|a + b||?) 2
g2 la +e(a + b)||?||a + b||?

_< D)II? ~ [lal|”
3 Ulatela+ 0" =lal) + =57, =

It is easy to see that there exists an absolute constant M7 such that

sup |m(a,b)| < Me®.
a,be K

Consequently, there is a universal My > 0 such that if € is sufficiently small, then
exp(m(a,b)) <1+ m(a b) +m(a,b)?

< 1+ (Ha+»3(a+b)\|2 — J|a|?) + Mye®
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for any a, b € K. Since V1 —z < 1 — /2 for € (0,1), the inequality (8.14)
implies

2
2+ 23 all” <(1 = eMa+ 01P/2) (14 Gl ela+ DI = lall) + Mac®)
52
= etla=bl2/2) (14 Flla+ sta= I = lal?) + 22

This, after some manipulations, leads to

lla+e(a+d)* + lla +e(a—b)II* = 2[la(l +&)|?
> &2(la+ bl +[la = bl[* = 2|al|*) — 2¢* M,

where M3 is a positive constant not depending on ¢, a and b. Equivalently,

2

2 2
1 1 g
oy — || —2al-2
a+1+5 +Ha 1+e lal H1+5
> (lla+ bl + Jla = b2 — 2lfall? = 20b][2) — 2—— M1
— a— —2|lal|]* — —2——Ms.
= (L+e)? 1+e2

Next, let ¢ € B, v > 0 and substitute a = 7yc; we assume that - is small enough to
ensure that a € K. If we divide both sides by 72 and substitute § = e(1+¢) 1y~ 1,
we obtain

lle + 8b][* + [le — 6bl|* — 2[|l|* — 2[|ab]|?
> 8% (Ilye +bI* + [lye — bl — 2[|yel[* — 2[[b]*) — 2667 M3
> 8 (Ilye + bl + [lye = bl[* = 2[|yel[* — 2||b]*) — 26" Ms

Let v and € go to 0 so that ¢ remains fixed. We obtain that for any § > 0, b € K
and ¢ € B,

llc + 0b]|)% + ||c — 6b||> = 2]|c||* — 2||0b]|* > —26*Ms. (8.15)

Now let N be a large positive integer and consider a symmetric random walk
(gn)n>0 over the integers, starting from 0. Let 7 = inf{n : |g,] = N}. The in-
equality (8.15), applied to § = N~!, implies that for any a € B and b € K, the

process
2
bl[2 M3
— {' H2 ——4}(7-/\n)>

is a submartingale. Since E(7 A n) = Eg2,,,, we obtain

TOfIBIE MY
- N2 7@ 9ran

bgrrn
(gn)nZO = ( ‘a‘i‘ g]\;\

n>0

bg'r/\n

E
N

a+ = E&, > E& = |[al|*.
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Letting n — oo and using Lebesgue’s dominated convergence theorem gives

M3

1 2 2 2 2
5 [lla+ b1+ lla = blI2) = Il + 53 = llall*

It suffices to let N go to co to obtain
lla +0]1* +la = b]|* > 2[|a||* + 2] b]*.

We have assumed that b belongs to the unit ball K, but, by homogeneity, the
above estimate extends to any b € B. Putting a + b and a — b in the place of a and
b, respectively, we obtain the reverse estimate

lla+blI* + [la = blI* < 2llal|* + 2[Jb]|*.

This implies that the parallelogram identity is satisfied and hence B is a Hilbert
space.

8.2.4 Proof of Theorem 8.4

We shall need the following auxiliary fact.

Lemma 8.5. Assume v : R — R is even, of class C? and with the further property
that ¥, " are convex. Then for any u, v € H,

u — v

¥ (ful)u’ = 3" (lol)v'] < =5

[ (Jul) +¢" ()] - (8.16)
Proof. Squaring both sides, we see that the inequality above is equivalent to A <
B(w',v"), where A, B depend only on |u| and |v|. Therefore we only need to check
the inequality for u, v satisfying (u’,v") = £1. If (v/,v") = 1, then (8.16) takes the

o o' (Jul) + 9 ([v])
ul) + v
9 (Ju = o (o) < of [ ,

and follows from

l Y ([u]) + 4" (|v])

9" (lul) = &' (Jv])] = ‘/l Y (s)ds| < [Ju] — |v|| - 5 :

v

The last inequality is a consequence of the convexity of ¢". If (v/,v") = —1, then,

since ¢’ is odd,

W' (Jul)u’ = 4" ([’ = [ (Jul) + 4" ()] = [¢'(Jul) = ¢'(=|v])]
Ju| "y "(ly aim "l
Vlﬂ”*“ 9 (fu) + 4" (o)) () + ()

= |u—v| .
2
The proof is complete. O

< .
< [ful + Jo :
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Proof of (8.3). We must show that for any dyadic martingale f.
P(S,(f) > 1) < KE|f,|, n=0,1,2,....

Let V(x,y) = 1{y>1y — K|z| for € H and y > 0. To introduce the corresponding
special function, define ¢ : [-1,1] — R by

Y(s) = Kt <e_52/2 + s/ e_tz/zdt) . (8.17)
0
It is easy to check that v satisfies the differential equation

' (s)+ s (s) —(s) =0  forse (—1,1). (8.18)
Let U : H x [0,00) — R be given by

1—K\/1— 2 (—_fy) if |22 +y? <1,

1 — K|z| if |z +y? > 1.

U(.Q?,y) =

Let us prove that U and V satisfy the conditions 1°, 2° and 3°. The majorization
is obvious when |z|? 4+ y? > 1, and for the remaining z, y it can be written in the
form

1
P(s) < s+ ——m— where s = i

K\/1-y% V1—1y2
However, v is convex, so it suffices to check the above estimate for s = 0 and
s = 1; in both cases the bound holds and 1° follows. We turn to 2°. Observe first
that

<1.

U(z,y) <1-— Klz| forall z € H,y>0. (8.19)

This is trivial for |z|?> + y? > 1, and for the remaining z, y follows immediately
from the estimate 9(s) < s, which can be verified by standard analysis of the
derivative. Consequently, when |z|? + 3% > 1,

Uz,y) =1- Klz| > %[(1*K|x+d|)+(17K|xfd|)]
> %[U(and, VY2 +d?) + Uz — d,\/y? + d?)].

Suppose then that |z|? 4+ y? < 1. We shall prove 2° only in the case when |z +
d|? + y? < 1, for the remaining values of d the reasoning is similar. Let

G(s) = l[U(x +ds,Vy? +d?s?)+ U(x —d,\/y?> + d252)], s €10,1]

2

and note that we must prove that G(0) > G(1). Of course we will be done if we
show that G is nonincreasing. We may and do assume that y = 0: otherwise we
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divide throughout by /1 — y? and substitute X = x/y/1 —y2, D =d/+/1 — 2.
Setting x4 = (z £ ds)/+/1 — |d|?s? and using (8.18), we compute that
d |d|?s

G'(s) = — (@' (|o D2, — @' (Jo—|)2”) - 5t W@/}H(%J + 9" (xy)).

By (8.16), applied to —1, and the equality

s —a | |ds

2 V11— JdpPs?’

we obtain

&) < — (Wl fy 0/t ) - & — [0/ Dy (e’ | 1D <0,

and 2° follows. Finally, 3° is an immediate consequence of 2°. The inequality is
established. g

Sharpness. We shall show that the estimate is sharp for continuous-time martin-
gales (we interpret the square function as a quadratic covariance process). This
approach, frequently used below for other inequalities in the dyadic setting, has
the advantage that we may use Brownian motion, for which the calculations are
easier to handle. So, let B = (B:)i>0 be a standard Brownian motion starting
from 0 and € be a Rademacher random variable independent of B. Introduce the
stopping time 7 = inf{t : B? + ¢ > 1}, satisfying 7 < 1 almost surely, and let the
process X = (X;)¢>0 be given by

Xt = Brpat +eBrlf>1y-

The process X is a Brownian motion, which stops at the moment 7, and then at
time 1 jumps to one of the points 0, 2B, with probability 1/2 and stays there
forever. Clearly, it is a martingale with respect to its natural filtration. Its square
bracket process satisfies

[X,X]1 = [B], +|B;|> =7+ B2=1 almost surely,

and, as we shall prove now, ||X||; = 1/K. Observe that || Xy = || X1 =
| X-|l1 = ||Br||1- Let U : R x Ry — R be given by

72 |zl /vI=¢
U(z,t) =+v1—texp (—7) + |33|/ exp(—s2/2)ds,
2(1-1) 0
if t + 22 < 1, and U(z,t) = K|z| otherwise. It can be readily verified that U
is continuous and satisfies the heat equation Uy + $U,, = 0 on the set {(z,t) :
t + 22 < 1}. This implies that (U(Byas, T At))i>0 is a martingale adapted to F2
and therefore
K||B||1 = EU(B,,7) = U(0,0) = 1.
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This shows the sharpness of (8.2) in the continuous-time setting. Now the passage
to the discrete-time case can be carried out using standard approximation tech-
niques. However, our proof will be a bit different. Suppose that the best constant
in the inequality (8.2) for dyadic martingales equals Ky. Let U% : R x [0,00) — R
be given by

U (x,y) = sup{P(y* — 2 + S*(f) > 1) — Kol|f|l1},

where the supremum is taken over all the simple martingales starting from = and
dyadic differences df,,, n = 1, 2, ..., and set W (z,t) = U%(z, /t). It is not difficult
to see that W is continuous. Indeed, let f, fo = z, be as in the definition of W.
Fix 2’ and let f' = f+ 2’ — 2. Then 2? — S?(f) = (2/)* — S?(f’) and, for any
t>0,

P(t—a®+S8%(f) > 1) = Kol | [l < P(t—(2')*+S*(f') = 1) = Kollf'[[1 + Ko|z— '],

which implies W (z,t) < W(2',t)+ Ko|z— 2’| so for fixed ¢, W(-,t) is Ko-Lipschitz.
Hence, applying (iii), for any s < ¢t and any «,

W(x,s) > =[W(x — vVt —s,t) + W(x+ vVt —s,t] > W(zx,t) — KoVt — s.

DN | =

On the other hand, W(z, s) < W (x,t), by the definition of W. Therefore, for any
x, W(z,-) is continuous. This yields the continuity of W.

Now extend W to the whole R? by setting W (z,t) = W (x,0) for t < 0. Let
§ > 0 and convolve W with a nonnegative smooth function ¢° satisfying ||¢°||; = 1
and supported on the ball centered at (0,0) and of radius §. We obtain a smooth
function W?°, for which 2° is still valid. Dividing this inequality by d? and letting
d — 0 gives W2 +2W2, < 0 and hence, by It6’s formula, EW?(B,,7) < W*(0,0).
Now let 6 — 0 and use the continuity of W and Lebesgue’s dominated convergence
theorem to conclude that EW (B.,7) < W(0,0). The final step is that, by 2°,

W(B; — Br,7+ B2) + W(B, + B.,7 + B2) <2W(B,,7) almost surely,
which yields EW (X1, [X, X]1) < W(0,0) and, by the first part, Ky > K. O
On the search of the suitable majorant. As in the general case, we define

U%(z,y) = inf{E|f,l},
where the infimum is taken over all n and all simple martingales f with dyadic
kth differences, k = 1, 2, .... Furthermore, let W (x,y?) = U°(z,y). Arguing as

above, we obtain that

W(x,t) = |x| when 2% +¢ > 1.



410 Chapter 8. Square Function Inequalities

Now, suppose that
(A1) W is of class C? on {(w,t): 2% +t < 1}.

Repeating the proof of Theorem 8.1, we see that the function U° satisfies the
convexity property: in particular, for 2 +¢ < 1 and s > 0,

W(z +s,t+8%)+W(z —s,t+ s?) — W(z,t)

252
Uz +s,Vt+52) + Uz — s,Vt + 52) — 2U (2, /)

- 252 = 0.

Letting s — 0 gives W; + %WM > 0 and leads to the assumption
(A2) W satisfies Wy + $Wa, = 0 on {(x,t) : 2* +t < 1}.

This yields the special function used above. To see this, note that (8.8) holds and
gives

Wz, 1) = U°(z, V1) = VI —tU° | —= ,0).

(2,1 = Uz, V) (=

Let 1(s) = U%(s,0) for s € [~1,1]. Then the function 1) is of class C?, is even and
we have ¢(1) = 1. Furthermore, (A2) implies that ¢ satisfies (8.18) and we easily
compute that this function must be given by (8.17). O

8.2.5 Proof of Theorem 8.5

Here the reasoning is similar to that presented in the proof of the weak type
inequality for orthogonal martingales. Let H = R x (0,00), S = R x (=1,1)
and ST = (0,00) x (—1,1). For 1 < p < 2, introduce the harmonic function
A=A, : H— R given by the Poisson integral

_ 1> plElogll
Aed =2 [ et

It is easy to see that the function A satisfies

p
At s) = (2) hoglell, =20 (8.20)

lim
(a,8)—(2,0)
Consider the conformal mapping ¢ given by ¢(z) = ie™/?
nates,

, or, in the real coordi-

olz,y) = (767“8/2 sin (gy) ,e™/2 cos (gy)) , (z,y) € R?

which maps S onto H. Let A = A, be defined on the strip S by A(z,y) =
A(e(x,y)). Then the function A is harmonic on S, since it is the real part of an
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analytic function. By (8.20), we can extend A to the continuous function on the
closure S of S by A(z,£1) = |z[P. One easily checks that for (z,y) € 5,

A(x,y):l/R(COS(%yH%IOgS+$|p o (8.21)

T s —sin(5y))? + cos?(Fy)
for |y| < 1. Substituting s := 1/s and s := —s above, we see that A satisfies
A(z,y) = A(=z,y) = Az, —y)  for (z,y) € S. (8.22)

Finally, let U = U, : [0,00) x R — R be given by U(xz,y) = a? for |y| > 1 and
Uzr,y) = cp/ A(uz, y) exp(—u?/2)du
R

otherwise; here ¢, = ([ [u/? exp(7u2/2)du)71 = (2+1)/2p (%))71 . Clearly, U
is continuous and, by (8.22), we have

U(z,y) = 2¢, /OOO A(uz,y) exp(—u?/2)du on S+. (8.23)

Introduce V' : [0,00) x H — R by V(z,y) = U(0,0)1z>1} — 2P. The key
properties of U are the following. We omit the proof, analogous argumentation
can be found in Chapter 6.

Lemma 8.6.
(i) The function U satisfies the differential equation

Up(z,y) + 2Uyy(z,y) =0 on ST. (8.24)

(i) U is superharmonic on S7.
(iif) U(0,0) = C,*.
(iv) For any (z,y) € [0,00) X R,

P < U(l’,y) <P+ U(Ov 0)1{|y|<1} (825)
(v) Ug(z,y) >0 on (0,00) x R and Uy(z,y) <0 on (0,00) x ((0,00) \ {1}).

In the lemmas below, we will use the following notation. For a € H, let
a' = aflal if a # 0 and @’ = 0 otherwise; furthermore, a* = a for |a|] < 1 and
a* = a/|a| otherwise.

Lemma 8.7. For any a, b € H we have |a* + b*| < |a + b|.

Proof. If both |al, |b] < 1, the claim is obvious. If |a| > 1 > |b],

ja+0f* —|a” +b"|* = |a]* = 1+ 2(a - 0)(1 — |a| ") > |a]* = 1 - 2[al(1 —|a|7") > 0
and similarly for |b| > 1 > |a|. Finally, if |a| > 1 and |b| > 1, then

ja-+b1* = |a*+b*|* = |al* + [b|* +2(a-b) (1 = (|al []) ~") =2 > |al* +[b]* — 2]al[b] > 0,

as desired. O
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Lemma 8.8. For any (z,y) € [0,00) x H and any d € H,
20U (z, [yl) < U((@® +1d*)V2 |y +d|) + U ((=* + [d*)/*, [y = dl).  (8.26)

Proof. Tt is convenient to split the proof into three parts.

Case 1: |y| > 1. Then the estimate is trivial: indeed, by part (iv) of Lemma
8.6,

20 (z, |yl) < 2(2® + [d*)> <U((@® +[dI*)V2, |y +d]) + U((@® +d*)"/2, |y — d]).

Case2: |y| < 1, ly+d| < 1.Fort € [0,1],let ¥ (t) = U (', [y'|)+U (2%, |y"|),
where 2!, = (22 + t2|d|?)'/2 and y!, = y & td. We have that ¢'(t)/|d| equals

tld|

7 Ua (@ i) + U (2l 192 1) ] + (Uy (s Iy ) () = Uy (2, 192 1) (02)) -
+

(when |y+td| = 0, the differentiation is allowed since U, (z,0) = 0). We will prove

that this is nonnegative, which will clearly yield the claim. It suffices to show that

v — |

Zwi [Ux (@ |y 1) + Us (28, [ )] > Uy (2 w3 ) (63 = Uy (2 [y ) 2|
Note that if we square both sides, the estimate becomes A < B - (y%)" - (y".)',
where A and B depend only on |y’ | and |y"|. Thus it suffices to prove it for
(y%) = +(y~)". When (y%.)’ and (y~)" are equal, we use (8.24) and conclude that
the inequality reads

“yi‘ - |yi|’ togt tot v t
2 [Uyy($+"y+|) +Uyy(w+’|y7|)] 2 /I Uyy(al, s)ds| .

yt |

This follows from the fact that Uy, is nonpositive and concave: by Lemma 7.69,
we have 22Uy, (2, y) = Ups(z,y) + Uyy(z,y) < 0 for (x,y) € ST. The case
(yL.) = —(y")" is dealt with in the same manner.

Case 3: |y| < 1, d > 1 — [y|l. This can be reduced to the previous case.
Set y = (y+d)* y- = (y—d) and § = (y+ +y-)/2, d = (y+ — y-)/2,
i = (2% 4 |d|> — d*)"/?. By Lemma 8.7, |j| < |y| and |d| < |d|, so Z > z. Now,
using part (v) of Lemma 8.6 and the fact that g, d satisfy the assumptions of Case
2, we obtain

2U(z,y) < 20(2,9) < U@ +d)'2,yp) + U(@* +d*)V%,y-)
and the latter sum is precisely the right-hand side of (8.26). |

Remark 8.3. The choice z = 0, y = 0 in (8.26) gives U(0,0) < U(d,d) for all
d>0.

Thus, the functions (x,y) — U(0,0) — U(z,y) and V satisfy the properties
1°, 2° and 3°. The result follows.
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Sharpness. Suppose that -, is the optimal constant in (8.4) for real-valued dyadic
martingales. Arguing as in the inequality above, this yields a corresponding weak
type inequality

P(B,| > 1) < 77Er/2, (8.27)

where B is a standard Brownian motion and 7 is any stopping time of B. On the
other hand, let n = inf{¢ : |B;| = 1} and consider the process (U (/7 AT, Byat))t>0-
By (8.24) and It6’s formula, it is a martingale with expectation equal to U(0,0).
By (8.25) and the exponential integrability of 7, this martingale converges al-
most surely and in L' to n?/2, which, by Lemma 8.6, yields C,r = EnP/? and,
consequently, 1 = P(|B,| > 1) = CPEn?/2. By (8.27), this implies v, > C, and
completes the proof. O

On the search of the suitable majorant. Consider the function
U°(,y) = inf{E(y* — 2® + S3()P/*},

where the infimum is taken over all n and all simple dyadic martingales f starting
from z and satisfying P(|foo| > 1) = 1. We easily see that U°(x,y) = y? when
|z] > 1. Passing to continuous-time martingales raises the problem of finding U
on the strip S satisfying the heat equation. This leads to the function above. [

8.3 Moment estimates

8.3.1 Formulation of the result

Burkholder’s LP estimate for differentially subordinate martingales yields the fol-
lowing result.

Theorem 8.6. Suppose that f is a Hilbert-space-valued martingale. Then for 1 <
p < 00,
" = D7 HIflle < NSl < ° = DIIFIlp- (8.28)

The left-hand inequality is sharp for p > 2 and the right-hand inequality is sharp
for 1 <p < 2. In the remaining case, the optimal constants are not known.

When p = 1, then the right-hand inequality above does not hold with any
finite constant. However, the left-hand inequality does. We shall prove the follow-
ing.

Theorem 8.7. Suppose that f is a Hilbert-space-valued martingale. Then
£ 11 < 2/1S(H)lh (8.29)

and the constant is the best possible.

When f is assumed to be conditionally symmetric, the constants change and
involve the special functions studied in Appendix.
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Theorem 8.8. Let f be a conditionally symmetric martingale taking values in a
Hilbert space H. Let vy, be the smallest positive zero of the confluent hypergeometric
function and z, be the largest positive zero of the parabolic cylinder function of
parameter p. Then we have

fllp < vpllS(HIlp for0<p <2, (8.30)
fllp < 2pllS(HIlp  forp>3 (8.31)

and
vpl SO < 11 £llp for p>2. (8.32)

The inequalities are sharp. They are already sharp when f is assumed to be a
dyadic martingale taking values in R.

8.3.2 Proof of Theorem 8.6

As already mentioned, the validity of (8.28) follows immediately from moment
estimate for differentially subordinate martingales. Thus all we need is to deal
with the optimality of the constants.

The left-hand inequality in (8.28) is sharp for p > 2. Suppose that the inequality
holds for all real-valued martingales with some constant C and let

U(2,y) = sup{E| ful” — CPE(y” — |2|* + S5())*"*},

where the supremum is taken over the corresponding parameters. It is easy to see
that U° is homogeneous of order p and, by Theorem 8.1, satisfies the properties
1°, 2° and 3°. Fix a small § > 0 and apply 2° with £ = §, y = 1 and a mean zero
random variable d taking the values

26 -1+ (p—1)v/1—p(p—2)d?

162 and 1= p(p—2)

S

‘We obtain
—t
U°(1,6) > %UO@ FEVE )+ U1+ VP + ) (8.33)
Now, by 1°,

U1+ £,V/02 + 12) > (1 + 1) — CP(8% + 12)P/?
= (6% + tQ)P/2 [(p —1)? — Cp]
= (52 + tQ)P/Q [(p* —1)P — C’p]

and, by homogeneity,

UO(1 4 5,/ 5 53) = 1 (1+52 6(1+62)> _ <1+52)”U0<1’6).

1—-42" 1-62 1—42
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Using these two facts in (8.33) and subtracting U%(1,§) from both sides gives

5(6% 4 t2)P/? 0 —t [(1+8\"
>2v T2 ) [(p*— 1) — CP - —1].
0> —— (" —1) C]+U(1,6)[S_t<1_62) 1]

Now divide throughout by ¢ and let § — 0. Then the second term above converges
to 0 and we shall obtain

0>2p' P[(p* — 1) — C?].
That is, we have C > p* — 1 and we are done. O

The right-hand inequality in (8.28) is sharp for 1 < p < 2. This can be established
in a similar manner. The details are left to the reader. O

8.3.3 Proof of Theorem 8.7

First we prove some auxiliary inequalities that will be needed later.

Lemma 8.9. Let x,d € H, y € Ry, y < |z|. Then
y?+1dP —y = Vlz[? + |d]? — [z, (8.34)
If, in addition, \/y? + |d|?> > |z + d|, then
V2y2 4 2|d|2 — |z + d|2 — 2y > /2|22 + 2|d|2 — |z + d|2 - 2|z|. (8.35)

Proof. The inequality (8.34) is equivalent to

2> — o2
VIEP +1dP + /y? + [dP?

o] =y > Vel +[d? — V2 +]d? =

or

Ve +1dP? + Vg2 + |d]? = |a] +y,
which is obvious.
Now we turn to (8.35). We may write it as follows:

22| — 2y > /2lz2 + 2|d]2 — |z + d2 — /2y% + 2|d|? — |z + d|?
_ 2Jz[* — 2y
V202 2d? — [z + d2 + /292 + 2]d]? — [z + d2’

which can be transformed into

V2022 +2|d|? — |z +d|2 + /242 + 2/d]2 — |z +d|?2 > |z] +v.

The left-hand side of the inequality above is equal to

|z —d| + ]z + d2 + 242 + |d]? — |z + d|?)
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and, due to the assumption \/y2 + |d|? > |z + d|, is bounded from below by
|z —d| + |z +d| > 2|z| > 2] +y.

This is precisely what we need. |
Proof of (8.29). Let V' : H x [0,00) — R be given by V(z,y) = |z| — 2y. The
corresponding special function U : H x [0,00) — R is given by

V2R 2 it y>

Ulz,y) = v lel LU= 2l (8.36)
lz| — 2y if y<|z|.

We shall verify the conditions 1°-4°; in fact, the last condition is empty, since
there is no maximal function in the studied estimate. To prove the majorization,
we may assume that y > |z|. The inequality takes the form

2y — |a] = V2y? — |2[?

and can be rewritten as 2(y — |z|)? > 0, after squaring both sides. To establish
2°, assume first that y > |z|. If y = 0, then z = 0 and the inequality is trivial: it
reduces to the inequality E|d| > 0. Suppose then, that y > 0. It suffices to show
that for any d € H,

T-d
V2y? = [a>
Then 2° follows by taking expectations of both sides. We have

2(vy? +1d?)* — |+ d* > 20al* + 2/d* — |2 = 2(2 - d) — |d]* = |z —d|* 2 0

Uz +d,Vy?>+d?) < U(z,y) +

and

Uz +d,/y? +1d?) < —v/2(y% + |d?) — [z + dP?,

see the proof of 1° above. Hence it suffices to check the inequality

V202 + 1) — |z +d)? > /297 — [af? —

or

VEE =P y/2E — e = 2 ) + 10 2 25— faf? — - d.
But we have
2y = [2*)(2y® = |a]* = 22 - d + |d]?)
> (2y° — 2*)? = 2(29° — [a*)(z - d) + [2]?|d|?
> (22— |af? — 2 - d)?

and the inequality follows.
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Now suppose that y < |z| and let d € H. Again, we will be done if we show
that

r-d
If \/y? + d? < |z + d|, then this is equivalent to
x-d
2P T o+ d > 29~ 1ol - T
or
z-d
2Vy2 4 |d)2 — 2y > |z +d| — |z| — W (8.38)

By (8.34), we may bound the left-hand side of the above inequality from below by
2y/|z|? + |d|? — 2|z| and, therefore, it suffices to prove that

x-d

2V |z 4+ |d]? = |z +d| > |z| - ER (8.39)
Setting y = |z| in (8.37), we get
z-d
V2(jz2 +1d?) — [z + d? > || — T (8.40)

and it suffices to note that

2/ |2 +1d?2 — |z +d| > /2(|z2 + |d|?) — |z + d.

This establishes (8.39). Let us now consider the case /y2 + |d|? > |z + d|. We
must prove that

T-d

V202 +1dP) — |z +d]? > 2y — || - el

or

-d
V202 H1dP) — o+ d? =2y > —|z| - %‘

By inequality (8.35), the left-hand side is not smaller than

V2(|2? + [d?) = |z + dJ? = 2],

which, with the aid of (8.40), yields the desired inequality. The last step is to verify
that U satisfies 3°. But this is obvious: U(z, |z|) = —|z| < 0. This completes the
proof of (8.29). O

Sharpness of (8.29). Suppose that the best constant in (8.29) for real-valued mar-
tingales f equals C. Let V(z,y) = || — Cly| and

U°(2,y) = sup{EV (fn, V42 — [«]? + S2(/))},
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where the supremum is taken over all n and all simple martingales f starting from
x. For a fixed nonnegative integer n, apply 2° to z = n, y = /n and a mean zero
random variable d taking the values s < 0 and 1. We obtain

1
%U(n—i—l,\/n—i—l)—l— EU(n—i—s, Vn+s2) <U(n,/n),
which, by 1°, implies

1
%U(n+1,\/n+1)+:V(n+s,\/n+52) < U(n,v/n).

Now we let s — —oco and get
Un+1,Vn+1)+1—-C<U(n,Vn).
This, by induction, implies that for any nonnegative integer n,
U(n,+/n) <U(0,0)+n(C — 1),

so, by 3° and the further use of 1°, V(n,/n) < n(C — 1). Equivalently,

and letting n — oo yields the result. (]

8.3.4 Proof of Theorem 8.8

We shall only focus on the second estimate; the remaining ones can be established
in a similar manner. See [197].

Proof of (8.31). Suppose that p > 3. Clearly, if suffices to prove that for any
>0,

fnllp < 2p[IS(F) +ellp

and, consequently, we may consider functions Up,, V, defined only on #H x (0, c0)
(that is, we may assume that y # 0). Let V), be given by V,(z,y) = |z|" — 2Py?,
z € H,y>0. Let ¢, be defined by (A.4) in the Appendix. The special function
Up : H x (0,00) — R is given as follows:

Uy(z,y) = apyPop(|zl/y) if |z > zpy,
p\ZL, |l’|p — zpyP if |1’| < zpy.

Here

p—1 p—1
_ P “p

Tz dpa(z)

Qp
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To show that U, > V,, it suffices to consider z, y satisfying |z| > z,y, for which
the estimate becomes

F(s) == appp(s) — s + 25 >0, 52> 2p.
We see that F'(z,) = 0, so it suffices to show that
F'(s) = apgy(s) —ps" ' >0 s> 2,

Since we have equality when s | z,, we will be done if we prove that the function
s = ¢1,(s)/s"~! is nondecreasing on [z,,00). Differentiating, this is equivalent to
proving that ¢ (s)s — (p — 1)¢,(s) > 0 or ¢;’(s) > 0 on [z, 00). This is proved in
part (v) of Lemma A.11 in the Appendix.

The proof of the concavity property 2° is very elaborate, so we will only
sketch it and refer the interested reader to [197] for details. First one shows the
condition for # = R. For a fixed x € R, y > 0, introduce the function

Gd) = 3 [Upla+ d P+ B) + Uyl — d /i 5 B)| ~Uy(a)

2
x+d x—d T
v, (2 )y, (2= 1) (_,1>.
’ (vy2+d2 ) ’ (vy2+d2 )] AV’
One can check that G'(d) < 0 for all d > 0, considering separately six cases,
depending on the positions of the points (z,y), (x + d,+/y? + d?). This gives
G(d) < G(0) = 0 for all d > 0 and 2° follows. In the case when H is a general

Hilbert space, let x, d € H, y > 0, substitute X = |z|, D = |d| and let = -d =
X D cos@. One writes the condition in the form

X2+ D24+2XDcosl
U, <\/ D ,1) (8.41)

X2+ D2 _-2XDcosf X
Uw e ,1)]ypUp(?1>go.

The real-valued case considered earlier implies that the estimate holds when
cos@ = 1. Consequently, if we define G : [0,1] — R by

X2+ D?24+2XDt X24+D?2-2XDt
GO=t (\/ y? + D? ,1>+Up (\/ y* + D? ’1>’

then it suffices to show that G'(¢) > 0 on (0,1). Again, this is done by tedious
verification of six cases depending on the values of X, y, D and t. We omit the
details. Finally, the condition 3° follows immediately from 2°. This completes the
proof. O

1
5(92 +d*)P?

1
5(92 + D?)P/?
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Remark 8.4. One can check that when 2 < p < 3 and we define U, V}, by the
above formulas, then the condition 2° does not hold, even in the real-valued case.
It is not difficult to see that this implies that for 2 < p < 3 the optimal constant
in (8.31) is strictly larger than z,.

Sharpness. Fix p > 3. Let C' > 0 be a constant such that for any dyadic martingale
f we have ||f|l, < C||S(f)||p- Thus, using approximation, if B = (B;)i>0 is a

standard Brownian motion and 7 is a stopping time of B, then
[1Brlp < ClI7llp-

However, as shown by Davis [59], the optimal constant in this inequality equals
zp. Consequently, C' > z, and we are done. O

On the search of the suitable majorant. As already mentioned above, while study-
ing estimates for dyadic martingales and their square functions, it is often fruitful
to look at corresponding estimates for a stopped Brownian motion. In other words,
instead of investigating the properties of

U°(x,y) = sup{E|ful” — C*E(y* — 2® + S3(f)"/*}
we study the following optimal stopping problem:
U(x,y) = sup{E|B,[? — C"E(y* — 2* + [B, B],)"/*}
= sup{E|B, |? — CPE(y* + T)p/Q},

where the Brownian motion starts from x and the supremum is taken over all
stopping times of B satisfying ET?/2 < co. This leads to C' = zp and the function
U, studied above: see Pedersen and Peskir [167]. See also the search corresponding
to the inequality (6.12), presented in Subsection 6.3.3 of Chapter 6. O

8.4 Moment estimates for nonnegative martingales

8.4.1 Formulation of the result

If a martingale is nonnegative, then the inequalities (8.28) hold also for p < 1. Let

oo de\ /7
= ([Tarerrg) T iz
1

. <1 5 dt
C’ozljl_rir%)C][,exp(/1 510g(1+t)t_2>'
We shall prove the following fact.

Theorem 8.9. If f is a nonnegative martingale, then

1flle < [ISCHlb < Collfllps i p <1, (8.42)

and the inequality is sharp.
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8.4.2 Proof of Theorem 8.9

Proof of (8.42). Since p < 1 and the martingale is nonnegative, we have that
l|f1lp = || follp. Thus all we need is the double inequality

follp < [1Sn(Nlp < Collfollp, 7 =0,1,2,.... (8.43)

First note that the left inequality is obvious, since || foll, = |[So(/)llp < 1S (F)]]p-
Furthermore, it clearly is sharp. Hence, it remains to prove the right inequality
in (8.43). We focus on the case p # 0. Let us introduce the functions V,, U, :
(0,00)% = R by

- dt
Vo(z,y) =py? and Up(x,y) pr/ <y2+t2)p/2t_2.

T

The desired bound can be stated in the form

BV (fn, Sn(f)) < EUp(fo, fo)

and hence all we need is to verify 1° and 2°. The majorization follows from

- ) dt

Up(z,y) = Vp(z,y) =pfc/ [(y2 + )P —y 2

To prove 2°, we shall show a bit stronger statement: for any positive  and any
number d > —z,

U +d,Vy? +d?) <U(z,y) + Us(z,y)d.

Integration by parts yields

Up(2,y) = p(y* + 2?)P/? +P2m/ (v + 2P 1dt (8.44)
and
0 dt 2 2\p/2 00
Upelag) =p [ 2+ —p T 2 [7 2 epria

Hence, we must prove that

o0

p(y? + d® + (z + d)*)P/? + p*(z + d)/ (y? + d? + t2)P/21dt

x+d
7p(y2 + IZ)p/Q *p2$/ (y2 + t2)p/2_1dt *p2d/ (yQ + t2)p/2_1d < 0’

x x
or, equivalently,
(y* +d* + (x +d)*)P? — (y° +2?)P
r+d

—p? [/ (y? + 2)P/271dt — / (y* + d* + t2)p/2_1dt] <0.
T z+d

F(z):=p
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We have

F'(z)(z +d)? =p*(y* + 2*)P* Nz + d)d
—p[P + d®+ (w+d)?)P? = (y + 2?7, (8.45)

which is nonnegative due to the mean value property of the function ¢ — t#/2.
Hence
F(z) < lim F(s) =0

S§—00

and the proof is complete. O

Sharpness. Fix ¢ > 0 and define f by f, = (14+ne) (0,(14+ne)"1|,n=0,1,2,....
Then it is easy to check that f is a nonnegative martingale, dfy = (0, 1],

dfn = (0,(14+ne) =1+ (n—1)e) (1+ne) 1+ (n—1)e)"",

forn=1,2,..., and

oo

S(f) = Z(l +ne2 4+ (1+n))Y2 (1 + (n+1)e)™, (1 +ne)7 Y.

n=0

Furthermore, for p < 1 we have ||f||, =1 and, if p # 0,

(1 +ne? + (1 +ne)?)P/?
ISHIIE =< Z ;
(I+(n+1)e)(1+ne)
which is a Riemann sum for C}. Finally, the case p = 0 is dealt with by passing to
the limit; this is straightforward, as the martingale f does not depend on p. [

On the search of the suitable majorant. It is not difficult to obtain the above spe-
cial function U. For a fixed p < 1, p # 0, let

UO(x,y) = sup{E(y* — 2* + Sp.(f))"'*},

where the supremum is taken over all simple nonnegative martingales f starting
from z. For a given x, y > 0, what is the choice for f which yields the largest ex-
pectation in the parentheses? It is instructive to look at the corresponding moment
inequality (4.37) for nonnegative martingales and their differential subordinates.
There the optimal processes (f, g) had the following property: if (fo, g0) = (z, ),
then at the next step the process moved either to the y-axis or “a bit to the right”.
It is natural to conjecture that here the situation is similar. That is, the optimal
martingale satisfies the condition df, € {e, —fn—1} on the set {f,—1 > 0} and
df, = 0 on {fn,—1 = 0}. This leads to the function U: see the example above and
apply the homogeneity of U. ]
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8.5 Ratio inequalities

8.5.1 Formulation of the result

We start with the following negative result.

Theorem 8.10. Let p, q, M be positive numbers. Then there is a simple martingale
f such that

| foolP
(1+52(f))

In other words, the expectation of the ratio |fs|?/(1 + S?(f))? cannot be
bounded by an absolute constant for any p, q. However, if we narrow the class of
martingales to the conditionally symmetric ones, such a bound exists. We have
the following statement.

E > M.

Theorem 8.11. Let p,q be fized positive numbers. If p < 2q, then for any condi-
tionally symmetric martingale f,

|fnl? 2

p p 1 -
SR s < (M <q 553)) ’ (8.46)

where M is the Kummer function (see Appendiz) and z. = z.(p, q) is the unique
solution to the equation

2

1 3 22
,5,%) =2%(2¢ —p)M <q—1—9 +1 z ) (8.47)

M a— 2z
b (q D) 99

N3

The constant on the right in (8.46) is the best possible even in the case of real-
valued dyadic martingales.
If p > 2q, then there is no finite universal Cp 4 < oo for which

| fnl?
E———<C
)
holds for any conditionally symmetric martingale f.

We also establish the following nonsymmetric ratio inequality for real-valued
conditionally symmetric martingales.

Theorem 8.12. Let N =1, 2, ... and q be a positive number. If ¢ > N —1/2, then

for any real-valued conditionally symmetric martingale f we have

f2N—1
Sup EW < 22NV exp(—22/4) (Do(n—g)—1(—24)) " (8.48)

Here D is a parabolic cylinder function (see Subsection 8.5.2 below) and z, =
2«(N, q) is the unique solution to the equation

(2N = 1)Dyn—q)—1(—2) = 2(2(¢ = N) + 1) Dy(n—q—1)(—2). (8.49)
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The constant appearing on the right in (8.48) is the best possible even in the case
of dyadic martingales.

If ¢ < N —1/2, then there is no universal Cy , for which
2N—1
supE—"2____ < ()
W Sy

is valid for any conditionally symmetric martingale f.

We shall only present the proofs of Theorems 8.10 and 8.11. The proof of
Theorem 8.12 is completely analogous and we refer the interested reader to the
original paper [143] for details.

8.5.2 Lack of the ratio inequalities in the general case
Let p, ¢ > 0 be fixed and let UY : R x [0, 00) — (—00, 00] be defined by
p
e =sue B s

where the supremum is taken over all n and all simple martingales starting from z.
If there is (z,y) € R x (0,00) such that U%(z,y) = oo, then we are done. Indeed,
it is easy to see that there is a simple martingale f starting from 0 such that
P(foo =z, S(f) = y) > 0 and hence, by the splicing argument, f can be extended
so that the ratio |f|P/(1 + S?(f))? has arbitrarily large expectation. So, assume
that U is finite. Let us apply 2° to some = € R, y > 0 and a centered random
variable d taking values d; > 0 > do. We get

d —d
0 > 1 0 24 72 270 2 4 g2
U (x,y)_dlidQU (m—f—dg,\/y +d2)+d1d2U x4+ di,\Jy? + di
—d2 50 [4/2 2
ZdlfdQU <.’17+d1, Yy +d1 )

since U is nonnegative. Letting d2 — —oc we obtain the inequality U°(z,y) >
U (x +di,\y? + d%) , which, by induction, leads to

U0<.’17,y) > U<.’1?+Nd1, \/y2+Nd%>a

for any nonnegative integer N. Take x = 0, y = 1 and apply 1° to get

% < U0, 1).

It suffices to take d; = 1/v/N and let N — oo to obtain U°(0,1) = oo, a contra-
diction. This proves the claim.
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8.5.3 Proof of Theorem 8.11

Proof of (8.46). Introduce the function V:H x (0,00) =R by V(z,y) = |z[P /y*?.
The special function U : H x (0, 00) — R corresponding to our problem is given by

_ p 1 |z|? p 1 22
Ula.y) = 222200 (g2 2 ZE) ar(g— .2
(z,y) = 2Py (q 572 22 Mla-35 55

To show 1°, denote a = |z|/y and observe that the majorization is equivalent to

We have, by (A.1),
2 2
@) = a P! |a2(2q — _b 347\ _ _pla
F(a)=a {a(Qq p)M<q 2+1,2,2> pM<q 555 )|
so F'(a) < 0 for a < z, and F'(a) > 0 for a > z,. Thus F(a) > F(z.), which is

1°. To prove 2°, let ¥ : R — R be defined by 9(s) = M(q — p/2,1/2,5%/2). Fix
z,d € H,y >0 and introduce G = G 4,4 : [0,00) = R by the formula

G(s) = (y* + | s*)P/* 1

" |z — ds Ly |z + ds
vt ) Y\ s
Since 2° is equivalent to the inequality G(1) < G(0), we will be done if we show

that G is nonincreasing. Clearly, we may assume that d # 0. Denote

T —ds T +ds

) §2 = —Fm—

VAP T PP

and observe that
G'(s)
TR = (0= 2007 (i) + 6]
+ ¢/ (|s1))[=(x — ds)" - d\/y? + |d|?s? — |1 ]|d]s]

+ 9" (Is2])[(z + ds)" - dy/y? + [d]?s? — [s2]]d|*s].
Now divide throughout by /y? + |d|?s?|d| and note that

|d|8 ‘51 — 82| / / / /
= , (x—ds) =s7] and (x +ds) = s5.
e g () = and (o) = o)
Furthermore, as (p — 2¢)¥(z) = —¢"(2) + z¢/(2) for all z, the above equality
transforms into
G/(S) o ‘51 - 52| " "
(y2 + |d|2s2)P/2=a=1/2|q] = 9 [ (Is1]) + ¥"(|s2])]

— (@' (Is1])s1 = (|s2])s3) - d'.
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The right-hand side does not exceed

|51 — 2

——— W (Is1]) + 9" (ls2)] + 19/ ([s1])s1 — 9/ (Is2[)sa,

which is nonpositive due to (8.16); it is straightforward to check that ¢ has all the
required properties. The initial condition is of the form

3° Uz, /14 |z|?) < Cpq for all x € H.
Since Cp 4 = U(0, 1), this follows immediately from 2°:

[U(x, V1+z)2)+U(—z, /1 + |x|2)] =U(x, /14 |z|?).

The proof is complete. O

U0,1) >

N =

Sharpness. Arguing as in the proof of the weak type inequality, we see that it
suffices to prove that Cj, 4 is optimal in the inequality

| B[
B
E[(l+7’)‘1 < Cra

where B is a standard one-dimensional Brownian motion and 7 is a finite stopping
time of B. For the proof of this, see [167]. O

On the search of the suitable majorant. We proceed as in the above estimates for
conditionally symmetric martingales and begin by studying the corresponding
inequality for the stopped Brownian motion. The optimal stopping problem we
obtain is the following: for given p, ¢ > 0, determine

|33+ BT‘p

= E
W (t,z) = sup 1)

where the supremum is taken over all finite stopping times of B. Pedersen and
Peskir [167] showed that the value function W is infinite if ¢ < p/2, while for
q > p/2 it is given by

T o it [ol/VE > 2,

where z, is defined in (8.47). This function is the key to (8.46) and leads to the
corresponding special function U : H x (0,00) — R; namely, a natural guess is to
put U(z,y) = W(y?, |z|). However, this choice is not convenient: due to the exis-
tence of two different formulas in the definition, the verification of the properties
1°, 2° and 3° turns out to be very elaborate. To avoid these technicalities, we use
one of these formulas on the whole domain: fortunately the function we obtain
still enjoys he necessary properties. O
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8.6 Maximal inequalities

We turn to the estimates involving the square and the maximal function of a
martingale.

8.6.1 Formulation of the results

The first result we shall prove is the following.

Theorem 8.13. For any Hilbert-space-valued martingale f we have

IS < VB3I (8.50)
and the constant is the best possible.

The inequality in the reverse direction also holds with some finite constant,
but its optimal value is unknown. The only result in this direction is the following
bound for the one-sided maximal function of a conditionally symmetric martingale.
Let sp = —0.8745. .. be the unique negative solution to the equation

50 u2
/ exp <7> du+1=0 (8.51)
0

2

8 = exp <%°) — 1.4658. ...

and set

Theorem 8.14. If f is a conditionally symmetric martingale taking values in R,
then

£l < BIS(HI1- (8.52)

The constant is the best possible. It is already the best possible for dyadic martin-
gales.

Theorem 8.15. For any Hilbert-space-valued martingale f we have

e < PSS p =2 (8.53)

The constant p is the best possible.

Finally, we shall establish the following fact concerning nonnegative martin-
gales.

Theorem 8.16. If f is a nonnegative martingale, then
IS(Ile < V201 £y, i p<1, (8.54)

and the constant /2 is the best possible.



428 Chapter 8. Square Function Inequalities

8.6.2 Proof of Theorem 8.13
Proof of (8.50). The claim is equivalent to
EV (fn, Sn(f),|fn]* Ve) <0, e>0,n=0,1,2,...,

where V : H x [0,00) x (0,00) — R is given by V(z,y, 2) = y — v3(|z| V 2). The
special function U is given by
2 _ 142 9 2
o) — Lol =2(el V)
2¢/3(|z| V 2)

for x € H, y > 0 and z > 0. Let us verify that U and V have the necessary
properties. The majorization U > V is straightforward:

2 — ol —2(jel v 2)® v = 3(lz| v 2)?
2/3(|z| V 2) — 2V3(|z| Vv 2)
(vl v )
2v/3(|z| V 2)
>yl — 2v3(al V ).

+yl = 2v3(lz] v 2)

To show 2° we may assume that z = 1, due to homogeneity. As usual, we show a
slightly stronger, pointwise statement: for all z, d € H and y > 0 with |z| < 1,

z-d
7

When |z+d| < 1, the two sides are equal. If |z+d| exceeds 1, the estimate becomes

Uz +d,/y? +1[d?,1) < U(z,y,1) —

(W +|df? — |z +dP? + 2z +d))(1 - |z +d]) <0
and follows from
Y2 +1d? — |z +d? + 2|z +d| > |d]* — |z +d]* + 2|z +d]
=d? +1 = (jo+d| - 1)?
> [d]* +1 = (J2| + |d| - 1)?
= (l=[ +2[d))(1 — [a]) + [«] = 0.
Finally, the conditions 3° and 4° are obvious. This proves (8.50). O

Sharpness. Suppose that the best constant in (8.50), restricted to real-valued mar-
tingales, equals C. Let

U%x,y, 2) = sup{E\/y2 — 22 + S2(f) — CE(|fn|* V 2)},
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where the supremum is taken over the usual parameters. Then U satisfies 1°-4°
and is homogeneous of order 1. Applying 2° to z = 2z = 1, y < 1 and a centered
random variable d taking the values —1 and N = 2y?/(1 — y?), gives

1
0 0 0
1,y,1) > 24 1,1)+ ——U(1+N,vy2 + N2, 1
N V2 + N2
= —U%0,Vy2+1,1)+U° [ 1,Y———1
+1 (? y+?)+ (7 ]_J”N )
- N U%0,vy2 +1,1) +U° (1,9,1)
N+1 ) ) R~ *

where in the second passage we used homogeneity. This implies U°(0,y,1) < 0 for
any y € [1, \/5) Applying 2° again and then using 1° gives

1
U00,9,1) 2 5 [U0(-1, A2+ 1,1) + UL, V2 + 1,1)|
=U1,v32+1,1) > /y2 +1-C.

Thus, by the preceding arguments, C' > /y2 + 1 if y € [1,/2); this yields C > /3
and shows that no constant smaller than /3 suffices in (8.13). g

8.6.3 Proof of Theorem 8.14

Proof of (8.52). The argumentation is similar to that presented in the proofs of
(8.46) and (8.31), so we shall only provide the formula for the special function.
Let

o(s) = —es /2y s/ e’ /24t
0
Then ¢ is a confluent hypergeometric function of parameter 1 (see [1]). Let

V(z,y,z)=(xVz2)— Py and U(z,y,z)=z+yo (%)

Conditions 1°, 2° and 3° are verified in the usual way, and in the proof of the
concavity property one exploits the differential equation ¢ (s) — s¢(s) + ¢(s) = 0.
We omit the details: see [148]. O

Sharpness. By approximation, it suffices to prove that the constant £ is optimal
for continuous-path martingales. Let us first recall a result of Shepp [185]. Suppose
that B® = (BY) is a Brownian motion starting from 0 and consider the stopping
time T' = T, defined by

T, =inf{t > 0:|BY| = av/1 + t}.

Shepp has shown that if a < v, then the stopping time T, belongs to L'/2.



430 Chapter 8. Square Function Inequalities

Now let B! = (B}) be a Brownian motion starting from 1 and let
r=inf{t > 0: (B})" — B} = —soV/1+1}. (8.55)

In view of Levy’s theorem, the distributions of 7 and T_s, coincide, so in particular
we have ET'/2 < oo (since —sg < v1). Let X = (BL,,) and consider the process
Y = (U(Xy, [X, X]t, X/)). Using 1t6’s formula, it is easy to check that Y is a

martingale which converges in L!. Now it suffices to note that EY; = 0 and
Y; — X* — B[X, X]/? almost surely as ¢t — oo. This shows that

1X*(1x = BIIX, X]'2|ly (8.56)
and we are done. g

8.6.4 Proof of Theorem 8.15

Proof of (8.53). This follows immediately from Doob’s maximal inequality and
(8.28). |

Sharpness. Suppose that for any real-valued martingale f we have || |f]*]|, <
C||S(f)|lp, where C' > 0 is an absolute constant. Let

U%(z,y, 2) = sup{E(| ful* V 2) — CPE(y” — 2® + SH(f))"*},

where the supremum is taken over all n and all simple real-valued martingales
starting from z. Then U° satisfies 1°~4° and is homogeneous of order p. Fix ¢ > 0
and apply 2° to x = z = 1, y = € and to a mean-zero variable d taking values
—1/p and 6 = 2¢%/(1 — €2). We obtain

5 1 i 1
01 e1)> P2 po(1-2  Je24 =1 01 +6,/e2 + 62, 1).
U(,e,)_HmU PRV +1+p5U(+,e+,)

Using 1° and 4°, this implies

U01,e1) > 22 |1 - C,/2+ip
S T s TR

Finally, by homogeneity,

0 L+e2\"
U°(1+6,Ve2+6%,1+40) = 5 U'(le,1),

D)

Now divide both sides by €2 and let ¢ — 0. Then the left-hand side converges to 0
and we obtain 0 > 2p(1 — (C/p)P), that is, C > p. This completes the proof. O

1
+ U1+ 6,2 + 42,1+ 6).

14 pé

so plugging this above and working a little bit yields

1 1+e2)’ o
91,e,1) |1 — >
U(le, )[ 1+p6<1—52>}_1+p5
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8.6.5 Proof of Theorem 8.16

The inequality (8.54) may be proved using a special function involving three vari-
ables. However, this function seems to be difficult to construct and we have man-
aged to find it only in the case p = 1 (see Remark 8.5 below). To overcome this
problem, we need an extension of Burkholder’s method allowing to work with
other operators: we will establish the stronger result

IT()p < V2]l i p< 1. (8.57)

Here, given a martingale f, we define the sequence (T5,(f)) by

TO(f) - |f0" Tn+1(f) = (Tg(f) +d 72z+1)1/2 \/f;-i-l’ n=0,1,2, ...,

and T(f) = limp 00 T (f). Observe that T, (f) > Sn(f) for all n, which can be
easily proved by induction. Thus (8.57) implies (8.54).

Theorem 8.17. Suppose that U and V are functions from {(z,y, z) € (0,00)3 : y >
x V z} into R satisfying

1° V(z,y,2) <U(z,y,2),
2° if 0 <z <z <y and d is a simple mean zero random variable with P(x+d >
0) =1, then

EU(z +d,\/y? +d2 V (z + d),2) < U(z,y, 2).

3° U(z,z,2) <0 for any x > 0.
4° Ulx,y,z) =Ul(x,y,x V z) for all (z,y, z).

Then EV (fr, Tn(f), | fn]*) < 0 for all nonnegative integers n and simple positive
martingales f.

The proof of this theorem is analogous to that of Theorem 8.1 and is omitted.
We start with some auxiliary technical results.

Lemma 8.10.

(i) If z>d >0 and y > 0, then

p [(y2 +d?+ 2P — (P + (2 - d)Q)P/ﬂ - p2z/ (y* +3)P>1dt < 0.
z—d
(8.58)
(ii) If —2<d<0andY >0, then

p<Y + (Z + d)2)p/2 _ <Y2 _ d2 + ZZ)p/Z

+p? Y +£2)P/2 14t < 0. (8.59
— P rerpla<o @5)
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(iii) Ify > 2z > x > 0, then

2$2+y2

p [(y2 S e e Y e

/z(y2 +2)P2 14t > 0. (8.60)
(iv) IfD>z>x>0,y >z, then
p|(v? + (D — 2) + DA/ — (y? 4 2?7/ 4 20/2(2% — D7) (8.61)
prD/Z(yQ +2)P/271ae <o.
Proof. Denote the left-hand sides of (8.58)—(8.61) by Fi(d), Fx(d), F5(z) and

Fy(x), respectively. The inequalities will follow by simple analysis of the deriva-
tives.

(i) We have
F{(d) = pPd[(y® + d® + 2°)P*7 = (i + (= — d)>)P/*71] <0,

as (z —d)? < d? + 22. Hence Fy(d) < F1(0+) = 0.
(ii) The expression Fy(d)(z + d)? equals

PV =@+ 2P (V 4 (2 4+ )% + DY —d? 4 2P 2d (a4 @) =0,

due to the mean value property. This yields F5(d) < F5(0) = 0.
(iii) We have

Fi(z) = %2 (1 - z—z> {@2 +x2)p/2’11’+/

T

(y2+t2)p/21dt:| <0

and Fs(x) > F(2) = p[(y® + 22)P/? — 2P/227] > 0.
(iv) Finally,

Fi(z) = p*(D = 2) [~y + (D = 0)? + D)/ 4 (4 + 2?1 | 2 0
and hence
Fi(w) < Fi(2) = p [(s2 + (D = 2)2 + D)2 — (42 4 22)0/2] - p2?/(DP — 20).
The right-hand side decreases as y increases. Therefore
Fy(z) <p [(22 (D~ 2)2+ D)2 2P/2DP} <0,

as 22 + (D — 2)? + D? <2D?. O
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Now we are ready to establish (8.54). Let

Vo(z,9,2) =p (y” — 272 (z v Z)p)

and

zVz

Up(z,y,2) = pzx/ (v + )P 27 dt + p(y® + )P/ — p2P/2(z v 2)P. (8.62)

xr
We need to check 1°-4°. The majorization is a consequence of the identity

xVz

Up($,y, Z) - Vp(xvyv Z) = p[(y2 + x2)p/2 - yp] +p21'/ (y2 + t2)p/2_1dt.

T

To show 2°, we shall prove a slightly stronger statement: for any 0 < z < z <y
and any d > —zx,

Ul+dVy?+d>V (x+d),z) <U(z,y,2) + Ad, (8.63)
where
xT ) K ) .f )
lime, Ug(t,y,2) if =z

We consider two cases.
The case x 4+ d < z. Then (8.63) reads
p(y2+d2+($+d>2>p/2 +p2(x+d)/ (y2+d2+t2>p/2—1dt
z+d

z

§p(y2+x2)p/2 +p2(x+d)/ (y2 +t2)p/271dt,

xr
or, in equivalent form,

(y° +d + (x +d)*)P? — (i +2?)P
x+d

7p2 |:/ (y2 +t2)p/271dt7/ (y2+d2+t2)p/271dt <0.
x x+d

p

Denote the left-hand side by F(z) and observe that (8.45) is valid; this implies
F(z) <F((z—d)ANz).If z—d < z, then F(z —d) <0, which follows from (8.58).
If conversely, z < z — d, then F(z) < 0, which is a consequence of (8.59) (with
Y =y? +d?).

The case © +d > z. lf x +d > \/y? + d?, then (8.63) takes the form

z

pl(y® + )P/ = 2P/22P] 4 pP(z + d)/ (y* + %P~ 1dt > 0.

T
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The left-hand side is an increasing function of d, hence, if we fix all the other
parameters, it suffices to show the inequality for the least d, which is determined
by the condition z +d = \/y? + d2, that is, d = (y? — 22)/(2z); however, then the
estimate is exactly (8.60). Finally, assume z+d < y/y? + d?. Then (8.63) becomes

P+ d* + (2 + d)*)P2 = p2 2 (e + d)

< p(y? + )P 4 pP(x + d) / (y° + 2)P/2 e — p2r/227,

xT
which is (8.61) with D = = + d.
Thus, 2° follows. The remaining conditions 3° and 4° are straightforward.
The proof of (8.54) is complete.

Remark 8.5. If p = 1, then (8.54) can be shown directly without the use of the op-
erators T),. Namely, we take V(z,y, z) = y—+/2(zV z) and then the corresponding
special function is

1 y?—2%—(xV2)?
2v/2 xVz

U(z,y,z) =
See [144] for details.

Sharpness of (8.54). We shall construct an appropriate example. Fix M > 1, an
integer N > 1 and let f = f(™:M) be given by

f’n:Mn (OaM_n]a n:Oa 1a 27 "'aN, and fN:fN-‘rl :fN+2:

Then f is a nonnegative martingale,

N
f* _ MN(O,M_N} + Z Mn—l(M—n,M—n-‘rl}’

n=1
dfO — (0, 1}, dfn — (Mn _ Mn—l) <O,M_n] _ Mn—l (Mn’M—n-‘rl]’
forn=1,2,..., N, and df,, = 0 for n > N. Hence the square function is equal to

V2 M—1 1/2
k— 1 o B 2N
<1+§ -M > <1+—+1(M 1)>

on the interval (0, M %], and is given by

n—1 1/2 M1 1/2
(1 + Z(Mk _ Mk*l)Q +M2n2> — (1 + M+ 1(M2n72 _ 1) +M2n2)

on the set (M ", M| forn=1,2,..., N.

Now, if M — oo, then ||S(f)|[1 — 1+ V2N and ||f*||1 — 1 + N, therefore,
for M and N sufficiently large, the ratio ||S(f)||1/||/*||1 can be made arbitrarily
close to v/2. Similarly, for p < 1, [|S(f)||/||f*]lp = V2 as M — oo (here we may
keep N fixed). Thus the constant V/2 is the best possible. O
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8.7 Inequalities for the conditional square function

Recall that for any martingale f taking values in a Banach space B with norm ||,

the conditional square function of f is given by

o 1/2
s(f) = Z]E<dfk|2|]:(k1)vo)1 :
k=0

We will also use the notation

n

1/2
Z E(|dfx Qf(k—l)vo)‘| ;

k=0

su(f) =

forn=0,1,2,....

8.7.1 Formulation of the results

We start with weak type estimates.

Theorem 8.18. Let f be an H-valued martingale.
(i) If0<p <2, then

1S(N)llpo < (D(0/2+ 1)) 7]s(f)]

and
1fllp.ce < (T(p/2+ 1) 2[s(f)]]p-

The inequalities are sharp, even if H = R.
(i) If p > 2, then

s lle < (2) 150

p\1/2-1/p
Is(Hlloe < (5) 11711
All the inequalities are sharp, even if H = R.

and

We shall also establish the following moment estimates.

Theorem 8.19. Let f be an H-valued martingale.

(i) If 0 <p <2, then
171l < \/gIS(f)Ip,

SOy < /215l

(8.64)

(8.65)

(8.66)

(8.67)

(8.68)
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1s(P)lly < \/§|f|p,

Il <\ ZIS Ol

All the estimates are sharp, even if H = R.

(i) If p > 2, then

(8.69)

Now we turn to the bounded case. We have the following tail estimates
for s(f).
Theorem 8.20. Let f be an H-valued martingale.
1) If IS(f)lleo < 1, then for any X > 0 we have

P(s(f) > A) < min(e! ™", 1). (8.70)
(ii) If || flloo < 1, then for any X > 0 we have

P(s(f) > A) < min(e! ", 1). (8.71)
Both bounds are sharp, even if H = R.

Finally, we shall establish the following ®-estimates.

Theorem 8.21. Let f be an H-valued martingale and let ® : [0,00) — R be an
increasing convex function.

(0) IFIS(Pllee <1, then

]E@(SQ(f))g/ooo O(t)etdt. (8.72)
(it) If [|flloo <1, then N
E®(s*(f)) é/ d(t)e tdt. (8.73)

Both estimates are sharp, even if H = R.

8.7.2 On the method
First we shall modify Burkholder’s approach so that it works for conditional square
functions.
Theorem 8.22. Let I be a subinterval of [0,00) such that 0 € I and suppose that
U, V are functions from I x [0,00) to R satisfying

1° V(z,y) <U(x,y) forz €I andy >0,

2° For any y > 0, the function U(-,y) is concave on I and

Ul+dy+d) <U(z,y), ford>0,y>0andx,z+del. (8.74)
3° U(0,0) <0 forallzel.
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Let f is a simple H-valued martingale.

(1) If S(f) € I almost surely, then for any nonnegative integer n,

EV(S5(f):sn(f)) <0. (8.75)

(ii) If | f| € I almost surely, then for any nonnegative integer n,
EV(|fal?, s7.(f)) < 0. (8.76)

Proof. By 1°, it suffices to show the assertions with V' replaced by U.

(i) Let F, = S2(f), Gn = s2(f) and set F_; = G_; =0, F_1 = {0,Q}.
Since for any n > 0 the variable G,, is F,,—1-measurable, we have, by the first part
of 2° and the conditional Jensen inequality,

EU(F,,Grn) = E[E(U(Fy, Gy)|Fn-1)] <E[EU(E(F,|Fn-1),Gn)]-

The process (U(E(F,|Fn-1), Gn))22, is a supermartingale with respect to (Fy,—1).
Indeed, for n > 0,
E[U(]E<Fn+1‘]:n)a Gn-‘rl)‘]:n—l]
= E[U (E(Fo|Fn) + E(dfnt1[*1Fn), G + B(|dfnia [*[Fn)) [ Fr1]
E[U(E(F,|Fy), Gn)|Fn-1]
U(E(Fn|Fn-1), Gn),

B (8.77)
<

where the first estimate uses (8.74) and the second one follows from 2° and the
conditional Jensen inequality. Thus

]EU(FnaGn> < EU(]E<F0|]:—1>?GO> = EU(]E<‘df0|2|]:—l>?E(|df0‘2|]:—1>> < U<O’0>?

in view of (8.74), and the needed estimate follows.
(ii) We repeat the proof of (i), word by word, this time with the processes
F, = ||fa]? and G,, = s2(f), n = 0, 1,2, .... The only fact we need is that

E(F,41|Fn) = Fn + E(|dfnt1/|?|Fn); therefore, the chain (8.77) is still valid and
the claim follows. O

8.7.3 Proof of Theorem 8.18

Proof of (8.64)—-(8.67). (i) By straightforward approximation, it suffices to show
that if f is a simple martingale, then for p € (0, 1],
P(Sn(f) = 1) <T(p+ 1) E(sp ()"
and
P(|ful* 2 1) <T(p+1)"'E(s3 ()",



438 Chapter 8. Square Function Inequalities

forn =0, 1, 2, .... Thus we are in the position where Theorem 8.22 can be applied.
For z, y > 0, let Vp(2,y) = Liz>1y —L(p + 1)~ 1yP and

1-T(p+1)"" [(1 —a)ey [FtveTtdt +ay?| if x <1,
1-T(p+1)"1y? if z>1.

Up<x?y) = {

It suflices to show that U, and V,, satisfy 1°, 2° and 3°. To establish the majoriza-
tion V, < Up, observe first that we have equality if x > 1. If z < 1, then the
inequality can be written in the equivalent form

(1-—2) (ey /yootpetdt - yp) <T(p+1).

This holds true, since 1 — 2 < 1, the function H : [0, 00) — [0, 00), given by
(o) oo
H(y) := ey/ tPe~tdt — yP = pey/ tPletdt
y y

is nonincreasing: H'(y) = p(p — 1)e¥ fyoo tP~2e7tdt < 0, and H(0) = T'(p + 1).
The first part of 2° is guaranteed by the fact that Up(-,y) continuous, linear and
increasing on [0, 1], and constant on [1,00). To check (8.74), it suffices to show
that Upe(z,y) + Upy(z,y) < 0 for  # 1, y > 0. This is clear for z > 1, while for
x < 1 we have that

Upa(z,y) + Upy(z,y) = Cp(p — 1)xey/ tP=2etdt < 0.
y

Finally, 3° holds: U(0,0) = 0. Thus (8.64) and (8.65) are established.
(ii) Here the special function is entirely different. Let v: [1 —1/p,1) — R be

given by
1 1 (p—
1) = (1) -1,

Consider the following subsets of [0, 00) X [0, 00):

Dy =[0,00) x [0,1 —1/p],

Dy ={(z,y):x>yy)+y—1,1-1/p<y<1},
D3 ([0,00) X [07 1)) ~N (Dl U D2)7

Dy =[0,00) x [1,00).

Define U,, V, : [0,00) X [0,00) — R by

PP )P Y — pal on Dy,
oy — | T = D001 =)0 ] on D,
1—pP 11+ a2 —y)P on Ds,

1 —pPigP on Dy
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and Vy(z,y) = 1p,00)(y) — pP~1zP. In view of Theorem 8.22, it suffices to check
that Up, V}, satisfy the conditions 1°, 2° and 3°. To prove the majorization, observe
that if (x,y) € Dy, then

Upe () = Vo) = 77 [x - (L)] ,

which implies that

Up(,y) = Vp(z,y) > Uply/(p — 1),y) — Vo(y/(p — 1),y) = 0.
If (z,y) € Do, then

1
Upa(,y) = Vou (2, y) = —7— , + pPaPt.

1
Setting
[p(1 —y)) /Y,

) = Vo(z,y) = Up(wo,y) — Vp(zo,y) = 0. If
—Vpu(z,y) = pPlaP~t — (14+2—y)P71] <0, s0

o =

=

we see that (zo,y) € Do and Up(
(x,y) belongs to D3, then Uy, (z,y

8

~—

Up(x,y) = Vp(z,y) 2 Up(v(y) +y — 1,y) = V(v (y) +y — 1,9),

and the right-hand side is nonnegative, as (7(y)+y—1, y) belongs to the closure of
D5, where we have already established the majorization. We complete the proof of
1° by noting that U, =V}, on Dy4. The first part of 2° is clear. To establish (8.74)
it suffices to prove that Uy, 4+ Upy < 0 in the interiors of the sets D;, ¢ =1, 2, 3, 4.
The direct calculation shows that Upy(z,y) + Upy (2, y) equals

_pp(p - 1)2*pxypf2 lf (xay> € DT?
1—y)2—a+y—1+(y)] if (z,y) € D,
0 it (z,y) € D5,
—pPgP~1 if (x,y) € D3

and it is evident that all the expressions are nonpositive on the corresponding sets.
Finally, 3° is obvious. The proof is complete. ([l

Sharpness of (8.64) and (8.65). Let 6 € (0,1) be fixed and let (X,,)5%, be a se-
quence of independent random variables sharing the same distribution given by

P(X,=1)=0=1-P(X, =0).

Furthermore, let (g,,) be a sequence of independent Rademacher variables, in-
dependent also of (X,). Introduce the stopping time 7 = inf{n : X, = 1},
set dfp = enXnliz>ny, n = 0,1,2,... and let (F,) be the natural filtration
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of f. Then f is a martingale (which is even conditionally symmetric), for which
|fu] T |fool = 1 and S(f) = 1 almost surely; hence ||f||p,0 = ||5(f)|lp,00 = 1.
Furthermore, as E(df2|Fn—1) = 1{;>n}EXp = 61,5, we have s?(f) = 6(7 + 1).
Since 7 has geometric distribution, we have, for 0 < p < 2,

(A =[5 (N)I[2)5 = 8 3 (on)?/2(1 = §)"
n=1

and we see that the right-hand side, by choosing § sufficiently small, can be made
arbitrarily close to [;° t?/2e~*dt = I'(p/2 + 1). This implies that the constant in
(8.64) and (8.65) is indeed the best possible. O

Sharpness of (8.66) and (8.67). If p = 2, then the constant martingale fo = f1 =
f2 = -+ = 1 gives equality in (8.66) and (8.67). Suppose then, that p > 2. Let
0 € (0,1 —2/p), N be a positive integer and set

r= (E)lm > 1. (8.78)

po

Furthermore, assume that N is large enough so that ¢ :== (r — 1)(p — 2)/(2r) < 1.
Consider a sequence (X,,)Y_, of independent random variables such that

and Xy = 2/p. Let (En) _ be a sequence of independent Rademacher variables,
independent also of (X;,). Set 7 = inf{n : X, # 0} and let df,, = envVXnl{r>n},
n=20,1,2, ..., N. We easily see that f is a conditionally symmetric martingale

satisfying | fn| = Sn(f) = v/ X,. Therefore

N-1 2rns p/2 2 p/2
LA = ISUHIE =D (== -9+ (=) Q-
n=0 (p 2) <p> (879)

- (72) A () oo

On the other hand, it can be easily verified that E(df2|Fn—1) = (r—1)r" 1015y
for n < N and E(df3 |Fn-1) = (2/p)1l{r=n3, 5O

TA(N—-1)

2 5 2
S = D =Tt SHr=my = —(rTEOAN 1) 4 Z1
r P
n=0

On the set {7 = N} we have, by (8.78),




8.7. Inequalities for the conditional square function 441

S0
15\ 12
P> (S0) ) 2R =M = -0
Hence
£l _ ISCOIl <( r )W [I£11
1s(Dlpoe Ns(Npoe ~\1=0)  (1—g)V
Now let N — oo (so r tends to 1). We have
b 4L N T pe2
Nowo T=mR(1—q)  —i\r=1(p-2) T2

and, by (8.78),

_ _ log 252 /log (p—2)/2
lim (1—¢)" = lim <1 - w) — (ﬂ) _

N—o0 r—1 2r p—2

Therefore, again using (8.78),
lim H.f”g - 26 p/2 7p -9 p— 2 (p—2)/2
N~>oo<1—q>N7 p_2 2 p5
2 p/2 _9 _9 p/2 9 p/2
+ ( > p=2 (P ) N (_>
p— 2 2 p p
9\ (P=2)/2 9\ P/2-1
OO
p p

If § is taken sufficiently small, we see that for any x > 0 the ratios |[f[[D/[|s(f)l[,
and [[S(f)I[5/[Is(f)|lp can be made smaller than (2/p)P/?>~' + k. This shows that
the constant (p/2)'/271/P is indeed the best possible in (8.66) and (8.67). O

8.7.4 Proof of Theorem 8.19

Proof of (8.68) and (8.69). We must show that

EV(S2(f),sn(f) <0, EV(fal*s5(f) <0, n=0,1,2,...,

’r n

where V' : [0,00) x [0,00) = R is given by V(x,y) = 2P — (y/p)?, 0 < p < 1. The
corresponding special function U : [0, 00) x [0,00) — R is given by

Uz, y) =py/p)" (x —y/p).
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By Theorem 8.22, it suffices to check 1°, 2° and 3°. The majorization U > V
follows immediately from the mean-value property of the concave function ¢ — tP.
The first part of 2° is obvious. To prove (8.74), note that

z+d 1 rz 1
() v (-
(y +d) d o) VG

—ally AP -y 4 {d<y+ = iy +ay - y”}} <0,

since both terms are nonpositive: this is due to the assumption p < 1 and the
mean value property. Finally, 3° is evident. This proves (8.68) and (8.69).
(ii) This is shown exactly in the same manner, using the functions V(z,y) =
—2P + (y/p)P and
Ulz,y) = —ply/p)" " (x — y/p),

for p > 1. We omit the details. O

Sharpness. We shall only focus on (8.68) and (8.69). Fix 0 < p < 2, take 1/p/2 <
b<1andlet ap =1, a, =1—0b%/n for n > 1. Define a conditionally symmetric
martingale f on [0,1) by setting dfy = 0 and

n

df, = v/ [Haz,”a” Hai> — Vi

1=0

1 n—1 n—1
—2 Tl [T e
1=0 1=0

(as usual, we identify a set with its indicator function). We easily see that

n k k—1
P = S35 =30k [H oI )
k=1 =0 =0

and, after some computations,

E(df2|Fp_1) le Ha>

SO

w

n n k k—1
2(f) =b*n [O,Haz) + szk [H a;, H ai> .
=0 k=1 =0 =0

Now, we have

n n—1
b2
Es? (f) [OaHai> = bPnP/? H (1 - E) bPnP/2n =" s

=0 =0

as n — 00, so the ratio ||s,()|lp/|Ifllp = l1sn(HIp/IIS(f)]lp can be made arbi-
trarily close to b. This shows that the constant 1/2/p is indeed the best in (8.68)
and (8.69). O
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8.7.5 Proof of Theorem 8.20

Proof of (8.70) and (8.71). For A <1 the inequality is trivial, so we may assume
that A > 1. Let U, V' : [0,1] x [0,00) = R be given by V(z,y) = 1yy>r2y — el=N
and

(1—z)exp(y+1—A2) — el if y<A2 -1,
Uz, y) = (1 —2)(A2 —y) "1 — =N if —-1l<y<z+A-1,
1—el= if y>a+A\2—1.

It is straightforward to verify 1° and the first part of 2°. Furthermore, (8.74)
follows from the continuity of U on [0,1) x R and the fact that

—zexp(y +1—\2), if y<A?—1,
Us(z,y) + Uy(z,y) = (1 —2 =N +y)(XN—y)™2 if ¥—-l<y<z+A-1,
0, if y>a+X2 -1

is nonpositive. Finally, U(0,0) = 0. Hence, by Theorem 8.22,

P(s*(f) > A2) < !N,

provided || f]loo < 1 or [|S(f)||loc < 1. This yields (8.70) and (8.71). O
Sharpness. If A < 1 then we have equalities if we take eg = e = €3 = --- = 1
and fo = f1 = fo = --- = 1. Suppose that A > 1, take a positive integer N and

set d = (A2 — 1)/N. The example is similar to the one used in Section 5.1. Let
(Xn)N_, be a sequence of independent random variables such that

P(X,=1)=0=1-P(X,=0), n=0,1,2...,N-1

and Xy = 1. Finally, let 7 = inf{n : X,, = 1}, (¢,) be a sequence of independent
Rademacher variables and df,, = enXnlir>n), n =0,1,2,..., N, df, =0 for
n> N.

We easily check that || f|lcc = ||S(f)|lcc =1 (in fact, for any 0 <n < N — 1,
Sn(f), |ful € {0,1} and Sy (f) = |fn| = 1 with probability 1). Moreover, we see
that E(df2|Fn-1) = 61{;>n) almost surely for n < N and hence s*(f) = (1+1)d <
A—1<Xon 7 < N;on the other hand, as E(df%|Fn—_1) = 1 with probability 1,
we have s(f) = A on {r = N} and hence

B(s(f) = ) = (1-8)".

It suffices to note that the right-hand side converges to e!=** as N — 0o. Therefore
(8.70) and (8.71) are sharp. O
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8.7.6 Proof of Theorem 8.21

Proof of (8.72) and (8.73). With no loss of generality we may assume that @ is
of class C1. The functions U, V : [0,1] x [0, 00) — R corresponding to our problem
are given by V(z,y) = ®(y) — [~ ®(t)e~*dt and

Uleg) =ob(y) + (1 -a)e’ [ '@t~ [ e ar
Y 0
Since ® is nondecreasing, we have
ey/ e to(t)dt > ey/ e o (y)dt = d(y),
Y y

which gives the majorization U > V. For a fixed y, the function U(-,y) is linear,
so the first part of 2° holds. To check (8.74), observe that if z, y, d are as assumed,
then Uy (z,y) + Uy(z, y) equals

x [cp'(y)+q>(y) — Y /:o ezé(z)dz} =z [cp'(y) e /yoo eZCID’(z)dz} <0,

where we have used integration by parts and the fact that ®' is nondecreasing.
Finally, U(0,0) = 0. Hence, by Theorem 8.22, for any n,

B (s2(1) < [ " p(t)etar,

which is what we need. ]

Sharpness. For § € (0,1), let f be a martingale as in Subsection 5.1. We have
[ flloo = 1S(f)lloe =1,

E®(s*(f)) =8 Y ®(dn)(1 - 4)",

which, if n is chosen sufficiently large, can be made arbitrarily close to [ ®(t)e™'dt.
0
This shows that the bounds in (8.72) and (8.73) are optimal. O

8.8 Notes and comments

The inequalities comparing various sizes of a martingale and its square function
are classical and go back to the works of many mathematicians: we mention here
Burkholder and Gundy [40], Cox [53], Cox and Kertz [54], Doob [70], Davis [57],
Dellacherie and Meyer [67], Fefferman [78], Garsia [81], [82], Klincsek [108], Pit-
tenger [175], Wang [197], [199] and others. Related results appear in many areas of
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mathematics: in classical harmonic analysis, see Stein [187], [188], noncommutative
probability theory, see Carlen and Kree [43], Pisier and Xu [174], Randrianantoan-
ina [178].

Section 8.1. The modification of Burkholder’s method for square-function
inequalities was introduced in [38]. A similar approach (though more technical
and more exact), called the method of moments, was used by Cox [53] in his proof
of the weak type estimate (8.2).

Section 8.2. The weak type estimate for square function (in the general set-
ting) was obtained by Burkholder in [17] without an explicit estimate of the con-
stant C. In [18] he proved that the inequality holds with a constant C' = 3 and
decreased it to C' = 2 in [19]. The paper [13] by Bollobds contains a different proof
of the inequality with the constant 2 as well as an example which shows that
the optimal value must be at least 3/2. In addition, Bollobds conjectured that
the best constant equals /e and constructed “a piece” of Burkholder’s special
function used above. Finally, the sharp version of the inequality (for real-valued
martingales) was obtained by Cox [53]. In fact, he established the following much
more exact estimate

(n—1)/2
P(snof)zl)g( n ) Wl n=23 ...,

n—1

and proved it is sharp for each n. The vector-valued version presented above is
new, but exploits the well-known objects discovered by Bollobds and Cox.

The weak type estimate (8.3) for real and dyadic martingales is due to Bol-
lobéas. The sharpness of this estimate and the extension to conditionally symmet-
ric martingales were established by the author in [136]. The above extension to
Hilbert-space-valued martingales as well as the characterization of Hilbert spaces
can be found in [157]. Finally, the contents of Theorem 8.5 are taken from [139].

Section 8.3. Moment inequalities for martingale square functions appeared
for the first time in Burkholder’s paper [17]. Pittenger [175] showed the estimate

Al < e =DISHllp,  p=3,

in the real-valued setting, but the proof can be easily extended to cover martin-
gales taking values in Hilbert spaces. The double inequality (8.28) follows from
Burkholder’s results in [24]. The limit case p = 1, presented in Theorem 8.7 above,
was studied by the author in [123]. Theorem 8.8 was established by Wang [197],
as a part of his Ph.D. Thesis. For the construction of the corresponding special
functions and related results concerning optimal stopping problems, see Davis [59],
Novikov [122], Pedersen and Peskir [167], Peskir [169] and Shepp [185].

Section 8.4. The material in this section comes from the author’s paper [144].

Section 8.5. Ratio inequalities appear naturally in many situations, for ex-
ample while studying self-normalized processes and their applications in statistics.
See de la Penia [61], de la Pena, Klass and Lai [62]-[64], de la Pefia, Lai and Shao
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[65], de la Pena and Pang [66]. The above ratio inequalities for martingale square
functions (taken from [143]) are based on a corresponding results in continuous
time, coming from optimal stopping: see Pedersen and Peskir [167].

Section 8.6. The double inequality comparing ||f*||; and |[S(f)|]1 is due to
Davis [57], who established it using his famous decomposition. The refinement
described in Theorem 8.13 comes from Burkholder’s paper [38]. For (suboptimal)
results in the opposite direction, see Garsia [82] and the author [123]. The L!
estimate for one-sided maximal function stated in Theorem 8.14 is taken from
[148]. The inequality (8.53) was established by Klincsek [108] for p = 3, 4, 5, .. ;
furthermore, he conjectured that it holds for all p > 2. Finally, Theorem 8.16
comes from the author’s paper [144].

Section 8.7. The inequalities for conditional square functions were studied by
many mathematicians. A famous result in the martingale case is the existence of
absolute constants c,, C,, such that, for any martingale f, we have

1/p
cpl|fllp < max Pllps (Z dfkp> < Cpllfllps (8.80)

p

for p > 2. The version for the sums of independent mean zero random variables was
first studied by Rosenthal [183], and later improved by Johnson, Schechtman and
Zinn [104] (see also Kwapien and Woyczynski [112]). The general version for mar-
tingales was established by Burkholder [18], with C}, of the optimal order O(,/p)
and ¢, of the suboptimal order O(1/,/p). Then Hitczenko [90], [91] determined
the optimal order of C,, and showed it is the same as in the case of sums of inde-
pendent random variables: C, = O(p/Inp). The problem of finding the optimal
values of the constants ¢, and C, seems to be open. There is an interesting dual
version of (8.80), established by Junge and Xu in [106]. It asserts that if 1 <p < 2
and f is real-valued, then, for some absolute Cp,

oo 1/p
Cy Il < inf S [Is(9)l], + (Zdhk|p> < Cpllflps
k=0

p

where the infimum runs over all possible decompositions of f asa sum f =g+ h
of two martingales.

The modification of Burkholder’s method presented above appears in [141],
but in fact it can be extracted from Wang’s paper [199]. The weak type estimates
presented in Theorem 8.18 above are taken from [141]. In fact, the author de-
termined in [165] the optimal values of the weak (p,q)-constants. The moment
inequalities are due to Wang [199]; see also Garsia [82]. Finally, the estimates for
bounded f or S(f) come from [141].



Appendix

In this part we introduce a family of special functions and present some of their
properties. Much more information on this subject can be found in [1].

A.1 Confluent hypergeometric functions and
their properties

We start with the definition of Kummer’s function M(a,b, z). It is a solution of
the differential equation

2y"(2) + (b= 2)y'(2) —ay'(z) = 0

and its explicit form is given by

1 2
M(a,b,z)zl—i—gz—i— alat1)z

e T

The confluent hypergeometric function M, is defined by the formula
My(z) = M(-p/2,1/2,2%/2), =z €R.

If p is an even positive integer: p = 2n, then M, is a constant multiple of the
Hermite polynomial of order 2n (where the constant depends on n). Note also
that

M'(a,b,z) = %M(aJr 1,b+1,2). (A1)

A.2 Parabolic cylinder functions and their properties

The parabolic cylinder functions (also known as Whittaker’s functions) are closely
related to the confluent hypergeometric functions. They are solutions of the dif-
ferential equation

y"(z) + (ax® + bx + c)y(x) = 0.
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We will be particularly interested in the special case

1

') - (30 -0 5 ) vl =0 (A.2)

There are two linearly independent solutions of this equation, given by

and

The parabolic cylinder function D, is defined by
Dy(x) = Awyr(2) + Aszys(2),

where
op/2 21+p)/2
A = V3 cos(pr/2)I'((1+p)/2) and Ay = NG sin(pr/2)T(1 + p/2).
(A.3)
Denote ,
bp(s) = e* /4D, (s), s € R, (A4)

and let z, stand for the largest positive root of D). If D, has no positive roots,
we set 2, = 0.

Later on, we will need the following properties of ¢,.
Lemma A.11. Let p be a fixzed number.

(i) For all s € R,

pop(s) — sd(s) + ¢p(s) =0 (A.5)
and
¢y, (s) = pdp-1(s). (A.6)

(ii) We have the asymptotics

6,(5) = 57 (1 =1 L pp= D=2 -3) +0<S-5)) 48 5 5 oo

252 8st
(A7)
iii) If p <1, then ¢, is strictly positive on (0, 0).
P
(iv) zp =0 forp <1 and z, > z,—1 for p > 1.
(v) Forp>1,
dp(s) >0, ¢,(s) >0 and ¢p(s) >0 on [zp, 00). (A.8)

Furthermore, if 1 < p < 2, then ¢,/(s) < 0 on [zp,00), while for p > 2 we
have ¢’ (s) > 0 on [zp,00); the inequalities are strict unless p = 2.
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Proof. (i) follows immediately from (A.2) and the definition of ¢,.

(ii) See 19.6.1 and 19.8.1 in [1].

(iii) If p = 1, then the assertion is clear, since hy(s) = s. If p < 1 then, by (i)
and 19.5.3 in [1], we have

0(5) = pty1(s) = s | " u exp(—su — u2/2)du > 0.

It suffices to use ¢,(0) = A; > 0 (see (A.3)) to obtain the claim.

(iv) The first part is an immediate consequence of (iii). To prove the second,
we use induction on [p]. When 1 < p < 2, we have ¢,(0) = A; < 0 (see (A.3)) and,
by (ii), ¢p(s) — 00 as s — 00, so the claim follows from the Darboux property. To
carry out the induction step, take p > 2 and write (A.5) in the form

bp(zp—1) = Pzp-10p—1(2p-1) — p¢/p—1<zp—1>-

But, by the hypothesis, z,—1 > 0: this implies that z,_; is the largest root of
¢p—1. Therefore, by the asymptotics (A.7), we obtain ¢},_;(z,—1) > 0. Plugging
this above yields ¢,(z,-1) < 0, so, again by (A.7), we have z,_1 < z,. However,
the inequality is strict, since otherwise, by (i), we would have ¢,_,,(z,) = 0 for all
integers n. This would contradict (iii).

(v) This follows immediately from (iii), (iv) and the equalities ¢, = pd,_1,
¢y =p(p—1)pp—2 and ¢} = p(p — 1)(p — 2)¢p—3. O

Further properties of ¢, are described in the following lemma.

Lemma A.12. For p > 1, let F, : [0,00) — R be given by
Fy(s) = p(p — 2)dp(s) — (20 — 3)s6,(s) + 520} (s). (A9)

(i) If 0 < p <1, then F, is nonpositive.
(i) If 1 < p <2, then F, is nonnegative.
(iii) If 2 < p < 3, then F, is nonpositive.

Proof. (i) By (A.5), we have
Fy(s) =p(p —2—s3)gp(s) + (s> —2p + 3)s¢,(s)- (A.10)
A little calculation gives that for s > 0,
Fy(s) = —2ps¢p(s) + (p* —4p +3 — (p — 3)s°) ¢}, (s) + (s° — (2p — 3)s)¢}, (s),
which, by (A.5), can be recast as

Fl(s) =ps(—s>+2p—5)dp(s) + (s* = 3(p—2)s> +p* — dp+ 3)d,,(s). (A.11)



450 Appendix

After lengthy but simple manipulations, this can be written as

s'=3(p—2)s*+p? —4p+3  plp—1)(p—2)(3 —p)dp(s)
s(s?2 —2p+3) s(s? —2p+3)

Fy(s) = Fy(s)
(A.12)

The second term above is nonnegative for 0 < p < 1 (see Lemma A.11 (iii)).
Furthermore,

st—3(p—2)s>+p?—4p+3 e B—p)(s® —p+1)
s(s?2 —2p+3) - s(s2—2p+3)

Now suppose that Fj,(sg) > 0 for some so > 0. Then, by (A.12) and the above
estimates, F(s) > Fp(s)s for s > so, which yields F,(s) > F,(so)exp((s* —
s3)/2) for s > so. However, by (A.7), the function F, has polynomial growth. A
contradiction, which finishes the proof of (i).

(ii) It can be easily verified that Fj(s) = pFj,—1(s) for all p and s. Conse-
quently, by the previous part, we have that F}, is nonincreasing and it suffices to
prove that lim,_, Fp(s) > 0. In fact, the limit is equal to 0, which can be justi-
fied using (A.10) and (A.7): F), is of order at most s?™2 as s — oo, and one easily
checks that the coefficients at s? and sP*2 vanish.

(iii) We proceed in the same manner as in the proof of (ii). The function F,
is nondecreasing and lim,_,~ Fp(s) = 0, thanks to (A.10) and (A.7) (this time one
also has to check that the coefficient at sP~2 is equal to 0).

Let us mention here that the arguments presented in the proof of the above
lemma (equations (A.10) and (A.11)) lead to some interesting bounds for the roots
zp, 1 < p < 3. For example, if 1 < p < 2, then, as we have shown, the function
F, is nonnegative: thus, putting s = z, in (A.10) and exploiting (A.8) yields
212] > 2p — 3 (which is nontrivial for p > 3/2). Furthermore, F}, is nonincreasing,
so taking s = z, in (A.11) gives

Zy—3(p—2)22 +p>—4p+3<0,
which can be rewritten in the more explicit form

2 329+ -2—4p—1)(p-3)
P — 2 .

Note that the bound is quite tight: we have equality for p € {1,2}. Similarly, in
the case when 2 < p < 3 we obtain the following estimates:
3(p—2) +/9(p —2)2—4(p — 1)(p — 3)
2

and we have the (double) equality for p € {2,3}.
In particular, the above inequalities yield

Corollary 3. Wehavezﬁﬁp—1f0r1<p§2andz%Zp—lforQSpS&

<z2<2p-3
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